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I. INTRODUCTION

In the Standard Model the neutrinos, (ve, v,, v;), are massless and interact diagonally
in flavor, as follows

Wt —et +u, W= —e +17, J — VU, + I,
Wt — "+, W= —=u +p, Z = v, + 1, (1)
Wt 1t +u, W- 71"+, Z = v+ U,

Since they travel at the speed of light, their character cannot change from production to de-
tection. Therefore, in flavor terms, massless neutrinos are relatively uninteresting compared
to quarks.

Many experiments have seen neutrino flavor transitions, therefore neutrinos must have
mass and, like the quarks, there is a mixing matrix relating the flavor states with the mass
eigenstates:

Va) = Uajlv), (2)

where v, = (Ve, vy, Vr,...), represent the flavor states and v; = (14, 1o, vs,...) represent
the mass eigenstates with mass m;. The mixing matrix U,; is usually called the MNS mixing
matrix, see [1].

Except for the LSND anomaly, all neutrino data can be explained by the following neu-
trino Standard Model:

e 3 light (m; <1 eV) Neutrinos: (probably Majorana)

= only 2 independent dm? (6m;; = m7 —m3)

e Three active neutrino flavors (no steriles): v., v, v,

e Unitary Mixing Matrix:
3 angles (612, O3, 013), 1 Dirac phase (¢), 2 Majorana phases («, [3)

where the MNS mixing matrix relating flavor to mass eigenstates, is given by

1 €13 size” " C12  S12 1
Ui = Co3  S23 1 —S812 C12 e’ (3)
—S823 C23 —513€i(S C13 1 e
C13C12 C13512 s13e~ 1
= —C23512 — ('3130125236“(S C23C12 — <'313$12$23€+i(S C13523 e

523512 — =5’13012C23€+i‘S —S23C12 — «5’135’1202:36“(S C13C23
where s;; = sin 6;; and ¢;; = cos6;;. The (23) sector is identified with the atmospheric dm2,,,
and the (12) sector is identified with the solar dm?%. The (13) sector is responsible for the
v, flavor transitions at the atmospheric scale so far unobserved. The Dirac phase, §, allows
for the possibility of CP violation in the appearance modes. The current best fit values or
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FIG. 1: Flavor content of the three neutrino mass eigenstates showing the dependence on the
cosine of the CP violating phase, §. If CPT is conserved, the flavor content must be the same for
neutrinos and anti-neutrinos. This figure was adapted from Ref. [4].

limits, see [3], on these parameters are'

sin? 6y, = 0.31+0.03
sin?fy3 = 0.50 +0.15
sin? ;5 < 0.04

0< § <27

and the mass splittings are approximately
|6m3,| =2.7+£0.4 x 107%eV? and dm3, = +8.0 £ 0.4 x 10~ eV

The mass of the lightest neutrino is unknown but the heaviest one must be lighter than
about 1 eV. These mixing angles and mass splittings are summarized in Fig. 1 which also
shows the dependence of the flavor fractions on the CP violating Dirac phase, . The
Majorana phases are unobservable in oscillations since oscillations depend on U;;Us; but they
have observable, CP conserving effects, in neutrinoless double beta decay. If the neutrinos
are Dirac, then neutrinoless double beta decay will be unobserved and the Majorana phases
in the MNS matrix are unobservable and can be set to zero.

The unresolved questions within this model that can addressed in oscillation experiments
are

1 Some experiments report their results in terms of sin®(26), others in terms of tan® 6. However, sin?# is
used here, since each of the three sin? §’s approximately corresponds to the fraction of a certain flavor in

one of the mass eigenstates as follows: sin? 013 = |Ues|? < 1, sin® a3 ~ |U,3]? and sin’ 015 ~ |Uea|?.



What is the size of |Ug|? ? i.e sin®fy3 ?

Hierarchy: Is m3 > OR < m? ? sign dm3; ?

Is CP violation? sind # 0.

