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Abstract

Scalinglaws of theemittancegrowth for abeamcrossing
the 6th-ordersystematicspace-chaye resonanceand the
random-octupolariven 4th-orderresonancere obtained
by numericalmulti-particle simulations. Theselaws can
be importantin settingthe minimum acceleratiorrateand
maximum tolerableresonancestrengthfor the designof
non-scalindixed-fieldalternatinggradientaccelerators.

INTRODUCTION

Recently fixed-field alternating gradient accelerator
(FFAG) [1] hasbeenconsideredas a favorablecandidate
for proton drivers, becauset hasthe merit of constant
guidefield sothattherepetitionratecanbe madeconsider
ably higherthancorventionalsynchrotronsevenupto the
kHzs. Thisis especiallytruefor thenon-scalingdesign[2],
wherethe magneticfields arelinear andthe magnetaper
tureneednotbetoolarge. However, thenon-scalinglesign
hasthe disadwantagehatthe betatrontunesareleft to vary
asthe beamenegy increasesTake for example,thethree
concentricFFAGssuggestethy Ruggiero3] to replacethe
BrookhavrenAGSsoasto reachafinal beampowerof more
than10MW. Althoughthebeamclosedorbit of eachFFAG
hasaradialexcursionof lessthan18 cmduringtheacceler
ationcycle, the betatrontunesvary from v, . = 40.0/38.1
to 19.1/9.3. As shavn in Fig. 1, both the systematicdth
and 6th-orderresonancesny, + nv, = P (|m|+|n| =4
or 6 and P = 136 is thelattice periodicity) arecrossecand
thebeamquality canbecomeanimportantissuedepending
onthetune-ramprate. Thelatteris approximatelgivenby
Av, ./An~—(1—D/R)(v,,./23*E)(AE/An), which
is typically ~ —1073 to —10~2, whereD/ R is theratio of
dispersiorfunctionto thering’s radiusand A E/An is the
enegy gainperrevolution.
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Figure 1: (Color) Tune
diagram of Ruggieros
proposedFFAGSs, shav-
ing the crossing of
the systematic 4th and
6th-order resonancesin
a ramp cycle (arroved
cune).
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Recently Lee et al. pointed out that the crossingof
space-chaye driven systematianonlinearresonancesay
causesubstantiabmittancegrowth [4]. He demonstrated
simplescalingpropertyfor theemittancegrowth acrosshe
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4th-orderspace-chayeresonanceT hey shav thatrandom-
error driven parametriclinear and nonlinear resonances
may alsoleadto emittancegrowth dependingon how fast
theseresonancesre crossed. The purposeof this paper
is to continuethe investigationof the systematicGth-order
resonanceaswell asthe parametricith-ordemresonances,
hopingto obtainthe minimumresonancerossingratesso
that emittancegrowth remainstolerable. A detailedac-
countof thiswork is givenin Ref.[5].

THE MODEL

Multi-particle simulationsare performedon a lattice
similar to that of the FermilabBooster which consistsof
P = 24 superperiod=ODO-cells. The betatronfunctions
are 3, , =40/8.3 mand6.3/21.4 m, respectiely, at the
centersof the F- and D-magnetsets. Four-by-four trans-
fer matricesareemployedfor eachhalf period. Thetrans-
versedistributionis assumedo bebi-Gaussiarall thetime.
Although not self-consistentthe assumptiorsimplifiesthe
space-chaye force and speedsip the simulationstremen-
dously At the endof eachturn, the trans\erserms beam
radii o, ., andthepositionof thebeamcenterarecomputed,
andthermsemittancesreinferred. Thesanformationsare
usedto determinethe space-chaye force to be appliedat
eachF- andD-magnetsetin the succeedingurn. This pro-
ceduresmoothesutthecomputationahoisein oneturn,so
thatthe numberof macro-particlesn the simulation,usu-
ally 2000,neednot betoolarge.

Since the emittanceusually grows much fasterthan a
synchrotroroscillation,the performanceof only 2D simu-
lation for aslice of thebeamatthelongitudinalbunchcen-
teris justified. For abeamwith peaklinearparticledensity
A, thetrans\erse2D space- chegepotentialis
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whereK,, = 2)\br0/([j’2ﬁ/3) is the space-chaye perneance,
with rg beingthe particleclassicalradiusand g and~ the
relativistic parametersEachbeamparticlepassinghrough
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anda similar vertical kick, where/ = 7R/ P. Hereanef-
fective space-chayeforceis choserinsteadpecauselirect
derivative of the above analyticexpressionis cumbersome
as an apparentsingularity is presentwheneer o, = o,.
This effective space-chaye force reproducesexactly the
linear and quadrupolepartsin the round-beangeometry
androlls off far avay from the beamcenter Unfortunately
this effective force is not derivable from a potential. For
this reasorresonancethatinvolve the mixing of the hori-
zontalandverticalphasespacesarenotaddressetiere.



