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whire Z is the magnetic leld znd = = Z.%2 iz “he zrromagnetic

ratic of the proton.
I. Several qualitative observations are interesting:

A. If the proton travels entirely in the midplane ‘no closed-
orbit error and no varticzl petatron oscillaziong 3 ig vurely
vertical. The spin S will simecly precess about tThe vertical B

and the vertical polarizaticn will e conservwad.

= "Depolarizatizn® 13 caussa Ty a2 precsszion pout 2 hori-
zontal Tield 2cmporent =, waiza zxists for roroccns rith nTonN=-zZero

vertizal oscillations cr with nonvanishing closed-orbit errors.

t

We zhall consider nere cnly "intrinsie" effects due te vertical

-

oscillations. 1In this case, i3 oseillatory with Treauency
components

w = (ktv+y)mc (2)

where k& = intezer, v = vertical Tune, w, = reveoliution Tre-
quency in the rest-frame. The zarm kwo arises
lattice structure, =vw_ comes Irom the vertical cscillzticn,

and vw_ 20rrestcnds To toe

]
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rotating rest-frame. may -2 analyzsd inte cppositely
rotating components. Only tn2 componsnt which rotates in the

sanme

[}

enge and at approximats_; the szme angular speed 23 the

-
vertical corescession of s can voreduce z large seecular hori-

C. The frequency of precession about the vertical field

component BV is

geB .., eB -
Zme 2 myc 2 o’
As the proton is accelerated T sweeps zCross component {re-

quenicies of §h and ''depolarization" occurs. These resonances

occur at 2 = w or
EEEY = 1.79y = k £ v (k = integer). (4)

They must be crossed rapidly to aveid sizable "depolarization".
D. Eg. (1) is identical Zo a rigid rotation with angular
velccity f%% B. Thus, for a unigue 2 the distribution of % is
retained throughout the mcticn. TIf, tefore a resonance, the
spins of all protons with the same amplitude and phase of ver-
tical oscillation, hence same amplitude and phase of §h(hence,
a unique §) are distributed cver a vertical cone C (Fig. 1) with
semi-vertex angle 60 {initial peolarization PO = coseo), after
crossing the resonance the srins must be distributed over a
similar cone, say, C' which may be inclined from the wvertical.
Of course, cone C' must be presessing zabout the vertical (z)
direction, thereby sweeping cut a ring sector between two ver-—

tical cones with semi-vertex =ngles Ae:eo. Because of the

cylindrical symmetry A6 must -e inderendent of the phase of
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ﬁh wnich gives only the zero-point of the zzimuthal angle of

§h in the xy-plane. {x along direction of moticn, y in
radially outward normal direction). Hence for all phases but
a unique amplitude cf the vertical betatron oscillation the

final gclarization F. is
4

Pf = cosSO CosAB = PO coshB (5}
where A8 depends only on the vertical amplitude. Therefore,

for a given amplitude Pf will have a definife value between P0
and —PO. The only "smearing" or true depolarization is caused
by the spread of the vertical amplitudes in the beam.

E. Suppose we start with a beam having a spread of vertical
amplitude but the same polarization PO. After crossing a strong
resonance, protons with zero amplitude will still have polari-
zation Po' Protons with some definite amplitude AO will have
AR = % and zZero polarization; protons with amplitude > EAO will
have A8 ~ 7 and polarization ~ —PO. If, now, we slow-extract
the bear by a scheme which extracts beam with various vertical
amplitudes sequentially in time (such as a vertical resonant ex-
traction system) protons with different polarizations between
PO and m?o will be sorted out in time during the spill. One has
to make sure, however, that the polarization versus time dis-
tributicn of the slow-spilled beam 1s not convoluted by the
momentum spread in the beam or the extraction mechanism.