1

If not, is [Ups)|? > or < |Usl? 7 ie. sin®fyy > or < 17

Other important questions include:

e Are Neutrinos Majorana or Dirac ?
e Are there more than three neutrinos? Sterile Neutrinos.
e Do exotic neutrinos interactions exist?

e What is the mass of lightest neutrino?

II. THE v, DISAPPEARANCE CHANNEL

For massive neutrinos the disappearance probability for any flavor is given by

P(Vy — Vo) = P(Uy — Us)
x _—im?
= | D Use ™0 | (4)
J

That is, the square of the sum of the amplitudes for the a flavor neutrino to produce a
m; mass state times a propogator factor times the amplitude for the m; mass states to
produce the a flavor neutrino. Invariance under CPT forces the disappearance probability
for neutrinos and anti-neutrinos to be identical, in vacuum.

In the three flavor neutrino Standard Model this can written as

P(l/e — Ve) =1- 4|U63|2|U61|25in2 A31 - 4|U63|2|Ueg|25in2 Agg - 4|Ueg|2|Uel|QSiH2 Agl (5)

where the kinematic phase is given by

om2 L om? L GeV
o= IR ELIA Y
Bk = e — 12669 (ew) (km) ( E ) (6)

and the unitarity properties of the MNS matrix have been used.

A. Reactor Experiments at the Solar L/E:

For experiments at the solar L/E (around 15km/MeV) without the resolution to resolve
the atmospheric oscillations on top of the dominant solar oscillation, such as KamLAND
Ref. [5], Eq. 5 can be written as

P(D, — 7.) = cl3(1 —sin® 2015 sin* Ag;) + s15. (7)

Since s}, is known to be very small, < 1073, the only effect of non-zero ;3 is a multiplicative
reduction of the disappearance probability. To measure this overall reduction requires precise
knowledge of the neutrino flux from the reactor(s). However, the solar parameters and in
particular m3, can be measured with high precision in such an experiment.
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B. Reactor Experiments at the Atmospheric L/E:

For experiments at the atmospheric L/E (around 0.5 km/MeV), such as Chooz[6], Palo
Verde[7], Double-CHOOZ[8] and Daya Bay[9], the disappearance probability, Eq. 5, can be
written as

P(ﬂe — 17@) = 1 — sin? 2013 sin® Ace + O(Agl) (8)

where A, = d0m2 L/4E. dm?, is the effective atmospheric dm? for the v, disappearance
channel, see Ref. [10], given by

6mge = c%2|5m§1| + sf2|6m§2|. 9)

That is, the electron flavor weighted average of dm32, and dm3,. The experiments Double
Chooz and Di Baya are designed to measure or put a limit on the size of sin? §,5 significantly
below the current limit of

sin? 013 < 0.04 (10)

at the best fit value for the atmospheric dm?.

C. Solar Neutrinos

Solar neutrinos are somewhat more complicated because of the matter effects that the
neutrinos experience from the production region until they exit the sun, at least for the
8Boron neutrinos. The pp and "Be neutrinos are little effected by the matter and undergo
quasi-vacuum oscillations whereas the ®Boron neutrinos produced and exit the sun mainly
as a vy mass eigenstate because of matter effects and therefore do not undergo oscillations.
This difference is primarily due to the difference in the energy of the neutrinos: pp ("Be)
have a mean energy of 0.2 MeV (0.9 MeV) whereas ®B have a mean energy of 10 MeV and
the matter effect is proportional to energy of the neutrino.

The kinematic phase for solar neutrinos is

om2 L
Do = T =107 (11)

Therefore, the solar neutrinos are “effectively incoherent” when they reach the earth. Hence
the v, survival or disappearance probability is given by

(P(v, — 1)) = ficos?Og + fasin®f, (12)
where fi+f, =1 and cos®fg +sin’f, =1,

where f; and f, are the fraction of neutrinos that are v; and v, respectively. Now the pp
and "Be solar neutrinos behave essentially as in vacuum? and therefore f; ~ cos? 0, = 0.69
and f, ~ sin?f, = 0.31 whereas the mass eigenstate fraction for the B are substantially
different, fs ~ 0.9 due to Mikheyev-Smirnov-Wolfenstein, Ref. [11], matter effects, see Fig. 2.

