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Abstract
We calculate the impedance and the wake functions for

laminated structures with parallel-planes and circular ge-
ometries. We critically examine the approximations used
in the literature for the coupling impedance in laminated
chambers and find that most of them are not justified be-
cause the wall surface impedance is large. A comparison
between the flat and the circular geometry impedance is
presented. We use the wake fields calculated for the Fer-
milab Booster laminated magnets in realistic beam simu-
lations using the Synergia code. We find good agreement
between our calculation of the coherent tune shift at injec-
tion energy and the experimental measurements.

INTRODUCTION
Wake fields have a strong effect on the high intensity

beam dynamics in accelerators, being a major cause for
losses and instabilities. While there is a satisfactory knowl-
edge of the wake fields in metallic chambers with smooth
geometries, the attempts to describe the impedance effect
in structures with laminations are not in very good agree-
ment with the measured data.

Aside from a better calculation of the impedance, real-
istic simulations which consider the interplay between the
wake fields and other effects in accelerators should be em-
ployed to describe beam dynamics and for comparison with
measurements. We use the Synergia code [1] developed
at Fermilab to run beam dynamics simulations. Synergia
is designed to simulate complex beam dynamics, employ-
ing high order maps to describe single particle propagation
through accelerators and considers collective effects such
as space charge (SC) forces and wake field interactions.

The Fermilab Booster is a good example of a machine
where the beam is exposed to laminations, showing large
impedance effects [2, 3]. There are several calculations of
the impedance in laminated structures with applications for
the Fermilab Booster [4, 5, 6, 7]. Most of them [4, 5, 6]
address only the circular geometry which can be argued
not to be very appropriate for the Booster magnets. Ng [7]
addresses both the parallel-plane geometry, which is close
to the real geometry of the Booster magnets [8], and the
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transverse impedance. However he assumes a beam which
extends to infinity on the horizontal direction. While this
approximation works for metallic pipes, we find it to pro-
duce wakes too large for the laminated chambers.

In this paper we calculate the impedance and the wake
functions for laminated structures with parallel-planes and
circular geometries. The commonly used approximations
for resistive-wall impedance of metallic chambers are not
valid here because the surface impedance is large. A com-
parison between the circular and the parallel-planes cham-
ber results is shown. The wake functions are used in Syn-
ergia simulations of the Booster machine. The transverse
tune shift calculated from simulations is in good agreement
with the experiment [3].

COUPLING IMPEDANCE

Parallel-planes chambers
Consider a vacuum chamber made by two parallel planes

separated by a distance 2b along y-direction and a beam
propagation along z-direction. We look for synchronous
solutions of Maxwell’s equations,

~E, ~H(x, y, z, t) = ~E, ~H(η, y)e−j(ηx+kz−ωt) (1)

in the relativistic limit k = ω
c .

The boundary conditions at the chamber wall determine
the surface impedances defined as Rz(η) = Ez(η,b)

Hx(η,b) and

Rx(η) = −Ex(η,b)
Hz(η,b) . The coupling impedance can be writ-

ten as function of wall surface impedances as

Z || =
∫ ∞

0

sech2 ηbRz(η)/(2π)dη

1 + jRz(η)
Z0

(k
η − η

k ) th ηb + Rz(η)Rx(η)
Z2

0
th2 ηb

(2)

Zy =
∫ ∞

0

η2 csch2 ηbRz(η)/(2πk)dη

1 + jRz(η)
Z0

(k
η − η

k ) cth ηb + Rz(η)Rx(η)
Z2

0
cth2 ηb

(3)

Zx =
∫ ∞

0

η2 sech2 ηbRz(η)(2πk)dη

1 + jRz(η)
Z0

(k
η − η

k ) th ηb + Rz(η)Rx(η)
Z2

0
th2 ηb

(4)

For metallic chambers with large conductivity σ,
(Z0σ ≈ 108 − 109m−1)