IT. Soclution of Eguation (1)
A. To calculate A9 acroés a given resonance, let us write

{(see Fi 2 for the coordinates used)

m
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Poi sin(Jﬂdt+¢) + J cos{fﬂdt+®) sin® + k cose

‘ | (6}
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where we have taken only the relevant rotating compconent of

gh' Substituting =Zg. {6) in Eg. (1) we zet for the three
components
-é sin{fﬂdt+¢) + é tand cos{[ﬂdt+¢) = Qr sigf@dt
jé cosgfndt+¢) - ¢ tand sin([0dt+s) = ar cosf@dt (7
o

6 = Qr cos[ (R-w)dt+o]

where r = Bh/Bv measures the "strength" of the resonance.

Egs. (7) are equivalent to the two equations

8 = Qr cos (Q—w)dt+¥7
f [Jeawass’

| - )
¢ tand = - Qr sini‘j}n-w)dt+¢]

or the singie complex equation

-16y 1 (Q-w)dt

é%(sine e = Qr cosg e ¢ i (9)

Note that sing e *® is the projection of the‘spin on the equi-
torial plane referred to coordinates rotating with the vertical
precession., When r = 0 both 8 and ¢ are constants.

B. TFor a simple case we assume that in the neighborhood of
the resonance

- 2

Jﬂ—w = at where

(10)

2

ta® = é%(n-w) = constant which measures the '"speed" of

crossing,

and define
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T = at, K= = (11)
Then Eqg. (%) becomes
2
. 11
é%(sin@ e-1¢) = K cos@ e ° . (12)

This equation is difficult to integrate in general, but the
quantity of interest, zosA8 (2=0 at t=-w, and 6=A0 at T=+w) , can

pe obtained in closed form:

Torl T, 2
A8 -7k -3
CosS>- = = or cosAd = Ze -1. {13)
For ¥ = 0.664 cosA® = © and the beam is totally "depolarized",.

For K > 0.664 cosa® is negative and the polarization is flipped.
To get cosAB < -0.9 we need K > 1.381.

C. We can estimate the order-of-magnitude of r for an
azimuthally uniform gradient machine (k=0). In this case the
horizontal field is purely radial; hence transverse to the motion,
and identical in Lorentz transformation and in the additiocnal
Thomas precession term to the transverse vertical field. In the
labeoratory frame, in z cuarter oY a vertical cscillation the
vertical angle turned is %; where A = vertical amplitude and
R = ring radius, and the horizontal turning angle around the
ring is - Therefore, remembering that Bh is the amplitude of

2V

one rotating component, we have

o = ?Q _ 1l{r _vertical angle ' _ Av® (14)
3, 2 \ 2 horizontal angle / 2R
In general we can write
2
r=58¢ (15)

rJ
™
o
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where Gk is a geometrical factor depending on the ring-magnet
. . 2 . ,

lattice. The guantity v /R, hence the resonance strenzth r,

is generally an order of magnitude larger for strong fcecusing

machines than for weak focusing machines.

J. The guantum mechanical spin squation in the rest-frame

ithy = - 0-By = - 25

2me

(Wfs3

g -By (16)

il

- . > 3
where | = magnetic mcment of protcn, o 2X2 spin matrices, and

¥ = 2-component spin state vector; has the solution
;-

5( Qdt+d)

e - cos=> 1 X up

¥ o= e %= an

i \downj
-=(]{Qdt+4) /
\ie 2 j sin%

where
x cosf + ¢ = 0 (18)

and 6 and ¢ are given as before by Zg. (8) cor Eg. (9). The

rolarization defined by

2 2
P = |upf2 = ]downLﬁ = cosf (19)
lup|© + |down|

is identical to that given before. It is interesting to note
that the irrelevant phase y never appeared in the classical
treatment.
ITI. v-Jump Scheme

A. To avoid excessive "depolarization” one can use v-jump
auadrupcles to cress the resonance rapidly &as was done success-

fully on the Argcnne ZG3. Crossing a resonance more rapidly one
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increases a (defired by Ea. {10)), nence r2duces K (defined by