2 In vacuum, a v, has a vy fraction equal to cos®fs and a vp fraction equal to sin?6f.. Whereas, the

probability of finding a v, in a vy is cos? . For a v, the v, fraction is sin? 6.
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FIG. 2: The Mass spectrum (top panel), the fraction of v5’s produced, sin? Hg , (middle panel) and
the fractional flux (bottom panel) versus the product of the electron fraction, Y, the matter density,
p, and the neutrino energy, F,, for the best fit values 5m?D = 8.0 x 107%eV? and sin? 6, = 0.310.
The vertical dashed lines give the value of Y.pFE, which reproduces the average v fractions, 91,
37 and 33% for ®B, "Be and pp respectively. This value of Y,pE, = 0.89 kg cm™3 MeV, for the
8B neutrinos, gives a production mixing angle equal to 73° and a production dm3% = 13 x 107°
eV2. The matter potential, A, is related to density factor, YopE,, by A = 2v2Gp(Yep/M,)E, =
15.3 x 107%eV? (Y,p E, /kg.cm™>.MeV). For details see [14].

In a two neutrino analysis, the day-time CC/NC of SNO, which is equivalent to the
day-time average v, survival probability, (P(v., — 1)), is given by
CC

N—C = <P(Ve e Ve)> = sin® 0@ + fl Ccos 20@’ (13)

day

where f; and f; = 1 — f; are understood to be the vy and v, fractions, respectively, averaged
over the 8B neutrino energy spectrum weighted with the charged current cross section.
Therefore, the vy fraction (or how much f, differs from 100%) is given by

CC 1
() e
1= cos20, o3




where the central values of the recent SNO analysis, [12], have been used.

How does this come about? As the neutrino propogates in matter, the electron neutrino
plays a special role due to the forward scattering of the electron neutrino on the electrons
in the matter coming from W-bosons exchange, i.e. the charge current interaction®. This
additional contribution to the Hamiltonian from v,+e scattering is —v/2G N, which appears
only for the electron neutrino. For 7, + e scattering the sign is flipped. GF is the Fermi
constant and N, is the number density of electrons in matter. This implies that the matter
mass eigenstates are different than the vacuum mass eigenstates and that the Am? and
mixing angle, #, in matter are relates to their vacuum values as follows:

Am?\, cos 20y = Amg cos 20y — 2\/§GFN6EV
Am3 sin 20y = Amg sin 26,. (15)

The subscript on Am? and 6 denotes the value of the number density of electrons. For large
values of the number density of electrons, the mixing angle in matter, 6y, approaches /2.
Thus, the higher neutrino mass state becomes nearly completely v.. The minimum value of
Am3; occurs when Am? cos 260y = 2v/2GrN,E, and 6y = 7/4. This point is known as the
Mikheyev-Smirnov resonance.

For solar neutrinos the matter effects on Am? and # are shown in Fig. 2. As the number
density? times energy of the neutrinos gets larger the mixing angle approaches 7/2 and
the Am? approaches 2v/2GpN,E,. Therefore, a solar v, born in an environment with high
2v2GpN,.E, is approximately born as a v, matter mass eigenstate!

Using the analytical analysis of the MSW effect given in Ref. [13], the mass eigenstate
fractions are given by

fo=1—f = (sin? 0 + P, cos 20Y )s, (16)

where 6 is the mixing angle defined at the v, production point and P, is the probability of
the neutrino to jump from one mass eigenstate to the other during the Mikheyev-Smirnov
(MS) resonance crossing. In the large mixing angle region P, is zero to high precision. The
average (---)sp is over the electron density of the ®B v, production region in the center of
the Sun predicted by the Standard Solar Model and the energy spectrum of 8B neutrinos
weighted with SNO’s charged current cross section. Thus, the ®B energy weighted average
fraction of 15’s observed by SNO, see [14], is

A — dm? 2
fa = (sin® 03 )sp = ! + ! ( g ¢0s 20o)
2 2\ \/(0m2 cos 20 — A)? + (6m?2 sin 20, )? -
— 914+2% at the 95% CL, (17)

where A = 2v/2G r(Y.p/M,)E,. Hence, the *B solar neutrinos are the purest mass eigenstate
neutrino beam known so far and SK’s, Ref. [15], famous picture of the sun taken with
neutrinos is more than 80% vy !!!

