
submitted to HB2008 PRST-AB Speial EditionSimulations of beam-beam and beam-wire interations in RHICHyung J. Kim∗ and Tanaji SenFermi National Aelerator Laboratory, Batavia, Illinois 60510, USANatalia P. Abreu and Wolfram FisherBrookhaven National Laboratory, Upton, NY 11973, USAThe beam-beam interation is one of the dominant soures of emittane growth and luminos-ity lifetime deterioration. A urrent arrying wire has been proposed to ompensate long-rangebeam-beam e�ets in the LHC and strong loalized long-range beam-beam e�ets are experimen-tally investigated in the RHIC ollider. Tune shift, beam transfer funtion, and beam loss rate aremeasured in dediated experiments. In this paper, we report on simulations to study the e�et ofbeam-wire interations based on di�usive apertures, beam loss rates, and beam transfer funtion us-ing a parallelized weak-strong beam simulation ode (BBSIMC). The simulation results are omparedwith measurements performed in RHIC during 2007 and 2008.PACS numbers: 29.20.db, 29.27.BdI. INTRODUCTIONLong-range beam-beam interations are known toause emittane growth or beam loss in the Tevatron[1, 2℄ and are expeted to deteriorate beam quality in theLHC. A possible remedy to redue their e�ets is to in-rease the rossing angle. However, it has a side e�et ofreduing the luminosity due to the redution in geometrioverlap. Compensation of long-range beam-beam inter-ations by applying external eletromagneti fores hasbeen proposed for the LHC [3℄. At large beam-beam sep-aration, the eletromagneti fore whih a beam exertson individual partiles of the other beam is proportionalto 1
r , whih an be generated and aneled out by themagneti �eld of a urrent-arrying wire. Diret-urrentwires were installed in SPS [4℄, DAΦNE [6℄, and laterin RHIC [7℄ for tests. Results of the SPS wire exitationexperiments have been reported earlier [5, 8℄. During theKLOE experiment in DAΦNE, an improvement of beamlifetime without luminosity loss due to the ompensationof parasiti ollisions has been observed [6℄. Experimentsin RHIC supplement the SPS and DAΦNE tests. Thebeam lifetime in RHIC is typial for a ollider storagering and better than in the other two mahines. Unlikethe SPS, two beams irulate and interat in RHIC andompensation of a single long-range interation is pos-sible. The energies and other beam onditions are alsodi�erent from the SPS and DAΦNE. So the results re-ported here will result in simulations being benhmarkedunder a wider range of operating onditions.Two urrent arrying wires, one for eah beam, havebeen installed between the magnets Q3 and Q4 of IP6 inthe RHIC tunnel. Their impat on a beam was measuredduring the physis run with deuteron and gold beams. Noattempt was made to ompensate the beam-beam inter-
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ation sine so far only ion beams were available whihhave a beam-beam parameter about a fator of 3 smallerthan proton beams. However, the experimental resultshelp to understand the beam-beam e�ets beause thewire fore is similar to the long-range beam-beam foreat large separations. In this report we disuss the resultsof numerial simulations of a wire ating on a beam inRHIC using a multi-partile traking ode and omparewith measurements in RHIC Run 7 and 8 [9℄.The organization of the paper is as follows: The phys-ial models used in the simulation ode are desribedin Setion II. The beam and wire parameters are givenin Setion III. Setion IV presents the simulation re-sults of the e�ets of the wire on the beam dynamis andthe omparison between measurement and simulation re-sults. We summarize our results in Setion V.II. MODELIn the ollider simulation, the two beams moving inopposite diretion are represented by maropartiles ofwhih the harge to mass ratio is that of eah beam. Thenumber of maropartiles is muh less than the bunh in-tensity of the beam beause even with modern superom-puters it is too time onsuming to trak 1011 partiles forthe number of revolutions of interest. The maropartilesare generated and loaded with an initial distribution for aspei� simulation purpose, for example, six-dimensionalGaussian distribution for long-term beam evolution. Thetransverse and longitudinal motion of partiles is alu-lated by transfer maps whih onsist of linear and nonlin-ear maps. In the simulations, the following nonlinearitiesare inluded: head-on and long-range beam-beam inter-ations, external eletromagneti fore by urrent arry-ing wire, multipole errors in the interation region (IR)quadrupole triplets, and sextupoles for hromatiity or-retion. The �nite bunh length e�et of the beam-beaminterations is onsidered by sliing the beam into severalsetions in the longitudinal diretion and by a synhro-
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2beam map [10℄. Eah slie in a beam interats with par-tiles in the other beam in turn at the ollision points.In addition, the magneti �eld of a �nite length of wireis alulated using the Biot-Savart law at the partiles'betatron amplitude.The six-dimensional aelerator oordinates x =
(

x, x
′

, y, y
′

, z, δ
)T are applied, where x and y are hor-izontal and vertial oordinates, x

′ and y
′ the trajetoryslopes of eah oordinates, z = −c∆t the longitudinaldistane from the synhronous partile, and δ = ∆pz/p0the momentum deviation from the synhronous energy.Coupling between the transverse planes is inluded inthe transfer map between elements. We adopt the weak-strong model to treat the beam-beam interations whereone beam is strong and is not a�eted by the other beamwhile the other beam is weak and experienes a beam-beam fore due to the strong beam during the intera-tions. The density distribution of the strong beam isassumed to be Gaussian.It is well known that for a large separation distane

(≫ σ) at parasiti rossings, the strength of long-rangeinterations is inversely proportional to the distane. Itse�et on a test beam an be ompensated by urrentarrying wires whih reate just the 1
r �eld. The advan-tage of suh an approah onsists of the simpliity of themethod and the possibility to deal with all multipole or-ders at one. For a �nite length of a wire embedded inthe middle of a drift length L and tilted in pith and yawangles, the transfer map of a wire an be written as [11℄

Mw = S∆x,∆y ⊙ T−1
θx,θy

⊙ DL/2 ⊙Mk

⊙ DL/2 ⊙ Tθx,θy
,

(1)where Tθx,θy
represents the tilt of the oordinate systemby horizontal and vertial angles θx, θy to orient the o-ordinate system parallel to the wire, DL/2 is the driftmap with a length L

