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Abstract

We readdress the problem of finding a simultaneous desmmipfithe pion form factor
data ine™e~ annihilations and in- decays. For this purpose, we work in the framework
of the Hidden Local Symmetry (HLS) Lagrangian and modifywketor meson mass term
by including the pion and kaon loop contributions. This keagd to define the physical
p, w and ¢ fields as linear combinations of their ideal partners, wibefficients being
meromorphic functions of, the square of the 4—momentum flowing into the vector me-
son lines. This allows us to define a dynamida, s-dependent, vector meson mixing
scheme. The model is overconstrained by extending the Wwankan order to include the
description of all meson radiativd’(Py and P~~ couplings) and leptonici{e* e~ cou-
plings) decays and also the isospin breakingd — 7+7~) decay modes. The model
provides a simultaneous, consistent and good descriptithe e ¢~ andr dipion spectra.
The expression for pion form factor in the latter case isvéerifrom those in the former
case by switching off the isospin breaking effects spedificte~ and switching on those
for 7 decays. Besides, the model also provides a good accourtddcay modes of the
form V P~, P~~ as well as the isospin breaking decay modes. It leads us pogeonew
reference values for the — ete~ andw — 77~ partial widths which are part of our
description of the pion form factor. Other topies + K K, the p meson mass and width
parameters) are briefly discussed. The most important qaesee of this work is indirect
and confirms the known 3.3 discrepancy between the direct BNL measurement of the
muon anomalous moment and its theoretical estimate retying ¢~ data.
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1 Introduction

In order to study the phenomenology of light flavor mesonswel GeV, like partial de-
cay widths or meson form factors, one needs a framework wihiclides in a well defined
manner the lowest mass nonets of pseudocalar (P) and v&tandsons. Such a frame-
work is well represented by the hidden local symmetry (HL®3ii [1,[2]. In this approach,
vector mesons are gauge bosons of a spontaneously broldenhatal symmetry which gen-
erates their (Higgs—Kibble, HK) masses. Besides the namralous sector, this model has an
anomalous sector, hereafter called FKTUY Lagrandian [Bjctvaims at describing couplings
of the formV'V P, V Py P~~, V PPP for light flavor mesons.

In its original form, the full (non—anomalous and anoma)duere HLS Lagrangian fulfills
the U(3) symmetry, as it possesses both Nonet Symmetry {i@) flavor symmetry. As
such, the HLS model covers a limited phenomenological scoparder to broaden this scope,
especially in order to account faf Py and P~ couplings as derived from measured partial
widths, the original HLS model should be supplemented withrmetry breaking mechanisms.

SeveralSU(3) symmetry breaking schemes have been propased [4, 5, 6viatiothe
original idea of Bando, Kugo and Yamawaki (BKY) [7]. It hasgmeshown([8, 9] that the most
successful variant is the so—called “new scheme” of Ref.bf&fly recalled in Appendik C.
However, breaking only th&U(3) symmetry is insufficient [8,]9] in order to reach a satis-
factory description of the data driP~y and P~ couplings which requires one to also break
Nonet Symmetry. This was first performed inahhoc manner in[[8] with the aim of recover-
ing the radiative decay couplings of O’'Donnéll [10] whichhe most general set fulfilling only
SU(3) symmetry ; therefore, the model developediin [8] was indeealgreement with gen-
eral group theoretical considerations with additionaltpechanism smoothly breakirij/(3)
flavor symmetry.

Slightly later, it was shown [9, 11] that an appropriate natgbm for Nonet Symmetry
breaking can be produced by adding determinant teérms [1REt6ILS Lagrangian ; the result
was shown to meet all properties of Extended Chiral Pertiobd@ heory (EChPT)[13, 14, 15]
at leading order in the breaking parameters. Additionatlyyas also proved [11] that the
Nonet Symmetry breaking mechanism proposed in [8] was mhdeeappropriate approxima-
tion of the (rigorous) mechanism derived from adding theedeinant terms to the bare HLS
Lagrangian.

However, breakingsU(3) and Nonet symmetries is still not enough to be in position of
describing fully the whole set of radiative decays>~ ; indeed, a process like¢ — 7%y
requires including @& — ¢ mixing scheme ; additionally, any global fit of all availablig’~
transitions cannot be successful without introducing saichixing. Traditionally, thes — ¢
mixing is described [8,/9] by rotating the fields and ¢; which are the entries of the bare
vector field matrix, generally called ideal fields. An angiedlving the mixing of the; and
1’ mesons is also required which has been showh [11] to vanigteitimit of exactSU(3)
symmetry of the HLS Lagrangian.

A short account of the HLS model in its anomalous (FKTUY) aod-ranomalous sectors
is given in Appendice5 A andIB, mostly focused on the subjédhis work. AppendiX_ C
describes shortly but fully the various symmetry breakingcpdures and the field renormal-
ization scheme, except for th#/(2) breaking mechanism which is the main subject of this
paper. All this illustrates that the model depends on a vewyriumber of free parameters as



clear from Appendix_ D where they all appear. Among these fraameters, some are spe-
cific to our HLS based model, but some others are constraiRedinstance, one of the two
SU(3) breaking parameters is the ratio of decay constantg,. and can be constrained by the
corresponding measured value.

On another hand, decay processes likep — 7+7~ can hardly be understood without
some scheme fo® — w andp® — ¢ mixings. Moreover, the decay behaviour @fand p*
cannot differ at the coupling constant level. It happens tina HLS model at one loop order
provides a mechanism which allows us to perform a flll- w — ¢ mixing starting from
the corresponding ideal (bare) fields. Within the non—arlousaHLS Lagrangian, the precise
mechanism, kaon loop contributions, has been already ibescin [16]. However, we shall
see that the (FKTUY) anomalous sector provid&ds loops as additional mechanism.

Within the HLS model, as recalled beloW, < V; transitions among the idea}, w; andg;,
fields are generated by loop effects ; these transitionsrgiyp@ave not a constant amplitude
but rather depend on the squared 4—-momentum flowing thrdwgl; t(and V;) line(s). We
show in Sectiom 4 that charged and neutral kaon Arid loops come through their sum in
thew; < ¢; amplitude, while they come through their differencesth< ¢; andp} «— w;
amplitudes. This also means that the- ¢ mixing proceeds from quantum effects rather than
symmetry breaking effects, in contrast with thle— w or p° — ¢ mixings. These transition
amplitudes are given by Dispersion Relations which shoaldubtracted in order to make the
integral convergent (see, for instance, Appendix A in [9is gives rise to polynomials with
real coefficients to be fixed using external renormalizationditions.

In the exact SU(3) symmetry limit, charged and neutral kaiamsy the same mass and one
can expect (or require) the polynomials associated withcttegged and neutral kaon loops
to coincide. Likewise, the charged and neutk&i K loop functions can be made equal. In
this case, thev; < ¢; amplitude survives with its renormalization polynomialhile the
Y — ¢randp? « w; transition amplitudes exactly vanish. If one breaks the33lavor
symmetry leaving conserved tlie, d) quark sector, the same conclusion holds. However, if
one introduces a breaking 6fU(2) flavor symmetry, the mass difference beweeand d
guarks generates a mass difference between the chargeaaindl kaons (and*’s). Then,
the three possible transition amplitudes do not identicadinish any longer and, moreover,
they depend on the invariant mass associated by the 4-mamédiawing through the vector
meson lines. Stated otherwise : thfe w; and¢; mixing into the physicap?, w and¢ fields
should also be invariant mass dependent. As already nof@dia] this implies that the vector
squared mass matrix, which has to be diagonalized in ordiefine the physical fields, is also
invariant mass dependent and that the notion of mass forhigiqal vector fields becomes
unclear as soon as one goes beyond tree level.

The property thap® — w mixing should be invariant mass dependent has been thecsubje
of several studies in the framework of general local effectield theories [17], then in Vector
Dominance Models [18, 19] where it was pointed out that themgiamplitude should vanish
ats = 0, as thep’ andw self-masses, in order to preserve gauge invariance. Onealsay
guote other studies going in the same direction [20, 21lijpating the mixing to finite width
effects, or quark loops (and pion loops). Using only the gaorm factor data available at that
time, Ref. [22] derived an approximate expression forthe w mixing amplitude ; however,
limiting that much the kind of data used, one cannot reallyesbe a clear mass dependence
effect. On the other hand, one should also note that Rei. g&8}ed that isospin violation



effects describing the’ —w mixing are not accounted for by the low energy constants (LdfC
Chiral Perturbation Theory (ChPT) but are generated neasfiold by the difference between
charged and neutral kaon loops ; it was also shown that tHfesgseare tiny at the two—pion
threshold (0~*) while they are known to be at the percent level in resonaee& pegion. This
illustrates the invariant mass dependence ofsthe w mixing. However, one should note that
the absence of the LECs in this calculation suggests a mperesult may be unreliable.
Therefore, the question we address is to consider the gftédbops onp®, w, ¢ mixing.
However, in order to have some chance to single out the maendent behaviour, one clearly
has to treat simultaneously the pion form factor data in thecslike and timelike regions
together with the largest possible set of light meson deadiative, leptonic and isospin
violating strong decays) within a single framework. As adabove, the HLS model, equiped
with suitable symmetry breaking mechanisms, seems ableotode such a framework. We
shall not try to include Isospin Symmetry breaking effect® ithe coupling constants which
would help by providing more parameter freedom in the fit pthaes. If really needed, it can
certainly be done along the lines of the BKY breaking schermé]as illustrated by [24].

The question of having a unified description of the largesisfgne set of low energy
data is by itself interesting. However, this also addrefisepuzzling and long—standing prob-
lem of the difference between the (estimated) isospin 1 qfattie pion form factor ine*e~
annihilations and in- decays which are related through the Conserved Vector Qluassup-
tion (CVC). The importance of the problem is enhanced bynitplication for the predicted
value of the muon anomalous magnetic momegntio be compared with the direct BNL mea-
surement([25] ; refering to the latest account by M. David] [the estimate of the hadronic
vacuum polarization (which enters the theoretical estnaérived frone™e¢~ data provides a
3.3 0 disagreement between the theoretical estimatiar), @ind the BNL direct measurement
[25] ; moreover, the: data estimate of the hadronic vacuum polarization provadesue ofa,,
very close to its direct measurement/[26].

Except for an experimental problem withfe~ annihilation data (which seems by now
unlikely) in the data recently collected at Novosibirskl[22,[29] 30], or some new (or uniden-
tified) physics effect, the disagreement betweesr andr data [31| 32, 33] is hard to explain.
Indeed,a priori the single difference between these two channels, shouttlbdo Isospin
Symmetry breaking (IB) effects. However, the comparisos Ibeen already performed with
IB effects accounted for in bothte~ and+ data. This includes [34, 35, 36] pion mass values
in kinematical factors, (a parametrization of the} w mixing, charged and neutralmass and
width differences, short range [37] and long range [38, 3D/4,[42] 43] IB effects in the
partial decay width to two pions.

This persistent disagreement may point towards new physiests [44] ; however, one
should also note that the way some IB effects are accountduba®been questioned several
times. For instance, effects due to the charged and neufpale positions|[45, 46] were
considered, but have not been found sufficient in order teesthle observed discrepancy [35,
36] ; p — w mixing effects may also have been poorly estimated [47]. élex, based on sum
rules derived using an OPE input, K. Maltman|[48], 49] conetlithere is inconsistency of the
(presently) estimated isospin 1 partedfe~ data with expectation, while data provide a nice
agreement.

We plan to address this question once again by building act@fe model relying on the



(symmetry broken) HLS model. In this approach, we plan teehaframework giving simul-
taneously an account of the partial decay widths of lightanesdecays (radiative, leptonic,
isospin breaking decay modes), of the pion form factarfia— data (both timelike and space-
like) and inT decay. By construction, the corresponding expressiongeopion form factor
will be such that they will solely differ from each other by&pin Symmetry breaking effects,
mostly located in thép, w, ¢) mixing scheme which, of course, has no counterpartdecay.
Stated otherwise, our model is built in such a way that gaiomfthe pion form factor expres-
sion ine™e™ annihilations to the expression valid ferdecays is performed by switching off
IB effects specific t@* e~ and switching on those specific tadecays.

At start, the model we built is rendered complicated by tlhgdanumber of possible loops
involved. Fortunately, it can be somewhat simplified withtmosing too much physics in-
sight. Of course, this model depends on some parametersfieeloein a fitting procedure ;
we should define a fitting procedure flexible enough thdécay data can be removed or kept.
Stated otherwise, the light mesons decays and the pion factorfine™e™ data are expected
to fix practically the U(3)/SU(3)/SU(2) breaking model. mgapproach, we may get a predic-
tion of ther decay 2—pion spectrum which can be compared with the egistisasurements.
Including T decay data should only refine the values of the fitted paramete

The paper is organized as follows : In Sectidn 2, we deriveLtigrangian pieces of
relevance in order to deal with the pion form factorire— annihilations and decays, while
in Sectior B we give the pion form factor expressions witHoap corrections and symmetry
breaking effects, mostly for illustration. In Sectibh 4 wisaliss the loop corrections which
modify the vector meson mass matrix and perform already samlifications. The modified
vector meson squared mass matrix we propose is given indB&tivith the diagonalization
procedure and the relation between physical and ideal veweon fields. The method used in
order to renormalize the loop functions defining the selérgies and the transition amplitudes
is sketched in Sectidd 6. The form factor functions used-fdecays and*e¢~ annihilations
are given in resp. Sectiof$ 7 dnd 8. A necessary ingredifattiaigy the pion form factor in
ete™ annihilations is the photon vacuum polarization (VP), whig discussed in Sectign 9.
Fitting with the partial width expressions is briefly dissad in Sectioh_10 ; more details can
be found in[[16], where a practically identical method isdiséth constant mixing functions,
however. The way to deal with the various kinds of data useberfit procedures is described
in Sectior 11, with a special emphasis on our dealing withesoconrelation phenomena present
in the existing data. In Sectianl12, we fully describe the fitqedures we worked out under
various conditions and the results and conclusions we rpaehalso comment on the numer-
ical and physical properties of our model. Finally, Secti@nis devoted to a summary of our
conclusions.

As already commented upon in course of the Introductionersé\Appendices gather re-
sults of ours or others already published. They are givemiateempt to be as self contained
as possible ; they are placed outside the main text in theeisitef clarity and ease of reading.



2 The HLS Lagrangian Model

We outline in the Appendices the main features of the HLS Miodsoth the non—anomalous
(Appendix A) and anomalous (Appendix B) sectors. This alas to derive the leading terms
of the non—anomalous Lagrangian of interest for the prgsapér by expanding the exponen-
tials defining the fields. The breaking of flavour symmetries, SU(3) and the Ni8yenmetry
is sketched in AppendixIC.

Several pieces of the HLS Lagrangian of relevance for ounlpro will be given explicitly
in the main text ; first, the part describing the photon seftaditional VMD) is :

Lyup =iel=A-7" gt +i—(za—5 —bA-K~ 9 K* +i—bA-K" 9 K’

ZA 2 ZA
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limiting oneself to vector mesons, pion and kaon fields. &ilaymmetries have been broken
and, as noted in [7) 6], this implies a pseudoscalar fieldrmaabzation. The pseudoscalar field
renormalization has been performed (following the prgsiom given by Eqs.[(80) or, rather,
by Egs. [[84) which include Nonet Symmetry breaking). The fkagrangian of the vector
meson fields is standard [1, 2], as well as the (canonical)dusealar kinetic energy piece, the
leptonic (see Ed.(71)) and photonic free Lagrangian pieces

The parametey is the traditional universal vector meson coupling cortst@m the other
hand, the parameteris specific of the HLS model and fulfills = 2 in standard VMD ap-
proaches ; however such a stringent condition is not mangatal several phenomenological
studies involving pion form factor data on the one hand [3() a#md light meson decays on the
other hand 8, 9] concluded that a much better favored value-i 2.4 - 2.5. This opens a way
to a direct coupling of photons to pseudoscalar pairs witthiD—like approches. One should
remark the presence of a photon mass term of artlamich is traditionally removed by field
redefinition [2,52] (see also [53] and the discussion camogrthe photon pole position). It
can also be removed by renormalization conditions at ong doder.

The parameteb in Eq. () isb = a(zy — 1)/6 wherezy is the SU(3) breaking parameter
of the £y part of the HLS Lagrangian, whiley, = [fx/f:]* = 1.495 + 0.031 [54] is the
SU(3) breaking parameter of its, part [1,/2]. z4 is almost fixed numerically, while, is
the major origin of the HK mass difference between ¢hmeson and théw, p°) system ; it
has to be fitted as the relation between vector meson mastamded experimentally and
the (Higgs—Kibble) masses occuring in Lagrangians is @amdk2, 9]. On the other hand, the
value for fx / f. provided by the Review of Particle Properties (RRP) [54] lbaradded to the
set of measurements to be fit.

A subscript/ on the fields, standing for “ideal”, affects the neutral weecheson fields. It
indicates that the corresponding fields occuring in the &agian are not the physical fields.

