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Abstract

Recently experimentalists have discovered a new state of matter in form of charged
charmonium-like hadrons Z. Unlike conventional hadrons, these contain at least two va-
lence quarks and two antiquarks (¢cdu). We address the question whether the existence
of such a new form of hadrons is supported by QCD via a first-principle calculation using
Lattice QCD. We find a candidate for the charged charmonium-like state ZI with quantum
numbers [¢(JPY) = 1+(1*7). This is the first ab-initio QCD calculation establishing such
a hadron. The state is found at mass m = 4.16 + 0.03 £ 0.16 = O(I'z,) GeV and could
be related to the recently discovered Z1(4020)/Z1(4025) or ZF(4200). The Z candidate
emerges only when diquark-antidiquark creation operators are included in the simulation.
The resulting overlap of the established ZF to our basis of creation operators O; may shed
light on its nature.
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Quantum Chromodynamics (QCD) is the fundamental quantum field theory of quarks
and gluons. In its strong coupling regime it should explain the masses and other properties
of hadrons. Conventional hadrons are composed of either a valence quark ¢ and antiquark
g (mesons) or three valence quarks (baryons) on top of the sea of quark-antiquark pairs
and gluons. One of the most notable and perhaps surprising features until recently was the
complete absence of exotic hadrons like qgqq or gqqqq.

This has changed due to fascinating experimental discoveries over the past seven years.
Most of the newly discovered exotic states have unconventional flavor content, likely écdu,
and spin and parity quantum numbers J¥ = 17:

e 77(4430), discovered in 2007 by Belle [I], unconfirmed by BaBar [2], in 2014 confirmed
by LHCb [3] giving J¥ = 1+.

e Z1(3900) slightly above DD* threshold; discovered in the J/¢r*t invariant mass by
BESIII [4], confirmed by Belle [3] and using CLEO-c data [6]; spin and parity unclear;
may correspond to the same state as Z(3885) — (DD*)* with known J¥ = 17 [7].

o Z1(4020) — hert [8] and Z}(4025) — (D*D*)* [9] discovered by BESIII slightly
above D*D* threshold; may correspond to the same state, spin and parity unclear but
JP = 1% preferred.

o 77(4200) — J/v 7" reported in 2014 by Belle [10] favoring J¥ = 1*.

All these states have G-parity G =41 while their neutral partners have charge conjugation
C'=—1. Therefore we focus on the channel with /¢(JF¢) = 17(1+7).

On the theoretical side, the existence of such states is not yet settled within QCD. While
these states have been addressed theoretically with a number of phenomenological approaches
like quark models, (unitarized) effective field theory and QCD sum rules (for reviews with
references see [T, [12] [13]), these approaches are not based directly on QCD or they depend
on parameters (i.e., low energy constants) that are not present in the QCD Lagrangian.
The existence of Z} has never been established from first-principle QCD. The problem is
a large magnitude of the strong coupling constant «, at the hadronic energy scale, hence a
perturbative expansion is not successful. Lattice QCD represents the only non-perturbative
approach that is based directly on QCD, depending only on parameters m, and «; that
appear in the QCD Lagrangian. It consists of the numerical evaluation of the corresponding
Feynman path integrals on a discretized and finite Euclidean space-time lattice of size L3 x T
with lattice spacing a.

Therefore it is an urgent theoretical task to establish whether QCD supports the presence
of an exotic state with quark content écdu using ab-initio lattice QCD simulations. Here we
undertake this task and search for candidates with mass below 4.3 GeV. The principal aim
of the present study is not to determine the nature of ZI, which would entail discriminat-
ing between various possibilities such as mesonic molecules, diquark-antidiquark structures,
hadrocharmonium [14] or Born-Oppenheimer tetraquarks [15]; the goal is rather to establish
whether such a state exists in QCD or not. Nevertheless the overlaps (Q2|O;|Z) of the
established Z candidate to our lattice creation operators O, shed some light on its nature.



Energy eigenstates on a finite lattice

In lattice QCD simulations the states are identified from discrete energy-levels F, and in
principle all physical eigenstates with given quantum numbers appear. The eigenstate of
interest, ZI, gives an energy level at E, ~ my, if it exists. However, various two-meson
states M;(p)My(—p) have the same quantum numbers and are also physical eigenstates,
which presents a major challenge. Individual momenta are discretized due to the periodic
boundary conditions in space. If the two mesons do not interact, then p = %’rk with k € N3,
and the energies of M;(k)My(—k) states are

E™ = Ey(k) + Ey(k)  with  Eyp(k) = \/m3, + k(35)2 . (1)

These values are slightly shifted in presence of the interaction. In experiment, these states
correspond to the two-meson decay products with a continuous energy spectrum.