2 , Mk is the wire kik integratedover a drift length, and S∆x,∆y represents a shift of theoordinate axes to make the oordinate systems after andbefore the wire agree.At the start of the simulation, the partiles in theweak beam are distributed over the phase spae x =
(

x, x
′

, y, y
′

, z, δ
)T . The number of partiles N is limitedby the omputational power. In order to make the bestuse of a relatively small number of simulation partilesompared to the bunh intensity, the initial distributionshould be optimized. Indeed the initial distribution isvery important beause a proper hoie an redue thestatistial noise in the physial quantities. The simula-tion partiles are generated in two steps: (i) The partileoordinates (x, y, z) of partiles an be diretly gener-ated from the spatial Gaussian distribution, ρ̄ (x, y, z) =

ρ̄x (x) ρ̄y (y) ρ̄z (z), where ρ̄ζ (ζ) = ρ̄ζ0 exp
(

− ζ2

2σ2
ζ

). Sinethe partile oordinates are not orrelated, one an gen-erate them by inverse mapping of eah umulative dis-tribution funtion of horizontal, vertial, and longitudi-

nal Gaussian distributions, using bit-reversed sequeneto minimize nonphysial orrelations [12℄. (ii) An equi-librium distribution in transverse phase spae e.g. in the
(x, x′) plane is ρ̂

(

x, x
′

)

= ρ̂0 exp

(

−
x2+

“

βxx
′

+αxx
”2

2σ

).Sine the spatial oordinate x is determined at the �rststep, the slope x
′ an be obtained from the random vari-ate r of a univariable Gaussian, i.e., x

′

= (r − αxx) /βx.Following the above physial model, a beam-beam sim-ulation ode BBSIMC has been developed at FNAL overthe past few years to study the e�ets of the mahinenonlinearities and the beam-beam interations [13℄. Ifrequired, time dependent e�ets suh as tune modula-tion and �utuation, beam o�set modulation and �u-tuation, dipole strength �utuations to mimi rest-gassattering et an be inluded in the model. The odeis under ontinuous development with the emphasis be-ing on inluding the important details of an aeleratorand the ability to reprodue observations in diagnostidevies. At present, the ode an be used to alulatetune footprints, dynami apertures, beam transfer fun-tions, frequeny di�usion maps, ation di�usion oe�-ients, emittane growth and beam lifetime. Calulationof the last two quantities over the long time sales ofinterest is time onsuming even with modern omputertehnology. In order to run e�iently on a multiproessorsystem, the resulting model was implemented by usingparallel libraries whih are MPI (interproessor MessagePassing Interfae standard) [14℄, state-of-the-art parallelsolver libraries (Portable, Extensible Toolkit for Sien-ti� Calulation, PETS) [15℄, and HDF5 (HierarhialData Format) [16℄.III. WIRE AND BEAM PARAMETERSThe transverse eletri �eld of a round Gaussian bunhwith transverse rms size σ is
~E =

n∗q∗
2πǫ0

~r

r2

[

1 − exp

(

− r2

2σ2

)]

, (2)where n∗ and q∗ are the number of partiles and the ele-tri harge in the opposite bunh respetively, and r isthe radial distane from the enter of the beam. At asmall radius r ≪ σ, the �eld is proportional to r andshifts the betatron tune. This tune shift is haraterizedby the beam-beam parameter ξ = n∗r0

4πǫ , where r0 is thelassial radius of the partile, ǫ = γσ2/β2 is the nor-malized emittane. While partiles at small r undergo alinear tune shift, the partiles with r ≫ σ experiene a
1
r fore. The long-range e�et is nonlinear and may varyfrom bunh to bunh if the the bunh pattern is asymmet-ri. A urrent arrying wire generates a magneti forewhih is ∝ 1

r , the same as the long-range beam-beamfore at large separations. The wire urrent required toompensate a long-range interation is (IwLw) = n∗q∗c,where Iw is the wire urrent, and Lw its length. In ad-dition to the wire strength, the phase advane from the
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(b)Figure 1: (a) Layout of RHIC, and (b) loation of thelong-range beam-beam interation and wireompensators at IP6. Beam-beam ollisions our atIP6 (STAR) and IP8 (PHOENIX).
loation of the wire to the loation of the long-range in-teration should be small for an e�etive ompensationof the long-range interation [17℄. In RHIC, a possibleparasiti ollision point is near the separation DX dipolemagnets near IP6 and IP8. There is su�ient spae inthe straight setions between quadrupoles Q3 and Q4 forthe wires. The phase advane between the DX magnetand the wire loation is 5.7◦ for β∗ = 1 m and is expetedto provide e�etive ompensation [18℄.Figure 1 (a) shows the overall layout of RHIC whihhas two head-on beam-beam ollisions at IP6 and IP8.The Yellow beam revolves in a ounter lokwise dire-tion, and the Blue beam revolves lokwise. The elementsand the loation of the wire at IP6 are shown in Fig. 1(b). Two wires are urrently installed in RHIC: one foreah beam. In these simulations the e�ets of a urrentarrying wire on a beam have been studied for di�erentRHIC runs: gold beam at both injetion and store ener-gies, and deuteron beam at store energy. The parametersof RHIC used in our simulations are shown in Table I.The length of eah wire is 2.5 m. The wire urrent an bevaried to a maximum of 50 A. Eah wire an be movedin the vertial diretion over a range of 65 mm.

IV. EFFECTS OF A WIRE ON A BEAMThe integrated magneti �elds ~B from a wire are foundfrom [11℄
(

Bx

By

)

=
µ0Iw

4π

u − v

x2 + y2

(

x
y

)

, (3)where Iw is the urrent of wire ompensator, u and v are
√

(

3Lw

2

)2
+ x2 + y2 and √(Lw

2

)2
+ x2 + y2 respetively,and Lw the length of the wire. For the wire kik, thethe �eld and the fore exerted on the beam are ∝ 1/rwhere r is the transverse distane from the beam to thewire. This fore is nonlinear and is expeted to havea signi�ant impat on the beam quality at su�ientlylose distanes.The impat of a wire an be observed in RHIC by mea-suring the orbit hange, tune shift, the beam transferfuntion and the loss rates. The tune shift is one of thefundamental observables and it an be diretly veri�edwith analytial alulation. However, numerial simu-lations allow us to alulate other quantities not easilyobservable but whih give valuable insight into the beamdynamis and an omplement the experiments. Thesenumerially alulable quantities inlude the tune foot-print, the frequeny di�usion map, the dynami aperture,and the di�usion oe�ients to haraterize the di�usionin ation. In this setion, we present the simulation re-sults of all the above quantities at RHIC injetion andollision runs, and ompare them to measurements wherepossible.In the model for dynamis at injetion energy we in-lude the hromatiity sextupoles, these being the dom-inant nonlinearity, and the urrent arrying wire. Itshould be noted that the persistent urrent sextupolesin the ar dipoles were not inluded in the model be-ause their inlusion would have inreased the omputa-tion time substantially and they have a smaller impaton the dynamis ompared to the hromatiity orretingsextupoles. At ollision energy, the beam is strongly in-�uened by both mahine nonlinearities and beam-beaminterations. In the ollision model, we inlude the hro-matiity sextupoles, the nonlinear �eld errors in the IRtriplets, and the head-on beam-beam interations at IP6and IP8, together with the wire. There are two variablesassoiated with the wire that an be varied: the wire ur-rent and the beam-wire separation. In the simulationsthe wire strength is set to the maximum value of 125 Amin the RHIC wire ompensator so that the e�ets due tothe wire may be learly evident. These results will beompared with the data taken at this urrent during themahine experiments of 2007 and 2008. Depending onthe purpose of the simulation, the beam-wire separationis also varied typially in the range of 4-10 σ where σ isthe rms beam size at the wire loation. The beam-wireseparation is only in the vertial diretion. The Blue wireis plaed below, the Yellow wire above the beam. Thesimulations reported here will be for the Blue beam.