SYSTEMATIC 6TH-ORDER RESONANCE

Thebeamis injectedfirst for 100 turnsat2x10'! protons
perturn into 84 consecutre bucketswith bunchingfactor
B=0.25 andinitial equaltrans\ersenormalizedrms emit-
tancesen rms = 8.33 Tmm-mr. The kinetic enegy is kept
constaniat1 GeV, while thebetatrorbaretunesinitially at
V20,20 = 4.25/4.30 areallowedto rampaccordingto some
specificrate. The emittancesat the endarecomputedand
aredivided by theinitial to arrive at the emittancegrowth
factors (EGFs). In orderto minimize all otherinfluence
to the space-chaye driven systematiadesonancesandom
field errorsandnonlinearfields in the magnetsareturned
off. Momentumwidth consideratioris alsoexcluded.

The terms in the space-chaye potential, responsi-
ble for the 6th-order resonancescan be expressedin
terms of action-anglevariables (J, ., %,.): RV =~
— > [|Geoe| T2 cos(6¢,—L0+x60e) + | Goge| T2 cos(61).—
L0+ xoee) + - - - |, wherel is aninteger, |G| andxomne
aretheamplitudeandphaseof theresonancatrength.For
simulation with equal horizontal and vertical emittances
to start with, the space-chaye contrikution to the reso-
nancestrengthcanbe factoredout leaving behindthe lat-
tice dependentlimensionlesseducedresonancestrength
Gmnt =4Gmneed o/ R, With e.,s beingthe unnormalized
rms emittance. Here, K .R/(4€ems) IS just the linear
Laslettspace-chayetuneshift for around-beangeometry

Figure 2 shawvs a sampletracking with 100-turninjec-
tion andtune-ramprate—0.004 perturn. Thespace-chaye
tune shifts after injection are Av,. .. = 0.309/0.290.
The systematicresonance$, .o = P (P =24, the lat-
tice periodicity) are crossedat turns 950 and 825, respec-
tively, with reducedresonancestrengths|geor|/|geor| =
0.00618/0.00463. Both the horizontaland vertical emit-
tancesstartto grow ~ 150 turns earlier The beamsize
increaseandthespace-chayetuneshiftsarereducedThe
right plotsshaw the particledistributionin thevertical (bot-
tom) andhorizontal(top) phasespacest turn 900. Six is-

44 T T T

43}

4.2 i

Bx' (mm)

4.1 H|

4.0

3.9

EOLIH(J){HbiHbuw HHHH

t —— Horizbntal
[— Vertical

Enms (mm-mr)
Bz’ (mm)

P NN AN AT A
0 200 400 600 800 1000 120C
Turn Number

Lol L
-40 20 0 20 40
z(mm)

Figure 2: (Color) Top-left: After 100-turninjection, baretunes
are rampeddovnwards at —0.004 per turn. Systematicreso-
nance$v,o,.0 = P arecrosseditturns950and825,respectiely.
Bottom-left: Emittancegrowths areobsened. Right: Horizontal
andvertical phase-spaceistributionsat turn 900.
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Figure 3: (Color) Emittancegrowth factoracrossthe 6th-order
systematicesonancév,, = P versusune-rampatefor various
resonancstrengthdgsop | at 100-turninjection.

landsareclearly seenin the bottomplot slightly aheadof
turn 950 when6v,o = P is crossedand particlespushed
outwardsforming anoutsidering encirclingtheinsidecore
areseenin top plot just aftercrossingbr,g = P.

The simulationsare repeatedwith tune-ramprate in-
creasinggraduallyfrom —dvyg .0/dn = 0.0004 to 0.001.
For eachtune-ramprate, the resonancestrengthsare also
varied by assigningdifferentvaluesof betatronfunctions
at the space-chaye kicks. The resultsfor 100-turninjec-
tion with EGFversusune-rampratearedepictedn Fig. 3
aslog-logplots. Whenthe EGFis slightly largerthanunity,
linear relationsare evident, implying a scalingpower law
EGF = (—dv/dn)~*, wherea = 0.53 to 0.23 depend-
ing on the resonancestrengthand the space-chage tune
shift. Thecritical tune-amprateis obtainedwvhenthislin-
earrelationshipis extendedto interceptthe ramprateaxis
at EGF = 1. We notethat at the critical tune-ramprate,
EGF < 1.2. If thisEGFis tolerable the critical tune-ramp
ratebecomesherequiredminimum rateto crossthereso-
nance. The critical tune-ramprateis now plotted against
the resonancestrengthin Fig. 4 for both resonancest
6v40,.0 = P. Theseplots provide a guidefor the designof
FFAGsin orderto avoid excessve emittancegrowthswhen
systemati®th-orderesonancearecrossedThelinearfits
neednot bein contradictionto similar plotsin Ref.[4] for
crossingthe systematicdth-orderresonancebecausehe
resonancestrengthsstudiedhere are lessthan 1/6 of the
maximum4th-orderstrengthghere.
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Figure 4: (Color) Critical tune-ramprate acrossthe systematic
6th-ordemresonancesersuseducedesonancstrengthgsor | Or
|gosp | for variouslinear space-chge tuneshifts or bunchinten-
sities.Dashedandsolid linesarelinearfits to the data.

