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Abstract

This paper describes the strategy for optimizing the magnetic horn for the neutrinos from STORed Muons (nuSTORM) facility.
The nuSTORM magnetic horn is the primary collection device for the secondary particles generated by bombarding a solid target
with 120 GeV protons. As a consequence of the non-conventional beamline designed for nuSTORM, the requirements on the
horn are different from those for a conventional neutrino beamline. At nuSTORM, muons decay while circulating in the storage
ring, and the detectors are placed downstream of the production straight so as to be exposed to the neutrinos from muon decay.
nuSTORM aims at precisely measuring the neutrino cross sections, and providing a definitive statement about the existence of
sterile neutrinos. The nuSTORM horn aims at focusing the pions into a certain phase space so that more muons from pion decay
can be accepted by the decay ring. The paper demonstrates a numerical method that was developed to optimize the horn design
to gain higher neutrino flux from the circulating muons. A Genetic Algorithm (GA) was applied to the simultaneous optimization
of the two objectives in this study. The application of the technique discussed in this paper is not limited to either the nuSTORM
facility or muon based facilities, but can be used for other neutrino facilities that use magnetic horns as collection devices.

c© 2014 Published by Elsevier Ltd.
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1. Introduction1

The nuSTORM facility was designed to deliver
(-)
νe2

and
(-)
νµ beams from the decay of µ± beam stored in3

a racetrack ring. The facility, coupled with neu-4

trino detectors, is capable of searching for sterile neu-5

trinos with high sensitivity and can serve a future6

long-baseline neutrino oscillation program by providing7

high-precision measurements of neutrino cross sections.8

It can also serve as a critical step in muon accelerator9

development.10
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The nuSTORM facility is the simplest realization of11

the Neutrino Factory (NF) concept, of which the R&D12

challenges and cost are still actively being studied. At13

nuSTORM, a ∼500 m racetrack-like decay ring is used14

to generate neutrinos with precisely known flux and15

flavor. The possibility of using such a muon race-16

track decay ring with long straight sections to study17

low energy neutrino interactions has been recognized18

and was first proposed by Neuffer [1, 2, 3]. No fast19

kickers with large aperture are needed in the nuSTORM20

facility, owing to the fact that a new injection scheme21

was proposed for injecting pions in a muon storage22

ring. In this stochastic injection scenario, the pions23

are injected into the decay ring by a specially designed24

“Orbit Combination Section” (OCS) and then decay to25

muons in the ∼ 150 m long production straight of the26
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ring. The feasibility of the stochastic injection used in27