4quantity unit gold beam deuteron beaminjetion storeenergy Gev/nuleon 9.795 100 107.396bunh intensity (Blue/Yellow) 109 0.7/0.7 1/1 134/1emittane ǫx,y(95%) mm mrad 5.8 18 17
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´ at IP6 m (9.93, 10.0) (0.97, 0.94) (0.87, 0.89)
(βx, βy) at wire loation m (119.7, 34.6) (1082, 392) (1194, 393)beam-beam parameter ξ 10−3 1.25 1.46revolution frequeny kHz 77.8 78.2 78.2tunes (νx, νy): Blue (0.230, 0.216) (0.220, 0.231) (0.235, 0.225)tunes (νx, νy): Yellow (0.220, 0.230) (0.232, 0.228) (0.225, 0.235)hromatiity (ξx, ξy) (2, 2) (2, 2) (2, 2)

(IL)
max

Am 125
Lw m 2.5
rw mm 3.5vertial separation (dy) σ 7-14 6-10 7-12Table I: RHIC parameters for gold beam at injetion and store, and deuteron beam at store.A. Tune shift and tune footprintA basi hek of the simulation is to ompare the sim-ulated tune shifts with the measured tune shifts and alsoagainst analytial alulation. The transverse tune shiftat zero amplitude due to wire kiks is given by

∆νx,y = ± µ0IwLw

8π2 (Bρ)σ2
βx,y

d2
y − d2

x
(

d2
y + d2

x

)2 , (4)where dx,y denote the beam-wire distanes normalized by
σx,y, the rms beam sizes at the wire loation, IwLw theintegrated strength of the wire, and βx,y the beta fun-tions at wire loation. At the wire loation, the ratioof horizontal to vertial beta funtions is βx/βy = 2.8for the gold beam at store, and βx/βy = 3.0 for thedeuteron beam. For IwLw = 125 Am whih is the max-imum integrated strength allowed in the RHIC wire in-stallation, we get the horizontal tune shifts at 7 σ ver-tial separation: ∆νx = 5.1 × 10−3 for the gold beam,and ∆νx = 5.9 × 10−3 for the deuteron beam at store.Without the wire, beam-beam ollisions are a majorsoure of tune spread and shift. The beam-beam pa-rameters for two head-on ollisions are ξ = 2.4 × 10−3and ξ = 2.8 × 10−3 for gold and deuteron beams atstore energy respetively. These tune shifts are alulatedfor zero amplitude partiles. For beam-wire separationsgreater than 6 σ, the large amplitude partiles experi-ene a detuning and shift mainly from the wire while thetune shift of small amplitude partiles is dominated bythe head-on ollisions.In our simulations, partile tunes are alulated witha Hanning �lter applied to an fast-Fourier transform ofpartile oordinates found from traking. Figure 2 (a)ompares the analytial expression in Eq. 4 with thetune shift from traking and averaged over a Gaussiandistribution of partiles. The hanges in the transversetune as a funtion of the beam-wire vertial separationdistane in units of σy is in good agreement with the an-alyti relation Eq. 4. The relative di�erene in vertial

(a)
(b)Figure 2: Plots of tune shift dependene on the wireseparation distane: (a) simulation and (b)measurement [7℄. Data sets are obtained at gold beamat store energy.tune shift between the simulation and theory is ≈ 10%at dy = 7 σ, whih stems from our usage of the entroidto alulate the tune shift and not the zero amplitudepartile. The measured tune shifts in the reent exper-iments are ompared with the analytial values in Fig.2(b). These show that measurements and simulationsalso agree.The tune footprint also provides useful information es-peially on the hoie of working point and in �nding theresonanes spanned by the beam distribution. Figure 3shows tune footprints from traking single partiles with
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(a)

(b)Figure 3: Plots of tune footprints for (a) gold beam and(b) deuteron beam at store energy. The no-wire aseinludes sextupoles, IR multipoles, and head-onollisions. The wire urrent is 50A and wire-beamseparation distane sets to 7σ. Blue and yan linesstand for 9th and 12th order resonanes respetively.initial amplitudes in the range 0-4 σx,y for two ases:without the wire and with the wire powered at 125 Amand 7σ vertial separation from the beam. Comparingthe two footprints without and with the wire, we observethat the horizontal tune shift due to the wire is di�erentfrom the vertial one. The ratio of horizontal to vertialtune shifts is, for example, ∆νx/∆νy = 2.8 for the goldbeam, as shown in Fig. 3 (a), whih agrees well with theratio of beta funtions at the wire. We observe that thewidth of the footprint is wider at large amplitude dueto its dependene on the separation distane between atarget partile and the wire. The wire alone auses thehorizontal tune spread, for example, at 4 σ amplitude tobe 10 times larger than for the no wire ase. Charateris-tis of tune footprints of the deuteron beam, seen in Fig.3 (b), are similar to that of the gold beam. However, the�nal tunes of the deuteron beam due to the wire is loserto the diagonal than the gold beam tunes due to thedi�erene of their nominal tunes. Both the 9th and 12thorder resonanes are spanned by the gold beam while thedeuteron beam is free from these resonanes. The tuneshifts are slightly larger for the deuteron beam than the

(a)

(b)Figure 4: Plot of frequeny di�usion map of betatrontunes (a) without and (b) with wire for gold beam atollision energy. Wire strength is 125 Am, andwire-beam separation is 7σ. The tune hange islogarithmially saled by log
√