4TH-ORDER PARAMETRIC RESONANCE

Octupolespresentitherasfield errorsor astune-spread
providerto Landaudampunwantectrans\erseinstabilities,
breakthe lattice periodicity. To mimic the effects,a single



octupoleis addedat the D-magnetof the last periodof the
ring; thusonly theresonancédwv,, = £ will bestudiedhere.
The potential of the octupole field is Vi(z,z) =

—E;Bp(:&— 62%2%), where Bp is the beamrigidity. The

termsresponsiblefor the 4th-orderresonancecan be ex-
pressedas RVy ~ — >, [|Gaoe| J2 cos(4tpy — €0+ xa00) +
‘G043|Jz2 cos(4v, — 0+ xoae) + - - -], where|G,ne| and
Xmne are the amplitude and phase of the resonance
strengthwhich canbe madedimensionles®y introducing
Gmnt = Gmne€rms. ACrossa thin octupoleof length/, the
changesn horizontalandverticaldivergencesaregivenby
Az’ =15,(2® —322%) and Az’ = 1 S4(2% - 32%2), where
Sy=B""1/Bpistheoctupolestrength Fora1-GeVbeam,
S, =50 m 3 correspond$o anoctupolewith pole-tipfield
of 0.035 T atradiusb cmandlength/=1 m.

Figure5 showns a sampletrackingwith 70-turninjection
of 4x 10! eachat bunchingfactor B=0.25 andbaretunes
V20,20 = 6.95/6.80, which arethenrampeddownwardsat
0.0005 perturn. Theleft plotsshav boththe bare(dashes)
and space-chaye depressedthick dots) tunes, and the
emittanceevolution at the octupolestrengthS, =20 m—3,
Vertical emittancegrows nearthe 4v,, = 27 resonance
at turn 300, which is verified by the vertical phasespace
plot atturn 270 (top-right). We alsoseethesumresonance
2v,0+ 2,9 = 27 at turn 450 and half-integer resonance
2v,0 = 13 at turn 800; the latter is verified by the verti-
cal phasespaceplot atturn 780 (bottom-right).Next come
anothersumresonanc@r,q+2v.q =26 atturn950andan-
otherhalf-integerresonanc@v,, =13 atturn1100.Unlike
thesystematigesonancestudiedabove, exceptfor theone
at4v,o= 27, therehasbeensererebeamlosswhencross-
ing all otherresonancesThis explainswhy the octupole
strengthhasbeenvery muchlimited in this study

The EGF crossingthe resonancelr,, = 27 is com-
putedfor variousrangesf thethreeparameterstesonance
strength,tune-ramprate, and space-chaye tune shifts. A
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Figure 5: (Color) After 70-turninjection of 4 x 10'* perturn,
baretunesare rampeddowvnwardsat 0.0005per turn (top-left).
Emittancegrowths are seen(bottom-left)while crossingvarious
parametrigesonancesisuallyaccompanietly beamoss.Right:
verticalphase-spacdistributionsat turns270 (top) and780 (bot-
tom), demonstratinghe crossingof 4v,0 = 27 and2v,o = 13.
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Figure6: (Color) EGFacrossoctupoledrivenresonancey,o =
27 versustune-rampratefor variousoctupolestrengthsafter 70-
turninjection. Linearrelationshipsareevident.

sampleresultis shavn aslog-log plots in Fig. 6. Here,
power scalinglaws areagainevidentwith the powerindex

a varyingfrom —0.35 to —0.65, notby somuchasthe 6th-

ordersystematiadesonanceTheselinearrelationshipsare
extendedo intercepthe —dv, /dn-axisto arrive atthecrit-

ical tune-ramprates.In generalat thesecritical tune-ramp
rates,EFGis < 1.3. Theresultsareshovn in Fig 7, which

providessomeguidelinesfor the designof FFAGs. Again

linearfits arepossiblewithin the errorbars.
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Figure 7: (Color) Critical tune-ramprate acrossthe octupole
driven resonancelr,o = 27 versusreducedresonancestrength
|goae| for variousbunchintensities.

CONCLUSIONS

Pawer scalinglaws are obtainedbetweenthe EGF and
tune-ramprate for crossingthe space-chaye driven sys-
tematic 6th-orderresonance$v, .o = P aswell asthe
octupoledriven parametricdth-orderresonancely.g = £.
Whentheresonancetrengthsaregiven,they cansene as
an estimateto the minimum rate of crossingthesereso-
nancesn orderthatthe EGFremainstolerable.

Theeffective space-chayeforce employedin thisinves-
tigation is not derivable from a potential. This limits our
study concerningthe crossingof sum resonancesvhere
bothtrans\ersespacesrecoupled.We arecurrentlywork-
ing on a betterapproximatiorof the space-chayeforce.
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