nuSTORM was confirmed by Neuffer and Liu [4]. A28

schematic drawing of the facility is shown in Figure 1.29

At nuSTORM, the pions are generated by bombard-30

ing a solid target with 120 GeV protons from the Fer-31

milab Main Injector (MI) and collecting them with a32

magnetic horn. The pions are then transported in an33

injection beamline to the decay ring. The magnetic34

horn was first proposed by van der Meer in 1961 to35

focus pions forward in order to improve the beam in36

neutrino experiments [5]. Its success has been widely37

recognized, and it is now a standard element in all38

neutrino experiments world-wide. It is capable of fo-39

cusing secondary particles with a wide angular diver-40

gence and momentum spectrum. Horn designs and the41

effectiveness of their collection are described in detail42

in [5, 6, 7, 8, 9].43

The injection takes place at the OCS, in which a44

dispersive region is created with a combination of a45

dipole and a defocusing quadrupole. The orbits of46

the reference muon and the reference pion are com-47

bined after the OCS, where the dispersion function is48

suppressed to 0. The dispersion function describes49

the orbit displacement as a function of the momentum50

difference. The muons that are within the transverse51

and longitudinal phase space acceptances of the ring52

can effectively circulate. The stochastic injection is53

different from a conventional injection scenario in that it54

completely avoids the use of a fast kicker. This injection55

scenario relies on the decay kinematics of the pions and56

the difference between the reference momentum of the57

pion, P0π, and that of the muon, P0µ, where P0π = 558

GeV/c and P0µ = 3.8 GeV/c, respectively. P0µ was59

determined as a balance among factors such as the decay60

ring size and the desired neutrino energy spectrum, and61

P0π was determined from maximizing the injection and62

particle production efficiency. The higher momentum63

pions decay to lower momentum muons that are ac-64

cepted by the decay ring, which shares the production65

straight with the “pion beamline”. From simulations66

using MARS [10], the number of pions within 5 ± 167

GeV/c after the horn is 0.29 per POT.68

The nuSTORM decay ring is designed with a muon69

central momentum P0µ, aiming at achieving a transverse70

acceptance of 2000 µm · rad (denoted as Ωε(ε = εx, εy),71

or expressed as 2 mm) and a momentum acceptance72

of ±10% (ΩP). From the simulations in G4Beamline73

(G4BL) [11], the number of muons within the accep-74

tance of the ring is 0.013 per POT. Both FODO and75

FFAG ring lattice designs are currently being studied76

and optimized to achieve this acceptance. The goal77

of designing the pion beamline is to transport as many78

pions as possible that can decay to muons in both Ωε79

and ΩP. Therefore, the nuSTORM horn is required to80

focus the pions into a certain phase space, rather than81

to focus them so that the beam motion is forward. The82

nuSTORM horn design in the project proposal [12] used83

the NuMI horn configuration [13], which was designed84

for the latter focusing purpose. Although recent studies85

have shown that a two-horn or even three-horn system86

can be more effective than a single-horn configuration87

for conventional neutrino beams [14, 15], only one horn88

was considered in the proposal and also in this opti-89

mization study due to the different constraints on the90

nuSTORM design. An example of the horn is shown in91

Figure 2.92

2. nuSTORM horn and pion beamline93

The magnetic field in the horn obeys Ampere’s Law94

such that Br = Bz = 0, Bφ = µ0I/2πr, where z is95

along the proton beam direction, r is the radius from96

the center of the horn, and φ is the azimuthal angle. The97

parabolic shape of the horn inner conductor obtains a98

path length in the horn that is approximately ∝ r2. With99

Bφ ∝ 1/r, the effective focusing strength of a particle100

passing through the horn is proportional to r. However,101

considering the physical length of the target, the initial102

longitudinal position of pions emerging from the target103

surface varies significantly (shown in Figure 3). The104

focusing effect for each particle is a function of the105

initial position, angle of the particle, and its momen-106

tum. Furthermore, the angular acceptance of the pion107

beamline (up to 20 mrad at the downstream end of the108

horn, regardless of the length of the pion beamline)109

can be much larger than that of a decay pipe used in110

a conventional neutrino beamline (10 mrad for a 200 m111

decay pipe with 2 m radius, or 15 mrad for one with 3 m112

radius, such as in LBNF). It is beneficial to re-optimize113

the horn specifically for the nuSTORM requirements.114

This paper discusses a numerical technique for this op-115

timization, which can be adapted to the different goals116

of other experiments.117

The pions emitted from the target surface are tracked118

in the magnetic field formed by the horn. The transverse119

phase space distribution of the pions at the downstream120

end of the horn is shown in Figure 4, where x′, y′ =121

dx/dz, dy/dz. In order to design the optics for the pion122

beamline, the transverse phase space distribution of the123

pions at the downstream end of the horn is fitted to124

obtain the Twiss parameters, which describe the phase125

space distribution of the particle beam. The Gauss-126

Newton (GN) algorithm [16] was used as the fundamen-127

tal algorithm in the fitting method developed for this128

2
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Figure 1. The schematic beamline structure of the nuSTORM facility. The production straight contains 21 FODO cells, with a total length of ∼150
meters. The length of the pion beamline is ∼200 meters, in whose length approximately 50% of the 5 GeV/c pions will decay to muons.
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Figure 2. An example of an NuMI magnetic horn design. The current direction in the example focuses positively charged secondary particles
produced off the target.