∆ν2
x + ∆ν2

y .gold beam beause of the di�erene of beta funtions andbeam sizes. B. Frequeny di�usionWe have alulated frequeny di�usion maps as an-other way to investigate the e�ets of a urrent arryingwire. The map represents the variation of the betatrontunes over two suessive sets of the tunes [19℄: The vari-ation an be quanti�ed by d = log
√

∆ν2
x + ∆ν2

y , where
∆νx = ν

(2)
x − ν

(1)
x is the horizontal tune variation, in thesimulations, between the �rst set of 1024 turns and thenext set of 1024 turns, and ∆νy = ν

(2)
y − ν

(1)
y . If thetunes (ν(1)

x , ν
(1)
y

) are di�erent from (ν(2)
x , ν

(2)
y

), the par-tile's orbit di�uses. A large tune variation is generallyan indiator of redued stability.Figure 4 shows the frequeny di�usion map of the be-tatron tune for the gold beam at ollision energy and thein�uene of the wire on the map. The olor sale shown



6

(a)

(b)Figure 5: Plot of frequeny di�usion map of betatrontunes (a) without and (b) with wire for deuteron beamat ollision energy. Wire strength is 125 Am, andwire-beam separation is 7 σ. The tune hange islogarithmially saled by log
√

∆ν2
x + ∆ν2

y .on the right of eah map gives a quantitative measure ofthe di�usion: red olor orresponds to larger di�usion,and blue olor represents less di�usion. In Fig. 4 wediretly see the lines onneted to resonanes. The wireinreases the detuning of betatron tune and makes thepartile motions more haoti at amplitude beyond 3 σ.The stability boundary is shrunk further. The di�usionmap, Fig. 5 (a), of the deuteron beam without the wireshows mostly stable motion and only a small region withappreiable di�usion. It doesn't show the traes of res-onanes and looks quite di�erent from that of the goldbeam. This is to be expeted sine the resonanes span-ning the footprint of the deuteron beam are only 12thorder. However, the wire hanges the di�usion map sig-ni�antly, as is evident in Fig. 5 (b). While the regionof high di�usion for the gold beam is distributed at largeamplitudes, the regions with large di�usion are observedeven at small amplitudes with the deuteron beam. Thered �tongues� even extend to partiles in the ore, e.g.to partiles at 0.5 σ. This is to be ontrasted with thetune footprint in Fig 3 whih shows that no resonanesbelow 12th order are spanned by the beam distribution.

In later setions we will disuss the orrelation of thesefrequeny di�usion maps with the dynami aperture andloss rates. C. Dynami ApertureMagnet nonlinearities and beam-beam interationslimit the dynami aperture. The dynami aperture quan-ti�es detrimental e�ets of nonlinearities and an be al-ulated relatively quikly. The dynami aperture of anaelerator is de�ned as the largest radial amplitude ofpartiles that survive up to a ertain time interval; inthis simulation, we hoose 106 turns for both injetionand ollision whih orresponds to 13 seonds irulationtime in RHIC. It is, for example, only about 10% of theRHIC injetion period for ions. We examined the depen-dene of the aperture on the number of turns by alu-lating it for 104 − 107 turns and found that the dynamiaperture stays nearly onstant after 106 turns.We have seen that a wire has a signi�ant impat onthe tune shift and tune spread, for example, the tune shiftdue to 125 Am wire strength is 0.005 at 7 σ separation.The signi�ant inrease of the frequeny di�usion dueto the wire implies that the motion of partiles beomesmore haoti at large amplitudes. Hene we an expetthat a wire will also have a signi�ant impat on thedynami aperture.At injetion energy the simulation model for dynamiaperture alulations inludes sextupoles, transverse ou-pling, as well as the nonlinearity due to the wire. At olli-sion energy, the nonlinearities due to the multipoles in theIR quadrupoles are added and the head-on beam-beaminterations. Partiles are distributed uniformly over thetransverse planes with amplitudes 0-15 σ. The linearhromatiity is set (ξx, ξy) = (+2, +2). Sine non-zerohromatiity inreases the momentum dependent tunespread, the o�-momentum partiles ross more betatronresonanes during synhrotron osillations. The plots inFig. 6 show the dynami aperture for the gold beam atinjetion energy, the gold beam at ollision energy andthe deuteron beam at ollision energy respetively. Plots(a) and (b) in Fig. 6 show that nonlinearities of theIR triplets play a major role in determining the stabilityboundary. When the eletromagneti fore due to thewire is not present, the boundary at injetion energy isat 15 σ while this boundary at ollision energy falls to 7 σprimarily due to the IR multipole errors. The e�et of thehead-on beam-beam ollisions on the dynami aperture isnegligible over our simulation period sine the head-on in-terations do not transport partiles to large amplitudes.Sextupoles have only a small impat at ollision energysine their strengths are relatively small ompared to theIR multipole strengths. The stability boundaries are ap-proximately irular, but the wire distorts the boundariesnear the vertial plane sine the beam-wire separation isentirely in the vertial plane. The dynami aperture nearthe vertial plane dereases onsiderably as the wire ap-
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(a) (b) ()Figure 6: Plots of dynami aperture aording to wire separation distane: (a) gold beam injetion energy, (b) goldbeam ollision energy, and () deuteron beam ollision energy. The wire strength is set 125 Am.proahes the beam. The stability boundary along thevertial plane is diretly proportional to the wire sepa-ration while along the horizontal plane, the boundary isnearly independent of the separation. The di�erene inthe dynami aperture between the deuteron beam andthe gold beam at ollision energies is approximately 1 σwhen the wire is not present. This an be understoodfrom the di�erene in resonanes spanning between bothbeams mentioned in the previous setion. With the wirepowered, the dynami aperture in the two ases is nearlythe same.We now turn to tune sans of the dynami aperture.One of the key parameters for mahine operation is theworking point. The searh for a working point with agood beam lifetime and high luminosity is always a ma-jor issue. Sine the dynami aperture beomes smallerwhen the betatron tune of beam partiles is on or arossresonanes, the tune diagram is often a useful indiatorof single partile stability. In the simulations, the tunesans are performed with inrements of ∆ν = 0.01 inthe two transverse diretions. At eah set of the tunesan, we load idential distributions in order to avoid theunertainties due to di�erent distribution and beam sizeredution from the previous tune.Figure 7 shows the ontour plots of dynami aperturesover transverse tunes for two di�erent wire separationsfor gold injetion energy. Red indiates low dynamiapertures around 3 σ while blue indiates high dynamiapertures around 11 σ. It is found that at all wire sep-arations, the largest dynami apertures are distributedalong a band parallel to the diagonal, i.e., νx−νy ≃ 0.02.On the other hand, the zone along νx − νy ≃ 0.03 hasthe smallest dynami apertures at all separations. Thissan indiates that the nominal tune (28.230, 29.216) islose to optimal. Furthermore, a sharper drop in dynamiaperture is observed near the 5th resonanes than at otherresonanes as the separation dereases from 8 σ to 4 σ.Figure 8 shows the dynami apertures over transversetunes for gold ollision energy. Here red stands for 5 σ