One should note [6] that the SU(3) breaking of the HLS Lagiamgenerates a non—
resonant coupling of the photon to neutral kaon pairs ; fasgroperty common to all breaking
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procedures of the HLS Lagrangian proposed sd far![7,6, 4, 5].
On the other hand, still limiting oneself to pions and kaomig the Lagrangian piece of
relevance forr decay after symmetry breaking and field renormalizationvergby :

igs N a, = a. 1 oo
s =V, WV |[(1-= _Z K K
L 5 Vad l( 2)7r Om + (24 2)ZA\/§ ) ]
_af?ggzvdWJr_p__ia_gp_ 71'0 57T+— 1 FO§K+
2 " 2 22
1+a a 3 B
+ 739%{ 4 [ZA|vus|2+‘Vud‘2} +Z[\/ ZV_ZA]|VUS|2}W+'W —|—af7ggzp+p

(2)
plus the conjugate of the interaction term (ifie” term, not displayed). This Lagrangian piece
depends omy, (which is fixed by its relation with the Fermi constant (see EZg))), on the
CKM matrix elementV,, = 0.97377 4+ 0.00027 [54], on the universal coupling and on the
breaking parameters, andzy already defined. One should note, balancing the photon mass
term in Ly p, @ small mass term complementing thé mass of the Standard Model which
could be removed by appropriate field redefinitions.
Finally, the effective Lagrangian of the Model we use in orte describe low energy
physicsiis :
L = Lyvymp + Lr 4 Lanomaious (3)

whereL ..omalious 1S given by Eq. [(87). 1t3/V P part is not given in the Appendices, but can
be found fully expanded in the Appendices [of [8]. The first i@oms in Eq. [(B) allow us
to build up the pion form factor im*e™ interactions and decay and the leptonic widths of
neutral vector mesons, while the anomalous decays will lbé déth starting from the third
piece. Except for the single fit parametgrwhich is important only forl* radiative decays,
all breaking parameters are common to all pieces oftbumore precisely, all parameters of
our model, except those of the vector meson mixing, couldxeel firom only L ...omaions @nd
the leptonic decays of vector mesons. This was proved in, [BGPby adding variou$p, w, ¢)
mixing schemes including the most traditiorial ¢) mixing in isolation [8].

3 The Pion Form Factor Without Symmetry Breaking

The Lagrangian given in EqL](3) allows us to construct the posm factor ine*e~ anni-
hilation and inT decay. One hasi, = m,+) :

a a2g2f2 1
=(1—-2)— L 4
for both processes involving intermediate photon and W bo¥¢e also have :
_ _ 8ma’ 2 3
olete” - ntn™) = 35572 |Fr(s)|7q
5)
dr _ Vuil’G% > 2 (
—() = irims P Go(s) + €Gas)]
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where one accounts for the pion mass difference. Fk(@) term gives a completely negligi-
ble contribution to the form factor and will be cancelled énatm now on. The bare inverse
propagatoD,, = s — mi has to be modified for self-mass effects which fortunateify gte p
meson pole off the physical region by giving it an imaginaaytpAt this stage, there is also no
inclusion of loop effects inp or W p transition amplitudes in the expression for the pion form
factor itself.

Additionally, there is clearly no interplay of the or ¢ mesons as can be seen from in-
specting the various pieces of the full Lagrangian in Eq.; 8)s should come from Isospin
Symmetry breaking.

Including self-mass effects for the(and adding thev/¢ meson contributions fogte™
annihilation), these expressions provide the usual HL&d&smework for pion form factor
fitting of e e~ data [51/50]. Even if never done, in principle, Eql (4) applior data, again
after shifting thep™ singularity off the physical region by means of a varying thi@reit-
Wigner amplitude, for instance.

4 Including One—Loop Effects In The HLS Lagrangian

From the expressions given in the previous Sectiongth@son occurs as a pole on the
physical region ; this is moved off the real axis by self-m@ssp) effects which essentially
turn out to provide a width to the through the imaginary part of the pion loop. However,
besides this effect, a closer look at dliallows us to see that loop effects contribute to generate
self-masses to all vector mesoasd transition amplitudes among all neutral vector mesons.
Assuming from now on SU(3) and SU(2) breaking effects, thergdd and neutral pion and
kaon masses become different. One can see that kaon loopiseaadomalou$’V' P piece of
the Lagrangian give the following transition amplitudestieutral vector mesons (ideal fields

10f course, in the SU(2) symmetry limit, we hawe- 0 andg, = Q.



are understood,e. II,,,(s) should be understood &,,,, (s), for instance) :

Tp(5) = G2enll'(5) + gPcrc (T () + To(5)) + [g2nTTn(5) + -+ ]

M (5) = g2acxc (T (5) + To(s)) + 2o o (s) + -]

Mgo(s) = g2k k(I (5) + Ma(s)) + [P Trcerrc(5) + -+

Moo (s) = —GurcrcGorcrc (i (5) +To(5)  + [2 gorceseforce e (Mo () + Hgcwoo(s)
M(5) = gorercgurcrc (T () — Tlo(s)) + (2 G Gprce s (i1 (5) — Ticoogco(s)) |
Mog(s) = —GorcicGorcic (T () = Tho(s))  + [2 Gurceseprcese (Mo g (5) — Ticeogen(s)) |

(8)
where we have defineg,., = ag/2, g,k x = guxx = ag/(4z4) andgyxx = V2agzy/(4z4).
IT'(s) is the charged pion loop, whilé, (s) andll,(s) are the charged and neutral kaon loops,
each amputated from their couplings to vector mesaaslpops carrying unit coupling con-
stants).

The contributions of the anomalous loops have been displagéveen square brackets.
The anomalous FKTUY Lagrangian gives several terms carttrig to the self-massés,, (s),
1L, (s) andIl,s(s). They can easily be constructed from & P Lagrangian given in Ap-
pendix 4 of [8] ; for these, we have displayed in E@s$. (8) omlg cepresentative of the full list
which includes alwayd<* KF, KK’ K K° and, depending on the particular self-mass
considered, contributions fromr®, px°, wn, pn, én, wy', p’ or ¢1’ loops.

The anomalous parts of all transition amplitudes have bagrety displayed, as they ex-
hibit an interesting correspondence with the non-anonsadaumtributions. We have identified
to each other both** K¥ loops on the one hand, add K"’ with K *’K° on the other hand.
Using the present set of notations, we have defingdx = guxx = V/27/24Ganom/2
and gsx: . = Ganom/ 22427 With [8] Ganom = —39?/(87%f,). We have also denoted by
[ -+ g+ (s) @and Il k.o o (s) the amputatedd** K ¥ and K*° K° loop functions.

In the exact Isospin Symmetry limit, one Has(s) = I1y(s) onthe one hand, addy -+ x=(s) =
[Tk« io(s) on the other hand. Then, all transition amplitudes vanisiepiforwao.

Therefore, within the HLS model, the¢ mixing is a natural feature generated by loop
effects and not from some breaking mechanism. In contiaspd mixing and the prominent
pw Mixing are fully due to Isospin Symmetry breaking. Incluglithe anomalous sector does
not change the picture.

If one denotes byl ,(s) the amputated< ™ K° loop and byll”(s) the amputated*°
loop, the charged self-mass reads :

H/pp(s) = gimﬂﬂ(s) + 29§KKH+/0(8) + {giiwiﬂw(s) + - } (9)

with a partial display of the anomalous loop contributioesaAeen the square brackets. This
expression actually differs little from the neutralself-mass ; indeed, the effect of having
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different masses for neutral and charged particles in tloegecomputations is tiny. Of course,
in the Isospin Symmetry limit, we havé/ (s) = II,,(s) and then the andp™ propagators
(and their poles) coincide.

As is clear from the Lagrangian pieces given by Edd. (1) apdtt@ fieldsp!, w?!, ¢!
as well asp* are certainly mass eigenstates at tree level. This statameains true fop™
at one—loop order as there is no transition loop from thisands any other one. This is,
however, clearly not true foi’, w!, ¢! fields which undergo mixing with each other, as can be
seen from Egs[{8). Moreover, as for the self-masses, thasation amplitudes are invariant
mass dependent as already noted [9, 16] !

This implies that physical fields associated with tiew, ¢ mesons do not coincide with
their ideal combinations as soon as one—loop correctiansarsidered. Moreover, the precise
content of the physical fields in terms of ideal fields variéghw, or more precisely with the
invariant mass flowing through the physical field under coestion. This does not prevent
in standard approaches to yse w’, ¢’ in physical amplitudes [55]. However, as one loop
effects have certainly to be considered even only in ordehtfi the vector meson poles off
the physical region, they should legitimately be considetso for field mixing.

We raise the question of taking these loop effects propatty account and proceeding to
the appropriate field redefinition to physical fields. In artiedeal with this problem, let us
define as effective Lagrangian the Lagrangian in Ed. (3) kupented with the self-masses
and transition terms occuring at one—loop order ; this taunsto replace the simple vector
meson mass term in the HLS Lagrangian by (= ag? f2):

1
o] o 0 e+ v + T .

+21L,,(s) prwr + 21L,4(8) prdr + 2y (s)wrdr} + [m? + H;p(s)]pJFp_

The K* mass term, which should also be modified correspondinghgtishown as it plays
no role in the present problem.

Even if anomalou$” P contributions seem to play some role visible/[51] (and, nidnadess,
marginal) in pion form factor data, qualitatively their ¢ form is really active only above
the wr threshold, which is the lowest magsP threshold ; all others are far above the GeV
regiorﬁ. Below the threshold, the main effect is due to their subivagolynomials which can
be well absorbed in the subtraction polynomials of the agmging pion and kaon loops in
order to put the poles of thepropagator at the place requested by the data.

Beside the (non—anomalous) pion and kaon loops, all tiansitmplitudes involve only
K*K loops, the threshold of which beingat1.4 GeV. This means that, besides their subtrac-
tion polynomials (minimally of degree 2), in the region belthe GeV, their behaviofr [9] is a
real logarithmic function (below/s ~ 0.4 GeV) or an arctangent functiof.¢ < /s < 1.4
GeV). This also can be numerically absorbed in a fitted satira polynomial.

Therefore, there is some sense in neglecting the (expticitjributions of the anomalous
loops, being understood that their effect is mostly cormeged in their subtraction polynomi-
als. Moreover, as these come always together with pion aod keps, they can be accounted

2Their threshold masses are spread out betweers GeV and~ 2 GeV.
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for by simply letting the (free) pion and kaon loop subtractpolynomials to be second degree.
Therefore, we shall neglect their (explicit) contributsppointing at the appropriate places to
their possible influence. Thus, from now on, the self—emsrgnd transition amplitudes should
be understood as Eq§l [8—9) amputated from the square btankes.

The use of the modified HLS Lagrangian has already been diedus [9] where it was
shown, for instance, that this method allows one to recogetor meson propagators usually
derived through the Schwinger—Dyson resummation pro@duhich turns out to sum up an
infinite series, which is not necessarily convergent. H@awewe show shortly that introducing
this modified mass term allows us to also account for the dthasition effects which would
be more difficult to derive from the Schwinger—Dyson resuriomgprocedure (of course, this
should be possible, merely tedious).

5 Mass Matrix Diagonalization And Physical Fields

As clear from Eq.[(10), at one loop order, the mass term isattiabin the charged vector
meson sector and will not be discussed any longer. In thealexgictor meson sector, however,
the mass matrix is not diagonal and the effective Lagrangiass term is :

Lonass = %ﬁMQ(S)U with U = (p!,w!, ¢") (11)
(the ideal fields being supposed real)@nd
m? + [ () + € €1 — €y
M?(s) = € m? + & — [i€2 (with p=2,vV2) (12)
— K€y — pey  2ym? + pile

where we have defined :
e1 = goxx (4 (s) — o (s))

€2 = Gorere (14 (s) + Io(s)) (13)

Mrr(s) = gprnll'(5)

In the region where we work — invariant masses bounded aalgbl the two—pion thresh-
old and thep mass—, the functions ande, are small and can be treated as perturbation pa-
rameterd ; moreover, they are real for realup to the two—kaon threshold region. In contrast,
11, (s) is complex starting from the two—pion production threshad is not expected to be
small enough to be consistently treated as a perturbati@mpier.

The physical vector meson mass eigenstates arestiefendent) eigenvectors bf?(s)
and their masses are the corresponding eigenvalues, widcsns dependent ! Expressed

3For ease of reading; - are not written with their explicit dependence which is (or may be) understood
throughout this paper.

4Actually, from their very expressions in terms of kaon a8k loops, one may expeet to be sensitively
smaller thare, in absolute magnitude.
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this way, the notion of vector meson mass looks a little biagaxical, however, it is not really
new : writing, as usual, the invergedressed propagatdpy (s) = s — m* — I1,,(s) can be
interpreted as stating that themass squared is* + I1,,(s) and includes an imaginary part.
From a physics point of view, what is important is that theeppbsition associated with the

p is always a zero of — m? — II,,,(s) located on the unphysical sheet, close to the physical
regiorﬁ. Thep pole position has been fitted long ago by/[56Fire~ data, and more recent fit
values can be found in [57] ; this piece of information is atluhighly model independent, in
contrast with any other definition [53]. We shall revisitgigsue with our fit results.

One may wonder about the hermiticity properties of the Lagian modified as proposed.
As below the two—pion threshold, the loops defined above lareal for real s, we still in-
deed havel(s) = Lf(s), however, above this point, the hermiticity should be reudfias
L(s) = LT(s*). This property known as hermitian analyticity [58] is fulidl by our modified
Lagrangian as it is already fulfilled by the loop functions.

Now, in order to define the physical w, ¢ in terms of their ideal partners, one has to
find the eigenstates of the squared mass matrix given by[El). (fet us take advantage of
the smallness of; ande; to solve the problem perturbatively in order to avoid deghvith
untractable expressions. Let us split up the squared mass nmao two pieces and write it
M? = M3 + eB with :

m? + I (s) 0 0 €2 €1 — €y
Mg = 0 m? + e 0 , eB=1 ¢ 0 — JL€g
0 0  zym?+ e —pep —pex 0

(14)

In this splitting up, we have found appropriate to leave & pathe actual perturbation
inside MZ. In this way, we avoid to some extent the problem of havinguigerturbed eigen-
values degenerated twice or even three times (wher- 1) for some values of and some
zy. However, while assuming thal, . (s), €;(s) andey(s) vanish at origin, one cannot avoid
to have a twofold degeneracy at= 0 ; this degeneracy is resolved as soom a@eparts from
zero by an arbitrary small quantity. This issue, which affestrictly the point = 0 (where the
exact solution is trivial 1), does not raise any problem vathr data which are all at~ 0, even
if close to zero, as the NA7 spacelike form factor data [59hother solution to this problem
would be that the HK masses fpy andw; would be slightly different ; such a mechanism
remains to be fourfd

The unperturbed solution is then trivial, as the eigenviscioe the canonical ideal combi-
nations of the neutral vector meson fields, with eigenvafigesan be read off the diagonal of
MZ. Then, one has to solve the following system for the pertishadv; andd); :

5The upper lip of the physical region—the> 4m2 semi—axis — located on the physical sheet is topologically
close to the lower lip in the unphysical sheet of the Riemamfase ; in contrast, the lower lip in the physical
sheet is topologically far from the upper lip in the same shee

6 A way to get it would have been to use as breaking makfix = Diag(1 + ,,1 + &4, \/zv) instead
of Xy = Diag(1, 1,/zv) while computingCy (see Appendik ). This, actually, generates a mass difteren
betweerp® andp®, but the HK mass for the meson remains equal to that of themeson.
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M(?Ui:)\ivi ,’(7@'1)2':1, (7,21,2,3)
(15)
MZ(UZ' + 6”2) = ()\z + 6)\1)(112 + 61}2) s Wlth[6OJ . ﬁi . 5% =0
for eachi = (p,w, ¢) = (1,2, 3). The solution can be written :
p° Py I p°
w | =R(s)| wr : wr | =R(s)| w (16)
¢ b1 o1 o
where (recalk; = ¢;(s) are analytic functions of) :
1 €1 . Her
[r(s) — € (1 — zy)m? + T (s) — e
R = . €1 1 . e
[ (s) — € (1 —2y)m?+ (1 — p?)ey
Her Her 1
(1 —zy)m? +1(s) — 22 (1 —2y)m? + (1 — p?)eq an
17

The matrixR is orthogonal up to (neglected) second order terms (se@8&éxcin [16]) and
its elements are, actually, meromorphic functions othis, for instance, means that one has
to check that they do not develop singularities in the regiophysical interest for our model.
On the other hand, one may wonder gettiﬁgs) with no complex conjugation in the
field transformationI(,..(s) is complex and fulfills the real analyticity conditidm,.(s) =
IT:_(s*)). This is due to the unitarity condition which writes [9] :

R(s +i¢) - R'((s +1i¢)*) = R(s +ie) - Ri(s —ic) = 1 (18)

for real s above threshold and > 0. The real analyticity property fulfilled by the matrix
function R then givesR*(s — ic) = R(s + ie) and then Eq.[(18) becomes :

R(s+ie)R(s+ic) =1 (19)

as can be checked directly with tihematrix above.

At first order, the corrections for eigenvalues are not ckedngith respect to their unper-
turbed values fow and¢ , while for p°, the first order correction is such that the eigenvalue is
restored ton? + I1,..(s) + € and is formally identical to the* mass squar@d Therefore, in
order to deal with the physical eigenstatésw and¢, one has to introduce in the Lagrangian
(3) above, the physical fields as defined by EQsl (16) using @d3. For coupling constants,
one has to perform exactly as explained in Section 6.3 of d€ihg theR matrix above and,
where appropriate, the ideal coupling constants given ipefylixD.

In order that this solution should be considered valid, aageth check that the non—diagonal
elements of the matri® are small compared to 1 in the whole range of application of ou
model. As they depend on fit parameters, this check can orpgifiermed with the fit solution.