study. An additional process is added to the regular GN129

method in order to iteratively remove pions with extra-130

large emittance (action) and shrink the beam admittance131

Ωad, conventionally defined as Ωad = 6εrms, to the Ωε132

acceptance of the pion beamline. More specifically,133

in the nth (n = 0, 1, 2, ...nmax) iteration, the particles134

are sorted by their emittance defined by Ji = γnu2
i +135

2αnuiu′i + βnu′2i , where αn, βn, γn are the Twiss param-136

eters at the nth iteration, and ui = xi, yi, u′i = x′i , y
′
i are137

the phase space coordinates for the ith particle. If Ωad138

is larger than Ωε , particles with the largest emittance139

are removed from the fitting. This process is repeated140

until Ωad is reduced to be less than Ωε . For a beam that141

occupies a diluted and distorted Gaussian phase space142

area, this new method works better in obtaining the most143

accurate Twiss values for optics matching, compared144

to a regular GN method or a direct fitting from the145

covariance matrix. The IGN method preserves the shape146

of the core phase space, and can be more accurate when147

fitting beam data with errors. The flowchart for the IGN148

method and an example of its application are shown in149

Figure 5. The IGN algorithm’s fitting (green ellipse)150

better preserves the core of the phase space over fitting151

using a covariance matrix approach (red ellipse).152

The nuSTORM pion beamline consists of the pion153

delivery section, starting from the downstream end of154

the horn to the OCS, and the production straight section155

of the muon decay ring (see the red enclosure in Fig-156

ure 1). The linear optics of the pion beamline from the157

downstream end of the horn into the production straight158

FODO cells are shown in Figure 6. (Only one FODO159

cell is shown to omit the periodic Twiss values.) The160

design of the optics from the first dipole to the end161

of the production straight has been fixed for providing162

the best stochastic injection performance and a good163

accommodation of both the pion and the muon beams164

in the production straight [17]. The production straight165

contains 21 FODO cells, with a total length of ∼150166
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emitted from a 46 cm Inconel target, 2.4×107 POT

Figure 3. The histogram of longitudinal position of the pions emitted
from the surface of a 46 cm Inconel target when bombarded by 120
GeV protons with 2.4 × 107 POT. The spike is formed by the pions
that exit from the downstream face of the target.

meters. The length of the pion beamline is ∼200 meters,167

in whose length approximately 50% of the 5 GeV/c168

pions will decay to muons.169

3. Optimization Objectives and Algorithm170

3.1. Objectives171

A straightforward optimization of the nuSTORM172

horn needs the complete tracking of pions collected by173

the horn and then tracked through the pion beamline,174

with muon decay enabled in the G4BL tracking code.175

The number of muons at the end of the pion beamline176

that are within the acceptance of both Ωε and ΩP is then177

compared for different horn configurations. The value178

can be used as the fitness value, or the figure of merit,179

of the optimization. This is thus essentially a single-180

objective optimization problem, referred to as the num-181

ber of muons-in-acceptance. However, the full track-182

ing simulation in the beamline with decay processes183

generally requires very large computing resources (for184

example, a full tracking of 105 events using 24 cores185

takes several tens of minutes). Furthermore, for the pion186

phase space distribution after each horn, the optics of187

the pion beamline needs to be rematched in a design188

program like MAD-X [18], which generally adds an-189

other significant factor to the computing time. Overall,190

this algorithm saves approximately 80,000 CPU hours.191

Considering the dynamical features of the pion beam-192

line, and the well-known two-body decay kinematics193
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Figure 4. The transverse phase space histogram of the pions pro-
duced by bombarding a 46 cm Inconel target with 120 GeV protons,
simulated by MARS [10]. The pions are recorded as soon as they
escape from the surface of the target. The data corresponds to 2.4×107

Protons On Target (POT).