while blue for 11 σ. Sine the IR multipoles ause a largedrop in dynami aperture at ollision energy and the wirehas a relatively smaller e�et, we exlude the IR multi-pole errors in order to see the e�et of the wire alone.As expeted, the smallest dynami aperture is observednear 4th and 5th resonanes. At all wire separations, thelargest dynami apertures are distributed nearly alongthe diagonal between νx = 0.21 and νx = 0.24. The ef-fet of the wire on the dynami aperture of the deuteronbeam is presented in Fig. 9. It is lear that the re-dution of the dynami aperture is dominant near 4thresonane. A notable variation is seen near a irularband, i.e., ν2
x + ν2

y ≃ 0.212, when the beam-wire separa-tion is small, while the irular band is not deteted inthe gold beam. Indeed, the large stability boundary isdistributed all over the tune spae exept the partiularbands. Sine the wire kik at a large separation is equiv-alent to long-range beam-beam interation, these sansan be interpreted as showing the e�ets of a long-rangeinteration at di�erent tunes.D. Beam Transfer FuntionsThe beam transfer funtion (BTF) is de�ned as thebeam response to a small external longitudinal or trans-verse exitation at a given frequeny. BTF diagnostisare widely employed in modern storage rings due to itsnon-destrutive nature. The beam response is observedusually in a downstream pikup while either a striplinekiker or RF avity exites the betatron or synhrotronosillation over the tune spetrum. The fundamental ap-pliations of BTF are to measure the transverse tuneand tune distribution by exiting betatron osillation, toanalyze the beam stability limits, and to determine theimpedane harateristis of the hamber wall and feed-bak system [20�22℄. Sine this is one of the observablesin RHIC, we alulate the BTF to benhmark anotheroutput from the ode against measurements.
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(a)

(b)Figure 7: Tune san of dynami aperture at goldinjetion energy: (a) dy = 7.8σ and (b) dy = 3.8σ.Working point (28.230, 29.216) is plotted as a white dot.Red indiates low dynami apertures while blueindiates high dynami apertures. The unit of dynamiaperture is σ.Figure 10 presents the beam transfer funtionsfor deuteron ollision energy and nominal tune
(28.228, 29.225) obtained by applying a sinusoidal driv-ing fore to a beam in transverse plane and traking theexited partiles over 1024 turns at eah exitation fre-queny of the kiker. The driving frequeny is swept from
(n + 0.21)frev to (n + 0.24) frev in steps of 2×10−3frev,where n is the integer tune and frev the revolution fre-queny whih are listed in Table I. Through this fre-queny san, we ompute the amplitude of beam responseand its phase. However, as the exitation strength is in-reased, it is observed that the response urves are dif-ferent aording to the diretion of the frequeny sweep,i.e., downward or upward [23, 24℄. The driving amplitudeshould be applied as low as the response an be deteted.In the simulations, the driving amplitude is hosen as
10−4 σx′ ,y′ , where σx′ ,y′ are the transverse rms slopes.Besides, the response pro�le is a�eted by the sweepingrate. A relaxation time needs therefore to be applied justbefore starting the evaluation of beam transfer funtionat eah suessive driving frequeny, beause the dire-

(a)

(b)Figure 8: Tune san of dynami aperture at goldollision energy: (a) dy = 8 σ and (b) dy = 6 σ.Working point (28.220, 29.231) is plotted as a white dot.Red indiates low dynami apertures while blueindiates high dynami apertures. The unit of dynamiaperture is σ.tional dependene of the response amplitude may be dueto the remnants of nonlinear osillations driven by for-mer exitations. In order to avoid the unertainty, wereload fresh partiles with distribution idential to theinitial one.The response urve reveals two peaks, as shown in Fig.10 (a) and (b): One peak is lose to 0.230 whih is thehorizontal tune, and the other is 0.225 whih is the verti-al tune. The amplitude is in arbitrary units and normal-ized by the peak amplitude. We observe signs of trans-verse oupling in these BTFs, the vertial tune showsup as a lower peak in the horizontal BTF and similarlythe horizontal tune appears in the vertial BTF. It islear that due to resonane with the external fore, thebetatron amplitude of partiles grows when the drivingfrequeny is lose to the betatron frequeny. However,we observe valleys in the response at νd = 0.226 and
νd = 0.228 for both horizontal and vertial amplitudes.They are loated at the resonane line of order 9, andmay stem from the detuning of partiles away from theresonane. For a sinusoidal driving fore, the phase of
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(a)

(b)Figure 9: Tune san of dynami aperture at deuteronollision energy: (a) dy = 8 σ and (b) dy = 6 σ.Working point (28.235, 29.225) is plotted as a white dot.Red indiates low dynami apertures while blueindiates high dynami apertures. The unit of dynamiaperture is σ.the beam transfer funtion hange its sign through theresonane frequeny [25℄. Sine the simulation does notaount for the phase hange due to able delays betweenthe pikup and the network analyzer, the absolute phaseswill not agree between simulations and measurements.We an however expet a similar phase variation arossthe resonane. Both simulation and measurement resultsshow the �ip of the phase angle as shown in Fig. 10 ()and (d). The small di�erenes in the zero rossing phaseand the di�erenes in peak loations of the amplitudesbetween simulation and measurement are likely due tothe external impedanes and the nonlinearities not in-luded in the simulation.The in�uene of the urrent arrying wire to the beamtransfer funtion is presented through the omparison ofFig. 11 whih shows the beam amplitude and phase re-sponse obtained without the wire and with the wire pow-ered at 50A and at two separations in a deuteron beamstudy. The shift of a peak loation of the amplitude in-reases as the wire separation dereases while the widthof the amplitude response widens, as shown in Fig. 11 (a)

and as expeted from the inrease in the size of the tunespread. The wire with 10 σ and 8 σ separations shifts thepeak loation of the horizontal response by 3.4×10−3 and
4.1× 10−3 respetively, whih are equivalent to the tuneshift of zero amplitude partiles. As shown in Fig. 11(), the wire moves the phase pro�le leftward ommensu-rately with the shift of the amplitude. The BTF responseontains a wealth of information about the beam, a de-tailed analysis of measured and simulated BTFs is left toa subsequent publiation.E. Di�usion Coe�ientsWe have alulated the beam di�usion due to non-linear partile dynamis whih inludes the nonlinearitiesfrom the mahine itself, the head-on beam-beam intera-tions, and the urrent arrying wire. Growth of parti-le amplitudes may be desribed by a di�usion in ationvariables. The di�usion oe�ients an haraterize thee�ets of the nonlinearities present in the aelerator,and an be used to �nd numerial solutions of a di�usionequation [26℄. The solutions yield the time evolution ofthe beam density distribution funtion for a given set ofmahine and beam parameters. This tehnique enablesus to follow the beam intensity and emittane growth forthe duration of a luminosity store, something that is notfeasible with diret partile traking. Here we will fo-us only the alulation of the di�usion oe�ients andompare them with past measurements in RHIC.The transverse di�usion oe�ients an be alulatednumerially from