Eg. (11)). From Egs. (2) and (3) we get, with v-jump

5 W YT
X = Qr - 2 70
JaE(a-w) /Y% c%(ggzﬁv‘k)
5 o, T 2.79 V21
_ 0 - . T Yr (20)
w2 /1.795 = &
y g-2 dy - dv dn
/ 7 (73 an " an’
where é% denctes change per revolution. Egq. (20) gives the
required direction (+%H-> 0) and speed (+—% should be large
- enough to reduce K, hence A6, to an acceptably small value.)
of the v-jump.
B. We can estimate the range Av of the v-jump required.
From Q-w = (l.?9?¢ﬁ)mot we get
2 L. 2 L. 2
T o= Jmwar = (1799 ust = (1.79v50)w (89)
2v
or
-1/2
- dY ; dvy dv
v = [2ﬂ(l 9% F an) ] dn|T|. (21)
The major contribution to A® comes from within -2<1<2. Thus,
a total v-jump range of
-1/2
= : - _ o,dv [ dy . dv
av = 2(6v with [t]=2) = 422 Len(1.7gﬁ+dnﬂ (22)

is adeguate.

C. dow we analyze the strongest &-v (x=8) resonance of the ZGS.
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("Acceleration of Polarized Protons to 8.5 GeV/c", T. Khoe

dv
dn

initial peclarization of P = 65% is reduced to P, = 20%.

et al, ANL Revort, May 1974.) Without v-jump ( = 0) an

This gives

_ 20 . .
cosAg = ZT = 0.308 and X

0.520 (from Eq. (13)).
Egs. (20) and (15) then give

4

r = 0.783x10" and A = 0.776 cm
wnere we used the parameters v = 0.8, y = 4,016, R = 27.4 m,
gx = 10_5, and Gg = 0.864% given in the reference mentioned above.

This A value ccrresponds to an average vertical ampiitude of
~ 1.0 inch at injection (50 MeV) as expected.
dv

With v~jump and for the fast crossing gp = 0-00119 (Av = 0.04

in 20 psec or 33.7 revolutions). This gives

K = 0.0633 and cosAB = 0.G87

showing essentially no "depclarization". The required range of

the v—jump is given by Eg. (22) to be

Av = 0.05/5,

The applied range of Av = 0.0L 1s a little too small but not

unreasonably so.

*T'wo errors 1in the computation of G8 in the reference were
corrected. 5 >

(1) The Thomas precession term - =(y-1)B. where ﬁLis the
transverse fie%d component in the labo%atory frame, must be
added to give B in the rotating rest-frame.

(2) Across a straight section B_=0 and there is no ver-
tical precession., The contribution to By, from the horizontal
Field components at the ends of g straight section must be
treated specially.
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When the v-jump is timed early so that ths rescnance is
. dv | . .
crossed on the negative an side, the crossing 1s slower and

the "depolarization" is larger than without v-jump, resulting

in a maximum negative polarization of P. = - 23%. This gives
- _ 25 _
coshAB = 6—5’ = - 0385,
X = 0.866,
and
v o 1.14x1070,
dn

This is the maximum negative slope compared to an average slope

of %% = - 0.8x107° (Av = -~ 0.04 in ~ 3 msec or ~ 5000 revolu-
tions). If the fall-time of the v-jump quadrupoles can be
shortened to give %% close to - 1.79§% = - 1.79x10—5 one can
obtain a total flip tec give Pf z - PO = - 65%,.

Here, we studied only the "intrinsic"” rescnances due to
vertical cscillations. The "error" resonances due to closed-
orbit disteortions are generally unimportant for weak focusing
machines, but can be rather destructive for strong focusing
machines. They must be eliminated (making Bh = 0, hence r =

K = 0) by using correction dipoles.
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FIGURE 2 COORLINATES ADORTED