3 Interactions via the Z-bosons are the same for all flavors and therefore effect all neutrinos equally.
4 N, = pY./M,, where Y, is the electron fraction, p is the density and M, is the nucleon mass.



III. THE v, DISAPPEARANCE CHANNEL

In vacuum, the v, disappearance probability is given by

P(Vu — VN) =1- 4|U,L3|2|Uu1|2sin2 A31 - 4|UN3|2|UNQ|281H2 Agg - 4|UH2|2|UH1|2SiD2 Agl. (18)

A. Around the First Oscillation Minima

For experiments at the atmospheric L/FE (around 500 km/GeV), such as K2K [16], Mi-
nos [16], T2K [18] and NOvA [19] in v, — v, mode , Eq. 18, can be written as

P(Vu - Vu) =1- 4|U;L3|2(1 - ‘Uu3|2) sin Ayt O(A%l) (19)

where |Uys|? = cf3533 and Ay, = om?, L/AE. ém?,, is the effective atmospheric dm? for the
v, disappearance channel® given by

Sml = U [*16m3, | + [Upa|?|om3, | (20)
" (Ul +1UaP)
i.e. the muon flavor weighted average of dm3; and dm3,. In the limit that ;3 — 0
A|U,32(1 = |Uys]?) = sin® 203 (21)
and (5miu = sT,|0m3,| + &y |0m3,| (22)

The difference between dm?, and |dm3,| is given by +s3,dm3, which is approximately a 1%
shift whose sign depends on the hierarchy. This form of the oscillation probability is what
SK uses in their two flavor analysis of atmospheric neutrinos.

IV. APPEARANCE CHANNELS: v, — v,

The most likely genuine three flavor effects to be first observed are long baseline v, — v,
or one of its CP and T conjugate processes. That is, in one of following transitions

CP

Vy = Ve < Uy —1,

T 0 T

Ve = Vy < Ve — 1,

CP

5 The difference between the two effective atmospheric ém? is small and depends on the hierarchy.

2
o

hierarchies, see [10].

dm2, —dm? , = £0m3, (cos 2015 — cos § sin O3 sin 2015 tan fa3) where the + (-) is for the normal (inverted)



Processes across the diagonal are related by CPT. The first row will be explored in very
powerful conventional beams, Superbeams, whereas the second row could be explored in
Nu-Factories or Beta Beams.

In vacuum, the probability for v, — v, is derived like so, [20],

—im2L/2E —im2L/2E —im2L/2E 2
Py = ve) = | Ule ™PE U + Ulye Ml PEU o + Urge ™HPP U |
= ]2U;3U€3 sin Age 232 4 2U5Ues sin Ay |?

~ |/ Pume A2 £ /P, (23)

where /P, = sin fy3 sin 2605 sin As; and v/ Py, & cos 093 sin 26015 sin Ay;. For anti-neutrinos
0 must be replaced with —§ and the interference term changes

24/ Patm\/ Psol COS(ASQ + (5) = 24/ Patm\/ psol COS(AgQ — 5)

Expanding cos(Asy £ §), one has a CP conserving part

27/ Pyt \/ Piol COs A3o cOS O (24)

and the CP violating part

F2+/ Patm/ Paor sin Agy sin 0, (25)

where - (+) sign is for neutrino (anti-neutrino). This allows for the possibility that CP
violation maybe able to be observed in the neutrino sector since it allows for P(v, — v.) #
P(v, — v,).