Dij (ai, aj) =
1

N
〈(Ji(ai, N) − Ji(ai, 0))

(Jj(aj , N) − Jj(aj , 0))〉 ,
(5)where Ji (ai, 0) is the initial ation at an amplitude ai,

Ji (ai, N) the ation at an amplitude ai after N turns,
〈〉 the average over simulation partiles, and (i, j) arethe horizontal x or the vertial y oordinates. Equation(5) is averaged over a ertain number of turns to elim-inate the �utuation in ation due to the phase spaestruture, e.g. resonane islands. In the simulations, thetraking ode evaluates the di�usion oe�ients in two-dimensional ation spae with the boundary determinedby the dynami aperture obtained in the previous setion.We load the initial partile distribution whih is built byusing 100 partiles plaed at the same transverse ation.The traking is performed for 106 turns. The di�usionoe�ient is averaged every 104 turns at whih the o-e�ient approahes approximately the asymptoti limit.The above proess is performed over the transverse ationspae with the boundary typially set at an amplitude of7 σ.Figure 12 presents the ontour plot of the horizontaland vertial omponents of the di�usion oe�ients forthe gold beam at ollision energy. In these plots we ob-
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(a) (b)

() (d)Figure 10: Amplitude of (a) horizontal and (b) vertial beam transfer funtions, and phase angle of () horizontaland (d) vertial BTF for deuteron beam. The amplitude is in arbitrary units, and the phase angle is in degree. Thewire strength is 125 Am.serve that the di�usion oe�ients have angular depen-dene. The horizontal di�usion Dxx depends stronglyupon the horizontal ation Jx while its dependene onthe vertial ation is weak. Similarly the vertial di�u-sion Dyy depends primarily on the vertial ation. Thedi�usion oe�ients sale exponentially with initial a-tions, speially at small ations, in both horizontal andvertial diretions but at very di�erent rates in eah di-retion. A single exponential �t does not however su�ebut a ombination of at least two di�erent exponentialsis required to desribe the growth of the di�usion oe�-ients from the origin to the dynami aperture.
Figure 13 shows the di�usion oe�ients for threeRHIC situations: gold beam at store, deuteron beamat store, and proton beam at store. The oe�ients areplotted at the ation J =

√

J2
x + J2

y after averaging themat the same ation and are ompared with the measure-ments obtained by �tting the time-dependent loss rateafter moving a ollimator into and out from the beam[27℄. The loss rate due to the movement of the ollima-

tor an be desribed by [28℄
Ṅ (1) (t) = a0

(

1 +
∆z√

πR (t − t0)

)

+ a1,

Ṅ (2) (t) = a0erf( ∆z√
πR (t − t0)

)

+ a1,

(6)where the supersript (1) and (2) stands for the inwardand outward movement of the ollimator, ∆z the hangein z due to the ollimator movement, R the di�usion oef-�ient, and a0 and a1 are onstants. The di�usion oe�-ient R an be obtained diretly from the �t of measuredloss rates. In Fig. 13, the vertial axis is a logarith-mi sale. It should be noted that dependene of dif-fusion oe�ients on the initial ation is exponential atsmall amplitudes and power law like at larger amplitudes.However, sine the measured oe�ients are �tted by apower law, i.e. D ∼ Jn, they agree with simulations onlyat large ations. Sine the ollimators were not movedinto the beam ore, the di�usion oe�ients were notmeasured at small ations. Conversely it is di�ult toalulate the oe�ients in simulations at large ationbeause some of the partiles are lost quikly. The ef-fets of wire on di�usion oe�ients are onsiderable atall ation amplitudes, as shown in Fig. 13. For exam-
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(a) (b)

() (d)Figure 11: Amplitude of (a) horizontal and (b) vertial beam transfer funtions, and phase angle of () horizontaland (d) vertial BTF for deuteron beam. The amplitude is in arbitrary units, and the phase angle is in degree. Thewire urrent is set 50A. The separation is in unit of rms beam size at wire loation.ple, the di�usion oe�ient at 3 σ amplitude beomes20 times larger when the wire with strength 125 Am andseparation dy = 8 σ is applied. First we observe thatthe relative inrease of di�usion oe�ients at below 3 σamplitude for the deuteron beam is higher than that forthe gold beam. In general the di�usion proess dependson the partile motion in phase spae and the resonanestruture due to the nonlinearities. The di�erenes intunes hange the ross-talk between the di�erent non-linearities as well as the resonane driving terms whihare likely to be responsible for the di�erenes in di�u-sion. The enhaned di�usion at near 3 σ amplitude forthe deuteron beam leads to signi�ant inrease of parti-le loss under the simulation onditions (see the followingsetion).F. Beam losses as a funtion of wire-beamseparationThe beam lifetime in RHIC is determined by the in-elasti interations and beam-beam interations when thebeams are in ollision as well as nonlinearities of mahineelements, intra-beam sattering and residual gas satter-ing. In this setion we will fous on the impat of the

wire on the beam loss rates as the beam-wire separationis hanged. In this study, the initial beam distribution isa hollow Gaussian in transverse phase spae and a normalGaussian in longitudinal phase spae. The initial trans-verse beam sizes are obtained from the RHIC optis andtypial initial emittanes while the bunh length is takenfrom measured values.The traking is done with 5 × 103 maropartiles, andarried out over 107 turns for eah wire separation. Theloss rates are estimated from the asymptoti limit by ex-trapolating the simulated loss rate from 107 turns to in-�nity as shown in Fig. 14. It is observed that in thebeginning of the simulation, the loss rate dereases expo-nentially rapidly and then approahes a onstant rate atlater times. We apply, therefore, an exponential deay �t,i.e., ae−t/τ + b, to the loss rate data between 4× 106 and
1× 107 turns. The asymptoti loss rate is the parameter
b. Figure 15 plots the asymptoti beam loss rate due tothe wire as a funtion of beam-wire separation distanefor the ase of Table I. For the gold injetion energystudy, we inlude the hromatiity orreting sextupoles,hromatiity set to two units, and the wire. It an be seenin Fig. 6 (a) that the eletromagneti fore of the wiredereases the dynami aperture signi�antly ompared to
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(a)