"For p* , the mass squared value contains what was ndiieds) ande, — 2g§KKH+/O(S).
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We will not go into more details with expressing the full Laggian[(8) in the basis of
physical neutral vector meson fields, as formulae becomly @mplicated (even if they can
be readily and tediously written down). Let us only give thestinteresting piece in terms of
physical fields for illustrative purposes :

g 5oyl e
o /0T o 2 |” Hm(s)—e‘ngr(1—zv)m2+Hm(s)—u262

10} ~7r_§7r+

(20)

This clearly shows how kaon loops generate couplings ofptiysical w and ¢ fields to
7~ m " which vanish (withe;) in the Isospin Symmetry limit. A8l (s) has a large imaginary
part, it is clear that the phase of thecoupling compared with° will be very large at the
peak. It should also be mentioned that the couplings shoven(hed the matrix elements &)
have all a finite limit ats = 0 even if the loops individually vanish at= 0 as the pseudoscalar
pairs couple to conserved currenits![52, 17].

The effects of the neglected loops could be briefly mentidme@. The most important
effect in the expression fdk(s) (Eq. (I7)) is on the denominators Bf,(s) and Ry, (s) where
the difference of the anomalous contributions to self-giesrfor thep andw mesons will add
to the presentl,..(s) — e;(s) ; this could change a little bit the behaviour neat 0 where all
loops tend to zero.

As stated above, at first order in perturbations, the squaess eigenvalues are the entries
in the diagonal of\/?(s) given in Eq. [IR). For further use, let us also give the seamder
corrections to the eigenvalues (and thus to the runningrequaeson masses) :

2 2,2
52)\ — 1 4 Hey
P Men(s) —€a (1= 2y)m2 + yr(s) — p2es
2 (22
Sohy = — . 2 21
? I,(s) — € i (1 —2zy)m? + (1 — p?)e (21)
270 (1 —zy)m? + 1 (s) — pea (1 — 2zp)m? + (1 — p?)es

In the mass range where we are working (from the two—piorstiokel to thep mass), the
mass eigenvalues at first order areffdat the w and ¢, excluding a width. At second order,
one observes that the pion loop generates an imaginaryqmse mass eigenvalues. Let us
remind the reader that, as the pole positions are the sofutibs — \;(s) = 0, one expects to
find thep pole position close to the value found by [56]. However thsidtle chance that the
w width happens to carry the correct width value as this shbelgenerated by the anomalous
pm loop with additional insertion of a pion loop on thdeg (or simply considering the dressed
p propagator) or directly through a possible—~ 37 — w (double) loop. Finally, in the model
we use, it is only at second order that a difference betweatraleand chargegd propagators
(and thus masses) occurs and this is a net (and small) efféwt neutral vector meson mixing.
This comes in addition to other sourcesobf- p* mass difference (see footnéte 6).

8Actually, near the acceptetimass our perturbation parameters start to carry a tiny inaagipart.
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6 Renormalization Conditions On Loops

With the approximations we choosed (neglecting the anoasaloop contributions), the
loop expressions needed in order to construct the pion faatof 7. (s) are only therr and
KK loops. They can be computed by means of Dispersion Reld&&;§] and can be derived
without explicit integration, relying only on propertie$ analytic functions, especially the
uniqueness property of the analytic continuationﬁsAppendix Ain [9]).

From general principles, any lodf(s) is a so—called real analytic function (see the Section
just above), the imaginary part of which is calculable ushCutkosky rules, or in the simple
case of single loops, using the partial width of the prodéss PP’. Indeed :

ImIl(s) = —/s['(s) , s> sg (22)

wheres is the pair invariant mass squared, the threshold mass squared of the pair &nd
the partial width of the decay. With this at hand, the fullpos the solution of the integral
equation :

o Imll(2)

o 2"(z — s+ ie)
where P,_1(s) is a polynomial of degree — 1 with real coefficients and the integral runs

over the right-hand cut (the physical region). These caefits should be fixed by means of

condition to be fulfilled byll(s), the so—called subtraction polynomial, which are nothiag b

renormalization conditions chosen externally and dependn the problem at hand.

A priori, the number of subtractionise. the number of conditions can be arbitrary, however,
in order that the integral in Eq[_(R3) converges, there is mmmal number of subtractions to
perform : ForP P’ loopsn > 2, for VP loopsn > 3.

In the most general form of the pion form factor following findhe Lagrangian(3), and
using the modified one—loop mass tefml (10) the relevant hasps are only the pion loops and
the kaon loops. These imply that at least 2 ; however, the very existence bfP neglected
loops implies that we are still minimally subtracting witeimgn = 3 for all loop functions
in this paper. As discussed in Sectidn 4, in this way, theragbibn polynomials carry some
(unknown) information on the anomalous loop contribution.

Additionnally, we request all polynomial3,_; (s) to fulfill P,_;(0) = 0 reflecting this way
current conservation [52, 17,161,/51] when needed and amppate constraint otherw

In usual approaches|61,/57, 52], the renormalization ¢ardi are defined from start and,
then, one leaves free other parameters like meson mass dtidiwiorder to accomodate the
experimental data. As already donelin/[51], we proceed iroffposite way : as masses and
couplings are fixed consistently in our Lagrangian, we |dese the subtraction polynomials
in the loopd1,,(s) , €1(s) andes(s). This way allows the full data set to contribute to fixing the
subtraction constants. The basic (pion and kaon) loop egfmes are given in Appendix E and
are used only subtracted once (in order that they vanish-ab) ; they are supplemented with

Sn

T(s) = Py 1(s) + — /

™

dz (23)

%n this reference, the loop expressions for equal mass pseathr meson pairs and vector—peudoscalar pairs
are already given and are correct ; the function given folquaémass pseudoscalar meson pairs is not correct
as the contribution of the gauge term has been omitted ; wiegige for this error and correct for in the present
paper (see AppendiX E).

101n this case, the constant term in theropagators is the squared (HK) mass occuring in the Lagaangth
no modification.
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second degree polynomials vanishing at 0 and having coefficients to be fixed by fitting the
data.

7 The Model Pion Form Factor In 7 Decay

Introducing pion and kaon loop effects gives fifea self-mass, but, nevertheless, the
fields remain mass eigenstates. To stay consistent witly ysself-mass, one has also to
account for loops in th&” — p transition amplitude. I decay the relevant loop effects, while
neglecting anomaloug P loops, are ther*7° and K° K+ contributions. Accounting for this
modifies Eq.[(#) to :

N a - 1
F7r (S) - (1 - 5) o Fp gpmrm (24)
with :
Fy = f7 = Iw(s)
Dy(s) =s—m?* —1I (s) (25)
fr=agf?

wherem? = ag®f? and the charged self-masdl/, (s) has been defined in Sectibh 4 by Eqg.
(@) and used in Eq[(10) (recall we neglect VP loops). One lshoate that Eqs[(24) and (25)
are not affected by any breaking mechanism. The diagrantslooting to the pion form factor
in 7 decays are sketched in Figlide 1.

Let us denote for a moment the pion and kaon amputatecomputed with unit coupling
constants) loops by, (s) and/k(s), assuming they are already subtracted once in order that
they identically vanish at = 0 (see AppendiXE). Th& — p transition amplitude and the"
self—energy occuring in the pion form factor have the follogvexpressions in terms of pion
and kaon amputated loops :

a 1 a

Hw(s) = gprr [(1 — =)l (s) + ﬁ(“ — 5)61{(5)] + Py (s)
4 (26)

1
I (6) = G | 1(6) + 522k | + P

whereg,.. = ag/2 and Py (s) and P,(s) being subtraction polynomials with real coefficients
to be fixed by external renormalization. As emphasized. ifj fgid [61], the polynomials
Pw(s) and F,(s) can be chosen independent. Indeled,l1yy(s) andIm IT, (s) are even not
proportional as soon as SU(3) is broken ¢ 1) ; moreover, the transition amplitudgy (s)
is non zero even i = 2 as soon as SU(3) symmetry is broken. We choose to congiyain)
andP,(s) to be second degree and vanishing at 0, as discussed in Sectibh 6.

For the sake of simplicity, we have also chosen to use thedosealar meson loops assum-
ingm,+ = myo andmg+ = mgo after having checked that this is numerically armless while
dealing with all form factor data. Under this approximatibnve havell) (s) = I1,,(s) (see

11 This implies that the)® andp* widths do not significantly differ. This statement is sugpdrby the various
experimental data collected in [54].
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Eqg. (8)) and all symmetry breaking effects due to the pionswlifference are concentrated in
the phase space factors (see Egs.1(5-7)) for cross sectidnmagtial widths where these have
a sizable effect.

Therefore, one can rewrite Eg$. (26) under a form more apiategfor our fitting proce-

dure :
1 a

= ~Hvs zZA — = )€a(s
My (5) = | (1= ) + (2~ Peals) on
IL,(5) = IL,(5) = T2,(5) + ca(s)

wheree,(s), already defined in Eqs[_(1L3), carries its own subtractidgrponial, and having
defined :
H};‘;(S) = gzﬂwfﬂ(s) + QW(S)

I12.(s) = goenln(s) + Qp(s)

whereQw (s) and@,(s) are second degree polynoml(;xvith real coefficients to be fitted)
and vanishing at origin. Possible correlations among thieamy, would be an outcome of the
fit procedure and can be detected from inspecting the fit eoeariance matrix. Finally, one
can check that the conditiafi’ (0) = 1 is automatically fulfilled

Before turning to the pion form factor iei" ¢~ annihilations, let us also remind the reader
that ther partial width expression in Eq4.1(5) has to be further caee¢or isospin breaking
effects by multiplying it byd Sgy = 1.0232 which accounts for short range radiative correc-
tions [37]. Long range radiative corrections have beernveddrin [38, 39| 40] and come as a
further factorG g, (s) ; another estimate taking into account additional Feynmagredms can
be found[[41] 42] and a corresponding numerical paraméisizaf Gz, (s) has been provided
in [43]. This means that in all our fits we perform the subsiiu :

which, therefore, accounts for all reported Isospin Symynieteaking effects specific to the
T sector. Another isospin breaking effect might have to besitlmred, namely a° — p*
mass difference. This can be generated, for instance, bypsradadhe mechanism sketched in
footnote 6. It can be shown that this turns out to modify EGS) (o :

Fr = f7 —Tlw(s)

(28)

Dy(s) =s—m? —om? =11/ (s) (30)

dm?
[T =agfZ+ Y

where ém? is left free. The modified Eq§.(B0) allows Eq._124) to stillfili F7(0) = 1
automaticall@.

2We recall here, that these polynomials may account for tigéented anomalous loop effects not introduced
explicitly.

B3Actually, this numerical value has been derived for the fioal state ; in practical applications, it is usually
assumed that this value holds also for thfinal state — see for instance [34, 35| 36].

Anticipating somewhat the fit results, a possifile® can be detected on ALEPH daita[31] (not on CLEO data
[33]) and amounts tez —0.25 GeV2. fo(=0.7 GeV?) is then increased b§.5 103 GeV?, a quite negligible
guantity.
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8 The Model Pion Form Factor In ete~ Annihilations

In 7 decay, the pion form factor, as just seen, is free from anyoveneson mixing effect.
Instead, the pion form factar¢(s) expression is sharply influenced by the vector meson mix-
ing mechanism constructed explicitly in Sectidn 5 whichdieas to make the transformation
from ideal to physical vector meson fields. After this tranfation, we get from our effective
Lagrangian the diagrams shown in Figlre 1 and the correspgeapression :

Fi(s) = (1= §) = Ex(S)apen y 5~ Fohore 5~ Fiome | @D

whereD,(s) (see Eq.[(25) for its charged partnel), (s) andD,(s) are the inverse propagators
of the corresponding (physical) vector mesons. We have now :

D,(s) = s —m?* —11,,(s) (32)

(recall that our assumptions on pseudoscalar meson maspkesll,,(s) = II/,(s), which
reduces the number of free parameters in our model). Th@wewson couplings to a pion
pair after symmetry breaking are :

_ a9
Gprn = 9
__ M a
_a Her
Jorm =75 (1 — 2y)m? + [hx(s) — p2ey

wherell? (s) has been defined in the previous Section. One should notehdaiuantity
namedll,,(s) in the definition of the matrixz(s) (see Sectionl5) coincides with the presently
definedII? (s).

The quantitiedy; can be written :

5 (s) = fy = Tlyy(s) (34)

Collecting the various couplings of the ideal fields suiyabkighted by elements of the
matrix transformatiori(s) (see Eq.[(17)), we get :

- ] 1 126,
e _ 2 1 _ 1 —
Iy = a9tz ST (s) — e | 31— av)m? + [a(s) — e
' ) 1 2,
e 2 L i
_ 1 1 35
f5=agf; 3 I%.(s) — e T 3(1—zv)m2+(1—,u2)621 49
. ) -—H 1L€q H €2
fo=agf; 73 + (1 — 2v)m2 + 2= (s) — 126 3 (1—zy)m2+ (1 — /~L2)€2]
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and, keeping only the leading (first order) terms, the loapemionsIIy , (s) (see the defini-
tions in Egs.[(IB), and the expression foin Eqgs. [12)) are :

a I17_(s) a €1 + € €y — €1
Mo, (s)=(1—=)—""——~+(2z4—=—0b +0b
pr(8) = (1=73) - ( 5~ b - -
a €1 I (s) a €1+ € €y — €
I (s) = ~(1- 9 =) (- Ly
7 2 Hﬁw(s) — € Yprrm 2 Gorr Gprr
a L€ I _(s) a €1 + €9 €9 — €
14 (s) = (1 — = T — -~ _p +b
#(8) = ( 2) (1 —zv)m? + b (s) — 22 Gprn (24 2 n Gprr M(3gé))m

The first term for each transition loop is the pion loop cdnmition while the others are
resp. the charged and neutral kaon loops. Of course, thdidascoccuring there are the
same as fo’”. We have denoted bif? _(s) the transition amplitude foy — p!, which is
in correspondence with the” — p* transition amplitude introduced in the previous Section
(see Eq.[(28)). A priori, the subtraction polynomialsiBf (s) andII'” (s) might be slightly
different. However, in an attempt to reduce further the nendb free parameters of the model,
we assume that they coincide, which turns out to identifyaimputated? — p* andy — p’
transition amplitudes. We shall see that this assumption is well accepted by the atad,
moreover, make clearer the switching to thiorm factor expression.

In addition to the explicit dependence of our model on the WaSic parameters ¢, and
on the breaking parametersz, zy,2r anddm?, there is a further dependence on subtraction
parameters hidden insidé’_(s), II'/7(s), €;(s) andey(s). Isospin symmetry breaking is
reflected in having a non-zeeg(s) function. We have :

7 (s) = Qols) + £x(s)
I?_(s) = Po(s) + lr(s)

(37)
€1(s) =P _(s)+ lg+(s) — lxo(s)

216 = Py(s) + lg+(s) + Lxo(s)

wherel, (s), (x+(s) andlxo(s) are now thenon-amputated 7+7—, K+ K~ and K°K" loops,
subtracted in order that these loops vanish at the origire @drameter polynomial9(s),
Py(s), P_(s) and P.(s) are chosen to be second degree with zero constant termsentord
stay consistent with the Node theorem|[17, 52].

One can check that¢(0) = 1 + O(e?), which could have been expected from having
neglected terms of order greater than 1 in our diagonaﬁraeniocedu.

As the form factor data collected at thare not currently available, the last term in Eq.] (31)
could have been removed. However, in order to account flsrééfects, we preferred keeping
it and use a fixed width Breit—Wigner expression incorpoiathe Particle Data Group mass
and width recommended valués [54]. Due to the narrownes$egeaf inass distribution, we also

15This is a nothing but a strong CVC assumption.
16 Actually, it depends on the (1,2) rotation matrix elemenit + O([R12(s = 0)]?) and, numerically, the
neglected termis- 1.5 1073,
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have replaced in our fits the propagator by a fixed width Breit-Wigner constructed uskrey t
recommended mass and width fram|[54].

Let us also recall that Eq[(B1) is our formula for the piomidiactor F¢(s) in both the
spacelike and timelike regions. Indeed, for consisteneywil not remove thev and¢ meson
contributions while going to negative

Using the first order correction to themass eigenvalue, the inverse propagator could
have been writte) 0 (s) = s — A,(s), as the leading order squared mass eigenvalue is :

Ap(8) = m? + 112 (5) + () (38)
As far asete™ data are concerned, we shall modify the eigenvalue expressi:
Ap(8) = m? + 112, () + €2(s) + Sa),(8) (39)

by adding the second order correction given in EQsl. (21)s @bes not add any more freedom
in the model, but rather allows some check of the diagonadizanethod.

Therefore, the difference betweéii(s) and F(s) is solely concentrated in the coupling
changes from ideal to physical fields given by the varyingrimaR(s) (see Eql(1]7)) which
only affectsF¢(s). Stated otherwise, modifying the functidif (s) in order to incorporate
isospin breaking effects is strictly equivalent to using expression forF¢(s) directly, the
factor Sgyw G s (s) being removed andm? being made identically zero.

9 The Photon Vacuum Polarization

The raw data on the pion form factéi¢(s) should be “undressed” by unfolding the con-
tributions due to radiative corrections and to the photazuuan polarization (VP) before any
comparison withr data (we refer the reader 1o [62,/63] for a comprehensiveyaisabf these
factors and for previous references). Quite generallyilava experimental data oR¢(s)
have already been unfolded from radiative corrections 287,29, 30/ 59, 64]. All the data
sets just referred to are not unfolded from photon vacuurargation (VP) effects, except for
KLOE data [64]. Therefore, one has to account for VP effegtsbluding the corresponding
factor when comparing a pion form factor model with experntaédata. Traditionally (see for
instancel[65] and references quoted therein), this resultse chandE :

Fi(s) — (1 = Hvp(s)) F7(s) (40)

when comparing with most data sets.