Our simulation employs dynamical u and d quarks that correspond to the pion mass
m, =~ 266 MeV [16, I7]. The rather small box L? x T with L ~ 2 fm is responsible for
crucial practical advantages, detailed in the Supplementary Material. On this lattice, the
two-particle states with 7¢(J¥) = 1*(17) and total momentum zero in the energy region of
interest £ < 4.3 GeV are

J/(0)7(0), ne(0)p(0), J/tb(1)m(=1), D(0)D*(0), 25(0)7(0),

D*(0)D*(0), s770(0)m(0), D(1)D*(—1), ¢5(0)7(0) (2)

in order of increasing energy. Their lattice energies E™" in the non-interacting limit are
denoted by the horizontal lines in Fig. [[lb and the values follow from the masses and single-
meson energies determined on the same set of gauge configurations [16] [I§]. The appearance
of Ysm, where 15 denotes the charmonium with J¥¢ =377, is an artifact due to finite a
as discussed in Supplementary Material. The h.(0)7(0) is not present for J© = 17 since
non-vanishing relative momentum p is required by the orbital momentum [ = 1.

Our aim is to extract and identify all two-particle energy-levels (2]) from the full, coupled
correlation matrix of hadron operators and establish whether QCD predicts additional states.
An additional state would imply the existence of an exotic Z hadron. This goal presents
a considerable challenge by itself. Note that a rigorous treatment (via a Liischer-type finite
volume formalism [19, 20, 21, 22 23]) would require the determination of the scattering
matrix for all two-particle channels that couple, and a subsequent determination of the mass
and the width for any Z resonance(s). This is beyond capabilities of any lattice simulation
at present or in the near future. Therefore we take a simplified approach where the existence
of ZT is established by analyzing the number of energy levels, their positions and overlaps
with the considered lattice operators (©2|O;|n). We point out that the rigorous formalism
does predict an appearance of a level in addition to the (shifted) two-particle levels if there
is a relatively narrow resonance.



Previous lattice simulations

The first lattice simulation aimed at Z;(3900) focused on the region below 4 GeV and found
only two-particle states and no indication for Z(3900) [24]. The second simulation studied

DD* scattering near threshold in the same channel and did not yield any indication for
Z71(3900) either [25].

Calculational Method

The energies F, and the overlaps Z7' of the physical eigenstates n are extracted from the
correlation matrix

Cir(t) = (QO;(tsre + 1) Of (tere)|Q) = ZZ"Z et Zr=(Q)0)n), jk=1,.,18.
(3)

The physical system for given quantum numbers is created from the vacuum |{2) using cre-
ation operators (92C at time t,,. and the system propagates for time ¢ before being annihilated
at tgnir by O;. The creation/annihilation operators are called interpolators. The right-hand
side ([@]) is obtained by means of spectral decomposition after I =" |n)(n| is inserted.

We employ fourteen interpolators OM1M2 that couple well to the two-particle states (2))
and add diquark-antidiquark interpolators O which may be important for the exotic state
Z7T. A full description of our interpolators is given in the Supplementary Material.

The Wick contractions for the matrix of correlators ([B]) with I =1 involve only diagrams
where the light quarks d and u propagate from source to sink. Concerning charm quarks,
there are diagrams where they propagate from source to sink and diagrams where charm
quarks annihilate (Fig. [ of the Supplementary Material). The second class represents
mixing with channels that contain no charm quarks, their effect is suppressed due to the
Okubo-Zweig-lizuka rule, and the experiments do not observe these decay channels in the
region of interest. The results in the present work are therefore based on all contractions
where charm quarks propagate from source to sink (Fig. lh of the Supplementary Material).

The energies £, and overlaps Z}' are obtained from the 1818 correlation matrix (B)) using
the generalized eigenvalue method HEL 27,28, 29]. We solve C (t)u™(t) = X" (£)C(to)u™(t)
for the eigenvalues and eigenvectors and extract the energies F, from the asymptotically
exponential behaviour of the eigenvalues: A\™(t) oc e Pt at large t. We use correlated two-
exponential fits to A(™(¢) and find consistent results for ¢y = 2,3 and we present them for
to=2. Overlap factors follow from

)1y _ otz i (1)
2= ) @

fitted to a constant in 7 < ¢ < 10.