(b)Figure 12: Contour plot of (a) the horizontal di�usionoe�ient Dxx and (b) the vertial di�usion oe�ient
Dyy for gold beam at ollision energy. The oe�ientsare alulated at the Blue ring. The olor assignment islogarithmially saled in the plots.the ase when the wire is not present. The partile lossrate of the beam shows a sharp inrease wire separationssmaller than 8 σ.For the ollision energy simulations, we inlude thenonlinear �eld errors in the triplets, the head-on beam-beam interations, and the nonlinearities in the inje-tion energy study. The onset of beam losses, seen inFig. 15 (b) and (), is observed at 8 σ and 9 σ forgold and deuteron beams respetively. In all three ases,the threshold separation for the onset of sharp losses ob-served in the measurements and simulations agree to bet-ter than 1 σ. It is also signi�ant that the simulated lossrates at 7 and 8 σ separation for the gold beam and 8and 9 σ for the deuteron beam are very lose to the mea-sured loss rates. At �xed separation, the wire ausesa muh higher beam loss with the deuteron beam thanwith the gold beam. For example, the loss-rate for thegold beam at a 8 σ separation is about 10 %/hr whilefor the deuteron beam the loss rate is about an order ofmagnitude higher both in measurements and simulation.This di�erene is not re�eted in the dynami apertures,shown in Figure 6, whih are about the same for the two

(a)

(b)

()Figure 13: Plot of di�usion oe�ients of (a) gold, (b)deuteron, and () proton stores of RHIC. Theoe�ients are alulated at the Blue ring. Thewire-beam separation distane is 8 σ at a wire loation.The oe�ients were measured and �tted in stores inprevious years [27℄.ases at the same beam-wire separation. Nor is this dif-ferene orrelated to the tune footprint and the resonanelines, seen in Fig. 3, where the footprint for the deuteronbeam is free of resonane lines lower than the 12th whilethe gold footprint is spanned by the 9th and 12th orderresonanes. However the frequeny di�usion maps withthe wire, seen in Fig. 4 and Fig. 5, show greater dif-fusion in the deuteron ase than in the gold ase. Thisorrelation of the frequeny di�usion maps with the lossrates observed here deserves to be studied more deeply
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Figure 14: Plot of the variation of loss rate versus thenumber of traking turns. The loss rate is estimatedfrom the asymptoti value of the exponential deay �t,i.e., ae−t/τ + b.gold beam deuteronbeaminjetion storeMeasurement -5.2 -7.3 -9.4Simulation -14.2 -11.9 -11.2Table II: Dependene of loss rate on the beam-wireseparation: The loss rates are �tted to τ ∝ dα
y , where dyis the separation, and the power α is listed on the table.and tested for validity in other aelerators. The ationdi�usion seen in Fig. 13 is also larger in the deuteronbeam than the gold beam at small amplitudes by one totwo orders of magnitude. Thus both frequeny and a-tion di�usion seem to be better orrelated with loss ratesthan the traditional short term indiators like footprintsand dynami aperture.Changing the beam-wire separation hanges severalparameters inluding the tunes, the tune spread, the res-onane driving terms et. The wire separation alone an-not desribe the hange in the dynamis that in�uenesthe loss rates. Nonetheless the loss rates seen in Fig. 15an be �tted to a power law in the separation. The re-sults for the three ases for the measurements and simu-lations are shown in Table II. The simulations have stud-ied smaller separations than would be pratial in RHIC -the large loss rates seen at the smallest separation wouldhave quenhed the mahine. However, the simulationsshow the steep limb in the loss rate beyond a thresh-old separation and onsequently will have a higher powerlaw behavior. The power law at injetion is somewhathigher than at ollision but the power laws for gold anddeuteron beams are very lose despite the large di�erenein loss rates. We expet that the power laws depends onthe details of the mahine and not to be universal. Infat di�erent power laws have been reported for the SPSand the Tevatron [8, 29, 30℄.

(a)

(b)

()Figure 15: Comparison of the simulated beam loss rateswith the measured as a funtion of separations. (a) goldbeam at injetion energy, (b) gold beam at ollisionenergy, () deuteron beam at ollision energy. Wirestrength is 125 Am.V. SUMMARYIn order to study the e�ets of the mahine nonlinear-ities and the beam-beam interations, inluding strongloalized long-range beam-beam interations, we have de-veloped a six-dimensional weak-strong ode BBSIMC. Ma-hine nonlinearities, beam-beam ollisions and the �eldof a urrent arrying wire an be inluded in the model.We have studied the e�ets of the wire on the beamdynamis in three di�erent ases: gold beam at injetion,



14gold beam at store, and deuteron beam at store. Resultsshow that the betatron tune hange due to the wire iswell traked by the simulation, and that the stability ofpartile motion is strongly in�uened by the wire whihauses a signi�ant inrease in tune spread and di�usionfor both gold and deuteron beam. Tune di�usion with thegold beam and the wire is appreiable only at amplitudeslarger than 2 σ while the tune di�usion with the deuteronbeam and the wire is signi�antly larger extending to thebeam ore at amplitudes down to 0.5 σ.At injetion energy, the dynami aperture is largelydetermined by the wire, while the wire and the IR mul-tipoles have a major impat on the stability boundary atollision. With the beam-wire separation only along thevertial axis, it is found that the stability boundary nearthe vertial axis is linearly proportional to the beam-wireseparation. We observe, from the tune san of dynamiaperture, that at injetion the largest and the smallestdynami apertures are distributed along a band parallelto the zone along νx−νy ≃ 0.02 and νx−νy ≃ 0.03 respe-tively at all wire separations while at ollision the largestdynami apertures are distributed nearly along the diag-onal between νx = 0.21 and νx = 0.24. By modeling thestripline kiker we obtain the amplitude and phase angleof the transverse BTF. Results show that the betatrontune is well identi�ed by the simulation, and that thewire hanges harateristis of the beam response signif-iantly in the horizontal plane, similar to the result forthe tune shift.In simulations the wire enhanes the di�usion. This ef-fets is partiularly pronouned in the plane of the wire,and at amplitudes of about 3 σ, where the wire an in-rease the di�usion rate by more than an order of mag-nitude. The ation di�usion for the deuteron beam islarger than for the gold beam, similar to the result forfrequeny di�usion. Simulations of the beam loss rate