The VP functionlly p(s) contains two parts. The first one is the sum of the leptonipsoo
which can be computed in closed form at leading order (In AplpeE, we recall the explicit
form at ordera and give its expression along the reabxis). The second part is the one
particle irreducible hadronic contribution to the photetf-senergy which is derived by means
of a dispersion relation ; at low energy, where non—pertirbaffects are dominant, this is

171f one denotes by (s) the photon self-mass, the inverse photon propagator is gy@;l (s) =s—%(s) =
s(1—X(s)/s). Therefore, compared with traditional notation, we hHye-(s) = —X(s)/s. This is not a problem
but should be kept in mind.
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estimated using the experimentally mesusgd™ cross section (see, for instande,|[65,/66, 67,
62]), while the high energy tail is calculated using peraiile QCD.

For our purpose, we use the sum of the leptonic VP as given peA@iXE forete™, utpu~
and7r 7~ together with a numerical parametrization of the hadroni@tigbution. From the 2—
pion threshold to the& mass, we benefited from a parametrizﬂqmrovided by M. Davier
[68]. Below the 2—pion threshold and downde= —0.25 GeV?, we use instead a (real valued)
parametrization provided by H. Burkhardt [69].

10 Decay Widths Of Light Mesons

In order to compute decay widths and fit data, one has to défeneduplings allowing the
decays of the light mesons involved. For the two—photonykeobthen andr’ mesons, as well
as for the radiative decays of thé and K*’s mesons, the couplings defined after SU(3) and
Nonet Symmetry breaking (see EqE.]1(90) dnd (93)) are theliogspcoming directly in the
decay widths formulae (see Subsecfion|D.3) and do not depeffigither Isospin Symmetry
breaking effects than mass values in phase space factors.

The isospin breaking procedure we presented plays onlyé’t w and¢ mesons. In or-
der to compute the leptonic decays of these, one has to udltbeuplingsFy (s) as given by
Egs. [35) and(36) in Eq(97) and computed at the appropréat®r meson massés; (ms?).
As the loop functions are slowly varying, one can chopse as the Higgs—Kibble masses
occuring in the Lagrangian (see Ed.(1)), which moreovepéfias the fitting procedure.

For the other (radiative decay) coupling constants one dasinbine the ideal coupling
constants (given in Appendix| D) using the transformatit{n) to derive the physical coupling
constants, as was described[in|[16] ; the context, comparfbi, slightly differs due to the
fact that, now, the mixing parameters are functions to bepeded at the appropriate?. values
in order to go to the vector meson mass shell.

Traditionally, thep? is decoupled from mixing and treated as titeand mixing effects are
only considered in théw — ¢) sector. Additionally, it is usual to treat thie — ¢) mixing angle
as a constant to be fit (see [4/5] 8, 9|, 16] and the referenassdjtherein). The approach in
the present study is different : One considers a(fpfll— w — ¢) mixing scheme (as in[16]),
however — for the first time — the mixing parameters are famaily related and the same
functions have to be computed at each vector meson massngtance, théw — ¢) mixing
“angle” has not the same numerical value atthmass and at the mass. This only reflects
that the mixing is actually invariant mass dependent. Whsriprw — 77 [50] and¢ — 7
[70,[71] data exist on the phase of the coupling constarggtpbases can be introduced in the
fit with the same functions, the modulii of which determine tiranching fractions.

11 The Full Set of Data Submitted To Fit

In order to work out the model presented in the Sections gbhegeuse several kinds of
data sets. In this Section, we list them and give some detaitee way they are dealt with in
our fit procedure.

8This parametrization neglects the (very small) imaginamt pf the hadronic VP contribution.
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11.1 Partial Width Decays

As a general statement, the decay data submitted to fits leredhosen as the so—called
“fit” values recommended by the Particle Data Group (PDGhimlatest (2006) issue of the
Review of Particle Properties [54].

This covers, with no exception, the leptonic decay widththefs’, w and¢ mesons, the
two—photon decay widths of theandr’ mesons and the™ 7~ partial width of thep meson.
There are two measurements of the phase of the couplingastngt. .- reported in the
literature ; the older oné [70] i8, = —42° 4+ 13° and more recently [7X}, = —34° +4° £+ 3°.
Summing up in quadrature the errors, we choose as referaheein our fits), = —34° £5°.
We could have chosen to include in our fits the 2—photon deddthwf ther® ; however, we
preferred replacing this piece of information by the pionaleconstant valug, = 92.42 MeV
and did not let it vary, as this is supposed to carry a very lsenad -9 [54].

The RPP pieces of information [54] concerning thendw decay width tor*7— and the
partial widthp? — e*e~ are not considered as data to be submitted to fits, as theyaHdnazn
extracted from fitting the same pion form factor timelikealathich we are included in our
fit procedure (see the Subsection below) ; this does not ptexefrom comparing our results
to the RPP available information. This is also true for thiatree phase of the couplings
Gurtn— 10 gpri - (the so—called Orsay phase) which has been measured [30}hveitresult
Y, = 104.7° £ 4.1°.

Instead, it is quite legitimate to include the — e*e~ partial width in our fit procedure
as, even if this mode could have been marginally influencetthéyion form factor data, it is
mostly extracted frome*e~ — 7770 data [54]. As the pion form factor spectrum around
the » mass is not currently available, thhe— e*e~ partial width is quite legitimately included
in our fit data set.

In the present work, as in our previous works on the same suBj2, 16], we do not intend
to use the decay width&* — K. Actually, as for the widtlp — 77 which is inherently
fitted with the pion form factor, the choice of the mass valuesf very broad object makes the
extraction of coupling constants a delicate matter. It &htwe more appropriately discussed
with the K form factor inT decays when the corresponding data will become available.

The data on the two kaon partial widths of theéneson are also left outside our fit proce-
dure. In a previous work of some of us [16], as in other work} [fie issue of accomodating
the¢p — KK~ partial width was raised. A recent work [73] claims that thga of these par-
tial widths can be accomodated by introducing correctiorthé decay widths which increase
both partial widths as derived from the matrix elements efttansitions. As then, the problem
may affect both theé — K+ K~ and thep — KK’ partial widths, we have preferred leaving
both modes outside the fit procedure. We will discuss thisagglow in a devoted Subsection.

We also use all radiative decay partial widths of light flamwesons of the form’ — P~
or P — V. As a general rule, we chose as reference data the “fit” vakmsnmended by
the PDG as given in the latest RPP issue [54]. There are twepénns to this statement : the
partial widths forw — 1y andw — 7%.

Indeed, as already noted [n [16], there is some difficultydcoanodating the preseat —
ny “fit” branching fraction (4.9 +0.5) 10~*) while the so—called “average” value [54p(3 +
1.3) 107%) is much better accepted by our model fitting.

9pgssible Isospin Symmetry breaking effects might have tcomsidered.
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On the other hand, the new “fit” value for the branching fracto — 7%y ((8.90 &
0.25) 1072) is also hard to accomodate in our model. We show that theique\WPDG “fit”
value (8.50 £ 0.50] 1072) seems in better consistency with the rest of the data welbame
also checked that the valug.9+0.25] 10~2) produced by a fi{[74] performed in a completely
different context was also well accepted, pointing to a jds®verestimate of the central value
for this mod&d. The guestions raised by the values of these two decay widthse discussed
at the appropriate place below.

Finally, we also introduce in the fit procedure the ratio & kaon to pion decay constants
as they are reported in the latest RPP| [54]. This actuallgaides with our SU(3) breaking

parameter{, = [fx/fx]%).

11.2 Timelike Form Factor Data in ete~ Annihilations

Beside the decay data listed just above, we have includedrifit@ll data on the pion form
factor collected ir="e~ annihilations by the OLYA and CMD Collaborations as tabedhin
[75] and the DM1 data [76] collected at ACO (Orsay). Thesadall be referred to globally as
“old timelike data”. When included intog? expression, systematic errors have to be combined
with the published statistical errors ; they have been folsied in quadrature to the statistical
errors for OLYA data4%) and CMD %) following expert advice [77]. However, for sake of
consistency with the new data discussed just below, we peefextracting the correlated part
of the systematic errors, estimatéd|[77] to 1% and have pagd the same treatment as for
the new data (see just below). The accuracy of the DM1 datanpatke influence of this data
set marginal, we did not add any further contribution to thblighed errors. We only use the
data points located below themeson mass in order to avoid being sensitive to higher mass
vector mesons, not included in the present model.

Four additional data sets have been collected later at Maivslson the VEPP2M ring. The
first one, covering the region from about 600 to 960 MeV, aiéd by the CMD2 collaboration
[78] and recently corrected [27], is claimed to have the kiwsystematic error)(6%) ever
reached in this field.

CMD2 has collected in 1998 and recently published two aollgi data sets, one [28]
covering the energy region from 600 to 970 MeV is claimed tchea systematic error of
0.8%, and a second sé€t [29] covering the threshold region (frott87520 MeV) with an
estimated systematic error 6f7%. On the other hand, the SND collaboration has recently
published[[30] a new data set covering the invariant massemdgom 370 to 970 MeV with a
systematic error of.3% over the whole data set except for the very low mass regiomenhe
(first) 2 points carry a systematic error£%.

Concerning these four data sets (which will be referred dbally as “new timelike data”),
we could, as per usual, add in quadrature the systematictatistisal errors and then get a
diagonal error matrix which can be usediffits in a trivial way.

However, an important part of the systematic uncertairfbeshese data sets is expected
to be a common global scale uncertainty|[77] which has beéma&®d t00.4% and generates
bin to bin correlated errors. In principle, one should tdielatter information into account in

20 ooking at [54], the role of the data and analyses for¢he~ — 7%~ process itself to get the “fit” value for
the partial widthw — 7%+ is unclear.
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fits ; this implies dealing with systematic and statisticgabes in a way slightly more elaborate
than simply adding in quadrature statistical and systengators.

Firstly, the (bin per bin) uncorrelated part of the systamaitror is derived by subtracting
in quadrature).4% from the already quoted systematic errors. This uncoedlatrt of the
systematic errori(e. \/agyst_ — (0.4%)2, depending on the data set considered) can certainly
be added in quadrature to the statistical error bin per bimga combined standard deviation
nameds; for the measurement; in the energy bin ; theo; are uncorrelated errors and define
a diagonal error matrix. The question then becomes how tfireglthe full covariance matrix
for each experiment, being understood that the quantityetadmpared with the theoretical
pion form factorf!" for each energy binis related with the measurement by :

ffh — mi = (14 d\)m; (41)

whered\ is considered a gaussian random variable with zero meantandasd deviation
A = 0.4 x 1072, With this assumption it is possible to model reasonablyl tingl covariance
matrix, which is no longer diagonal.

Secondly, one has to treat these correlations. The quoteelated systematic error is a
conservative estimate of the accuracy of radiative caoestperformed on the four data sets
using the same Monte Carlo generator|[77]. Therefore, thgaféameter introduced in order
to optimize the absolute scale should be the same for alls#d$s; in statistical terms, this fit
parameter value can be considered as onky sampling of the gaussian random variabe
defined just above and should be valid for all data collectethb CMD2 and SND Collabo-
rations.

If the correlated part of the systematic error was stricélyoz the error covariance matrix
for each data set would simply be given by :

wherei and j label energy bins in the data set. In the case of existingetairons, having
definedos; as the sum in quadrature of the statistical error and thertglated systematic error
in thei* bin , the error covariance matrix elements can be written :

Vij =Y My Wiy, (43)
kol

where :
Mij = o0 and Wi; = 0y + Nese; (44)

A = 0.4 1072 being the standard deviation of the correlated error fanctind the vectoe
being defined by its components on the various energyitasshe ratio of the corresponding
measurement to its uncorrelated error :

ei=mifo; , Vi€[l, Nmeasur] (45)

However, what is relevant foy? fitting, is not so much the covariance matrix EQ.1(44) as
its inverse. It happens that the matlix can be inverted in closed form :

)\2
1 + )\2 Z?;nleasur. 62

2

(46)

W'Z-;l = 8ij — plee; and  p’ =
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and the full error covariance matrix is also inverted in etb$orm :

V' = 20 M Wt (47)
Kkl

This is, together with the measured values, the main ingredif they? calculation which
will be performed with the four new timelike data sets. Fipalvhile fitting the new data, a
term has to be added to thé ; naming)\ ;;; the fit parameter for the global scale common to all
the new Novosibirsk data sets ahd,, = 0.4 x 1072 the scale uncertainty on the measured form
factor estimated by the experiments, this additional doation to they? is Simply[A i /Aeap) .

Mutatis mutandis, the same method has been applied to the old Novosibirsksdtgaising
another global scaling factor;;, with X/, = 1.0 1072, as recommended by informed people
[77], and the same procedure to construct the final invergar@mce matrix to be used in fits.

A new data set has been recently collected by the KLOE calidtom [64] using the Ra-
diative Return Method. Existing analyses (see, for instatiee short account in [26]) however
report a disagreement between KLOE data and the recentcted data sets at Novosibirsk
due to some systematic effect presently not understoodcéntestudy of a parametrization of
the pion factor|[[79] argues about a possible systematiggrsdift in the data which would be
detected by fitting thex mass. In view of this unclear situation, we have found it appate
to postpone including the existing KLOE set among our fittilaga samples.

11.3 Spacelike Pion Form Factor Data

In order to further constrain the pion form factor in the tlike region, information on
the close spacelike region is valuable. Reliable data ompithre form factor in the negative
region are somewhat old [59,80]. The Fermilab data set [86%ists of 14 measurements of
|F.(s)|* betweens = —0.039 GeV?/c ands = —0.092 GeV?/c with 2 = 7 % statistical error ;
an estimated systematic error (overall normalization) @f s provided in[[80]. The NA7 data
cover the region between= —0.015 GeV?/c ands = —0.253 Ge\? with 45 measurement
points and an overall statistical precision better thasé¢haf the Fermilab data. However, NA7
data are also claimed to undergo an overall scale error cf019s.

One will use these two data sets and treat these correlattensatic errors exactly as
explained above for the timelike pion form factor data.

Data have more recently been collected at the Jeffersonéeter Facility [81] and reana-
lyzed in order to optimize the extraction of the pion formtéadata in the region for between
—0.60 and—1.60 GeV*? with a quoted uncertainty of about 10%. No precise infororatibout
the correlated—uncorrelated sharing of the systematic exreported. Including these data in-
volves some more studies and modelling which goes beyonu#netask of the present work,
namely, to check the consistency«sfe~ andr data.

11.4 Phase Pion Form Factor Data

There are several data sets available which provide maasuats of the isospin 1 part of
the 7 amplitude phase shift. The most precise set is the CERN/dhuane [82], but the
older Fermilab data set [83] is still useful. However, systéic errors here are not completely
controlled. Moreover, as we neglect vertex correctionsaitr vertex and-channel resonance
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exchanges which may carry some unknown imaginary part, aneat draw firm conclusions
when comparing the phase information of our pion form faatitin phase shift data. Therefore,
we have left these data outside our fitting procedure anddohwurselves to simply compare
graphically with the phase of our pion form factor.

11.5 Pion Form Factor Data Fromr decays

There are presently three available data sets concernengidim form factor. These have
been collected at LEP by ALEPH [31] and OPAL [32] Collabavas and at much lower energy
by the CLEO Collaboration [33].

The data provided by the ALEPH Collaboration [31] include ttovariance matrices for
statistical and systematic errors which should be addeaf®éfversion in order to be used in
a x? minimization. There is some disagreement between ALEPH §8#i OPAL datal[32]
which has led most works to discard this data set ; we shalkdwise.

The CLEO datal[33] on the pion form factor are also providethwheir full error matrix,
but one that accounts for statistical errors only. Staéerrors dominate most of the system-
atic uncertainties except for those contributing to theohlie energy scale for determinings
[84]. These were quantified by CLEO as a systematic uncéytainthe value of the* mass
obtained in their fits to form factor models, estimated to 18NdeV. This error, not accounted
for by the CLEO error covariance matrix, is a systematicrasoich correlates the various bin
energy values. In contrast with the Novosibirsk data, itas easy to rigorously account for
this correlated systematic efffdr As an approximation we allow the central hjfs value to
vary by somes MeV and adds/0.9]? to the CLEO data®. This approach provides a simple
and reasonable way to deal with the data and errois [84].

In order to stay consistent with our dealing withe~ data, we have limited our fitting
range to thep mass and then removed all points abeve- 0.9 GeV?. This leaves us with
33 measurements from ALEPH and 25 from CLEO, largely unsdf&by higher mass vector
meson effects, as will be checked.

12 The Main Global Fit To The Data Sets

12.1 General Comments About The Fits
Our global model has seven parameters carrying an obviorsqgath meaning :
e The universal vector coupling

the SU(3) breaking parametex (expected to coincide withfx / f,]* within errors),

the Nonet Symmetry breaking parameter

the basic HLS parameter(expected close to 2),

the parametet,, which mostly governs the mass difference betweerpthe w system
and thep meson but also plays a role in some coupling constants,

21t affects the position of the measurement, not the meastaiee itself.
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e 27 Which affects only the<* radiative decay sector in the data used,
¢ and, finally, thes® — p* squared mass shiftn?.

