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Abstract
We review the physics of purely leptonic decays of π±, K±, D±, D±s , and B± pseudoscalar

mesons. The measured decay rates are related to the product of the relevant weak-interaction-

based CKM matrix element of the constituent quarks and a strong interaction parameter related

to the overlap of the quark and antiquark wave-functions in the meson, called the decay constant

fP . The leptonic decay constants for π±, K±, D±, D±s , and B± mesons can be obtained with

controlled theoretical uncertainties and high precision from ab initio lattice-QCD simulations. The

combination of experimental leptonic decay-rate measurements and theoretical decay-constant cal-

culations enables the determination of several elements of the CKM matrix within the standard

model. These determinations are competitive with those obtained from semileptonic decays, and

also complementary because they are sensitive to different quark flavor-changing currents. They

can also be used to test the unitarity of the first and second rows of the CKM matrix. Conversely,

taking the CKM elements predicted by unitarity, one can infer “experimental” values for fP that

can be compared with theory. These provide tests of lattice-QCD methods, provided new-physics

contributions to leptonic decays are negligible at the current level of precision. This review is the

basis of the article in the Particle Data Group’s 2016 edition, updating the versions in Refs. [120–

122].
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I. INTRODUCTION

Charged mesons formed from a quark and antiquark can decay to a lepton-neutrino pair
when these objects annihilate via a virtual W boson. Fig. 1 illustrates this process for the
purely leptonic decay of a D+ meson.

FIG. 1. The annihilation process for pure D+ leptonic decays in the standard model.

Similar quark-antiquark annihilations via a virtual W+ to the `+ν final states occur for
the π+, K+, D+

s , and B+ mesons. (Charge-conjugate particles and decays are implied.) Let
P be any of these pseudoscalar mesons. To lowest order, the decay width is

Γ(P → `ν) =
G2
F

8π
f 2
P m2

`MP

(
1− m2

`

M2
P

)2

|Vq1q2|
2 . (1)

Here MP is the P mass, m` is the ` mass, Vq1q2 is the Cabibbo-Kobayashi-Maskawa (CKM)
matrix element between the constituent quarks q1q̄2 in P , and GF is the Fermi coupling
constant. The parameter fP is the decay constant, proportional to the matrix element of
the axial current between the one-P -meson state and the vacuum, and is related to the
wave-function overlap of the quark and antiquark.

The decay P± starts with a spin-0 meson, and ends up with a left-handed neutrino or
right-handed antineutrino. By angular momentum conservation, the `± must then also be
left-handed or right-handed, respectively. In the m` = 0 limit, the decay is forbidden, and
can only occur as a result of the finite ` mass. This helicity suppression is the origin of the
m2
` dependence of the decay width. Radiative corrections are needed when the final charged

particle is an electron or muon.
Measurements of purely leptonic decay branching fractions and lifetimes allow an ex-

perimental determination of the product |Vq1q2| fP . If the decay constant fP is known to
sufficient precision from theory, one can obtain the corresponding CKM element within the
standard model. If, on the other hand, one takes the value of |Vq1q2| assuming CKM unitar-
ity, one can infer an “experimental measurement” of the decay constant that can then be
compared with theory.

The importance of measuring Γ(P → `ν) depends on the particle being considered. Lep-
tonic decays of charged pseudoscalar mesons occur at tree level within the standard model.
Thus one does not expect large new-physics contributions to measurements of Γ(P → `ν)
for the lighter mesons P = π+, K+, and these processes in principle provide clean standard-
model determinations of Vud and Vus. The situation is different for leptonic decays of charm
and bottom mesons. The presence of new heavy particles such as charged Higgs bosons or
leptoquarks could lead to observable effects in Γ(P → `ν) for P = D+

(s), B
+ [132–136]. Thus

the determination of |Vub| from B+ → τν decay, in particular, should be considered a probe
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of new physics. More generally, the ratio of leptonic decays to τν over µν final states probes
lepton universality [132, 137].

The determinations of CKM elements from leptonic decays of charged pseudoscalar
mesons provide complementary information to those from other decay processes. The de-
cay P → `ν proceeds in the standard model via the axial-vector current q̄1γµγ5q2, whereas
semileptonic pseudoscalar meson decays P1 → P2`ν proceed via the vector current q̄1γµq2.
Thus the comparison of determinations of |Vq1q2| from leptonic and semileptonic decays tests
the V − A structure of the standard-model electroweak charged-current interaction. More
generally, a small right-handed admixture to the standard-model weak current would lead to
discrepancies between |Vq1q2| obtained from leptonic pseudoscalar-meson decays, exclusive
semileptonic pseudoscalar-meson decays, exclusive semileptonic baryon decays, and inclusive
semileptonic decays [138, 139].

Both measurements of the decay rates Γ(P → `ν) and theoretical calculations of the
decay constants fP for P = π+, K+, D+

(s) from numerical lattice-QCD simulations are now

quite precise. As a result, the elements of the first row of the CKM matrix |Vud| and |Vus| can
be obtained to sub-percent precision from π+ → `ν and K+ → `ν, where the limiting error
is from theory. The elements of the second row of the CKM matrix |Vcd(s)| can be obtained
from leptonic decays of charged pseudoscalar mesons to few-percent precision, where here
the limiting error is from experiment. These enable stringent tests of the unitarity of the
first and second rows of the CKM matrix.

This review is organized as follows. Because the experimental and theoretical issues asso-
ciated with measurements of pions and kaons, charmed mesons, and bottom mesons differ,
we discuss each one separately. We begin with the pion and kaon system in Sec. II. First,
in Sec. II A we review current measurements of the experimental decay rates. We provide
tables of branching-ratio measurements and determinations of the product |Vud(s)|fπ+(K+), as
well as average values for these quantities including correlations and other effects needed to
combine results. Then, in Sec. II B we summarize the status of theoretical calculations of the
decay constants. We provide tables of recent lattice-QCD results for fπ+ , fK+ , and their ratio
from simulations including dynamical u, d, s, and (in some cases c) quarks, and present aver-
ages for each of these quantities including correlations and strong SU(2)-isospin corrections
as needed. We note that, for the leptonic decay constants in Secs. II B, III B, and IV B, when
available we use preliminary averages from the Flavor Lattice Averaging Group [140, 141]
that update the determinations in Ref. [142] to include results that have appeared since their
most recent review, which dates from 2013. We next discuss the charmed meson system in
Sec. III, again reviewing current experimental rate measurements in Sec. III A and theoret-
ical decay-constant calculations in Sec. III B. Last, we discuss the bottom meson system in
Sec. IV, following the same organization as the two previous sections.