In matter, /Py, and /P, are modified as follows
sin(Ag; — al)

\ Patm = sin Qgg sin 2013 (A31 — aL) Agl
in(al
\ Psol = COS 023 sin Qelg%Agl (26)

where a = £GrN,/v/2 ~ (4000 km)~! and the sign is positive for neutrinos and negative
for anti-neutrinos. This change follows since in both the (31) and (21) sectors the product
{6m?sin 260} is approximately independent of matter effects. Figure 3 shows the v, appear-
ance probability as a function of the distance for neutrinos and anti-neutrinos for both mass
orderings at an energy appropriate for T2K, E=0.6 GeV. Whereas, Fig. 4 is the v, appear-
ance probability as a function of the neutrino energy at a distance appropriate for NOvA,
L=810 km. In Figs 5 and 6 the bi-probability plots are shown for both T2K, [18], and
NOvA, [19] . Tt is possible that these two experiments will determine the mass ordering
(normal or inverted hierarchy, see Fig. 1), and observe CP violation in the neutrino sector.

V. BEYOND THE NEUTRINO STANDARD MODEL:
Except for the LSND anomaly [21], all neutrino flavor transitions observed so far can be

explain using three massive neutrinos which are orthogonal mixtures of the three neutrinos
of given flavor. The LSND anomaly is the observation of v, — 7, at an L/E of order
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FIG. 3: The left panel show the atmospheric and solar components of the v, appearance probability
for a neutrino energy of 0.6 GeV for both neutrinos and anti-neutrinos and both mass orderings
as a function of the baseline. The dotted P,, curve is the vacuum atmospheric appearance
probability. Ps, is independent of the hierarchy and the same for neutrinos and anti-neutrinos.
The T2K experiment will be performed at approximately this energy at a distance of 295 km and, if
constructed, T2KK will be around 1000 km. The right panel shows the full appearance probability
including the interference term for § = 37w /2. The appearance probabilities for § = 7/2 can be
obtained from these by interchanging normal and inverted as well as neutrinos and anti-neutrinos.

500m/GeV with a transition probability of 0.2 %. This suggested the possibility of one or
more addition neutrinos which have a squared mass splitting from the active neutrinos of
order 1 eV2 These additional light neutrinos cannot have SU(2) x U(1) quantum numbers
otherwise their effects would have been observed in other processes, e.g. the decay of Z-
boson. Hence, they are called sterile neutrinos. One additional sterile neutrino is marginally
compatible with all existing data in the 3+1 scenario®. The strongest constraints on this
model come from v, and v, disappearance experiments. The disappearance of v, at the
LSND L/E depends on the fraction, |Ue|?, of v, in the additional 4th-neutrino and similar
for v,. The non-obersevation of disappearance of both v, and v, implies that both |Ug,/|?
and |Uy|? are small. In this 3+1 model, the LSND appearance of 7, from 7, depends
on the product of these two small quantities, |Ug|*|U,4]*. Thus, moderate limits on the
disappearance modes can severely constraint the appearance mode. In a full analysis of
both the disappearance and appearance channels only a few small atolls are not excluded
at high confidence level in the {dm? v sin®20},snp plane. The 2+2 scenario’ is strongly
disfavored, since both the solar and atmospheric oscillations are primarily due to active
neutrino oscillations. In this model one or both of these phenomena would have to have a
substantial sterile neutrino component.

What about the possibility of more than one sterile neutrino? With two or more addi-

6 In the 341 model the additional neutrino is split from the other neutrinos by order of 1 eVZ2.
" In the 242 model the solar neutrino pair is split from the atmospheric neutrino pair by order of 1 eV2.
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FIG. 4: The left panel show the atmospheric and solar components of the v, appearance probability
at a distance of 810 km for both neutrinos and anti-neutrinos and both mass orderings as a fuction
of the neutrino energy. The dotted P, curve is the vacuum atmospheric appearance probability.
P, is independent of the hierarchy and the same for neutrinos and anti-neutrinos. The NOvA
experiment will be performed at this distance with an energy centered at 2 GeV. If an experiment
is mounted at the second oscillation maximum at this distance the energy would be approximately
0.6 GeV. The right panel shows the full appearance probability including the interference term for
d = 3w /2. The appearance probabilities for § = w/2 can be obtained from these by interchanging
normal and inverted as well as neutrinos for anti-neutrinos.