These have been already fitted in isolation in related pusvigorks [8/ 9, 16, 51, 85]
and we expect to find fit values close to the already publisimed.oWithin our approach, the
pseudoscalar mixing angle is not free, but is derived froengrevious parameters using Eq.
(95) and is expected close t010.5° degrees from previous fits|[8,/16]. This has been found in
perfect agreement with the two-angle formulation [11] eggsed in the framework of Extended
Chiral Perturbation Theory [13, 14].

Beside these parameters carrying a clear physical meamed)as the subtraction polyno-
mial of the pion loop (mostly associated with theneson self—energy), assumed to be written
15+ cy5% With ¢; andc, to be fitted. Two additional subtraction polynomials camg/the same
form and associated with the differeneg(§)) and the sumeg(s)) of the K~ K~ and K°K"
loops introduce 4 more paramerEo be fit. Finally, two more subtraction parameters come
from the specific subtraction of they (or W p*) transition amplitude. We thus end up with
15 paramete for a number of data of 344 (18 decay modes, 127 data points the new
timelike pion form factor data, 82 from the old timelike pitarm factor data, 59 data points
in the spacelike region, 33 data points coming from ALEPHadetd 25 from CLEO).

In addition to these parameters which define our model, we t@maccount for correlated
systematic errors in several experiments by fitting theesponding scale factors and using
the experimental pieces of information as constraints séfaelditional degrees of freedom are
therefore exactly compensated in number by the constrdihis covers the global scale factor
of the former Novosibirsk experiments as reported in [7Sli(eated to 1.0% r.m.s.), the global
scale factor of the new Novosibirsk experiments as repart¢d7, 28,/ 29] 30] (estimated to
0.4% r.m.s), the scale factor for the NA7 [59] and Fermila@] [8ata (estimated respectively
t0 0.9 % and 1.0 % r.m.s.). Finally, the CLEO data set is exgoktti carry a systematic energy
shift which will be fitted and is expected [84] of the order M8V.

We have performed various kinds of fits. In all of them, as itklaabove, we have
introduced all usual symmetry breaking effects in the vaimeson masses, the prominent
effects ofp’ — w — ¢ mixing (for ete~ data) and the long— and short-range [37] IB correction
factors (for ther spectra). We have observed that the two proposed ways toigicioo long
range corrections by either of [38,139,/40] and![41, 42, 43jrapches provide quite similar
effects and that, on the basis of probabilities, the diffeeewas never observed significant in
any of our fits. For definiteness, we choose to use the funcaig@8, 39, 40] for all results
presented here.

On the other hand, it was useful to check the effect of exalythe photon vacuum polar-
isation (VP), by fixing the corresponding factor to 1. We disond it of interest to perform
fits by excluding either the data or the spacelike data ; this gives information on thecefsf
these on the global fit quality and on the stability of the fiigmaeter values. Finally, it has also

22\\fe note that we approximate thé* K loop by the average value of thé™ K~ and KOK " loops in order
to limit the number of free parameters.

23t will be emphasized later on that one among these subtraparameters does not influence the fit and can
be safely fixed to zero.
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Data Set Without VP With Vacuum poliarisation (VP)
# (data+ conditions)|  Full Fit Full Fit No 7 No Spacelikel Nop mass shift]
Decays (18+1) 11.46 11.13 11.52 11.48 11.25
New
Timelike (127+1) 132.81 128.10 122.02 125.76 132.23
Old
Timelike (82+1) 62.22 59.05 54.68 55.20 60.15
Spacelike(59+2) 68.53 65.70 55.20 89.82/(59) 65.13
7 ALEPH (33) 27.06 23.86 42.27/(33) 20.80 24.48
7 CLEO (25+1) 25.53 26.06 26.16/(25) 29.72 28.55
x?2/dof 327.40/331| 313.83/331] 257.73/274| 238.81/272 | 321.75/332
Probability 54.6 % 74.3 % 75.2% 92.7% 64.7%

Table 1: The first column lists the subset named as defineeite#t together with its number
of measurements and condition(s) if any. Each row displagscbrresponding? contribu-
tion under the condition quoted in the title of the data calunThe last row gives the total
2/(number of degree of freedom), followed by the fit probayailinformation written bold-
face indicates thg? distance of the fit function to a data set left outside fromfitygrocedure
together with its number of data points. In this case, thalitmm parameter associated with
the corresponding data set (scale or mass shift) is fixedetodhue returned by the full global
fit reported in the second data column and given in Table 2.

been of interest to check the mass shift effect betweep®la@d thep™ mesons, by fixing the
corresponding parameter to zero. The results summariaagtatistical qualities are gathered
in Table[1 and the fit parameter values can be found in the pppte data column of Tablés 2

and3.

12.2 Discussion Of The Fit Information

Table[1 reports the statistical information about our fitslemvarious conditions. As a
general statement, the fit quality is always either readerabvery good as clear from the last

row in Tablel.
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Parameter Full Fit No T No Spacelike | No p mass shift
Scale New Timelike| 1.006 +0.004 | 1.000 + 0.003 | 1.004 £ 0.003 1.007 + 0.003
Scale Old Timelike | 1.0124+0.009 | 1.010+0.009 | 1.011 £ 0.009 1.013 + 0.009

Scale NA7 1.008 £ 0.007 | 1.008 4+ 0.007 1.008 1.011 + 0.006

Scale Fermilab 1.006 £+ 0.007 | 1.006 4 0.008 1.006 1.008 4+ 0.007

CLEO Shift (MeV) 0.40 £ 0.52 0.40 0.36 + 0.52 1.374+0.39

om? (102 GeV?) —0.268 + 0.095 -0.268 —0.285 £ 0.096 0

a 2.303 +0.012 | 2.297£0.012 | 2.292 4+ 0.012 2.306 + 0.012

g 5.576 £0.015 | 5.578 £0.017 | 5.597 £ 0.016 5.573 £0.015

T 0.903 4+ 0.013 | 0.90240.013 | 0.902 4+ 0.013 0.903 + 0.013

ZA 1.503 £0.010 | 1.50540.010 | 1.507 £+ 0.010 1.503 + 0.010

2y 1.459 +£0.014 | 1.466 +0.014 | 1.453 +0.014 1.460 £ 0.014

27 1.246 £0.049 | 1.24540.049 | 1.243 +0.049 1.246 + 0.049

Table 2: Parameter values in fits performed including phat&n Three data columns are
associated with all data (first data column), removing ohé&rtdata (second data column) and
removing only the spacelike data (third data column). Tlseédata column reports parameter
values returned while fitting all data sets by fixifigi? = 0. Information written boldface
displays values not allowed to vary in the fit procedure.

As a first remark, neglecting to account for photon vacuunafdtion effects does not
end up with a dramatic failure ; however, there is a genergravement while introducing
the corresponding function. The negligible degradatiosepbed for CLEO data is entirely
produced by the value found for the CLEO mass shift paranfeteich contributes to thg?,
as explained above) will be discussed below. This statecieatly follows from comparing
the two data columns named “full fit" in Taklé 1.

The gain iny?, while including the photon VP, is 13.5 units without any didaal param-
eter freedom and, in terms of fit probability, one wins 20 %.efHfiore, one may conclude
that the data description prefers including explicitly greton VP while fitting the™ e~ data.
Under realistic conditions, the fit probability is then ajwaf the order 75 % or better.

The fits have always been performed using the packageIT [86] and the errors quoted
are always the improved errors returned by the routineos. This has allowed us to check
that the minimumy? was always locally parabolic, which provides symmetrioesr
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Tabled 2 and]3 display the fit parameter values as returnedebfjttunder the conditions
defined by the various titles of the data columns. We only igivesults including the photon
VP inside the definition of the pion form factor fer e~ annihilations. Comparing the vari-
ous data columns in Tablés 2 dnd 3, clearly illustrates tiafit parameter values stay close
together, and generally widely within themi(NOS) errors. The single exception is obtained
while removing the spacelike data ; in this case, the coefftsi for the subtraction polyno-
mial I/~ differ significantly from all other cases. This could havélienced the predicted
values for thel’ — ete™ partial widths ; however, we have checked that this is notcHse
numerically.

Among the fit parameter values given in Table 2, the mostéstarg are clearly the fit
values for the scale factors which are nicely consistertt e corresponding experimental
information recalled at the beginning of this Section.

The single exception is the CLEO global invariant mass shiifich is found consistent
with zero. Taking into account the way the 0.9 MeV expectefi ks been determin@i[84],
this information is interesting. It will be rediscussed whexamining the fit residuals which
provides an additional important information.

The third and fourth data columns in Table 1 provide furtiméoimation :

i/ Removing ther data from the fit sample, one can construct phedicted distributions
for the ALEPH and CLEO data which are fully derived using owdal together with only
light meson partial width decays and thee~ data. The predicteg? distance to CLEO data
is practically unchanged with respect to fitting with thenhile the prediction for the ALEPH
data is not as good even if it remains reasorrablEhis indicates that CLEO data are in so nice
agreement with predictions (especiadlye~ data) that they do not really constrain the fit! In
this respect, ALEPH data, while introduced in the fit datadetrly influence the procedure.

i/ Removing only the spacelike data looks a little bit more afipg. They? distance of
the NA7 and Fermilab data altogether is degraded:t84 units, and the fit probability grows
from 74 % to 93%, pointing to some slight difficulty in acconatidg these data sets. However,
this result is by no way problematic enough to either forcégougmove the spacelike data or
to deeply question their quality.

In order to compute thg? distance of the data samples left out from fit, one had to ahoos
either the CLEO energy shift or the NA7 and Fermilab scaléofac as they can no longer be
fit. We choose to fix them to their fit value as given in the firdadalumn in Tablél2.

Tabled 2 andl3, mostly illustrate that, whatever the fit chols examined, the location of
the minimum in the fit parameter space remains practicald;hange@. The results obtained
by removingr data from the fit sample, those by removing the spacelike, dlatse corre-
sponding to removing the photon VP function (not shown)re .@nsistent with each other.
Let us note that the fit parameter in the I12_(s) function (.e. essentially the self-mass
function) has been fixed to zero, as it was not found to seegjtaffect the fits in the energy
range we are fitting. The various fit conditions only affea fh quality which varies from

24 In order to make consistent trgparameters derived from fits to the ALEPH and CLEO data.

25The x? distance for the fitted part of the ALEPH spectrum corresgaacn averagg? per point of 1.28 and
thus to an average distancelot 30 per data point. As a prediction, it is already a good stantiagpt, which is
improved by the global fit to an average distancé.60 per data point.

26With the exception mentioned above.
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good to very good, while including the photon VP.

Parametel Full Fit No 7 No Spacelike | No p mass shift

Subtraction Polynomial f12_(s)

1 0 0 0 0

Co —0.467 £ 0.013 | —0.463 £0.014 | —0.472 £ 0.013 | —0.470 £ 0.013

Subtraction Polynomialés(s)

c1 —0.071 £ 0.003 | —0.071 £ 0.003 | —0.072 £ 0.003 | —0.072 £ 0.003

Co 0.045£0.004 | 0.045=£0.004 | 0.046 £0.004 | 0.045 £ 0.004

Subtraction Polynomialé; (s)

c1 —0.017£0.001 | —=0.017 £ 0.001 | —0.017 £0.001 | —0.017 £ 0.001

Co 0.020 = 0.001 0.020 = 0.001 0.020 &= 0.001 0.020 = 0.001

Subtraction Polynomidll’V/7(s)

c1 0.918 £ 0.061 0.944 £ 0.068 0.727 £ 0.074 0.915 £ 0.060

Co 0.433 £ 0.106 0.361 £0.115 0.831 +£0.145 0.440 £ 0.105

Table 3: Parameter values under various strategies (gonBaldface parameters are not
allowed to vary. Each subtraction polynomial is supposduktavrittenc, s + c,s2.

Figure[2 shows the fit with the®e~ data in the timelike region superimposed. The
global scale factor effects are accounted for. Ind¢hmass region, the lineshape is a predic-
tion essentially derived from the phase and branchingitmaif the¢ — 7=+t7~ decay mode
as measured by the SND Collaboration![71]. Information anftiil (local) invariant mass
spectrum (when available) would certainly improve thisgicgon.

Likewise, Figuré B shows the fit function and the ALEPH|[31{&LEO [33] data super-
imposed. One may note that the highest data point from CLE® o at~ 20 of the fitting
curve. Actually, the lineshape of the CLEO data in the nesghbod of the maximum raises
some difficulty while fitting, as will be seen shortly with thieresiduals.

Leftside Figurd ¥4 shows the spacelike data [59, 80] togethitir the fit function. One
may note a small, but systematic upwards shift of the fit camgbavith the NA7 data which
certainly explains the jump in the fit probability while rewnog this data sample from the fit.

One may conclude from Figures[2,[3, 4 and the fit probabiltties the agreement of the
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data with the model functions is good and that no obvious desk shows up.

In order to refine this statement, we have had a closer lodtedittresidual plots. The
fit residuals for the new Novosibirsk data are shown in FidtireThe plotted experimental
errors do not take into account the bin—to—bin correlatgerserated by the global scale error
common to all data sets. As the difference between our pion factor functions¢(s) and
F7(s) essentially lies in thg® —w — ¢ mixing scheme produced by breaking Isospin Symmetry,
this Figure can be compared with Figure 1(inl[26] or Figure 8] where a systematie-
dependent effect was pointing towards a consistency pmobktweere™e~ andr data ; such
an effect is no longer observed, pointing to a presently mdexjuate manner of performing
the breaking of Isospin Symmetry. One may possibly notettieadlispersion of the residuals is
very small everywhere for the 1998 CMD2 daital[28, 29], whtile iarger for the 1995 CMD2
[27] and SND [30] data which additionally, are moved in ogposlirections in thev mass
region. This indicates that our fit parameter values are dated by the 1998 CMD2 data.

The residual distributions for data —the upper plots in Figuré 6— look more interesting.
The arrows indicate the limit of the fit regions. The erromstigd are certainly underestimated,
as the bin—to—bin correlations are not accounted for in tiagvithgs ; moreover, the errors
produced by identifying invariant mass coordinate andre¢btn value also are not considered.

One observes now a small but cleaddependent structure above {hpeak location (more
precisely above ~ 850 MeV) which certainly reflects the influence of the unaccodrfte
higher mass vector mesons. One has also examined the dffechaving the parameteim?
by fixing it identically to zero while fitting. The data residuals are given by the lower plots
in Figure[6. One clearly observes the rise of a structureegt fheak location in ALEPH data
which is therefore a clear signal of8 — p* mass difference. The mass shift observed is :

m2—m2e = —0om? = (0.274£0.10) 107 GeV* <= m,0 —m,+ = 1.73£0.60 MeV (48)

I [

in good agreement with several other reported values [54].

In contrast, the shape of the CLEO residual distributioheaindicates a systematic effect
in CLEO data located only in thepeak region. The global Cleo energy shift of 0.9 MeV serves
to recover from the disagreement with ALEPH data. HoweVezseé plots clearly show that
the problem of systematics is not global but local and thextetlis no evidence for a significant
global invariant mass shift within the CLEO data in our fittadge. As this residual behaviour
is also observed in the standalone fit performed_in [33] (Sger€ 10 therein), it should not
follow from the constraints specific to our model.

Actually, there is a correlation betweém? and the Cleo energy shift which vanishes
when performing a simultaneous fit of ALEPH and CLEO data. riteo to check this state-
ment, we have removed ALEPH data from the fit data set. Theimgfixn?> = 0, we get
e = 1.57 & 0.40 MeV and, conversely, fixing = 0 results in — dm? = (0.36 £ 0.08) 1072
GeV?, with no change in the? value and always the same residual shape as shown in Figure
6. Therefore, the value farm? is set by the ALEPH data and should be confirmed by forth-
coming data sets. Correspondingly, it is the use of ALEPH @dtich indicates that the Cleo
energy shift could well be consistent with zero.

All the reported exercises also show, as clear from TdhlesdZ3a that the fit parame-
ter values are stable (with the exception already mentijpn&tis means that our model is
overconstrained and that, practically, only the fit qualitg. the height of the minimum) is
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affected by the various conditions we have imagined. We \ats@ aware of possible correla-
tions between the subtraction polynomials. Looking at therfior covariance matrix, we did
not observe strong correlations between parameters baptadifferent polynomials, which
seems to indicate that they are indeed independent.

Therefore, one may consider that the description of all flarctor data supports our mixing
model, as reflected by the statistical fit qualities repomebable[1 under various conditions.

Finally, rightside Figuré&l4 shows th@edicted phase of the = 1 part of the pion form
factor together with the measuréy, (7=) phase data from [82, 83]. Clearly, the description is
good, keeping in mind that some contributions have not beanded, especially the exchange
of a spacelike. Therefore, this Figure indicates that the neglected diagrshould contribute
not more than a few degrees to the phase.

Therefore, the description of all form factor data can besatered as satisfactory and
provides a solid ground to our main assumptions :

j/ The bulk of Isospin Symmetry effects which create the diffee between™e™ andr
form factor lineshapes is@ —w — ¢ mixing scheme of dynamicail.€. s—dependent) structure.

jil’ An appropriate subset of meson partial width decays and:tlae form factor data
mostly suffice to set up & — w — ¢ mixing scheme able to derive thespectrum with good
precision.

jlil The effects of higher mass vector mesons in the mass regiow de0 GeV, even if
somewhat visible on the upper wing of th@eak, are negligible.

jv/ The (observed)® — p* mass shift is very small and of negligible effect. Nevdata
may confirm its relevance, as this follows only from ALEPHalat

12.3 Light Meson Decays

As a preliminary remark, when fitting partial widths (actyaoupling constants), the rec-
ommended data used are the partial widths taken from the B#PWhen available. If not,
they are derived from the branching ratios and the full wsdtBometimes, this procedure re-
veals a surprising information. For instance, for~ v+, the ratio of the “fit” partial width
error to the corresponding central valu#ig26/0.51 = 0.05, while the corresponding infor-
mation derived from the quoted “fit” branching fractionif6,/39.98 = 0.007, which might
look somewhat optimistic.