After having established the status of both experimental measurements and theoretical
calculations of leptonic charged pseudoscalar-meson decays, we discuss some implications
for phenomenology in Sec. V. We combine the average B(P → `ν) with the average fP
to obtain the relevant CKM elements from leptonic decays, and then compare them with
determinations from other processes. We also use the CKM elements obtained from leptonic
decays to test the unitarity of the first and second rows of the CKM matrix. Further, as in
previous reviews, we combine the experimental B(P → `ν)s with the associated CKM ele-
ments obtained from CKM unitarity to infer “experimental” values for the decay constants;
the comparison with theory provides a test of lattice and other QCD approaches assuming
that new-physics contributions to these processes are not significant.
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II. PIONS AND KAONS

A. Experimental rate measurements

The expression for Γ(P → `ν) in Eq. (1) is for the decay rate in the absence of radiative
corrections, and is modified by both electroweak and hadronic contributions (cf. Refs. [143,
144], and references therein). These corrections can be combined into an overall factor that
multiplies the rate in the presence of only the strong interaction (Γ(0)) as follows:

Γ(P → `ν) = Γ(0)
[
1 +

α

π
CP

]
, (2)

where CP differs for P = π,K. The inclusion of these corrections is numerically im-
portant given the level of precision achieved on the experimental measurements of the
π± → µ±ν and K± → µ±ν decay widths. The explicit expression for the term in brackets
above including all known electroweak and hadronic contributions is given in Eq. (114) of
Ref. [145]. It includes the universal short-distance electroweak correction obtained by Sir-
lin [146], the universal long-distance correction for a point-like meson from Kinoshita [147],
and effects from hadronic structure [148]. We evaluate δPEM ≡ (α/π)CP using the latest
experimentally-measured meson and lepton masses and coupling constants from the Parti-
cle Data group [122], and taking the low-energy constants (LECs) that parameterize the
hadronic contributions from Refs. [145, 149, 150]. The finite non-logarithmic parts of the
LECs were estimated within the large-NC approximation assuming that contributions from
the lowest-lying resonances dominate. We therefore conservatively assign a 100% uncer-
tainty to the LECs, which leads to a ±0.9 error in Cπ,K .1 We obtain the following correction
factors to the individual charged pion and kaon decay widths:

δπEM = 0.0176(21) and δKEM = 0.0107(21) . (3)

The error on the ratio of kaon-to-pion leptonic decay widths is under better theoretical
control because the hadronic contributions from low-energy constants estimated within the
large-Nc framework cancel at lowest order in the chiral expansion. For the ratio, we use the
correction factor

δ
K/π
EM = −0.0069(17) , (4)

where we take the estimated error due to higher-order corrections in the chiral expansion
from Ref. [152].

The sum of branching fractions for π− → µ−ν̄ and π− → µ−ν̄γ is 99.98770(4)% [122].
The two modes are difficult to separate experimentally, so we use this sum. Together with
the lifetime 26.033(5) ns [122] this implies Γ(π− → µ−ν̄[γ]) = 3.8408(7) × 107 s−1. The
right-hand side of Eq. (1) is modified by the factor 1.0176 ± 0.0021 mentioned above to
include photon emission and radiative corrections [151, 153]. The decay rate together with
the masses from the 2014 PDG review [122] gives

fπ−|Vud| = (127.13± 0.02± 0.13) MeV , (5)

1 This uncertainty on Cπ,K is smaller than the error estimated by Marciano and Sirlin in Ref. [151], which

predates the calculations of the hadronic-structure contributions in Refs. [145, 148–150]. The hadronic

LECs incorporate the large short-distance electroweak logarithm discussed in Ref. [151], and their depen-

dence on the chiral renormalization scale cancels the scale-dependence induced by chiral loops, thereby

removing the dominant scale uncertainty of the Marciano–Sirlin analysis [151].
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where the errors are from the experimental rate measurement and the correction factor δπEM
in Eq. (3), respectively. The uncertainty is dominated by that from theoretical estimate of
the electroweak and hadronic corrections, which include next-to-leading order contributions
of O(e2p2π,K) in chiral perturbation theory [145].

The data on Kµ2 decays have been updated recently through a global fit to branching ra-
tios and lifetime measurements [154]: B(K− → µ−ν̄[γ]) = 63.58(11)% and τK± = 12.384(15)
ns. The improvement in the branching ratio is primarily due to a new measurement of
B(K± → π±π+π−) from KLOE-2 [155], which is correlated with B(K±µ2) through the con-
straint that the sum of individual branching ratios must equal unity. The sum of branching
fractions for K− → µ−ν̄ and K− → µ−ν̄γ and the lifetime imply Γ(K− → µ−ν̄[γ]) =
5.134(11)× 107 s−1. Again taking the 2014 PDG masses [122], this decay rate implies

fK+|Vus| = (35.09± 0.04± 0.04) MeV , (6)

where the errors are from the experimental rate measurement and the correction factor δKEM,
respectively.

Short-distance radiative corrections cancel in the ratio of pion-to-kaon decay rates [156]:

ΓK`2[γ]
Γπ`2[γ]

=
|V 2
us|f 2

K−

|Vud|2f 2
π−

mK(1−m2
`/m

2
K)2

mπ(1−m2
`/m

2
π)2

(1 + δ
K/π
EM ) , (7)

where δ
K/π
EM is given in Eq. (4). The left-hand side of Eq. (7) is 1.3367(28), yielding

|Vus|fK−

|Vud|fπ−
= 0.27599± 0.00029± 0.00024 , (8)

where the first uncertainty is due to the branching fractions and the second is due to δ
K/π
EM .

Here the error due to electroweak and hadronic corrections is commensurate with the ex-
perimental error.

In summary, the main experimental results pertaining to charged pion and kaon leptonic
decays are

|Vud|fπ− = (127.13± 0.02± 0.13) MeV , (9)

|Vus|fK+ = (35.09± 0.04± 0.04) MeV , (10)

|Vus|fK+

|Vud|fπ−
= 0.27599± 0.00029± 0.00024 , (11)

where the errors are from the experimental uncertainties in the branching fractions and the
theoretical uncertainties in the radiative correction factors δPEM , respectively.

B. Theoretical decay-constant calculations

Table I presents recent lattice-QCD calculations of the charged pion and kaon decay con-
stants and their ratio from simulations with three (Nf = 2+1) or four flavors (Nf = 2+1+1)
of dynamical quarks. The results have been obtained using several independent sets of gauge-
field configurations, and a variety of of lattice fermion actions that are sensitive to different
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TABLE I. Recent lattice-QCD results for fπ+ , fK+ , and their ratio. The upper and lower panels

show (2 + 1 + 1)-flavor and (2 + 1)-flavor determinations, respectively. When two errors are shown,

they are statistical and systematic, respectively. Results obtained in the isospin-symmetric limit

mu = md are quoted directly from the papers before applying the strong-isospin correction via

Eq. (12), and are noted with an “∗”. Unpublished results noted with a “†” or “‡” are not included

in the averages.