The treatment of the charm quarks requires special care due to discretization errors. We
employ the Fermilab method [30], where discretization uncertainties are suppressed in the
difference E, — mg, with the spin-average mass mg , = i(mm+3m J/w). The same method
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and tuning of the charm quark mass m. lead to a good agreement with experiment for
conventional charmonium [16], masses and widths of D mesons [16], and the Dy spectrum
[31], 7] on this ensemble. In view of this, we will compare E'%* —m!® + m? to experiment

where am!® =1.47392(31) and am'® =1.54171(43).
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Figure 1: The spectrum for quantum numbers 1¢(JFC) = 17(177). a position of the
experimental Z candidates [11]; b the discrete energy spectrum from our lattice simulation.
The horizontal lines represent energies of the non-interacting two-particle states ([2) with £ <
4.3 GeV on our lattice. The nine lowest lattice energy levels (black circles) are interpreted
as two-particle states, which are inevitably present in a dynamical lattice QCD simulation.
The grayed out energy levels cannot be reliably extracted but indicate some overlap of our
basis with states between 4.1 and 4.7 GeV. From their composition it is unlikely that these
are exotic state candidates. The additional energy level indicated by the red asterisk is our
candidate for the exotic ZF. The larger error bar on the red asterisk combines statistical and
systematic uncertainties, while all other lattice errors are statistical only. The experimental
widths of the resonances are indicated by the dashed vertical lines.



1000 W,

(),
- (Y )

(W 1),
(W)
(W,

(W ),
(W),
Jy() -1
n.pP
(DD*),
(DD*),
D(1) D*(-1)
D* D*
(4Q),
(4Q),
(4Q),
(4Q),

]

* X

0|z
[ ]
]

o mH O ¥ X

T IIIIII|
b
L

> ¢ m O

01

(Ce)(qa) (To)(me) 4Q

Figure 2: Composition of Z{. The overlaps (2]O;|Z}) show how our candidate for ZF
with E ~ 4.16 GeV couples to the vacuum (2 via the employed creation operators O (listed
in Supplementary Material).

Results

The central result of our simulation is the discrete spectrum in Fig. [Ib, while experimental
candidates in the same channel are collected in Fig. [la. In the energy region below F <
4.3 GeV one expects nine discrete two-particle states (2) near the horizontal lines, which
continue in Fig. [l to show their relation to the continuum of scattering states in experiment.
However, we clearly observe ten energy levels with £ < 4.3 GeV and therefore one of them
is a candidate for the exotic Z.

We identify level n = 10 with £ ~ 4.16 GeV as the Z candidate (indicated by the
red asterisk) for the following reasons. First, the diquark-antidiquark interpolating fields
0% are crucial for the existence of this level. This is illustrated in Fig. B, which presents
the spectrum if O}, are excluded: the lowest nine levels remain unaffected and level ten
disappears. Second, the level n =10 has the largest overlap with Oiq?) and smaller overlaps

with OM M2 as shown in Fig. B Third, level n=10 has a larger overlap with O}¢ than the
remaining levels n (see Supplementary Material).



We interpret the lowest nine levels as (interacting) two-particle states since they appear
very near the non-interacting energies ([Il) of the two-particle states (2)). Each of them has
the biggest overlap with the corresponding OM*2 as shown in Fig. [l of the Supplementary
Material. When either one of QPP (0) - OPMD*(=1) = (1) o OP*(OIP"(0) are omitted
from the correlation matrix, the corresponding two-particle level disappears from the spec-
trum (Figs. Bd-g). This indicates that these two-particle states are either decoupled or
cannot be reliably extracted for the basis without the corresponding interpolators.