The numerical estimates of branching fractions have belenleted using the information
returned by themiNOS program and take into account the parameter error covariauatrix in
the standard way (as recalled in Section 7.3 of [16], foransg). This is mandatory as some
error correlation coefficients are very large, namely thamseng the two fit parameters hidden
insidee, (s), or insidee,(s) are about 95%. Most other error correlation matrix elemargs
below the 10 % level. We therefore consider that our erromeges are accurate.

On the other hand, all partial width results we compute haenlulerived using the accepted
values for all vector and pseudoscalar meson masses [54)dér to produce the branching
ratios as given in Tablel 4, we have also divided these pasiidths by the accepted total
widths reported in the latest issue of the Review of Partitileperties[[54]. The errors on
masses and widths have been taken into account in the congouke used in order to derive
the reconstructed branching ratios.
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12.3.1 Radiative Decays Of Light Mesons

The fit values for the branching fractions of light mesonsatike decays are displayed on
top of Table[4. Most decay modes involving vector mesonsrargde correspondence with
their recommended values [54].

The value returned for the — 7%y branching ratio is about 3 from the presently rec-
ommended value [54], but is in good agreement with the fonrmeommended valuég.5 +
0.5) 102 as well as the value found in the fit of thee~ — 7%y reported in[[74] (8.39 +
0.25) 107%). This indicates that the recommended central value far dbicay mode can be
guestioned.

On the other hand, as already commented upon, the branchttgh found fotw — 7, is
in much better agreement with the average value proposde3RG in[54] (6.34+1.3) 10~%)
than their so—called fit value reported in Table 4 ; this reisudlso in perfect agreement with
the Crystal Barrel[87] measuremeri6.¢ + 1.7) 10~*) as well as the measurement obtained
in a fit to thee™e~ — 7y cross sectior [74](6.56 & 2.5) 10~%). We also consider confidently
our result for this decay mode.

The ratio :

Tlw—m)

['(w — 70%y)
depends only weakly on the mass and width definitions aftheeson and is in agreement with
all reported direct measurements in the RPP [54]. This alsssgupport to both fit results.

The contribution of they — p%y mode to they? is 2.23, while all others are smaller or
of order 1. This may indicate that the box anomalyi [85, 88s&hap and might have been
accounted for.

The only difficult point of the model is the: 1.90 departure of the partial width foy —
~~ from the expected value commented upon at the beginningi®Stction. Whether this
could be due to our assuming that the pion decay constant &ffiected by Isospin Symmetry
breaking effects is an open possibility. Instead, the gawidth for ,” — ~~ fits nicely its
expected value, possibly because of its larger experirhentrtainty .

Finally, we should note that our model gives a precise imtlimeeasurement of / f: :

2
lf—K] = 1.503 £ 0.0104¢4¢ £ 0.002,,0qe1 = f—K = 1.226 £ 0.00444¢ £ 0.001,,,04¢; (50)

fx fr
where the second quoted uncertainty reflects details of thaehtogether with the effects of
including the spacelike data in the fit. This is in balancéwlite corresponding quantity which
can be derived from the reported world average data [54)dg, = 1.223 +0.010, assuming
that the errors orf,, and fx are uncorrelated.

= (0.802 £ 0.011) 102 (49)

12.3.2 Leptonic Decays Of Light Vector Mesons

Table[4 indicates that our model nicely accomodatesthe ete™ and¢ — ete™ partial
widths giving values which coincide with their recommendatlies[54].

27 |n order to test this assumption, we have |gft free in our fits and, forf,o = 87.9 + 2.4 MeV, we have
reached a probability slightly above 80 %, wiilin — ~~) at 0.55¢ from its recommended valué [54] and
I'(n’ — ~v) atonly 0.37c. This has to be compared with the reported value extracted (7 — ~+) which
providesf,o = 91.92 + 3.54 MeV.
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Our result forp’ — eTe™ is derived from the same data which underly the other prapose
values [[54] and has been obtained with a careful account statistical and systematic re-
ported errors. Therefore, this value can be confidently idensd ; one should note that it
exhibits a~ 100 distance to the presently accepted branching fraction [B4hore straight-
forward information coming out from our fits is the corresgong partial width :

T(p— ete ) = (8.3440.10 £ 0.31)10™% MeV (51)

where the first error merges all statistical and systemaioetainties commented upon in the
body of the text ; the second error takes into account theusadrtainty affecting the mass
used in order to derive the partial width from the couplinghds conservatively been fixed
to 10 MeV for reasons which will become clearer shortly. Theesponding partial width as
givenin [54]is(7.02 £ 0.11)103 MeV.

12.3.3 Thew/¢ — nTn~ Decays

The value found for the — 77~ partial width compares well with its measured value
[71]. Actually, one may suspect that this datum prominemtfiuences some of our free pa-
rameters, certainly those in the expressionefgs). The phase of the corresponding coupling
constant being close enough4r) to expectation [71] might indicate that the data (modulus
and phase) for this mode carry small systematic unceréginti

The branching fraction we get for the — 7*7— mode is more appealing. It is derived
from all data involved in this measurement with a preciseant of all systematic uncertain-
ties. Additionally, the quality of the measurement we pispgprobably does not suffer from
significant model uncertainties, as the w interference region is quite well described (see the
insets in Figurél2). Therefore, our conclusion for this gewade is either of :

Br(w — 7t77) = (1.13+0.08)% , T(w—xtr")=(9.59+0.80) 10> MeV (52)

using the recommended value for width and the mass ab ttmeson([54].

This new datum may influence the global fit of all thelecay modes in isolation. This is of
concern for our purpose, as one has noticed that the disagres observed between the PDG
recommended values [54] and our results forithiey modes refer mostly to the — (n/#%)y
branching ratios.

Finally, the unfitted Orsay phase for the coupling- 7%=~ is found close to its expected
value from a standalone fit to the so—called old timelike &% while our fit for the phase of
the¢p — 77~ coupling is in good agreement with its measured value [71].

12.3.4 Thep — KK Decays

As explained in the body of the text, we have been led to lemta b — KK de-
cay widths outside our fit procedure, as there is some unegrtaith possible factors, like
Coulomb corrections, which may affect the usual couplingstant contributions to both par-
tial widths[72/) 73] 80].

Therefore, the values reported in Table 4 are predictiohgiofiuenced by the other de-
cay modes and without any additional correction factor tcheaf the¢ — KK branching
ratios. The numerical values found for these branchingsatlearly illustrate that our model
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is overconstrained and provides precise values for thelicmuponstants of botly — KK
modes.

The ratio of the prediction to the recommended central wlgel.022 for the charged
mode (.e. al1.8 ¢ distance) and 0.97 for the neutral decay made & 2.0 ¢ distance). Taking
into account the model uncertainty reported in Table 4, treement could be considered as
satisfactory.

Now, if correction factors have to be applied, they are etgmeto improve the prediction
for the rates. Therefore, they should be of the order 0.9761a031 for, respectively, the
charged and neutral decay widths. This clearly invalidétestraditional 1.042 correction
factor proposed in order to account for Coulomb interacéiorong the charged kad#fis

Correcting both modes as argued.in/[73], even if able to pieaigood account for the ratio
g — KTK7)/T(¢p — KOFO), does not allow a good account of both modes separately, as
the corrections proposed turn out to increase the expeatedar both modes.

Within the framework of our model, if correction factors leaw be applied, they should not
increase the charged decay mode by more thd. There is more freedom with the neutral
decay mode. Therefore, in order to fix one’s ideas, one hasdetrection factor for only the
neutral decay mode to vary. In this case, of course, the dowrefactor & 1.047 + 0.024)
is found such that the neutral mode exactly coincides wi#hmeasured value, which could
be expected beforehand. However, more interesting is tleat’ contribution of the charged
decay mode (which does not explicitely depend on this faésoonly 0.3 (a0.5 o effect).
This indeed confirms that only the predicted neutral decajthwmight have to be corrected
significantly. Taking into account that systematic efferts harder to estimate for the charged
mode than for the neutral one (see footnote 16 in [16]), tlag ook a physical effect. Whether
the “mixed isoscalar and isovector source” scheme of [8@fz&ount for such an effect would
be interesting to explore.

As a summary, our analysis tends to disfavor a significanmection factor to thep —

K+ K~ decay width (above the 1.01 level). It would rather favorgmiicant correction factor
for only the neutral mode — KK’ (which could be as large as 1.047 for the rate). If
the traditional scheme of Coulomb corrections should yesbiply, both measured widths for
¢ — KK are hard to understand, as already stated in [72, 16].

12.3.5 What Are Thep Parameters?

For objects as broad as théor K*) meson, the definition of mass and width is not a trivial
matter [53]. Having defined in our model th& and p* propagators as analytic functions (or
rather meromorphic functions on a 2—sheeted Riemann swidh branch point at threshold),
one has at disposal the poles of the propagators. This hashewn to provide the most stable
definition of the mass and width [53]. If one assumes that Wity of S—matrix elements
is a basic principle, this is also the most model independefibition. Indeed, whatever are
the working assumptions, the pole basically tells wherepibak is really located and how
wide is the invariant mass distribution around the peaki¢ally, close to the full width at half
maximum). We remind that the data used for our fits is the masiptete set of data allowing
to define the mass and width of thenesons.

28 See [72] for a detailed account of the usual way to deal withl@uab corrections and Isospin Symmetry
breaking effects i decays.
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For this purpose, our final results for the compidrcations of thep meson poles are :
s, = (0.5782 — 4 0.1099) & (0.9 +4 0.5) 1073 (GeV?)
s+ = (0.5760 — i 0.1095) £ (1.0 +7 0.5) 1073 (GeV?) (53)
8,0 — 8 = (2.26 — i 0.38) 1073 + (0.83 + 0.14) 1073 (GeV?)

All other results depend on how to defing, andl’, starting from the relevant, pole location.
Defining as in[[66}sgp = M2 — iMg[', one gets :

My =7604+0.6 MeV | o =144.6+0.6 MeV
My =7589+0.6 MeV , T, =144.3405 MeV (54)

My — My =1.5140.53 MeV

which for p° are slightly larger than those found by [56] using only thecadled old timelike
data. One may note that the mass difference is affected byakesmncertainty than the masses
separately.

One may also choose [5%); = (My — il'g/2)? and obtain slightly different values (not
shown). Defining the mass by the location of the maximum ofdis&ibution and the width
by the full width at half maximum cannot be derived easilynir&gs. [53) ; they are :

My = 7621406 MeV | T =1445+0.6 MeV
M+ =760.8+0.6 MeV | [, =1445+05 MeV (55)

Mg — Mys =1.224+0.53 MeV

One may consider these values as they are in consistencyheithiay the mass and width for
objects like thev and¢ mesons are usually defined [54]. The difference betweerm tessilts
and those in Egs[ (54) could be attributed to the influencé@ftégular part of the invariant
mass distribution.

If instead, one decides to parametrize the distributiorth warying width Breit—Wigner
shapes, one will recover the traditional values tabulatg@4] (M, = 775.5 £ 0.4 MeV, for
instance). However, their model dependence (not only thefinition dependence) should be
stressed.

Instead, one may also choose the HK mass values as they coméhie Lagrangiﬁ and
our fitted parameters, one would rather get :

Mg =78214+21 MeV , My =780.4+22 MeV , My — My+ =1.74+£0.60 MeV
(56)
This result is also interesting. Indeed, as stated aboesHgetnoté 6), a reasonable break-
ing of Isospin Symmetry at Lagrangian level, while prodgcan(HK) mass difference between

29 This has a clear physical meaning : It is the mass optheeson while working at tree level (when possible,
as maybe farther inside the spacelike region than we have)gon
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the p° and p* mesons returnsy,0 = m,,. As one may think that the HK mass is close to
the tabulated value [54h(, = 782.65 + 0.12 MeV), it may have a meaning to find that the
HK mass for the" is consistent with the acceptednass. For this purpose, it should be noted
that thew mass value used in our fits was fixed at this accepted valughandcannot directly
influence the HK value fom, .

Defining the width using EqL(101) provides the same widthtli@ercharged and neutral
meson :

I',=172.13+1.42 MeV. (57)

which is substantially larger than all other definitions wewer this follows from the most
usually employed formula for the two—body decay widths @& ¢hand¢ mesons. One may
argue that the larger mass and width exhibited by Hgd. (56)&mh) compared with usual is
related with our having the HLS parametesignificantly different from 2 (8 o effect).

Therefore, one considers the best solution as being tloeation of the poles as given
by Egs. [(5B) ; the definition of the mass and width using= M% — iMzrI['g, OF s =
(My —iT'r/2)?, or something else, can be derived algebraically.

12.4 A Few More Comments On The Model

In order to justify the change from ideal to physical fieldse®hould check that the func-
tions in the non—diagonal elements of tRematrix in Eq. [1T) are small compared to 1 in the
relevant invariant mass range. For this purpose, we hava kbaber look at the functions :

. 61(5)
Bl = -l

_ pen(s)
Fools) = (1 — zy)m? + 11 (s) — p2ea(s) (58)

B pea(s)
Fw¢(8) = (1 _ Zv)m2 + (1 _ ,u2)€2(3)

computed with the fit parameter values. These are the ewpfrtbs R(s) matrix which defines
our transformation from ideal (bare) fields to physical feeld

FigurelT shows the real and imaginary parts of these funktidhey are all small compared
to 1 all along the physical region|#,,,(s)| ~ O(1072), |F,s(s)| ~ O(107%) and|F_,(s)| ~
O(1071). As expected,,(s), which does not vanish in the Isospin Symmetry limit, is &rg
and one observes an order of magnitude difference.

F,.(s) represents the traditional- w mixing and its behaviour translates in our modelling
the known large (Orsay) phase by the quasi—vanishing otékpart aroundn?. It exhibits
aroundy/s ~ 0.3 GeV, the two—pion threshold, an unexpected behaviour wisicttually
too small to influence numerically the pion form factor. Whieatthis local effect should be
considered seriously is unclear, taking into account thE@pmations done in order to work
out the modéfl. The important point here is that, even if narrow, the amghktdoes not exceed

30This goes along with the remark that one would have prefexsalution forF,,, (s) which vanishes at = 0
asF,,(s) andF,,(s) do, even for non identically vanishing ef. This could also be a consequence of working
at first order ire; ande,;. However, the neglecting of the anomalous loop effects ntay gome role neas = 0.
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a 10 % level there and a few percents all along the physicaimggamely thep/w and¢ peak
locations).

F,4(s) is of the same order of magnitude thap,(s) but much smoother all along the
physical region ; its real and imaginary parts arounddhmeson mass are comparabte 1
%).

F,(s) is more interesting as it represents what is traditionattyibuted to a constant
mixing angle of a few degrees![8]. It is indeed what is exleijtas this function is real at?
and close to real actz;. However, the numerical values of the mixing angle vary isicemtly :
at thew mass the angle is 0.45while it is 4.64 at the¢ mass. This tends to indicate that the
notion of mixing angle has somewhat to be readdressed.

As explained above, the (not too small) magnitudé gf(s) could have been infered from
the HLS model, as the transitions betwegrand¢; follow from kaon (andik™* K) loop effects
and not from supplementing them with Isospin Symmetry hrep&ffects.

Figure[8 emphasizes the important features of our modehfpton form factor. The
upper plot shows the function :
_ )P = 1F(s))?
|7 (s)[?

H(s) (59)
which summarizes the breaking of Isospin Symmetry all akbvegphysical region. The strong
effects at theo and¢ mass locations could have been expected. However, ondyckess a
non-zero “background” contribution extending down to sin@d (and even below) and beyond
the » mass. This simply illustrates that opr— w — ¢ mixing scheme is really invariant mass
dependent. This is why it can suppress the unwanted effebibited by residuals in more
standard approaches (see for instahce [26], [35] or [36]).

The lower plot shows instead :

_E () = [F ()

e G

(60)

whereFy ;_,(s) is identified with thep® part of the pion form factor, as traditionally done. It
clearly exhibits that the® and p* mesons are different kinds of objects in our modelling. We
indeed obsen® an effect of several percents and functionaliylependent.

Stated otherwise, the* is indeed a pure isospin 1 meson, while fiemeson is actually
a mixture of isospin 140) and isospin O statessf and¢;). A real extraction of the isospin
1 component ofF’¢(s) should isolate the isospin 1 part of thew, and¢ amplitudes, which
is exactly what our model does, by construction. This allow$o agree with the analysis by
K. Maltman [48/49] concluding that the part of the pion form factor ir"e~ data does not
behave as being isospin 1 ; however, this does not invalttiate e~ data.

Therefore, the single departure from CVC one observes iglgithe tiny shift between the
p° andp®™ masses which follows from ALEPH data.

%1The local minimum just above threshold, which reflects timacstire of F,,, (s) we discussed, may be an
artifact of the model. Its numerical value at this locatioak®as it however totally invisible.
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It also follows from our model that usingdata in order to reconstruct the equivaleht ™
spectrum is not straightforward and requires a non—trpigisics input as shown by both plots
in Figurel8.