Reference Nf fπ+(MeV) fK+(MeV) fK+/fπ+

ETM 14 [159]§ 2+1+1 – 154.4(1.5)(1.3) 1.184(12)(11)

FNAL/MILC 14 [160]§ 2+1+1 – 155.92(13)(+42
−34) 1.1956(10)(+26

−18)

HPQCD 13 [161]§ 2+1+1 – 155.37(20)(28) 1.1916(15)(16)

FLAG 15 average [140, 141]¶ 2+1+1 – 155.6(0.4) 1.193(3)

RBC/UKQCD 14 [162]∗,† 2+1 130.19(89) 155.51(83) 1.1945(45)

RBC/UKQCD 12 [163]∗ 2+1 127(3)(3) 152(3)(2) 1.199(12)(14)

Laiho & Van de Water 11 [164]‡ 2+1 130.53(87)(210) 156.8(1.0)(1.7) 1.202(11)(9)(2)(5)

MILC 10 [165] 2+1 129.2(0.4)(1.4) 156.1(4)(+6
−9) 1.197(2)(+3

−7)

BMW 10 [166]∗ 2+1 – – 1.192(7)(6)

HPQCD/UKQCD 07 [167]∗ 2+1 132(2) 157(2) 1.189(2)(7)

FLAG 15 average [140, 141]¶ 2+1 130.2(1.4) 155.9(0.9) 1.192(5)

Our average Both 130.2(1.4) 155.6(0.4) 1.1927(26)

§ PDG 2014 value of fπ+ = 130.41(21) MeV used to set absolute lattice scale.
¶ Preliminary numbers shown here may change if further new lattice-QCD calculations are published

before the deadline for inclusion in the final 2015 FLAG review.
† Preprint submitted to Phys. Rev. D. Published RBC/UKQCD 12 results included in Nf = 2 + 1

average.
‡ Lattice 2011 conference proceedings.

systematic uncertainties.2 The lattice uncertainties on both the individual decay constants
and their ratio have now reached sub-percent precision. The SU(3)-breaking ratio fK+/fπ+

can be obtained with especially small errors because statistical errors associated with the
Monte Carlo simulations are correlated between the numerator and denominator, as are
some systematics. The good agreement between these largely independent determinations
indicates that the lattice-QCD uncertainties are controlled and that the associated error
estimates are reliable.3

All of the results in Table I were obtained using isospin-symmetric gauge-field configu-
rations, i.e., the dynamical up and down quarks have the same mass. Most calculations of
pion and kaon decay constants now include, however, the dominant strong isospin-breaking
contribution, by evaluating the masses of the constituent light (valence) quarks in the pion
at the physical up- and down-quark masses, respectively, and evaluating the mass of the va-

2 See the PDG review on “Lattice Quantum Chromodynamics” [157] for a general review of numerical

lattice-QCD simulations. Details on the different methods used in modern lattice calculations are provided

in Appendix A of the FLAG “Review of lattice results concerning low energy particle physics” [142].
3 The recent review [158] summarizes the large body of evidence validating the methods employed in modern

lattice-QCD simulations.
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lence light quark in the kaon at the physical mu. In computing the preferred decay-constant
values to be compared with experiment and used for phenomenology, these results are cor-
rected for the leading isospin-breaking effects using chiral perturbation theory (χPT). The
next-to-leading order χPT corrections are given by [152, 168]

fπ = fπ+ (12)

fK = fK+

(
1− δSU(2)/2

)
(13)

fK
fπ

=
1√

δSU(2) + 1

fK+

fπ+

(14)

where the expression for δSU(2) in terms of the quark masses, meson masses, and decay
constants, is given in Eq. (37) of Ref. [142]. Numerically, values of δSU(2) ≈ −0.004 were
employed to obtain the (2+1)-flavor average in Table I, but some direct lattice-QCD calcu-
lations of δSU(2) give larger values [159, 161, 169] and further studies are needed.

The Flavour Lattice Averaging Group (FLAG) compiles and averages lattice-QCD results
for numerous hadronic parameters including pseudoscalar-meson decay constants [142]. The
FLAG averages include only results that are published in refereed journals, or are straight-
forward conference updates of published analyses, with complete systematic error budgets.
Because the precise correlations between the different lattice calculations are not known,
if there is reason to believe that a source of uncertainty is correlated between two results,
FLAG conservatively takes the correlation to be 100% when calculating the average. Here
we quote preliminary updates of the 2013 FLAG averages [142] that include all available
results that satisfy the FLAG criteria. Table I shows the three- and four-flavor preliminary
2015 FLAG averages for the pion and kaon decay constants and their ratio [140, 141] in the
lines labeled “FLAG 15 average.” The errors in the (2+1+1)-flavor averages include statis-
tical correlations between the results of HPQCD and FNAL/MILC (which were obtained

using the same gauge-field configurations) and have been increased by the
√
χ2/dof to reflect

a slight tension between the two results. All of the available four-flavor lattice-QCD calcu-
lations in Table I use the quantity fπ+ to fix the absolute lattice scale (needed to convert
from lattice-spacing units to GeV), and therefore only provide determinations of fK+ and
fK+/fπ+ [159–161].

Within the current level of precision, there is no observable difference between the three-
and four-flavor results. Therefore, for this review, we take an average of the two for our
final preferred theoretical values:

Our averages : fπ+ = 130.2(1.4) MeV , fK+ = 155.6(0.4) MeV ,
fK+

fπ+

= 1.1927(26) . (15)

We take a simple weighted average of the (2+1)- and (2+1+1)-flavor FLAG values from
Table I because they are each obtained from a sufficient number of independent calculations
that we do not expect there to be significant correlations.

III. CHARMED MESONS

A. Experimental rate measurements

Measurements have been made for D+ → µ+ν, D+
s → µ+ν, and D+

s → τ+ν. Only
an upper limit has been determined for D+ → τ+ν. Both CLEO-c and BES have made
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measurements of D+ decay using e+e− collisions at the ψ(3770) resonant energy where
D−D+ pairs are copiously produced. They fully reconstruct one of the D’s, say the D−.
Counting the number of these events provides the normalization for the branching fraction
measurement. They then find a candidate µ+, and then form the missing-mass squared,

MM2 = (ECM − ED−)2 −
(−→pCM −−→pD− −−→p µ+

)2
, taking into account their knowledge of

the center-of-mass energy, ECM, and momentum, pCM, that equals zero in e+e− collisions. A
peak at zero MM2 inplies the existence of a missing neutrino and hence the µ+ν decay of the
D+. CLEO-c does not explicitly identify the muon, so their data consists of a combination
of µ+ν and τ+ν, τ+ → π+ν events. This permits them to do two fits: in one they fit for
the individual components, and in the other they fix the ratio of τ+ν/µ+ν events to be that
given by the standard-model expectation. Thus, the latter measurement should be used for
standard-model comparisons and the other for new-physics searches. Our average uses the
fixed ratio value. The measurements are shown in Table II.

To extract the value of |Vcd|fD+ we use the well-measured D+ lifetime of 1.040(7) ps.
The µ+ν results include a 1% correction (lowering) of the rate due to the presence of the
radiative µ+νγ final state based on the estimate by Dobrescu and Kronfeld [136].

We now discuss the D+
s . Measurements of the leptonic decay rate have been made by

several groups and are listed in Table III [173–179]. We exclude older values obtained
by normalizing to D+

s decay modes that are not well defined. Many measurements, for
example, used the φπ+ mode. This decay is a subset of the D+

s → K+K−π+ channel which
has interferences from other modes populating the K+K− mass region near the φ, the most
prominent of which is the f0(980). Thus the extraction of the effective φπ+ rate is sensitive
to the mass resolution of the experiment and the cuts used to define the φ mass region [180].4

To find decays in the µ+ν signal channels, CLEO, BaBar and Belle rely on fully recon-
structing all the final state particles except for neutrinos and using a missing-mass technique
to infer the existence of the neutrino. CLEO uses e+e− → DsD

∗
s collisions at 4170 MeV,

while Babar and Belle use e+e− → DKnπD∗s collisions at energies near the Υ(4S). CLEO
does a similar analysis as was done for the D+ above. Babar and Belle do a similar MM2

calculation by using the reconstructed hadrons, the photon from the D∗+s decay and a de-
tected µ+. To get the normalization they do a MM2 fit without the µ+ and use the signal

TABLE II. Experimental results for B(D+ → µ+ν), B(D+ → τ+ν), and |Vcd|fD+ . Numbers for

|Vcd|fD+ have been extracted using updated values for masses (see text). Radiative corrections are

included. Systematic uncertainties arising from the D+ lifetime and mass are included. For the

average µ+ν number we use the CLEO-c result for µ+ν+ + τ+ν.