Rz(η),Rx(η) ≈ 1 + j

δσ
, (5)

where δ is the skin penetration depth. In this case Rz , Rx

are small, of order O( 1√
Z0σ

) and independent of η. There-
fore the commonly used approximation for metallic pipe
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Figure 1: Laminated chamber with b = 2.1cm, d =
15.24cm, h = 9.52 × 10−4cm, τ = 6.35 × 10−2cm,
ε1r = 4.75, µ2r = 100, and σ2 = 0.5×107(Ωm)−1 (iron),
specific to the Fermilab Booster F-magnet. a), b) & c)
Longitudinal, horizontal and vertical coupling impedance
for parallel-planes chamber. The green lines are calculated
by neglecting the η dependence of the surface impedance.
d) Crack surface impedance for m = 0 (black) and m =
1 (red) for circular chamber. e) & f) Longitudinal and
transverse impedance for circular chamber (black). The
parallel-planes impedance also shown with blue and red.
For comparison the horizontal impedance is multiplied by
24
π2 (red) and the vertical one by 12

π2 (blue).

impedance is

Z || =
Rz

2πb
, Zx =

Rz

2πk

π2

12b3
, Zy =

Rz

2πk

π2

6b3
. (6)

However when the surface impedance is large or η depen-
dent, as it is for laminated structures, these approximations
are not valid and Eqs. 2, 3 and 4 should be used instead.

In structures with laminations the longitudinal surface
impedance can be written as

Rz =
R1zh +R2zτ

h + τ
, (7)

where the subscripts ”1” denotes the dielectric crack of
width h and ”2” denotes the metallic lamination of width τ .
We assume that the laminations are shorted by an ideal con-
ductor at distance d from the chamber’s center. The lam-
ination longitudinal surface impedance as well the cham-
ber horizontal surface impedance can be approximated
by the usual metal-vacuum boundary surface impedance
R2z,Rx ≈ 1+j

δ2σ2
. By solving the Maxwell’s equations in-

side the crack and inside the lamination regions one gets
for the crack surface impedance

R1z(η, ω)
Z0

= j
q2 + η2

q ω
c ε1r

tan q(d− b) (8)

where

q2 = ω2ε1µ1[1 + (1− j)
µ2

µ1

δ2

h
]− η2 . (9)

Note that R1z in η dependent. Neglecting this and consid-
ering R1z(η) = R1z(0), as it has been done in Ref [7],
would yield significantly larger impedance functions.

The impedance for a chamber with parameters specific to
the Booster F magnet is illustrated in Figs. 1a, 1b and 1c.
Note that the approximation which neglects the η depene-
dence of R1z yields larger impedance below frequencies
∼ 500MHz.

Circular chambers
In a round chamber of radius b the coupling impedance

can be written as

Z
||
0 =

Rz0
2πb

1 + jRz0
Z0

kb
2

(10)

for the angular number m = 0, and

Z⊥m =
c

ω
Z ||m =

cRzm

ωπb2m+1

1 + jRzm

Z0
( kb

m+1 − m
bk ) + RzmRθm

Z2
0

, (11)

for m ≥ 1, where Rzm = Ezm

Hθm
|r=b, Rθm = −Eθm

Hzm
|r=b.

For metallic chambers the surface impedances are given
by Eq. 5 for all m. Since they are small the following ap-
proximations are common

Z || =
Rz

2πb
, Z⊥1 =

Rz

πkb3
, Z⊥1 =

2c

ωb2
Z
||
0 . (12)

These approximations are not valid in laminated chambers.
When laminations are present, Eq. 7 determines the lon-

gitudinal surface impedance. From Maxwell’s equations
solution in the crack and in the lamination regions one gets

R1zm

Z0
= −j

qc

ωεr1

Jm(qb)Ym(qd)− Ym(qb)Jm(qd)
J ′m(qb)Ym(qd)− Y ′

m(qb)Jm(qd)
(13)

where

q2 = ω2ε1µ1[1 + (1− j)
µ2

µ1

δ

h
] . (14)

The lamination and the angular surface impedance are
R2z,Rθm(m ≥ 1) ≈ 1+j

δ2σ2
. Note that, unlike the round

metallic chamber case, the surface impedance Rzm is m
dependent. The difference between the m = 0 and the
m = 1 crack surface impedance can be seen in Fig. 1d.
Since, up to the first order in beam displacement, the lon-
gitudinal and transverse wakes correspond to m = 0 and
m = 1 respectively there is no such simple relation be-
tween Z

||
0 and Z⊥1 as in Eq. 12.