One is tempted to think to extending the model in order toudelhigher mass vector
meson nonets. In order to do it properly within the HLS cohtexe may change in the co-
variant derivative (see Eq$. (67)) the (presently) singletar termgV to > ¢;V;. This induces
further transition amplitudes like, for instangd(770) «— p°(1450) which may sharply com-
plicate the model. Itis not easy to have a feeling for the misakmagnitude of the inter—nonet
transitions as, now, pion and kaon loops contribute. Mogedhe higher mass vector mesons
are in the region where all the thresholds of ih& channels are open. Therefore, one may
also have to include the corresponding loops explicitly.efiler the problem will not become
numerically untractable is therefore unclear.

On the other hand, one has certainly noticed that the problermave examined is highly
non-linear in the parameters. This makes the search foti@aduhighly dependent on getting
a starting point (in the parameter phase—space) reasoalalsky to the final solution that the
fit procedure may succeed. In the present case, it was aleeady—trivial (and highly time
consuming) task.

13 Conclusion

Within the context of the HLS model, as for other models, et fievel the so—called ideal
fields (o7, wy, ¢;) are mass eigenstates. This simple picture vanishes alompesrder. In this
case, kaon loops generate non—zero amplitudes allowing— ¢; transitions. Breaking of
Isospin Symmetry in the pseudoscalar sector generates sdiffesence between kaons and,
besides, the transition amplitudes<— p; and¢; «—— p;, even if of small magnitude, are no
longer vanishing. Additionally, these amplitudes exhédependence o the square of the
momentum flowing through the vector meson lines. As the play$ieldsp, w, ¢ are expected
to be eigenstates of the squared mass matrix, this unavgitstus to define them as linear
combinations of their ideal partners. However, as the ttiansamplitudes are—dependent, it
is clear that these combinations should alse-k#ependent.

We substantiate these considerings starting from the Higsdrayian, modified by includ-
ing in the squared mass matrix of the neutral vector mesdrseli-energies and transition
amplitudes. Making the assumption that the physical neugetor fields should be eigen-
states of the loop modified squared mass matrix of the (ichalyral vector meson, we solve
the eigenvalue problem perturbatively. This leads to piatsiector meson fields expressed
as linear combinations of their ideal partners with defiritdependent coefficients, which are
actually analytic — or, rather, meromorphic — functionssofOf course, this algebra leaves
unchanged the charged and/or open strangeness secta,sdarting fields acquire a running
mass but no transition from one to another meson field.

The main mechanism producing the vector meson field mixirthesoccurence of neu-
tral and charged kaon loops in transitions between the geatral vector meson fields. We
have also shown that the anomalous HLS—FKTUY sector prevadesupplementing mecha-
nism K* K loops, occuring in transitions in nice correspondence Wathn loops. Within this
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framework, thev¢ mixing has been shown to proceed from quantum (loop) effedide the
pPw and p’¢ mixings follow from Isospin Symmetry breaking effects arahish when this
symmetry is restored.

This allows to dynamically generate isospin violating dings ¢7* 7~ andwr* 7~ at the
(modified HLS) Lagrangian level. With this at hand, we haverbable to construct the pion
form factor expression at one—loop order modified in ordesdoount for Isospin Symmetry
breaking through only a dynamically generajgd— w; — ¢; mixing scheme.A priori, this
fully affects theete™ physics but, by no way, the physics ; in this sector, as a second order
refinement, we have been led to accept shifting with respeetith other the Higgs—Kibble
masses of the’ and p™ mesons. This provides a tiny effect, nevertheless cleasiple in
ALEPH 7 data, but not obvious in CLEO data. New data expected froradBefies may
confirm the need for this mass shift. As a final result, we enditip structureless residuals in
the fitted regions, which confirm that our dynamical mixingesme is appropriate.

The mixing properties have been introduced in the anomaleuay amplitude¥” — P~y
andP — V~. These processes actually represent our main lever arne aéfining numeri-
cally our isospin breaking scheme.

Beside a good description of thé — P~ and P — V'~ decay data, this allows a very
good simultaneous description of all pion form factor daiaT the close spacelike region to
the » mass, ine*e™ annihilations as well as im decays. The physical ground of this result
can be traced back to the fact that filemeson is a mixture of isospin 0 and 1 states (asthe
andw meson), in contrast to the" meson which is purely isospin 1. Actually, extracting the
isospin 1 part of the pion form factor it e~ annihilations requires to split up th&, ¢ andw
contributions. This is done automatically by our model, and can claim that such a splitting
cannot be done without some model.

The net result of this model is to prove that the lineshapeghe pion form factor in
ete annihilations and inr decays are perfectly consistent with each other, withoyfanther
breaking of CVC than a possible tip§— p™ mass difference. In a further step, one may include
the data from KLOE as well as data expected to come from BaBamBalle concerning the
7 spectrum on the one hand and #he=~ Initial State Radiation samples on the other hand.
However, our comparison ef e~ andr data does not seem to leave room for any kind of new
physics.

On the other hand, we have shown that this model allows a goozlat of all decays
of the formV — Py andP — V+~. The case of thes — 7y andw — =%y partial widths,
where some disagreement is observed with the so—called/dities proposed by the PDG, has
been discussed and we have argued that the real situatiomeadhat unclear.

Our dealing with the pion form factor data has led us to prepogroved values for data
sharply related with the*e~ — 77~ annihilation process, namely th8 — e*e~ and
w — 7wt~ partial width decays. In both cases, we find that the referaratues should be
significantly modified and we propose for these new refereiate.

Finally, we have briefly commented upon the mass and widtheft and p* mesons
and argued that the best motivated definition should relyherpble position in the complex
s—plane and related definitions.

Having shown that*e~ data andr data are perfectly consistent with each other pro-
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vided one uses an appropriate model of Isospin Symmetrkimgave can conclude that there
is no reason to question thee™ data. This result is important as these data serve to estimat
numerically the hadronic photon vacuum polarization usearder to predict the value of the
muon anomalous magnetic moment 2 . Therefore our model indirectly confirms the 3.3
discrepancy between the BNL direct measurement of the mmnomalous magnetic moment
and its theoretical estimate.
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Decay Mode Fit Value PDG/Reference
p — 70 [x104] 5.17 £ 0.04 6.04 0.8
p— 1y [x10Y | 5.03+0.03 45405
p — 1y [x10%] 3.05 +0.04 2.95 + 0.30
n — py [x10%] 33.3+1.0 29.44+£0.9
K** — K*y[x10Y | 9.8+0.9 9.9+0.9
K* — K%/[x10%] 2.26 £ 0.02 2.31+£0.20
w — 10 [x 107 8.23 4+ 0.04 8.9103% (%)
w — 1y [x107] 6.60 + 0.09 4.940.5 (%)
7 — wy [x10?] 3.14 £ 0.10 3.03 £0.31
¢ — w0y [x10°] 1.24 4 0.07 1.25 4 0.07
¢ — ny [x10?] 1.292 £ 0.025 1.301 + 0.024
¢ — 'y [x104] 0.60 + 0.02 0.62 + 0.07
n — vy [x10?] 35.50 £ 0.56 39.38 £0.26
n' — vy [x107] 2.10 £0.06 2.12+0.14
p—etem [x10°] | 5.56 +0.06 4.70 + 0.08 ()
w— ete™ [x107] 7.15+0.13 7.18 £0.12
¢ — ete [x10%] | 2.9840.05 2.97 +0.04
w— mtr[x10%] | 1.1340.08 1.70 £ 0.27 (%)
Jurtr— Phase [degr] 101.24+1.6 | 104.7+ 4.1 (xx) [50]
¢ — mrr[x10°] 714+ 1.7 7.3+1.3
ger+n-— Phase [degr] —27.0£0.5 —34+5 [71]
¢ — KTK~[x10?] | 50.3+1.0 49.2 4 0.6 ()
¢ — KOK9[x10% | 33.0+0.7 34.0 £ 0.5 (%)

Table 4: Reconstructed Branching fractions for radiativé leptonic decays using any of the
various fit strategies. The reported values are the meare \aid the rms of the simulated
distributions. The last column displays the recommendaadiring ratios [54]. The symbol
(%) indicates data commented upon in the téxt) indicates data which are not introduced in
the fit procedure.
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Appendices
A The Full HLS Non—-Anomalous Lagrangian

The construction of the non—anomalous Lagrangian of theléhid_ocal Symmetry (HLS)
Model has been presented in great detail several times layitrs (see for instancel [1] or
more recently [2]). Let us simply outline the main steps & tlonstruction procedure.

The HLS model allows to produce a theory with vector mesomggmage bosons of a hidden
local symmetry. These acquire a mass because of the spontabeakdown of a global chiral
symmetryGgona = U(3) ® U(3)g. The chiral Lagrangian is written :

2

Lo = TZ1(2,U0°0) (61)

whereU (z) = exp [2¢P(x)/ f-] ; heref, is identified with the pion decay constarf}, (= 92.42
MeV) and P is the matrix of pseudoscalar mesons (the Goldstone bossosiated with the
spontaneous breakdown Gf;on.1). This matrix :

1, 1 1 N
— ' s+ — T K+
V2 NV X ) '
1 _ 0 0
= =— T ——r’ s+ —= K
P=hth="15 V2 GRERVERS )
_ —0 2 1
K i N L
3778+\/§770

(62)
contains a singlet term besides the octet term ; approp@teinations of)s andn, corre-
spond to the physical pseudoscalar fiejdend»’. Here and throughout this paper we restrict
ourselves to three flavours.

However, besides the global symmetyi,.,.1, the chiral Lagrangian possesses a local sym-
metry Hy,... = SU(3)y which is included in the HLS approach by splitting Upas :

U(z) = €fér (63)
where thé fields undergo the local transformation. These variableparametrized as :

Enr = ez‘cf/ﬁ,eiiP/f7r (64)

and the scalar field is usually eliminated through a gauge choice, and can bedenes ab-
sorbed into the gauge bosons and removed. However, the denaiantf, goes on appearing
in the model through the HLS fundamental parameter f2/f2. Using this parametrization
Eq. (61) can be rewritten :

2
Lo =~ ET(0,608] — D,6aEh)) (©5)

This Lagrangian can be gauged for electromagnetism, wéataiction and the hidden local
symmetry by changing the usual derivativgsto covariant derivative®),, [1), 2] and one then
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gets :

Lurs = La+aly
2 2
L= —Z”Tr[(ngng — DuréR)’) = — Tl — RJ (66)
) 2
Lv = —FT((Duérél + Duréh)’] =~ TilL + RJ?

using obvious notations.
Now let us turn to the covariant derivatives. These are goydA] :

D& = 0,8 — igVu&r + 6L,
(67)
D, &r = 0u&r —igVr +iErR,
(where we have factored out the universal vector meson caupbnstant) with :
_ g2 .9 g2 _
L= eQAut oy (s = s w) 2yt 5 (W 4 W,T) (68)
g2 .
Ry = eQA, - — o sin® Oy Z,,

Egs. [(67[6B) introduce the matrix of vector meson fields (fhege bosons of the
hidden local symmetry) which is :

(o +)V2 K
Ve i (—p tW)VE K (69)
K*— F*O ¢I

in terms of the so—called ideal field combinations (indiddig the superscript) for the neutral
vector mesons, which should be distinguished from the gy $ields introduced in the main
text. A, is the electromagnetic field amdhe unit electric charge, anddy; are respectively the
gauge weak coupling constant and the weak (Weinberg) adglend Wj are, of course the
weak gauge boson fieldg), the quark charge matrix and tiiematrices are SU(3) matrices :
Q = 1/3 Diag(2, —1, —1) and7}, = 1/2 Diag(1, —1, —1) , while T, = (T_)" with :

0 Vud Vus
T.=|0 0 0 (70)

0 0 0

in terms of elements of the Cabibbo-Kobayashi-Maskawairmetgments. In this work, thg),
terms have not to be considered ; they have been given forletengss. The HLS Lagrangian
given above should be completed with the vector meson kimetergy term[2] but also with
the usual free Lagrangian for electromagnetic and weakrbbeslols. The leptonic sector also
has to be added ; it is written as per usual :

Ee,y = Z [qg €_7M€+AM — %7[}/”(1 _ 75)€—W+ 4+ (71)

42(67/%7)
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From a practical point of view;, defined above is related with the Fermi const@ptand
the W boson mass by :

g2 = 2mw \/GpV2 (72)
and it is useful to note that at thelepton mass scale one hasl[54] :

g2 =0.629 (and e =0.30286) .

B The HLS Anomalous Sector

QCD admits a non-abelian anomaly which explicitly breaksatlsymmetry. This anomaly
is well reproduced by the Wess—Zumino—Witten Lagrandid)[d] ; this has been incorpo-
rated within the HLS context by Fujiwara, Kugo, Terao, Ughand Yamawaki along with
vector mesons [3,/2]. In this way, it becomes possible to ipea framework which allows
one to describe most decays of vector mesons, and espeuiatlgs likev — 7+7~7% and
others more relevant in the present context.

Let us briefly outline the derivation and its assumptionsohiiias been presented in com-
prehensive reviews [7, 92| 2]. The anomalous action can $teucaler the form :

r = I'wzw + Irkruy
(73)
I'rkruy = 2?21 & f d*z L;

wherel'ywzw is the original WZW Lagrangian. The Lagrangian pieggsvhere first given in
[3] and each of them containsP PP and AAP pieces which would contribute to the anoma-
lous decays, but are cancelled B’V terms. These Lagrangians contain als& PP and
VV P pieces|[3] 2]. A priori, the weighting coefficients are arbitrary. However, in order
to reconcile this Lagrangian with decay data, especially: 7= 7%, FKTUY [3] 2] finally
choose the following combination :

39° 1
LFKUTY _ —ﬁewwﬂ[aﬂvyapvap] — 5Larrr | (74)
which turns out to complement the usual WZW term+4dt P P interaction with only &'V P
term. In this model, for instance the decay— ~~ occurs solely through® — wp° followed
by the (non—anomalous) transitions— v andp® — ~ and the partial width is identical to the
Current Algebra prediction reproduced By, p :

2

Nce vpo
Lp= pCrS P9, A,0,A, Tr[Q* P (75)

The model given by EqL(T4) with :

1eN,
323

Loppp = — €77 A, Tr(QD, PO, PO, P] (76)
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(N. = 3) has been also shown [85] to reproduce perfectly the datg/gh— 77—, es-
pecially the most precise ones [88]. Indeed, with no freapater, the distortion of the
lineshape is accurately accounted for and this can be cenesidas the signature for the box
anomaly in experimental data.

Accounting for the light meson radiative decays of thé P or AAP forms isthen &V P
coupling followed by one or twd@ — ~ transition(s). From a practical point of view, it has
been also shown [9] that the corresponding couplings cairéetly derived from the following
Lagrangian piece :

3

L= CePTr[0,(eQA, + gV,)0,(eQA, + gV,)P] , C = e (77)

Let us note that in the meson decays we are interested in ghlke boson sector is irrelevant.
Finally, one can find th& V' P Lagrangian expanded in![8], more precisely in Appendix 1 and
4 for respectively the fully flavor symmetric case and the HIU{(3) broken casd

C SU(3)/U(3) Symmetry Breaking of the HLS Model

The HLS Lagrangian we are interested in is the lowest ordpamesion of Eq. [(66) sup-
plemented with Eq.[(77). However, in order to use it with mestl data, one cannot avoid
defining an appropriate symmetry breaking mechanism. 8kbezaking schemes have been
proposed|([7, 4,15,/6] as there is no unique way to implemertt sumechanism in the HLS
model. We will prefer the method proposed!in [6] which loode the simplest that automat-
ically fulfills the hermiticity requirement. This symmetbyeaking scheme turns out to modify
the non—anomalous Lagrangian terms in Egl (66) to :

2

Ly = —Z“ r[(L — R)X 4)?
2 (78)
Ly = = v[L + R)Xy)?

where the SU(3) symmetry breaking matricés and X, can be written :
{ X4 = Diag(1,1, /z)

Xy = Dlag(lv 1, V ZV)

As the parametet, = [fx/f,]? is fixed here by kaon decay data, it can hardly be con-
sidered as a truly free parameter, even if one allows it ty véthin errors [54] : z4, =
1.495 + 0.031. As shown in the Lagrangian pieces given in the main textsdo®nd breaking
parameterzy,, allows one to shift the meson mass away from those of thandw mesons ;
practically we have more freedom in varying it. The full SYtBoken HLS Lagrangian pro-
duced by this mechanism (witholit * interaction terms) has been given lin [6]. Using this

(79)

32In the Appendix 4, the two breaking parametégsand/s (denoted: in the present paper) have been found
in this reference to fulfilty, (3. = 1.
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mechanism, however, the pseudoscalar kinetic energy tetime #1LS Lagrangian is no longer
canonical and a renormalization of the pseuscalar field=qgired [ 7] :

P = XY*pxY? (80)

where P and P’ stand respectively for the bare and renormalized pseuldwddd matrices.
With this redefinition, the kinetic energy term of the SU(3dken Lagrangian is once again
canonical. However, the coupling constants to kaons habe tchanged correspondingly by
introducing renormalized fields.

With this symmetry breaking mechanism, the realm of prattielevance for the HLS
model extends to pions and kaons, as far as pseudoscalansre®oconcerned. In order to
bring n andn’ mesons into the game, one needs first to define them in ternhe gf &ind 7,
fields, second to extend the breaking scheme from SU(3) th. U(3

We use the one angle traditional mixing expression :

n cosfp —sinfp g

n' sinfp  cosfOp Mo

It has been shown [11] that the one—angle description wasaguat at the first two leading

orders to the two—angle, two—decay constant descriptidavior since the Extended Chiral
Perturbation Theory (EChPT) [13,]14, 15].