Experiment Mode B |Vcd|fD+ (MeV)

CLEO-c [170, 171] µ+ν (3.93± 0.35± 0.09)× 10−4 47.07± 2.10± 0.57

CLEO-c [170, 171] µ+ν+τ+ν (3.82± 0.32± 0.09)× 10−4 46.41± 1.94± 0.57

BES [172] µ+ν (3.71± 0.19± 0.06)× 10−4 45.73± 1.17± 0.38

Our average Lines 2+3 (3.74± 0.17)× 10−4 45.91± 1.05

CLEO-c [173, 174] τ+ν < 1.2× 10−3

4 We have not included the BaBar result for B(D+
s → µ+ν) reported in Ref. [181] because this measurement

determined the ratio of the leptonic decay rate to the hadronic decay rate Γ(D+
s → `+ν)/Γ(D+

s → φπ+).
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TABLE III. Experimental results for B(D+
s → µ+ν), B(D+

s → τ+ν), and |Vcs|fD+
s

. Numbers

for |Vcs|fD+
s

have been extracted using updated values for masses (see text). The systematic

uncertainty for correlated error on the D+
s lifetime is included. The mass uncertainties are also

common, but negligible. Common systematic errors in each experiment have been taken into

account in the averages.

Experiment Mode B(%) |Vcs|fD+
s

(MeV)

CLEO-c [173, 174] µ+ν (0.565± 0.045± 0.017) 250.8± 10.0± 4.2

BaBara [179] µ+ν (0.602± 0.038± 0.034) 258.9± 8.2± 7.5

Belle [175] µ+ν (0.531± 0.028± 0.020) 243.1± 6.4± 4.9

Our average µ+ν (0.556± 0.024) 248.8± 5.8

CLEO-c [173, 174] τ+ν (π+ν) (6.42± 0.81± 0.18) 270.8± 17.1± 4.2

CLEO-c [176] τ+ν (ρ+ν) (5.52± 0.57± 0.21) 251.1± 13.0± 5.1

CLEO-c [177, 178] τ+ν (e+νν) (5.30± 0.47± 0.22) 246.1± 10.9± 5.4

BaBar [179] τ+ν (e+(µ+)νν) (5.00± 0.35± 0.49) 239.0± 8.4± 11.9

Belle [175] τ+ν (π+ν) (6.04± 0.43+0.46
−0.40) 262.7± 9.3+10.2

−8.9
Belle [175] τ+ν (e+νν) (5.37± 0.33+0.35

−0.31) 247.7± 7.6+8.3
−7.4

Belle [175] τ+ν (µ+νν) (5.86± 0.37+0.34
−0.59) 258.7± 8.2+7.7

−13.2
Our average τ+ν (5.56± 0.22) 252.1± 5.2

Our average µ+ν + τ+ν 250.9± 4.0

a We do not use a previous unpublished BaBar result from a subsample of data that uses a different

technique for obtaining the branching fraction normalization [182].

at the D+
s mass squared to determine the total D+

s yield.
When selecting the τ+ → π+ν̄ and τ+ → ρ+ν̄ decay modes, CLEO uses both the cal-

culation of the missing-mass and the fact that there should be no extra energy in the
event beyond that deposited by the measured tagged D−s and the τ+ decay products. The
τ+ → e+νν̄ mode, however, uses only extra energy. Babar and Belle also use the extra
energy to discriminate signal from background in their τ+ν measurements.

We extract the decay constant times the CKM factor from the measured branching ratios
using the D+

s mass of 1.96830(11) GeV, the τ+ mass of 1.77682(16) GeV, and a lifetime of
0.500(7) ps [122]. CLEO has included the radiative correction of 1% in the µ+ν rate listed
in the Table [136] (the τ+ν rates need not be corrected). Other theoretical calculations show
that the γµ+ν rate is a factor of 40–100 below the µ+ν rate for charm [123–131, 183]. As
this is a small effect we do not attempt to correct the other measurements. The values for
fD+

s
|Vcs| are in good agreement for the two decay modes. Our average value for both the

µ+ν and τ+ν final states is 250.9± 4.0 MeV.

B. Theoretical decay-constant calculations

Table IV presents recent theoretical calculations of the charged D+- and Ds-meson decay
constants and their ratio. The upper two panels show results from simulations with three
(Nf = 2 + 1) or four flavors (Nf = 2 + 1 + 1) of dynamical quarks. Although there are fewer

9



TABLE IV. Recent theoretical determinations of fD+ , fDs , and their ratio. The upper panels

show results from lattice-QCD simulations with (2 + 1 + 1) and (2 + 1) dynamical quark flavors,

respectively. Statistical and systematic errors are quoted separately. Lattice results obtained in

the isospin-symmetric limit mu = md are noted with an “∗”. The bottom panel shows estimates

from QCD sum rules (QCD SR) and the light-front quark model (LFQM). These are not used to

obtain our preferred decay-constant values.

Reference Method Nf fD+(MeV) fDs(MeV) fDs/fD+

ETM 14 [159]∗ LQCD 2+1+1 207.4(3.7)(0.9) 247.2(3.9)(1.4) 1.192(19)(11)

FNAL/MILC 14 [160] LQCD 2+1+1 212.6(0.4)(+1.0
−1.2) 249.0(0.3)(+1.1

−1.5) 1.1712(10)(+29
−32)

Average LQCD 2+1+1 212.2(1.1) 248.8(1.3) 1.172(3)

χQCD 14 [184]∗ LQCD 2+1 – 254(2)(4) –

HPQCD 12 [185]∗ LQCD 2+1 208.3(1.0)(3.3) 246.0(0.7)(3.5) 1.187(4)(12)

FNAL/MILC 11 [186] LQCD 2+1 218.9(9.2)(6.6) 260.1(8.9)(6.1) 1.188(14)(21)

HPQCD 10 [187]∗ LQCD 2+1 – 248.0(1.4)(2.1) –

Average LQCD 2+1 209.2(3.3) 249.8(2.3) 1.187(12)

Our average LQCD Both 211.9(1.0) 249.1(1.1) 1.173(3)

Wang 15 [188]§ QCD SR 208(10) 240(10) 1.15(6)

Gelhausen 13 [189] QCD SR 201
(
+12
−13

)
238

(
+13
−23

)
1.15

(
+0.04
−0.05

)
Narison 12 [190] QCD SR 204(6) 246(6) 1.21(4)

Lucha 11 [191] QCD SR 206.2(8.9) 245.3(16.3) 1.193(26)

Hwang 09 [192] LFQM – 264.5(17.5)¶ 1.29(7)

§ Obtained using mMS
c ; results using mpole

c are also given in the paper.
¶ Obtained by combining PDG value fD = 205.8(8.9) MeV [193] with fDs

/fD from this work.

available results than for the pion and kaon sector, both fD+ and fDs have been obtained
using multiple sets of gauge-field configurations with different lattice fermion actions, pro-
viding independent confirmation. We average these lattice results to obtain our preferred
decay-constant values in Eq. (18). For comparison, the bottom panel of Table IV shows non-
lattice determinations from QCD sum rules and the light-front quark model; only results
which include uncertainty estimates are shown. The lattice and non-lattice results agree,
but the uncertainties on D+

(s)-meson decay constants from lattice QCD have now reached
significantly greater precision than those from other approaches.