The Z} established in this work has the mass my, = Ey — mbt 4 mer e,

S.Q. s.a.’?

my, =4.164+0.03+£0.16 £ O(Tz,) GeV , (5)

where the first error is statistical and determined using single-elimination jackknife. The
second and third uncertainties are estimated bounds for the systematic error which need
some discussion. The second uncertainty consists of adding estimates for uncertainties from
m, ¢ dependence, charm quark discretization effects and possible scale setting ambiguities
in quadrature. In absence of a rigorous framework for the m, 4 dependence of Z (which
does contain valence du quarks) our upper bound for the associated uncertainty is m, —
mP" ~ 0.13 GeV. This corresponds to both, the mass dependence of the pion itself and
approximately to the mass dependence of the fastest moving threshold in the system. Typical
charm quark discretization errors are of the same size as in Fig. 3 of [32] and we expect
them to add up to no more than 70 MeV for E1g —mg, ~ 1.1 GeV. The ambiguity from our
scale setting procedure to my, is expected to be below 50 MeV. This combination results in
a systematic uncertainty of 0.16 GeV. The uncertainty from volume effects can be of order
+I', for a Z. with hadronic width I';, and only extracting phase shifts and inelasticities in
the coupled channel system can resolve this uncertainty.

This QCD result supports the existence of an exotic Z. The resulting mass () indicates
that the established state can be related to the relatively narrow Z1(4020) or Z1(4025)
observed slightly above D*D* threshold by BESIII [8, 0]. Our Z also lies close above the
D*D* threshold (Fig. [b) and the overlap of Z to OP"P" is largest among all O*1*2 The
second possibility is to relate Z (Bl) with the broad state Z1(4200) observed by Belle [10].
A relation of Z (Bl with the observed Z1(3895)/ZF(3900) [4l 5] [, [7] is less likely in view
of its mass.

We refrain from associating a specific structure such as mesonic molecule, diquark-
antidiquark, hadrocharmonium [I4] or Born-Oppenheimer tetraquark [I5] with the observed
Z. hadron. The overlaps of the resulting state with the employed interpolating fields in Fig.
however suggest that (9411?3 and OP"P" play a particularly important role.

The ground state for the quantum numbers in our study is J/¢ 7w and we observe it for
most interpolators at large ¢, also for O%. Looking at the ground state of the diquark-
antidiquark correlators only, one cannot reach conclusions regarding Z. This holds also for
the ground states from OPP" (used in [25]) or OP"P" correlators alone. The coupling to
J/Y m, n.p (and possibly some others) has to be taken into account, as shown by our study.
These cautionary remarks also apply to QCD sum-rule studies that are based on correlators.
A lattice study for larger volumes will involve even more physical states M (k)My(—k) and
thus need further operators, a highly challenging task.
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Figure 3: The spectrum in the channel I¢(JF€) = 17(177). ab same as in Fig. []
where the lattice spectrum is based on the full 18 x 18 correlation matrix; ¢ shows the lattice
spectrum based on the 14 x 14 correlation matrix without diquark-antidiquark interpolating
fields ©O),; spectra d-g are based on truncated correlation matrices as described in the
figure; spectrum h is based on Oi‘q_4 only. The horizontal lines represent energies of the
non-interacting two-particle states (2). Statistical errors on the lattice spectrum are shown.

Conclusions

Our ab-initio QCD calculation provides evidence for the existence of an exotic Z}. We find
a candidate for a state with a flavor content c¢cdu and quantum numbers 1¢(JF¢) = 1+(1+7)
at a mass m = 4.16 £0.03+ 0.16 £ O(I'z.) GeV. It could be related to Z(4020)/ZF(4025)
recently discovered by BESIII or to Z1(4200) found by Belle. Our result further confirms
that the simple classification of hadrons into gq mesons and qqq baryons has to be revisited.
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Supplementary material to

“Evidence for a charged charmonium-like state 7 from QCD”

Details of the simulation

The simulation is based on one ensemble of gauge configurations with Clover-Wilson dy-
namical quarks, and the same type of valence u,d quarks. Their masses satisfy m, = my,
m?® =m®" and correspond to m, =266(4) MeV. The lattice spacing is a=0.1239(13) fm,
the volume is V = 16 x 32 and the spatial size L ~2 fm. A rather small L may lead to
sizable finite volume corrections, but it makes the Z search tractable since it reduces the
number of J/¢(k)w(—k) and D(k)D*(—k) states in the considered energy range.