Now the question is how Nonet Symmetry Breaking (NSB) camberporated within the

(SU(3) broken) HLS Lagrangian already defined. This can breedry means of determinant
terms [12] which break th& 4 (1) symmetry :

(81)

2 £2 2
L= Lys + Mlg’r Indet U - Indet UT + )\ﬁ Indet 9,U - Indet 9*UT (82)

whereU is defined by Eqd.(63) and (64) after removal of théield matrix. This can be
rewritten more explicitly :

1 1
L= »CHLS + ‘C%ILS = »CHLS + 5#2778 + 5)\8u7700u770 (83)
Therefore, in this manner, one provides both a mass to tlggesiand a modification of
the kinetic singlet term which is thus no longer canonical,dhen, calls for a renormalization.
The exact renormalization relation is givenlin/[11], wheitas also been shown that, at leading
order, this transformation is equivalent to using the HL8raagian but replacing Ed._(80) by :

P+ aP, = XY (Py + P XY? (84)

(with obvious notations). The Nonet Symmetry Breaking (N&&chanism introduces a pa-
rameterz which can be related [11] with by :

A 1
=1-"B’~ ——— — \~0.20 —0.25, 85
. 2 V1+ B2 (85)
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(B = (224 + 1)/3z4) with a precision better thary 5%.

Therefore one has only to equip the SU(3) broken HLS Lageangiith the U(3) broken
renormalization condition given by EQ.(84). Ref. [11] stealthat, at leading order in breaking
parameters one recovers the ChPT expectations.

In order to achieve this general presentation of the broke8 khodel, we recall in
a few words the breaking procedure of the anomalous Lagaang\ priori, the transforma-
tion to renormalized fields given by Ed. (84) induces a breglknechanism into the anoma-
lous HLS Lagrangian given by Eqs[_(74) andl(76). It has beawsHh8, 9] that, alone,
this breaking scheme (as well as no breaking at all, both)igmphat the coupling constant
ratio G oo, /G gt =, €quals 0.5 in sharp disagreement with experimental dafa [54
terestingly, the non-relativistic quark model (NRQM) alkbmore freedom by exhibiting a
dependence of this ratio upon the ratio of quark magnetic emtsn [93] :

GK*OKO.Y 147

= 86
GK*:EK:!:A/ 2—r ( )

In [8,19], it has been shown that this effect can be obtainechixyng a symmetry breaking
scheme proposed by Bramon, Grau and Pancheri [4, 5] with somef vector field renor-
malization. Numerical analysis implies that these two na@itms are highly correlated with
the neat result that the broken VVP Lagrangian in Eql (77pbess :

L = Ce™PTr[X70,(eQA, + gV,) X;20,(cQA, + gV,) X1 P). (87)

with P being replaced by renormalized fields using [Eq] (84) abokerdfore, the Lagrangian
we use in order to account for anomalous decﬂdﬂq. (87) with :

Xy = Diag(1, 1, /1) (88)

wherezr is a parameter to be fitted. We should stress that this spécéaking, which al-
lows one to recover Eq[ (86) leaves all other couplings ofspia} interest (AVP and AAP)
unchanged. One should note that, except for (conceptuaftyaidable) mixing angles, the
model we use introduces only two parametersand zr in the anomalous sector, the former
being essentially fixed by pure kaon physics. Taking intamaot that our broken anomalous
Lagrangian aims at accounting for 14 decay modes, the paearimeedom is actually very
limited.

D Radiative and Leptonic Coupling Constants

In order to simplify the main text we prefer to list here thaupbing constants entering
decay widths expression which will be treated in this papdost of them can be derived
trivially from expressions already given in Appendix Elir).[9

33 Eq. (76) might have also to be broken similarly. Howeverstng data on box anomalies allow access only
to the limited sectorr®/n/n" — =+t x~~ not affected by more breaking than reflected by Eql (84) ; stiveen
shown [85] that Eq.[(76) as it already stands, suffices fasfsatorily accounting for the data. There is therefore
no need to go beyond for this term.

48



D.1 Radiative Decays

Starting from the Lagrangian in Ed._(87), and using the brepgrocedure as defined by
Eq. (84), one can compute the coupling constants for albtae decays of relevance. Let us
define :

3eg 3eg S !
:—M y :_871‘2fK y Z:[f—K‘| :Z y 5P:¢9P—90 (tan(%:l/ﬂ)
(89)
SomeV P~ coupling constants are not affected by Isospin Symmetrgkong :
1
Gpiﬂi.y = gG
G’ 1
GK*OKO'Y = — ? ZT(l + _) (90)
T
G’ 1
GK*iKi’y = ? ZT(2 — Z) .
The p; P~ coupling constants are :
1
Gpmoy = gG
Gopy = %G [\/5(1 —x)cosdp — (2x + 1) sin 5]3} (91)
1
G oy = gG [\/5(1 —x)sindp + (2o 4+ 1) cos 5}3}
The other single photon radiative modes provide the follgaxgoupling constants :
Gwﬂro'y = G
Goynoy = 0
Guppy = %G V2(1 — ) cos 6p — (1 + 2z) sin 5}3}
1 7 92
Gy = §G (14 2x)cosdp +V2(1 — ) sinép} 52
2 -
Gy = §G Z(2+x)cosbp — V2Z(1 — ) sinc?p}
Gy = gG V2Z(1 — x) cos6p + Z(2 + x) sin 5]3}

In order to go from ideal field couplings to physical vectotdieouplings, one has to use
linear combinations of the couplings in Eqs.1(91-92) weighity elements of the transforma-
tion matrix R(s) given in the body of the paper.
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D.2 PyyandV —~ Modes

The 2—photon decay modes are not affected by Isospin Syminegaking in the vector
sector and keep their usual form within the HLS model [8, 9,:11

Q@ 5—-27 S+ 2

E Y EL NN, LI

S 3. 5 32ZCOS P \/_5 szm P

Gy = _Wi%nfw{ —3 sinfp + V2 Z xcosep] (93)
aem

Groyy = _7rf )

As stated in the text, we actually replace this last cougbygsing the world average value for
f= as given in the RPP [54].

Finally, in the non—anomalous sector, the leptonic decaithsi of vector mesons depend
on the HLSV — ~ couplings. For the ideal combinations, we have :

Jorn = aflg
forr= Lo (04)
fory = —%\@Zv :

It was shown in[[11] that the pseudoscalar mixing angle isrfote parameter, but is related
with the SU(3) breaking paramet&= 1/z,) and the Nonet Symmetry breaking parameter

by :
Z -1

27+ 1"
with a very good accuracy. This relation is used in our fits esrestraint.

tanfp = V2 (95)

D.3 Partial widths

We list for completeness in this Section the expressionshi@partial widths in terms of
the coupling constants for the various cases which are eehin the text.
The two—photon partial widths are :
mp 2 0 /
F<P_>/7/7) = 64—7_(_|GP7“/| 9 P: T, nn . (96)

The leptonic partial widths are :

_ A
IV —ete) = WW”F . (97)
The radiative widths are :
1 m2 — m2 3
(V= Py) = v PGy pa|? 08
(—>7) 967?[ mv‘||VP'y|v (98)
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whereV is either ofp°, w, ¢ and P is either ofz°, n, /', and :

3
Gypl? (99)

2 2

327

O(P— V)=

mp

The decay width for a vector meson decaying'te- P is :

3

F(V/ - VP) = |GV’VP|2 . (100)

1 V [ — (my + mp)[md — (my — mp)?]

967

mys

Finally, the partial width for a vector meson decaying intmtpseudoscalar mesons of

equal massesiis:

1 [m? — 4m3)3/?

— 2
E The Loop Functions
The loop functions can be written quite generally as :
II(s) = f(s)K(s) + P(s) (102)

where f(s) is a polynomial)(s) divided by some power of. The degree of the polynomial
P(s) is fixed always at second degree and we regHif@) = 0. we have :

ImK (s) = —(s5 — 8)Y2(s — 50)"/2 | (5> s0)

3 (103)
B o, 80 > ImK(2)
K(s) =co+ 15+ a5 +7r N —23(z—s+z’e)dz

where s, is the (direct) threshold mass squared, whileis the (crossed) threshold mass
squared.

E.1 The PP loop

In the case of equal massas= 0 and we have [9] :

9\2/PF S— 50
II(s) = ZLS—WTK(S) + P(s) (104)
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and the solution is

II(s) = do + di1s + Q(s)

Q(s) = LR (G(s) + o]

2472
1(so—8)*? (s0—8)"" = (=9)"?
< : =5
5 <0 G(S) 5 (—8)1/2 In (80 — 8)1/2 4 (_3)1/2
. _ (s0— s)°/? i .
0<s<sy : G(s)= SV arctan (so — s)

G(s) = C1(s—s0)%? ll sY2 — (s — 50)1/2]

2 sl nsl/2+(s—so)1/2
im (s — 50)%/?
2 sz

The behavior ofl(s) nears = 0 is simply O(s), andQ(s) behaves like)(s) near the origin.
This result coincides with the one of [52, 9]. By performingma subtractions, one could
choose to fix externally the actugl behavior of the loop near the origin.

E.2 The PP’ Loop

In this case, we have :

2 —_— J— J—
m(s) = Qe (8 =505 = 5e) oy 1 pig) (106)
487 52
Let us define
1 (S _5)1/2 ( 5)1/2
< - _oN\1/2 121y 0
S Sc 90(3) 7T<80 S) ( ) ( S0 — 8)1/2 _'_( 8)1/2
se<s<sy : (s)= g(so — 5)Y2(s — s.)/? arctan —
™ Sop— S
107
—1 1/2 1/2 (s — Sc)1/2 —(s— 50)1/2 (on
§280 @(3):7(5_50) (s —sc)" |In (s — 5c)1/2 + (5 — 50)1/2

—i(s — s50)2(s5 — 50)'/?

The solution forK is obtained by subtracting a polynomial in such a way thab#teaviour of
Eq. (106) is not singular at origin :

K(s) = ¢(s) — [co + 15 + 257 (108)
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with (sg = mZ ands, = m?) :

mome. mo — M
Co — In
™ mo + me
1. mg—me (mg—me)?
ci= —-—1In (109)
2r mo+ me MoMe
2 212 2 2
Co = _i (mO — mc) 1 Mo — Me my + m,
- 3 2
81 mgm? mo + me mgm?2

The exact behaviour fdi(s) at origin is then detemined by the choicefofs).

E.3 The PP’ Loop In the Complex s—Plane

The expressions in the two Subsections above give the véaline doop functions for any
real values ok. It is interesting to know how these functions extend in®¢bmplexs—plane,
i.e. for complex values of. It is actually in this manner that the expressions above lh&en
derived. One can check that :

. N2 s 1/2
A v e (so =) iz = se)
o(2) = 7r<Z s¢)/“(s0—2)/"In (50 — 2)1/2 —i(z — 5.)1/?

(110)

is — up to a polynomial with real coefficients — the (singleglgtic function of > real for
s. < z < sg, having as imaginary part for real> s,, ImK (s), given by Eq. [(103). The most
general solution to EqL(103), is then written:

K(z) =¢(z) + P.(2) (112)

with a polynomial,P,(z), with real coefficients chosen in such a way that the behaabu=

0 is the required one. The other coefficients have to be fixedhmr@xternal (renormalization)
conditions. Eq.[(110) gives the loop function on the so-echffhysical sheet of the Riemann
surface. The expression fpfz) on the unphysical sheet close to the physical regions is
obtained by a winding o radians around the threshold (branch—paing s,.

E.4 The Leptonic Loop

In order to compute the photon vacuum polarization, one siéedthave at one’s disposal
the analytic expression of the€ ¢/~ loop. More precisely, one needs the ratio of this loop
(lepton contribution to the photon self—-energy) divided dythe off—shell photon invariant
mass. This can easily be derived from the functi6tis) giver@ in [94] or computed from
detailed information from [95] :

oo (204 4(1—-2)(1422)

34In this reference, the computed loop is actually the quarkigaark one and therefore the color factor 3 has
to be removed.
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where :

G(2) 2ulnu \/1—1/2—1 s
2) =

= , U= ee—— | 2= —— (113)
w1 Ny im?
andmy, is the lepton mass andis the fine structure constant.

However, for explicit computation in a minimization code, meeds the explicit expression
along the real axis. This is :

() = [% + % +Q)
: 2142z e (1= 2)Y2 = (—2)1/2
2<0 Qz) = — 37 .2 [—2(1 — 2)]"?1n (1 —2)1/2 4 (—2)1/2

(114)

41+ 2z 1/2 z
< < N —_ —— .
0<z<1 : Q(z) 5 2 [2(1 — 2)]"/* arctan T

12 _ (5 1)1/2
2>1 - Qz) == [2(z — 1)]1/2 In ;/2 n Ez — 151/2

+ iw]

This function will be summed up with the (parametrized) loadec vacuum polarization
provided to us by M. Davier [68] and H.Burkhardt [69] for, pestively the region above
and below the 2—pion threshold. The functidiz) just defined is analytic and vanishes at
2 = 0. The term of orden? can be derived from the functidi”) given in [94] but is difficult
to handle in fitting procedures. Other expressions for timetion we use can be found in
[62,(96]. Finally, even if possible in principle, we do noteahe freedom of subtracting more
the functionII(z) as conditions at th& boson mass for the full photon vacuum polarization
seem to fix it to be zero [65, 66, 67].
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Tt A T

Figure 1: Schematic representation of the Feynman diagcamisibuting to the pion form
factor. Left plots (referred to as and a) sketch the case of the pion form factordhe™
annihilations, while right plots (referred to ag &nd b) figure out ther decay. The upper
plots show the non-resonant HLS specific diagrams, the Ipla¢s describe the resonance
contributions. The shaded blobs represent the photon waqalarization. theyV and WV
transitions are dressed bydependent terms.
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Figure 2: Data and fits for the pion form factor dérie~ timelike data. Left figure gives the
fit cross section with, superimposed, the data from the Ohth@MD Collaborations [75],
the data set [76] from the DM1 Collaboration and the first (ected) data from CMD2_[27].
Right figure shows the form factor curve with superimposédatia sets collected recently at
Novosibirsk [27] 28, 29, 30]. The region is commented upon in the body of the text.

45 F 3.5

IF,2
IF,?

2.5

0.5 -

0 I I I I I I I I
0.3 0.4 0.5 0.6 0.7 0.8 Q.9 1 1.1 1.2 1.3

V(s) (GeV)
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62



o ~
d o 180
[y 9]
©
—
o 180
140
120
100
80
60
40
0.2 - ® NA7
Fermilab
20
0 1 1 1 1 1 0 1 1 1 1 1 1
-0.3 -0.25 -0.2 -0.15 —0.1 -0.05 0 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
2
s (GeV?) V(s) (CeV)

Figure 4: Left Figure shows the fit in the spacelike regiorseltos = 0 together with the data
from NA7 [59] and Fermilali [80] ; the fit scale factors (1.00®l&.006 respectively) have been
applied. Rightside figure shows theediction for the P;; phase shift with the Cern-Munich
data [82] and the data fromn [B83] superimposed.

£ 67 4:
= L s e CMD 2 98—1
% Lk m CMD 2982
o - A CMD 2 95—cor
% L b
rF v SND 98—1
4? oF
Lk
3,’72;
| = I R SN R
0.76 0.78 0.8
27
“7

‘0,4‘ - ‘05‘ - ‘06‘ - ‘0,7‘ - ‘O,B‘ - ‘0,9‘ T 1
Vv(s) (GeV)

Figure 5: Residual distribution for all the ¢~ new timelike data over the whole invariant mass
interval. The inset magnifies thepeak invariant mass region.

63



o
M

g a) Aleph b é a) Cleo o;%é: + + +
AT St
S . ST
1 65 07 o7 08 ops o*x,‘& ++li+ll+ M +++++ LIPS .
MARTIRR S AANR S |
T oo I m
AN HWT
1 -015 wt
- 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 W'L/(S)W (ZGev1)3 e 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 11/(8)1 (ZGe\/")3
1 T e M ST
=T D+++ l [ * ook + + ‘
} \ 15 \ e +
1 } e o7 om  os  oks o+x,$ ++l¢+ll+ l‘ +++++ LENPFON .
{ } SRR AA Y W
0 bbbt M J\ m\MHHHﬂWﬂMMw o {H
o |
B ! -015 wt
- 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1'\\/(5)1 (ZGeVW):) o 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 11/(8)1 (ZGe\/'\)3

Figure 6: Distribution of fit residuals for the data. The upper two plots give the residuals
for ALEPH and CLEO data within the model presented. The loplets shows the- data
residuals when fitting without & — p* mass shifti(e. §m? = 0 is required) ; one should note
the vanishing of the structure around fhpeak in ALEPH data produced by th&— p* mass
shift. One should also note that the CLEO residual is not fremtli
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Figure 7: Matrix elements producing the neutral vector masixing. The functions shown
are those given in Egs[_(b8) with their name recalled in eaghrE. The upper part of each
plot gives the real part of the function, the lower part, m&ginary part.
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Figure 8: Isospin symmetry breaking effects following fréime o° — w — ¢ mixing scheme.
The upper plot shows the difference betwééfi(s)|> and|F7(s)|?> normalized to the latter.
The lower plot instead shows thepart of| F2(s)|?.
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