The results in Table IV were all obtained using isospin-symmetric gauge-field configura-
tions. The two calculations by the Fermilab Lattice and MILC Collaborations [160, 186],
however, include the dominant strong isospin-breaking contribution by evaluating the mass
of the valence light quark in the D+-meson decay constant at the physical down-quark mass.
Reference [160] provides a determination of the size of this correction,

fD+ − fD = 0.47(1)(+25
−6 ) MeV , (16)

where fD is the value of the D-meson decay constant evaluated at the average up-down
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quark mass. Equation (16) implies that the correction to the SU(3)f -breaking ratio is

fDs
fD+

− fDs
fD

= −0.0026 , (17)

taking the central values for fD+ and fDs from the same work. Inspection of Table IV shows
that the errors on the calculations that neglect this effect are still about 5–8 × larger than
the sizes of the shifts in Eqs. (16)–(17). Thus we do not correct any results a posteriori for
this effect in the current review. Nevertheless, we strongly encourage future lattice-QCD
publications to present results for both fD+ and fD0 . New lattice calculations that reach
the level of precision in Eqs. (16)–(17), will, of course, need to include the effect of isospin
breaking.

Preliminary 2015 averages for D+
(s)-meson decay constants from the Flavour Lattice Av-

eraging Group are not yet available, so we construct our own for this review, but follow
the FLAG criteria for inclusion and treatment of uncertainties [142].5 Some lattice-QCD
decay-constant calculations analyze the same gauge-field configurations or use some identical
input parameters. Thus, when computing the averages for this review, we consider possible
correlations between the different results. Following the approach established by Laiho et
al. in Ref. [194] and adopted by FLAG for the 2013 review [142], whenever we have reason
to believe that a source of uncertainty is correlated between two results, we conservatively
take the correlation to be 100% when calculating the average. We construct the correlation
matrix for the set of lattice results using the prescription of Schmelling [195].

We first consider the (2+1)-flavor results. Inspection of Table IV shows that there have
been no new (2+1)-flavor lattice-QCD calculations of fD+ or fD+

s
/fD+ since 2013. We there-

fore take the (2+1)-flavor average from Ref. [142], which treats the statistical errors as 100%
correlated between the results of FNAL/MILC and HPQCD in Refs. [185, 186]. For fD+

s
,

however, we compute our own (2+1)-flavor average which includes the recent result from
the χQCD collaboration [184]. Although the HPQCD Collaboration has published two cal-
culations of fDs , we include only the earlier result from 2010 [187] in our average because it
is based on an analysis of finer lattice spacings and is more precise. We treat the statistical
errors as correlated between the results of the HPQCD and Fermilab Lattice and MILC
collaborations in Refs. [186, 187] because they analyze some of the same ensembles of gauge-
field configurations, and take the χQCD result [184] to be independent. Next we consider
the (2+1+1)-flavor results. The two calculations by the ETM [159] and FNAL/MILC Col-
laborations [160] use different light-quark and gluon actions and different treatments of the
chiral-continuum extrapolation. Thus we expect them to be independent, and take a simple
weighted average. Given these considerations, we obtain the three- and four-flavor averages
for the charged D+

(s)-meson decay constants and their ratio shown in Table IV, where the

error on the (2+1)-flavor fDs average has been rescaled by the factor
√

(χ2/dof) = 1.1.

It is useful to have a single determination of the D+
(s)-meson decay constants for phe-

nomenology applications. The three- and four-flavor results are compatible within the cur-
rent level of precision. Therefore, for this review, we quote the weighted average of the
entries in the two lines labeled “Average” in Table IV for our final preferred theoretical
values:

Our averages : fD+ = 211.9(1.0) MeV , fDs = 249.1(1.1) MeV ,
fDs
fD+

= 1.173(3) . (18)

5 After this article was submitted for review, preliminary (2+1)- and (2+1+1)-flavor FLAG averages for

fD, fDs
, and fDs

/fD were presented in Ref. [? ] that are identical to our separate averages in Table IV.
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In practice, the errors on the (2+1+1)-flavor averages are so much smaller than on the (2+1)-
flavor averages that the combination in Eq. (18) is almost identical to the (2+1+1)-flavor
average in Table IV.

IV. BOTTOM MESONS

A. Experimental rate measurements

The Belle and BaBar collaborations have found evidence for B− → τ−ν decay in e+e− →
B−B+ collisions at the Υ(4S) energy. The analysis relies on reconstructing a hadronic
or semi-leptonic B decay tag, finding a τ candidate in the remaining track and photon
candidates, and examining the extra energy in the event which should be close to zero for a
real τ− decay to e−νν̄ or µ−νν̄ opposite a B+ tag. While the BaBar results have remained
unchanged, Belle reanalyzed both samples of their data. The branching fraction using
hadronic tags changed from 1.79 +0.56+0.46

−0.49−0.51× 10−4 [196] to 0.72+0.27
−0.25± 0.11× 10−4 [197], while

the corresponding change using semileponic tags was from 1.54+0.38+0.29
−0.37−0.31 to 1.25±0.28±0.27.

These changes demonstrate the difficulty of the analysis. The results are listed in Table V.

TABLE V. Experimental results for B(B− → τ−ν) and |Vub|fB+ .

Experiment Tag B (units of 10−4) |Vub|fB+ (MeV)

Belle [197] Hadronic 0.72+0.27
−0.25 ± 0.11

Belle [198] Semileptonic 1.25± 0.28± 0.27

Belle [198] Average 0.91± 0.22 0.72± 0.09

BaBar [199] Hadronic 1.83 +0.53
−0.49 ± 0.24

BaBar [200] Semileptonic 1.7± 0.8± 0.2

BaBar [199] Average 1.79± 0.48 1.01± 0.14

Our average 1.06± 0.20 0.77± 0.07

There are large backgrounds under the signals in all cases. The systematic errors are
also quite large. Thus, the significances are not that large. Belle quotes 4.6σ for their
combined hadronic and semileptonic tags, while BaBar quotes 3.3σ and 2.3 σ, for hadronic
and semileptonic tags. More accuracy would be useful, especially to investigate the effects
of new physics.

To extract the value of |Vub|fB+ we use the PDG 2014 value of the B+ lifetime of
1.638±0.004 ps, and the τ+ and B+ masses of 1.77684 and 5.27926 GeV, respectively.