of pions, the full tracking in the pion beamline can be194

eliminated. From the pion beam at the downstream195

end of the horn, it is possible to evaluate the number196

of muons in ΩP (Nµ,P) from the pion distribution data197

after the horn and maximize Nµ,P in the simulation.198

This estimation includes the muon decay kinematics,199

the momentum acceptance of the pion beamline, and the200

first-order assumption that the transverse phase space201

acceptance is the same for any Ωε , as long as the op-202

tics can be matched by the conventional capture quads.203

Simultaneously, the number of muons in Ωε (Nµ,ε) can204

be increased via maximizing the number of pions in Ωε205

(Nπ,ε). Maximizing both Nπ,ε and Nµ,P simultaneously206

maximizes the number of muons-in-acceptance without207

full tracking. However, it also turns the single objective208

into two separate ones, which requires a different ap-209

proach with an appropriate optimization algorithm. Ac-210

curacy is reduced by making these approximations and211

not doing full particle tracking for every individual case,212

since higher order nonlinearities of beam dynamics are213

not all included.214

Constraints can be added to select the correct off-215

spring parameters, which in this case, arise from the216

engineering limitations on the horn, and also from the217

range of optics that can be matched using the conven-218

tional capture quads in the pion beamline. As dis-219
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Figure 5. The flowchart for the Iterative Gauss-Newton (IGN) fitting algorithm (left) and an example of its application to fitting the
transverse phase space distribution at the downstream end of the NuMI-like nuSTORM baseline horn.
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Figure 6. The linear optics of the pion beamline. The whole FODO
production straight was replaced by a single FODO cell to avoid
repeating periodic Twiss functions. The pions move from the left to
the right in the drawing.

cussed in Section 2, the only tunable elements for optics220

matching to different initial pion beams in the pion221

beamline are the quads in the capture channel. Prior222

to the optimization, a scan of optics matching to a range223

of different combinations of Twiss parameters (β and224

α) was done, and a list of feasible (matchable) Twiss225

parameters was found. The horn individuals, which226

provide pion beams with phase space distributions that227

yield unmatchable Twiss parameters are given very low228

priorities, to force the population to generate matchable229

optics.230

3.2. Implementation of the Genetic Algorithm231

The Genetic Algorithm (GA), especially the Multi-232

Objective GA (MOGA), has been widely recognized233

as an efficient multi-objective algorithm for multiple-234

criteria decision making problems. It has also been235

widely applied in simulation software and studies in236

high energy and accelerator physics [19, 20, 21]. The237

MOGA is more favorable in this study than the Single-238

Objective GA (SOGA) because more than one objective239

needs to be optimized. It provides an unbiased approach240

to the optimum values for each of the objectives, when241

the correlation between them can not be expressed ana-242

lytically. A GA is a meta-heuristic Monte-Carlo method243

in which a new generation of individuals (different com-244

binations of parameters) is constructed from the last245

generation of individuals through crossover and muta-246

tion. The parent individuals in each generation are se-247

lected based on the values they yield for the objectives.248

The MOGA is different from the SOGA in the way it249

handles the optimization objectives. MOGA treats more250

than one objective as equally important, and selects elite251

parents in each generation based on an evaluation using252

the “pareto front”. The pareto front describes the best253

individuals in the decision space [22, 23]. SOGA, as a254

contrast, selects the parents based on one and only one255

5
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fitness function, and has less complexity. The MOGA256