when the wire is present are in good agreement with theexperimental observations. The threshold separation atwhih there is a sharp rise in the loss rates agree to bet-ter than 1 σ. The loss rates with the deuteron beamare found in measurements and simulations to be nearlyan order of magnitude higher than with the gold beam.Comparisons of tune footprints and dynami aperturesof these two ases show no indiation that the loss ratesmay be higher with the deuteron beam and in fat thetune footprint with the deuteron beam is free of low orderresonanes. However frequeny di�usion and ation dif-fusion with the deuteron beam are substantially higherthan with the gold beam implying that these di�usionmeasures may be better indiators of loss rates.In this paper simulation results of the beam-wire in-terations were ompared with measurements taken whenthe long-range beam-beam interations were not present.It is expeted that ompensation of parasiti interationsusing the wires will be tested during the RHIC run in2009. We plan to ompare simulations with these forth-oming experimental results and also to determine thee�etiveness of the ompensation of long-range intera-tions in the LHC. AknowledgmentsWe thank Y. Luo and R. Calaga for help with theRHIC lattie. V. Booha, B. Erdelyi and V. Ranjbarmade signi�ant ontributions to the development of theode. Some of the parallel omputations were performedat the NERSC faility at LBL. This work was supportedby the US-LARP ollaboration whih is funded by theUS Department of Energy.[1℄ T. Sen, B. Erdelyi, M. Xiao, and V. Booha, Phys. Rev.ST Ael. Beams 7, 041001 (2004).[2℄ V. Shiltsev, Y. Alexahin, V. Lebedev, P. Lebrun, R. S.Moore, T. Sen, A. Tollestrup, A. Valishev, X. L. Zhang,Phys. Rev. ST Ael. Beams 8, 101001 (2005).[3℄ J.P. Kouthouk, LHC Projet Note 223, CERN (2000).[4℄ J.P. Kouthouk, J. Wenninger, and F. Zimmermann,in Proeedings of the 9th European Partile AeleratorConferene, Luerne, 2004 (EPS-AG, Luerne, 2004), p.1936.[5℄ U. Dorda, J. Kouthouk, R. Tomas, J. Wenninger, F.Zimmermann, R. Calaga and W. Fisher, in Proeedingsof the 11th European Partile Aelerator Conferene,Genoa, 2008 (EPS-AG, Genoa, Italy, 2008), p. 3176.[6℄ C. Milardi, D. Alesini, M.A. Preger, P. Raimondi, M.Zobov, and D. Shatilov, in Proeedings of CARE-HHH-APD IR'07 Workshop (Frasati, Italy, 2007) p. 92.[7℄ W. Fisher, et al., in Proeedings of the 2007 PartileAelerator Conferene, Albuquerque, New Mexio, 2007(IEEE, Albuquerque, New Mexio, 2007), p. 1859.

[8℄ F. Zimmermann, J.-P. Kouthouk, F. Ronarolo, J. Wen-ninger, T. Sen, V. Shiltsev, and Y. Papaphilippou, inProeedings of the 2005 Partile Aelerator Conferene,Knoxville (IEEE, Pisataway, NJ, 2005), p. 686.[9℄ URL http://www.-ad.bnl.gov/APEX/APEX2008/.[10℄ K. Hirata, H. Moshammer, and F. Ruggiero, Partile A-el. 40, 205 (1993).[11℄ B. Erdelyi and T. Sen, Teh. Rep. Fermilab-TM-2268-AD, Fermilab (2004).[12℄ C.K Birdsall and A.B. Langdon, Plasma Physis viaComputer Simulation (MGraw-Hill, New York, 1985).[13℄ URL http://www-ap.fnal.gov/~hjkim.[14℄ MPI-2: Extensions to the Message-Passing Interfae,Message Passing Interfae Forum, U. of Tennessee, Knox-bille, TN (2003).[15℄ S. Balay, W.D. Gropp, L.C. MInnes, and B.F. Smith,Teh. Rep. ANL-95/11 - Revision 2.3.3, ANL (2008).[16℄ HDF5 User's Guid, NCSA, UIUC, Urbana, IL (2005).[17℄ F. Zimmermann, Teh. Rep. LHC Projet Report 502,CERN (2001).



15[18℄ W. Fisher, R. Alforque, H.C. Hseuh, R. Lambiase, C.J.Liaw, G. Miglionio, T. Russo, J.-P. Kouthouk, F. Zim-mermann, and T. Sen, Teh. Rep. BNL C-A/AP/236,BNL (2006).[19℄ J. Laskar, Physia D 67, 257 (1993).[20℄ J. Borer, G. Guignard, A. Hofmann, E. Peshardt, F.Saherer, and B. Zotter, IEEE Trans. Nul. Si. NS-26,3405 (1979).[21℄ P. J. Chou and G. Jakson, in Proeedings of the PartileAelerator Conferene, Dallas, TX, 1995 (IEEE, NewYork, 1995), p. 3088.[22℄ V. Kornilov, O. Boine-Frankenheim, W. Kaufmann, andP. Moritz, Teh. Rep. GSI-A-Note-2006-12-001, GSIDarmstadt (2006).[23℄ M.G. Minty and Frank Zimmermann, Teh. Rep. SLAC-PUB-7467, SLAC (1997).

[24℄ J. M. Byrd, W.-H. Cheng, and F. Zimmermann, PhysialReview E 57, 4706 (1998).[25℄ A. W. Chao, Physis of Colletive Beam instabilities inHigh Energy Aelerators (John Wiley & Sons, 1993).[26℄ H. J. Kim, T. Sen, N.P. Abreu, and W. Fisher, in Pro-eedings of EPAC08 (Genoa, Italy, 2008), p. 3119.[27℄ R.P. Fliller, Ph.D. thesis, Stony Brook University (2004).[28℄ M. Seidal, Ph.D. thesis, Universität Hamburg (1994).[29℄ P. Lebrun, T. Sen, V. Shiltsev, X.L. Zhang, and F.Zimmermann, Teh. Rep. AB-Note-2004-041 MD, CERN(2004).[30℄ U. Dorda, R. Calaga, W. Fisher, J.P. Kouthouk, R.Tomas, J. Wenninger, and F. Zimmermann, Teh. Rep.LHC Projet Report 1102, CERN (2008).