B. Theoretical decay-constant calculations

Table VI presents theoretical calculations of the B+- and Bs-meson decay constants and
their ratio. The upper two panels show results from simulations with three (Nf = 2 + 1)
or four flavors (Nf = 2 + 1 + 1) of dynamical quarks. For both fB+ and fBs , calculations
using different gauge-field configurations, light-quark actions, and b-quark actions provide
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TABLE VI. Recent theoretical determinations of fB+ , fBs , and their ratio. The upper panels

show results from lattice-QCD simulations with (2 + 1 + 1) and (2 + 1) dynamical quark flavors,

respectively. For some of the lattice results, statistical and systematic errors are quoted separately.

Lattice results for fB and fBs/fB in the isospin-symmetric limit mu = md are noted with an “∗”;

they are corrected by the factors in Eq. (19) and (20), respectively, before computing the averages.

Preliminary conference results noted with a “†” are not included in the lattice averages. The bottom

panel shows estimates from QCD sum rules and the light-front quark model, which are not used

to obtain our preferred decay-constant values.

Reference Method Nf fB+(MeV) fBs(MeV) fBs/fB+

ETM 13 [201]∗,† LQCD 2+1+1 196(9) 235(9) 1.201(25)

HPQCD 13 [202] LQCD 2+1+1 184(4) 224(5) 1.217(8)

Average LQCD 2+1+1 184(4) 224(5) 1.217(8)

Aoki 14 [203]∗,‡ LQCD 2+1 218.8(6.5)(30.8) 263.5(4.8)(36.7) 1.193(20)(44)

RBC/UKQCD 14 [204] LQCD 2+1 195.6(6.4)(13.3) 235.4(5.2)(11.1) 1.223(14)(70)

HPQCD 12 [205]∗ LQCD 2+1 191(1)(8) 228(3)(10) 1.188(12)(13)

HPQCD 12 [205]∗ LQCD 2+1 189(3)(3)? – –

HPQCD 11 [206] LQCD 2+1 – 225(3)(3) –

FNAL/MILC 11 [186] LQCD 2+1 196.9(5.5)(7.0) 242.0(5.1)(8.0) 1.229(13)(23)

Average LQCD 2+1 189.8(4.2) 226.3(2.8) 1.210(15)

Our average LQCD Both 187.0(2.9) 226.0(2.2) 1.215(7)

Wang 15 [188]§ QCD SR 194(15) 231(16) 1.19(10)

Baker 13 [207] QCD SR 186(14) 222 (12) 1.19(4)

Lucha 13 [208] QCD SR 192.0(14.6) 228.0(19.8) 1.184(24)

Gelhausen 13 [189] QCD SR 207
(
+17
−9

)
242

(
+17
−12

)
1.17

(
+3
−4

)
Narison 12 [190] QCD SR 206(7) 234(5) 1.14(3)

Hwang 09 [192] LFQM – 270.0(42.8)¶ 1.32(8)

† Lattice 2013 conference proceedings.
‡ Obtained with static b quarks (i.e. mb →∞).
? Obtained by combining fBs

from HPQCD 11 with fBs
/fB from this work. Approximate statistical

(systematic) error obtained from quadrature sum of individual statistical (systematic) errors.
§ Obtained using mMS

b ; results using mpole
b are also given in the paper.

¶ Obtained by combining PDG value fB = 204(31) MeV [193] with fBs
/fB from this work.

independent confirmation. These lattice results are averaged to obtain our preferred decay-
constant values in Eq. (21). For comparison, the bottom panel of Table VI shows non-lattice
determinations of the B(s)-meson decay constants which include error estimates. These are
consistent with the lattice values, but with much larger uncertainties.

The results in Table VI were all obtained using isospin-symmetric gauge-field configura-
tions. The two most recent calculations of fB+ by the HPQCD and FNAL/MILC Collab-
orations [160, 186], however, include the dominant strong isospin-breaking contribution by
evaluating the decay constant with the valence light-quark mass fixed to the physical up-
quark mass. Reference [202] also presents results for fB and fBs/fB (i.e., with the B-meson
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decay constant evaluated at the average up-down quark mass), from which one can infer the
sizes of the leading corrections:6

fB+ − fB = −1.9(5) MeV , (19)

fBs
fB+

− fBs
fB

= 0.012(4) (20)

Inspection of Table VI shows that, for the ratio fBs/fB, the error on the ETM result [201] is
only a factor of two bigger than the correction in Eq. (20), and the error on the HPQCD result
is comparable [205]. Therefore, to enable comparison with experimental measurements, in
this review we correct those lattice results for B-meson decay constants obtained in the
isospin limit a posteriori by the empirically-obtained factors in Eqs. (19) and (20) before
computing our averages.

Preliminary 2015 averages for B(s)-meson decay constants from the Flavour Lattice Aver-
aging Group are not yet available. There is, however, only a single published (2+1+1)-flavor
lattice-QCD calculation of these quantities. We therefore take the results of Ref. [202] from
the HPQCD collaboration as our (2+1+1)-flavor “average.” There are several published
(2+1)-flavor lattice-QCD calculations of fB(s)

, however, with various sources of statisti-
cal and systematic correlations. We treat the statistical errors as correlated between the
results of Aoki et al. and RBC/UKQCD because they employ the same gauge-field config-
urations [203, 204]. We also treat the statistical errors as correlated between the results of
the HPQCD and Fermilab Lattice and MILC collaborations because they analyze an over-
lapping set of gauge-field configurations [186, 205, 206]. We note that there may be mild
correlations between some sub-dominant systematic errors of Aoki et al. and RBC/UKQCD,
who use the same determinations of the absolute lattice scale and the physical light- and
strange-quark masses from Ref. [209], and who use the same power-counting estimates for
the light-quark and gluon discretization errors. The effects of any correlations between these
systematics, however, would be too small to impact the numerical values of the averages.

The HPQCD collaboration presents (2+1)-flavor results for B(s)-meson decay constants in
two publications. The 2011 [206] and 2012 [205] calculations of HPQCD employ different b-
quark actions, but use the same light- and strange-quark action, and analyze an overlapping
set of gauge-field configurations. Further, HPQCD presents two determinations of fB in
Ref. [205]: the more precise value is obtained by combining the ratio fBs/fB from this work
with fBs from Ref. [206]. Because the (2+1)-flavor results from HPQCD are not independent,
but the correlations between them are complex and difficult to estimate, we include only
the most precise HPQCD determination of each of the three quantities fB, fBs , and fBs/fB
in our averages.

Given these considerations, we obtain the three- and four-flavor averages for the B+- and
Bs-meson decay constants and their ratio shown in Table VI, where the error on the (2+1)-

flavor fBs average has been rescaled by the factor
√

(χ2/dof) = 1.2 to account for the tension

among results. We also present a single determination of the B+- and Bs-meson decay
constants for phenomenology applications. Because the four-flavor “average” is obtained
from only a single result, we do not simply combine the two lines labeled “Average” in
Table VI, which would weight the four-flavor result too heavily. Instead, noting that the
three- and four-flavor results are compatible within the current level of precision, we form
a single average including the published (2+1)-flavor results and the (2+1+1)-flavor result

6 The correlated errors on Eqs. (19) and (20) were provided by HPQCD via private communication.
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from HPQCD 13. We do not expect any significant correlations between HPQCD’s four-
flavor calculation and their three-flavor ones because they differ in most important aspects
including the gauge-field configurations, b-quark actions, and the input quantity used to fix
the lattice scale. Our final preferred theoretical values for the B+- and Bs-meson decay
constants and their ratio are

Our averages : fB+ = 187.0(2.9) MeV , fBs = 226.0(2.2) MeV ,
fBs
fB+

= 1.215(7) , (21)

where the error on fBs has been rescaled by the factor
√

(χ2/dof) = 1.1.