pushes the pareto front to the global optimum front in257

the decision space, and uses elites on the pareto front to258

improve the whole population.259

In the case of the nuSTORM horn optimization, nine260

parameters are used as “genes” in the MOGA, eight of261

which are shown in Figure 7, and the last of which is the262

horn current I. The shape of the horn inner conductor263

was chosen to be parabolic, since the operation of NuMI264

horns with such configurations is already mature, and265

the engineering feasibility of such a horn is already266

confirmed. A linear inner conductor shape, although267

also feasible in manufacturing, does not provide com-268

parably good results. Moreover, both the front and269

rear parabolic shapes are allowed to be changed to a270

straight shape, as the neck is, but the MOGA results271

shown later did not converge to that configuration. The272

length of the target was not included in the parameter273

set to reduce the computing cost of the Monte Carlo274

process in the target, but three different target lengths275

have been compared in the optimization runs. The276

parameters vary from one generation to the next by277

generating offspring values from a neighborhood func-278

tion and two selected parent values. As two impor-279

tant features of the GA, the crossover and mutation280

operators for real-parameter optimization problems are281

well studied, in our case, the well-recognized Simulated282

Binary Crossover (SBX) and the parameter-based muta-283

tion [24] were used. In order to integrate the MOGA284

with G4BL, or any other SHELL callable programs,285

a Python-based, Message Passing Interface (MPI) im-286

plemented optimization toolkit called pyOPTmpi was287

developed to fulfill the tasks of analyzing the G4BL288

outputs from the MOGA inputs. Not only the GA,289

but also several other optimization algorithms including290

simulated annealing and Gauss-Newton fitting are built291

into the toolkit, which can be applied to other optimiza-292

tion problems. The flowchart for the algorithm is shown293

in Figure 8.294

4. Optimization Results295

A search for an optimal horn configuration was per-296

formed for three Inconel targets, which are 2.5, 3 and297

4 interaction lengths, 38 cm, 46 cm, and 60 cm long,298

respectively. Pions produced from the three targets299

were used as the input beam in each case, which sig-300

nificantly reduces the simulation time. Fifty nodes, or301

1200 computing cores were requested from NERSC in302

each iteration (shown in Figure 8) to model and compare303

100 horns in each generation, and to construct the next304

generation of horns. Each iteration takes approximately305

30 minutes of run time including the pyOPTmpi pro-306

cessing time and the G4Beamline tracking time. The307

number of generations is limited to 150 for each search.308

The algorithm terminates when the population ceases309

to improve, which can be detected when the objectives310

have not improved in 10 generations. The Python toolkit311

shows very good portability between platforms and has312

a smooth connection to G4BL.313

The optimization results are shown by plotting the314

evolution of objective values in Figure 9 for the 38 cm315

and 46 cm targets. The arrows in the plots show the316

change of the fitness values Nµ,P and Nπ,ε for the se-317

lected elite individual in each generation. Increasing the318

target length from 46 cm to 60 cm did not show any fur-319

ther improvement, thus consideration of the 60 cm case320

was abandoned. In order to confirm the optimization321

benefits, the single objective introduced in Section 3.1 is322

used. Full tracking was done in G4BL with rematched323

pion beamline optics to obtain the number of muons-in-324

acceptance. An increase of more than 8% was found for325

the horn used with the 38 cm Inconel target, compared326

with the pre-optimized model in the proposal. Re-327

designing the horn for the 46 cm Inconel target brings an328

increase of 16% to the number of muons-in-acceptance,329

compared with the pre-optimized horn+target configu-330

ration. Specifically, the number of muons within both331

the transverse phase space acceptance and momentum332

acceptance of the ring, obtained at the end of the pro-333

duction straight section, is increased from 0.013 POT to334

0.015 POT. For comparison, increasing the target length335

to 46 cm from 38 cm without changing the horn only336

provides an increase of 5%.337

The optimized horn for the 46 cm Inconel target is338

shown, and compared with the pre-optimized horn, in339

L1 L2 L3

Symmetry
axis

R1
R2

R3

R4

ΔZ

Figure 7. Schematic drawing of the horn showing the parameters that
form the genes in the MOGA simulation for this horn optimization
study. Eight of the nine are shown by the symbols L1, . . . ,∆Z, and
the ninth is the horn current I.
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Figure 8. The flowchart for the MOGA applied to the horn optimization. The loop that has the MPI implemented is marked in blue.

Figure 10. The optimization stopped at the 81st gen-340

eration, at which point the best fitness values for both341

the objectives stopped improving, or namely the pareto342

front stopped moving. The effective rear boundary of343

the horn conductor is shown with the dashed line con-344

sidering that only the forward pions are useful. The345

optimized horn shows a simpler configuration. The346

optimized current is reduced from 230 kA to ∼219 kA.347

It is therefore expected that the optimized horn is more348

cost effective. The corresponding pion phase space dis-349

tributions and the fitted acceptance ellipses are shown350

in Figure 11. As mentioned earlier, in nuSTORM, the351

pion beamline is designed to transport and match the352

beam phase space into the ring. This is different from353

the simple point-to-parallel optimum of a conventional354

neutrino beam, such as NuMI, LBNE, etc. This can be355

seen in Figure 11 where the pions from the optimized356

horn have a larger angular divergence.357

5. Summary358

The optimization of the nuSTORM horn and the359

meta-heuristic algorithm and strategy for the study are360

described. The study aims at maximizing the number361
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Figure 10. The shape of the initial horn (left) and the optimized horn (right) with a 46 cm Inconel target. The algorithm stopped at the 81st

generation.