tional neutrinos the parameters can be chosen so as to be compatible with all existing data,
even with the recent non-observation by mini-BOONE [22] of v, — v, at the same L/E and
sensitivity as LSND, see [23]. This can occur because of the possibility of CP violation at
the LSND L/E in models with two or more additional neutrinos. Let us consider the 3+2
model is some detail. If we label the masses of the two additional neutrinos m4 and ms then
following Eq. 23,

P(v, — v.) = 2UUessin Asie™2% 42U, Uy sin Ay |2
= 4’UM5‘2‘U€5‘2 sin2 A51 -+ 4‘Uu4‘2’Ue4’2 sin2 A41
+8’UM5‘ |U€5‘ |UH4‘ |U€4’ sin A51 sin A41 COS(A54 + (554) (27)

where 054 = j:arg(U:5Ue5Uu4 >1). The positive sign is for v, — v, whereas the negative
sign is for v, — v,. At the LSND L/E the difference between the masses, my, mo and mg
is too small to be relevant, so m; has been used as the common mass of these neutrinos,
ie. As1 &~ Agy &~ Asz and Ay = Ay =~ Ays. The last term of Eq. 27 is the interference
term between the two amplitudes which can be constructive for 7, — 7. and destructive for

v, — Ve. Therefore allowing for the possibility that

P, —1v.) > P(v, — ve). (28)

This is a possible explanation of why LSND sees a signal in anti-neutrinos whereas mini-
BOONE does not see a signal in neutrinos at approximately the same sensitivity. The v,

11



T2K: E=0.6GeV and L=295km
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FIG. 5: The left and middle panels are the iso-probability contours for T2K as a % for the neutrino
(left) and anti-neutrino (right) channels. The solid (blue) line is for the normal hierarchy whereas
the dashed (red) line is for the inverted hierarchy. The right panel is the bi-probability plot showing
the correlation between the two probabilities. The matter effect is small but non-negligible for T2K.
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FIG. 6: The left and middle panels are the iso-probability contours for NOvA as a % for the
neutrino (left) and anti-neutrino (right) channels. The solid (blue) line is for the normal hierarchy
whereas the dashed (red) line is for the inverted hierarchy. The right panel is the bi-probability plot
showing the correlation between the two probabilities. The matter effects and hence the separation
between the hierarchies is 3 times large for T2K than NOvA primarily due to the fact NOvA has
three times the baseline as T2K. The difference in the matter effect between T2K and NOvA can
be used to untangle CP violation and the mass hierarchy.

and v, disappearance probabilities are given by

Py — Vo) = P(Uq — U4)
~ 1 —4|Uqs)? sin® Asp — 4|Uns|?sin® Ayy + O((|Uaa* + |Uas?)?)  (29)

where v, = v, or v,. The spreading of the limit on the disappearance probabilities between
two distinct dm?, dm3, and dm2,, reduces the severity of the constraints on the appearance
modes compared to the 3+1 models. An improvement on the limit of both disappearance
modes by a factor of v/2 would improve the constraint on the appearance mode by a factor
of 2 for all values of the CP violating phase s4.
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VI. SUMMARY AND CONCLUSION

A summary of neutrino oscillation phenomenology has been presented in the neutrino
Standard Model - 3 active neutrinos only. The oscillation probabilities in the disappear-
ance channels for v, and v, flavors are presented with the relevant approximations for the
experiments that will be discussed later in this volume. The appearance probability for
v, — Ve and v, — I, is discussed in some detail with particular attention to the unresolved
questions associated with the neutrino mass hierarchy and CP violation. This channel is the
most likely one to provide the first observation of genuine three flavor effects.

Beyond the 3 flavor Standard Model, the addition of one or more sterile neutrinos has
been discussed. In these models, there are additional L/E’s for which oscillation phenomena
can potentially be observed and if there are more than one additional neutrino CP violating

effects can be important.
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