V. PHENOMENOLOGICAL IMPLICATIONS

A. |Vud|, |Vus|, and status of first-row unitarity

Using the average values for fπ+|Vud|, fK+|Vus|, and their ratio from Eqs. (9)–(11) and
for fπ+ , fK+ , and their ratio from Eq. (15), we obtain the following determinations of the
CKM matrix elements |Vud|, |Vus|, and their ratio from leptonic decays within the standard
model:

|Vud| = 0.9764(2)(105)(10) , |Vus| = 0.2255(3)(6)(3),
|Vus|
|Vud|

= 0.2314(2)(5)(2) , (22)

where the errors are from the experimental branching fraction(s), the pseudoscalar decay
constant(s), and radiative corrections, respectively. These results enable a precise test of the
unitarity of the first row of the CKM matrix from leptonic decays alone (the contribution
from |Vub| is negligible). Using the values of |Vud| and |Vus| from Eq. (22), we find

|Vud|2 + |Vus|2 + |Vub|2 − 1 = 0.004(21) , (23)

which is consistent with three-generation unitarity at the sub-percent level.
The determinations of |Vud| and |Vus| from leptonic decays in Eq. (22) can be compared to

those obtained from other processes. The result above for |Vud| agrees with the determina-
tion from superallowed β-decay, |Vud| = 0.97417(21) [210], but with an approximately fifty
times larger error that is primarily due to the uncertainty in the theoretical determination of
fπ+ . The CKM element |Vus| can be determined from semileptonic K+ → π0`+ν decay. Here
experimental measurements provide a value for the product fKπ+ (0)|Vus|, where fKπ+ (0) is
the form-factor at zero four-momentum transfer between the initial state kaon and the final
state pion. Taking the most recent experimental determination of |Vus|fKπ+ (0) = 0.2165(4)
from Moulson [154]7 and the preliminary 2015 (2+1+1)-flavor FLAG average for f+(0)Kπ =
0.9704(24)(22) [140, 141]8 gives |Vus| = 0.22310(74)thy(41)exp from K`3 decay. The determi-
nations of |Vus| from leptonic and semileptonic kaon decays are both quite precise (with the
error from leptonic decay being about 20% smaller), but the central values differ by 2.2σ.
Finally, the combination of the ratio |Vus|/|Vud| from leptonic decays [Eq. (22)] with |Vud|
7 This is an update of the 2010 Flavianet review [156] that includes new measurements of the Ks life-

time [211, 212], Re(ε′/ε) [212], and BR(K± → π±π+π−) [155]. The latter measurement is the primary

source of the reduced error on BR(K`3), via the constraint that the sum of all BRs must equal unity.
8 This result comes from the calculation of FNAL/MILC in Ref. [213]. For comparison, the 2015 preliminary

(2+1)-flavor FLAG average based on the calculations of FNAL/MILC [214] and RBC/UKQCD [215] is

f+(0)Kπ = 0.9677(37) .
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from β decay implies an alternative determination of |Vus| = 0.2254(6) which agrees with
the value from leptonic kaon decay, but disagrees with K`3-decay result at the 2.2σ level.
Collectively, these results indicate that that there is some tension between theoretical cal-
culations and/or measurements of leptonic pion and kaon decays, semileptonic kaon decays,
and superallowed β-decay. Although this may be due to the presence of new physics, it is
also important to revisit the quoted uncertainties on both the theoretical and experimental
inputs.

Finally, we combine the experimental measurements of fπ+|Vud|, fK+|Vus| from leptonic
psuedoscalar-meson decays in Eqs. (9) and (10) with determinations of the CKM elements
from other decays or unitarity to infer “experimental” values for the decay constants. As-
suming that there are no significant new-physics contributions to any of the input processes,
the comparison of these results with theoretical calculations of the decay constants, enables
a test of lattice-QCD methods. Taking |Vud| from superallowed β-decay [216] leads to

f exp
π− = 130.50(1)(3)(13) MeV , (24)

where the uncertainties are from the errors on Γ, |Vud|, and higher-order corrections, respec-
tively. This agrees with the theoretical value fπ+ = 130.2(1.4) MeV in Eq. (15) obtained
from an average of recent (2+1)-flavor lattice-QCD results [163, 165, 167]. We take the value
|Vus| = 0.22534(65) from the most recent global unitarity-triangle fit of the UTfit Collabo-
ration [217] because there is tension between the values of |Vus| obtained from leptonic and
semileptonic kaon decays. This implies

fK− = 155.72(17)(45)(16) MeV (25)

where the uncertainties are from the errors on Γ, |Vus|, and higher-order corrections, respec-
tively. This agrees with the theoretical value fK+ = 155.6(0.4) MeV in Eq. (15) obtained
from an average of recent three and four-flavor lattice-QCD results [159–161, 163, 165, 167].

B. |Vcd|, |Vcs|, and status of second-row unitarity

Using the average values for |Vcd|fD+ and |Vcs|fD+
s

from Tables II and III, and for fD+

and fD+
s

from Eq. (18), we obtain the following determinations of the CKM matrix elements
|Vcd| and |Vcs|, and from leptonic decays within the standard model:

|Vcd| = 0.217(5)(1) and |Vcs| = 1.007(16)(4) , (26)

where the errors are from experiment and theory, respectively, and are presently limited by
the measured uncertainties on the decay rates. The central value of |Vcs| is greater than
one, but is compatible with unity within the error. The above results for |Vcd| and |Vcs|
do not include higher-order electroweak and hadronic corrections to the rate, in analogy to
Eq. (2). These corrections have not been computed for D+

(s)-meson leptonic decays, but are

estimated to be about to be about 1–2% for charged pion and kaon decays (see Sec. II A).
Now that the uncertainties on |Vcd| and |Vcs| from leptonic decays are at this level, we hope
that the needed theoretical calculations will be undertaken.

The CKM elements |Vcd| and |Vcs| can also be obtained from semileptonic D+ → π0`+ν
and D+

s → K0`+ν decays, respectively. Here experimental measurements determine the
product of the form factor times the CKM element, and theory provides the value for the
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form factor at zero four-momentum transfer between the initial D(s) meson and the final
pion or kaon. We combine the latest experimental averages for fDπ+ (0)|Vcd| = 0.1425(19)

and fDsK+ (0)|Vcs| = 0.728(5) from the Heavy Flavor Averaging Group (HFAG) [218] with
the zero-recoil form factors fDπ+ (0) = 0.666(29) and fDsK+ (0) = 0.747(19) calculated in (2+1)-
flavor lattice QCD by the HPQCD Collaboration [219, 220] to obtain |Vcd| = 0.2140(97) and
|Vcs| = 0.9746(257) from semileptonic D(s)-meson decays. The values of |Vcd| from leptonic
and semileptonic decays agree, while those for |Vcs| are marginally compatible at the 1.1σ
level. The determinations of |Vcd| and |Vcs| from leptonic decays in Eq. (26), however, are
2.0× and 1.6× more precise than those from semileptonic decays, respectively.