of muons that can be accepted by the nuSTORM de-362

cay ring, from pion decay during their transit in the363

pion beamline. The MOGA that is implemented in the364

numerical simulation avoids a full particle tracking for365

each horn candidate, by analyzing the pion distribution366

at the downstream end of the horn and maximizing two367

objective functions at the same time. This dramatically368

reduces the requirement on the computing resources by369

∼ 80, 000 CPU hours. After the optimization, two new370

horn shapes were found for the 38 cm and 46 cm Inconel371

targets, which result in an increase of 8% and 16% in372

the number of muons-in-acceptance or the
(-)
νe or

(-)
νµ flux373

at the detectors, respectively. The optimized 46 cm374

case has approximately 11% more muons in the ring375

acceptance than the optimized 38 cm case.376
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per Beam, Eur.Phys.J. C71 (2011) 1745. arXiv:1106.1096,407

doi:10.1140/epjc/s10052-011-1745-8.408

[9] S. E. Kopp, Accelerator-based neutrino beams,409

Phys.Rept. 439 (2007) 101–159. arXiv:physics/0609129,410

doi:10.1016/j.physrep.2006.11.004.411

[10] N. Mokav, Mars.412

URL http://www-ap.fnal.gov/MARS/intro manual.htm413

[11] T. Roberts, G4beamline, a ‘swiss army knife’ for geant4,414

optimized for simulating beamlines.415

URL http://www.muonsinternal.com/muons3/G4beamline416

[12] D. Adey, S. Agarwalla, C. Ankenbrandt, R. Asfandiyarov,417

J. Back, et al., nuSTORM - Neutrinos from STORed Muons:418

Proposal to the Fermilab PAC arXiv:1308.6822.419

[13] R. Zwaska, M. Bishai, S. Childress, G. Drake, C. Escobar,420

et al., Beam-Based Alignment of the NuMI Target Station Com-421

ponents at FNAL, Nucl.Instrum.Meth. A568 (2006) 548–560.422

arXiv:physics/0609106, doi:10.1016/j.nima.2006.08.031.423

[14] P. Adamson, et al., Search for the disappearance of muon an-424

tineutrinos in the NuMI neutrino beam, Phys.Rev. D84 (2011)425

071103. arXiv:1108.1509, doi:10.1103/PhysRevD.84.071103.426

[15] M. Bishai, Optimizing the Geometry of the Focusing Horn427

Magnets in the Long-Baseline Neutrino Experiment Beamline,428

LBNE-doc-6265-v1.429

[16] R. Fletcher, Practical Methods of Optimization, 2nd Edition,430

Wiley, 2000.431

[17] A. Liu, D. Neuffer, A. Bross, Design and simulation of the432

nustorm pion beamline, submitted to Nuclear Inst. and Methods433

in Physics Research, A.434

[18] CERN, Mad-x.435

URL http://mad.web.cern.ch/mad/436

[19] F. Fortin, et al., DEAP: Evolutionary algorithms made easy.,437

Journal of Machine Learning Researchdoi:13:21712175.438

[20] M. Calviani, S. Di Luise, V. Galymov, P. Velten, Optimization439

of neutrino fluxes for future long baseline neutrino oscillation440

experiments arXiv:1411.2418.441

[21] M. Borland, Features and applications of the program elegant,442

Proceedings of IPAC2013, Shanghai, China.443

[22] K. Deb, Multi-objective optimization using evolutionary algo-444

rithms, Wiley, Chichester, UK, 2001.445

[23] K. Deb, A. Pratap, S. Agarwal, T. Meyarivan, A fast and446

elitist multiobjective genetic algorithm: Nsga-ii, Evolutionary447

Computation, IEEE Transactions on 6 (2) (2002) 182–197.448

doi:10.1109/4235.996017.449

[24] K. Deb, S. Agrawal, A niched-penalty approach for constraint450

handling in genetic algorithms, Artificial Neural Nets and Ge-451

netic Algorithms (1999) 235–243.452

9