The longitudinal and the transverse coupling impedance
for laminated circular chambers are shown in Figs.1e
and respectively 1f. For comparison the parallel-planes
impedances are also shown. To account for the geome-
try difference the vertical impedance was multiplied by 12

π2

while the horizontal one by 24
π2 . Note that the circular and

the flat impedances are different below 500MHz for pa-
rameters specific to the Booster magnets.
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Figure 2: a) & b) Same parameters as in Fig. 1. Longi-
tudinal and transverse wakes for circular chamber (black).
The parallel-planes wake shown with blue and red. The
horizontal wake is multiplied by 24

π2 (red) and the vertical
one by 12

π2 (blue). Inset: The long distance behavior of
transverse wakes. The transverse wake for round chamber
decays as z−1.47 while the parallel-planes horizontal wake
decays as z−1.27. c) & d) Coherent horizontal and respec-
tively vertical tune shift versus beam intensity. The esti-
mated tune uncertainty in calculations is less than 0.001.
The vertical tune is suppressed while the horizontal tune
changes very little. Space charge (SC) suppresses both the
vertical and the horizontal tunes, while the coupling wake
suppresses the vertical tune and increases the horizontal
tune. The calculation are in good agreement with the ex-
periment, the deviation being within a 3 σmeas range.

The wake functions for the circular and the flat chambers
are shown in Fig.2a and Fig.2b. The flat longitudinal wake
has a larger attractive peak at |z| ≈ 0.5m while the circu-
lar wake is stronger at |z| ≈ 3m. The transverse circular
wake decays faster with distance at large z than the hori-
zontal parallel-planes wake. Since the latter is important
for the quadrupole tune shift in flat chambers [9], using cir-
cular wakes weighted by the geometric factors π2

24 and π2

12
to describe this effect would underestimate the tune shift.

COHERENT TUNE SHIFT

We employ the Synergia code to run realistic beam sim-
ulations for the Fermilab Booster. In order to model the
Booster we developed new 3D SC solvers suitable for
parallel-planes and rectangular vacuum chambers for Syn-
ergia. We also developed new modules to simulate the lam-
inated wake fields described in the previous section. The
Booster has 24 cells, each cell including F-magnets and D-
magnets and circular pipe drift sections [3, 8]. For each of
these constituent elements we consider suitable wake field
and SC solvers.

The simulation is initialized with a six-dimensional
Gaussian beam matched for propagation without collec-

tive effects. The input parameters are xrms = 0.0086 m,
yrms = 0.0032 m and zrms = 0.88 m. We run 84-bunch
(full machine) simulations with different beam intensities
of up to 6 × 1010 particles per bunch at the injection en-
ergy (400MeV ). These values are similar to those in the
Booster during the experimental runs [8]. The phasing of
the rf cavities is set up so that there is no net acceleration of
the beam. To determine the coherent tunes, we measure the
position of the beam center at different locations over 1000
turns. The tunes are extracted from the Fourier transform
of the beam center displacement as a function of position.

In Figs. 2c and 2d, simulation of the coherent betatron
tune shifts in the horizontal and vertical planes are com-
pared with the experimental data [3] (black circles). Notice
that the scale for the vertical tune shift is about 20 times
larger than for the horizontal one. The red circles are the
results of the simulations which include both space charge
and coupling wake fields. The agreement with the exper-
imental data is good, being within 3 σmeas range, where
σmeas is the measurement standard deviation. The ver-
tical tunes are decreasing while the horizontal tunes do
not change significantly with beam intensity. The green
squares show the results when only the space charge in-
teraction (including here the space-charge impedance) is
taken into account. For the vertical case, both the wake
and the space charge force decrease the tune, the coupling
wake having a larger effect. For the horizontal case, the
space charge force slightly suppresses the tune, while the
wake slightly increases it.

CONCLUSIONS
In this paper we calculate the impedance and the wake

functions for laminated structures with parallel-planes and
circular geometries. First the coupling impedance is de-
rived as a function of the wall surface impedance. Then
the surface impedance is calculated by solving Maxwell’s
equations inside the lamination and the crack regions. We
find that the commonly used resistive-wall approximations,
good for metallic pipes with small surface impedance, are
not valid in the laminated structures where the surface
impedance is large. Realistic Synergia simulations of the
Booster machine with wake fields predict transverse coher-
ent tune shifts in good agreement with the experiment [3].
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