The results for |Vcd| and |Vcs| from Eq. (26) enable a test of the unitarity of the second
row of the CKM matrix. We obtain

|Vcd|2 + |Vcs|2 + |Vcb|2 − 1 = 0.063(34) , (27)

which is in slight tension with three-generation unitarity at the 2σ level. Because the
contribution to Eq. (27) from |Vcb| is so small, we obtain the same result taking |Vcb|incl. ×
103 = 42.21(78) from inclusive B → Xc`ν decay [221] or |Vcb|excl. × 103 = 39.04(75) from
exclusive B → D∗`ν decay at zero recoil [222].

We can also combine the experimental measurements of fD+|Vcd| = 45.91(1.05) MeV and
fD+

s
|Vcs| = 250.9(4.0) MeV from leptonic pseudoscalar-meson decays from Tables II and III

with determinations of |Vcd| and |Vcs| from CKM unitarity to infer “experimental” values
for the decay constants within the standard model. For this purpose, we obtain the values
of |Vcd| and |Vcs| by relating them to other CKM elements using the Wolfenstein parameter-
ization [223]. We take |Vcd| to equal the value of |Vus| minus the leading correction [224]:

|Vcd| = |Vus|
∣∣∣∣∣−1 +

|Vcb|2

2
(1− 2(ρ+ iη))

∣∣∣∣∣ (28)

= |Vus|

[−1 + (1− 2ρ)
|Vcb|2

2

]2
+ η2|Vcb|4

1/2

. (29)

Using |Vus| = 0.2255(2)(6)(2) from leptonic kaon decay [Eq. (22)], inclusive |Vcb| as above,
and (ρ, η) = (0.136(24), 0.361(14)) from CKM unitarity [217] |Vcd| = 0.2254(7). We take
|Vcs| = |Vud| − |Vcb|2/2 [224], using |Vud| = 0.97417(21) from β decay [210], giving |Vcs| =
0.9733(2). Given these choices, we find

f exp.
D+ = 203.7(4.7)(0.6) MeV and f exp.

D+
s

= 257.8(4.1)(0.1) MeV , (30)

where the uncertainties are from the errors on Γ and |Vus| (or |Vud|), respectively. These
disagree with the theoretical values fD+ = 211.9(1.0) MeV and fD+

s
= 249.1(1.1) MeV

in Eq. (18) obtained from averaging recently published three and four-flavor lattice-QCD
results at the 1.7σ and 2.0σ levels, respectively. The significances of the tensions are sensitive,
however, to the choices made for |Vus| and |Vud|. Thus resolving the inconsistencies between
determinations of elements of the first row of the CKM matrix discussed previously in
Sec. V A may also reduce the mild tensions observed here.

C. |Vub| and other applications

Using the average value for |Vub|fB+ from Table V, and for fB+ from Eq. (21), we obtain
the following determination of the CKM matrix element |Vub| from leptonic decays within

17



the standard model:
|Vub| = 4.12(37)(6)× 10−3 , (31)

where the errors are from experiment and theory, respectively. We note, however, that decays
involving the third generation of quarks and leptons may be particularly sensitive to new
physics associated with electroweak symmetry breaking due to their larger masses [132, 134],
so Eq. (31) is more likely to be contaminated by new physics than the determinations of the
elements of the first and second rows of the CKM matrix in the previous sections.

The CKM element |Vub| can also be obtained from semileptonic B-meson decays. Over the
past several years there has remained a persistent 2-3σ tension between the determinations of
|Vub| from exclusive B → π`ν decay and from inclusive B → Xu`ν decay, where Xu denotes
all hadrons which contain a constituent up quark [122, 218, 225–227]. The currently most
precise determination of |Vub|excl. = 3.72(16)×10−3 is obtained from a joint z-fit of the vector
and scalar form factors fBπ+ (q2) and fBπ0 (q2) calculated in (2+1)-flavor lattice QCD by the
FNAL/MILC Collaboration [228] and experimental measurements of the differential decay
rate from BaBar [229, 230] and Belle [231, 232]. On the other hand, the most recent HFAG

determination of |Vub|incl. = 4.45(15)
(
+20
−21

)
× 10−3 [218] using the theoretical framework of

Bosch, Lange, Neubert and Paz (BLNP) [233]. The result for |Vub| from leptonic B →
τν decay in Eq. (31) is compatible with determinations from both exclusive and inclusive
semileptonic B-meson decays.

The CKM element |Vub| can now also be obtained from semileptonic Λb decays. Specif-
ically, the recent LHCb measurement of the ratio of decay rates for Λb → p`ν over Λb →
Λc`ν [234], when combined with the ratio of form factors from (2+1)-flavor lattice QCD [235],
enables the first determination of the ratio of CKM elements |Vub|/|Vcb| = 0.083(4)(4) from
baryonic decay. Taking |Vcb|incl. = 42.21(78) × 10−3 [221] for the denominator,9 we obtain
|Vub| = 3.50(17)(17)(6) × 10−3 from exclusive Λb semileptonic decays, where the errors are
from experiment, the form factors, and |Vcb|, respectively. The result for |Vub| from leptonic
B → τν decay in Eq. (31) is 1.4σ higher than the determination from b-baryon decays.

Given these results, the “Vub” puzzle still stands, and the determination from leptonic B+-
meson decay is not yet sufficiently precise to weigh in on the discrepancy. New and improved
experimental measurements and theoretical calculations of other b → u flavor-changing
processes, however, are providing additional information and sharpening the picture of the
various tensions. Further, the error on |Vub| from B → τν decay will shrink once improved
rate measurements from the Belle II experiment are available.

Finally, we can combine the experimental measurement of |Vub|fB+ from leptonic B+-
meson decays in Table V with a determination of the CKM element |Vub| from elsewhere to
infer an “experimental” values for fB+ within the standard model. This, of course, assumes
that there are no significant new-physics contributions to B+ → τν, which may turn out
not to be the case. Further, one does not know a priori what value to take for |Vub| given
the inconsistencies between the various determinations discussed above. We therefore take a
weighted average of the determinations from inclusive [218] and exclusive [228] semileptonic

B-meson decays and rescale the error by the
√
χ2/dof = 2.4 to account for the disagreement,

giving |Vub|excl.+incl. = 3.93(33)× 10−3. Using this result we obtain

f exp.
B+ = 196(18)(16) MeV , (32)

9 This differs from the choice for |Vcb| made by LHCb [234], who use the determination from exclusive

B → D(∗)`ν decays at zero recoil [236]. The Belle Experiment recently announced a new preliminary

measurement of the B → D`ν differential decay rate [237] and determination of |Vcb| [238]. They find

that the inclusion of experimental and theoretical nonzero-recoil information increases the value for |Vcb|
compared to when only zero-recoil information is used, and leads to agreement with the inclusive result.18



where the uncertainties are from the errors on Γ and |Vub|, respectively. This agrees within
large uncertainties with the theoretical value fB+ = 186.8(2.9) MeV in Eq. (21) obtained
from an average of recent three and four-flavor lattice-QCD results [186, 202, 204, 205].
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