Interpolating fields

We implement altogether 18 interpolators with I¢ = 17, JP¢ = 17~ and total momentum
zero (using the irreducible representation 7, ~ of the lattice symmetry group Oy). The first
fourteen interpolators OM1Mz are expected to couple well with the two-meson states (2),
while the last four are the diquark-antidiquark interpolators O% with structure [ed]s,[culs,

0, = 0V = &y.¢(0) dysu(0), (6)
0y = Ow(O)w(o) = &7:¢(0) dysu(0),

O3 = = C%f}g? d75u

O, = Ow = E%f}g%? c(0) d75u( )

O = = |€ijk|| €ximl] cng ?mc 0) dysu(0

O = Oép = |€ijk|| €xim] cvﬂjg ?mc d75u( )

Or = 03(0) = RijkQrim E’nglgmc dysu(0),

O = Og(o)w(o) = RijkQrim E%nglemc dysu(0) .
Oy = OV = Z &vic(er) dysu(—ey),

ep==%e€zr,y, 2>
O = O™"OPO) — Gy (0) dyu(0),
O = 07V = e35u(0) dic(0) + {15 ¢ 7}
Oy = OS(O)D*(O) = ev57,u(0) dyivic(0) + {75 < i},
Ors = 0PI CDS™ oufer) drie(—e) + {95 + i}

ex=Eeay,z

O = OP"OP7 0 — ¢4 ey;u(0) dye(0)
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015 - O4q - Ng Eabceab’c’(ibC’ySd_c Cb’%‘CUc' - EbC’}/iCZc Cb’VSCUC’) 5
016 - O;q = Ng 6abcEab’c’(_bC’Jc Cb’%fyt')cuc’ - EbC%fVSCZc Cy Cuc’) 5
O = 03 = O}Y(N,=32),
O = 0} = O;%(N,=32) .

Here 7 denotes the polarisation and the correlation matrix is averaged over ¢+ = x,y, z. The
Qrim are taken from [16] and R;j;, from [33].
The momenta are projected separately for each meson M;(k)My(—k) in OM1M2

M(k): @ilg(k) =) ™/ lq (z,t)lgp(x,t) k€N (7)

The momentum in O is projected to zero

OY = N} > oy(w, t)T1do(x, 1) cy (2, )T aue (2, 1) (8)

xT

and a factor N} is included to achieve similar normalization as for O™z The 0% are
implemented as

OY = N} " ey(ar, )lrde(w1,t) Y ey (w2, t)Taue (22, 1) (9)

T2

which reduces to O after the average over gauge configurations, where the gauge is not
fixed. We verified that (O%|0%") ~ (O%]O%t).

All quark fields in ([6) are smeared ¢ = Z]kvil v® Mg i according to the distillation
method [34] [16]. We employ N, =64 Laplacian eigenvectors for all interpolators with excep-
tion of (93174 where the smearing with N, =32 is used.

Eight interpolators (’)ﬁ%ﬂ(o) are implemented in order to allow the reliable extraction of
two-meson states 1(0)7(0) with ¢»=J/, ¥(2S), ¥(3770), 13. We verified for conventional
charmonium that eight ¢c structures in (9111’18 lead to a reliable signal for these four ’s
after the diagonalization of the 8 x 8 correlation matrix. The first six cc structures were
employed already in [16], while (917!’7 s were added to enhance overlap with 5 [33]. The
3 denotes the charmonium with J”¢ =37~ and appears in addition to 17~ states when
charmonia are simulated using the irreducible representation 77 ~. This is a consequence of
the broken rotational invariance on a lattice with finite lattice spacing, where the continuous
symmetry group is reduced to Op. In order to study the J”¢ = 1%~ channel in this work,
we employ lattice interpolators that transform according to irreducible representation T;
of Oy. This irreducible representation contains J¢ = 17~ states, but also the 13 7 state

with JF¢ = 3+—,
Wick contractions

The Wick contractions that appear in the correlation matrix (3] for interpolators (@) are
drawn in Fig. @l Our correlation matrix is averaged over every second tg.., and is based on
the Wick contractions in Fig. M, as explained in the main text.
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Figure 4: Wick contractions. Wick contractions that enter the correlation matrix Cjj(t)
for the interpolators (B). A red solid line represents a ¢ quark, a black dashed line repre-
sents u, and the blue dash-doted line stands for d. a Nine diagrams where charm does not
annihilate; b Nine diagrams where charm annihilates.

The overlaps (©2|O;|n) for the eleven lowest eigenstates to all employed interpolators are
provided in Fig. Bl They show which Fock components are important for various eigenstates.
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Figure 5: Full spectrum operator composition. These overlaps (©2|O;|n) @) show the
matrix elements of interpolators O; between the vacuum (2| and the physical eigenstate |n)
on the lattice. Levels n =1, ..,11 are ordered from lowest to highest E,,. The horizontal axis

denotes j = 1, .., 18 corresponding to interpolator O; ({l).
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