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Abstract
Simultaneous turn-by-turn beam position measurements

across collider detector long straight sections provide full
phase space information of a free oscillation. For signals
with enough coherence (typically 1-2000 revolutions) the
amplitude function and its slope at the two BPM’s can be
directly measured. Results for the Tevatron low-β regions
with a few percent accuracy are described.

INTRODUCTION
Until recently, values of the amplitude function, β,

through the Interaction Regions of the Tevatron have been
inferred using one of two methods: (a) by using event re-
construction to map out the luminous region thus inferring
beam emittance and amplitude functions[1], or (b) by per-
forming a series of differential closed orbit measurements
while varying steering magnets in the Tevatron, attempt to
reproduce the observed orbital deviations with computa-
tional models, and inferring β at the beam position mon-
itors, from which values of the amplitude function else-
where are inferred.[2] Both methods require off-line analy-
ses and sometimes many hours of experimental data to ob-
tain a meaningful result. The new Tevatron Beam Position
Monitor system,[3] commissioned in 2005, has allowed un-
precedented detail of turn-by-turn motion to be measured
at the 20-micron level and for thousands of beam revolu-
tions. Such measurements performed with a freely oscillat-
ing proton beam excited by a kicker magnet, or with beam
excited by an oscillating (AC) dipole field allow for direct
measurements of β at the BPM locations which is model in-
dependent. The improved resolution allows for meaningful
measurements to be made with small amplitude beam de-
flections which are required during high-energy, low-beta
operating conditions.

TURN-BY-TURN POSITION
MEASUREMENTS

The position relative to the closed orbit at one BPM, x,
and the slope of the trajectory relative to the closed orbit,
x′ = dx/ds, are related through the amplitude function
via γx2 + 2αxx′ + βx′2 = a2/β, where α = −β′/2,
γ = (1 + α2)/β, and a is the amplitude of the particle
motion as measured at the BPM location. The eccentricity
and orientation of the phase space ellipse are given by the
values of the amplitude function and its first derivative; the
overall size of the ellipse is determined by the amplitude of
the particle oscillation.
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Figure 1: Schematic of long straight section across Interac-
tion Point.

A transverse deflection to the beam will induce a co-
herent betatron oscillation which can be measured by the
BPM’s. However, due to inherent non-linearities in the ac-
celerator as well as chromaticity, the phases of the oscil-
lations of individual particles will slip and the signal will
“decohere,” leading to an apparent damping of the mo-
tion. Even though the amplitude of the signal decreases,
if it does so slowly enough the data will continue to lie
on concentric phase space ellipses and thus can be used in
the analysis. Turn-by-turn data out to about one decoher-
ence time can provide many hundreds of data points, in-
creasing the statistics of the measurement. Because of the
tune spread which arises due to chromaticity, it is best to
measure the amplitude function with “uncoalesced” beam
in the Tevatron, for which the momentum spread is many
times smaller.

For this discussion we will ignore transverse coupling
between the horizontal and vertical motion. The measure-
ment consists of many turns of data obtained simultane-
ously at two BPM’s on either side of the interaction region
long straight section, as depicted in Figure 1. At each IR
the vertical detectors are separated by ± 14.8 m and the
horizontal detectors by ± 15.0 m from the center of the
straight section. By taking simple sums of the data from a
pair of BPM’s the amplitude function and its slope can be
determined at each BPM, and the values in between com-
puted.

Moments and End Points

In one degree of freedom, the transverse motion at a
BPM on turn number n is given by xn = A

√
β sin(δ +

2πνn), where A and δ are determined by the initial con-
ditions of the oscillation due to the applied kick, and
ν is the betatron tune. The slope of the oscillation at
the BPM is given by x′n = − A√

β
[α cos(δ + 2πνn) +

sin(δ + 2πνn)]. Averaging over phases or, equivalently,
averaging data over a large number of turns, we find that
〈x2〉 = 1

2A
2β, 〈x′2〉 = 1

2A
2γ, and 〈xx′〉 = − 1

2A
2α,

and so the data can be used to extract the value of β and
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its slope β′ = −2α at the BPM. One can easily verify
that A2 = 2

√
〈x2〉〈x′2〉 − 〈xx′〉2. The angle x′ is deter-

mined by knowing the distance 2L∗ between two BPM’s
and measuring the positions at the two BPM’s x1 and x2

simultaneously, namely x′ = (x2 − x1)/2L∗, and hence
A2L∗ =

√
〈x2

1〉〈x2
2〉 − 〈x1x2〉2 ≡ A2. The final results

for β and α at the two straight section BPM’s are

β1 =
2〈x2

1〉L∗

A2
, β2 =

2〈x2
2〉L∗

A2
, (1)

α1 =
〈x2

1〉 − 〈x1x2〉
A2

, α2 = −〈x
2
2〉 − 〈x1x2〉
A2

. (2)

The Amplitude Function Across the IR
Since we have a drift space between the two BPM’s we

know that the combination (1 + α2)/β is a constant and
the amplitude function is parabolic. Then the minimum of
β and its location relative to the upstream BPM are

β̌ =
2L∗

α1 − α2
at š =

2α1L
∗

α1 − α2
.

Henceforth, we will refer to the minimum value of β as β∗,
which may or may not be centered in the straight section.
The distance to the minimum from the center of the straight
section is ∆s∗ = š− L∗ = L∗(α1 + α2)/(α1 − α2).

A TYPICAL MEASUREMENT
A typical measurement, Figure 2, shows the first 2000

turns of data from one (upstream) horizontal BPM located
at the B0 straight section of the Tevatron, with the mean
subtracted. Using this data and the data from the down-
stream detector, the phase space at each BPM can be re-
constructed as shown in Figure 3 for the upstream detector
using the first 6000 turns. The ellipse in each figure corre-
sponds to the values of β and α obtained directly from the
analysis described above. The right portion of this figure
shows the same data, but only turns 0-100 (outer points)
and turns 6000-6100 (inner points). As can be seen, the
orientation of the apparent phase space ellipse does not
change over time, even as the particle motion decoheres.
Using the phase space data to perform the straightforward
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 2Figure 2: Horizontal BPM data, x1, at B0 for a horizontal
applied kick at injection energy of 150 GeV. The horizontal
tune was 20.586. “Beating” due to chromaticity is evident.
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Figure 3: Left: Phase space at the upstream B0 detector.
Right: Showing only data for turns 0-100 and turns 6000-
6100. The ellipse in each case corresponds to β1 = 41.2 m
and α1 = 5.26, a result using the first half of the data (3000
turns) in the analysis.

analysis described above yields values and locations of the
minimum amplitude functions through the region.

MEASUREMENTS AT 980 GEV

The first sets of data at full energy to be analyzed in this
way were taken in June 2005 at 980 GeV. While the chro-
matic decoherence was pronounced in the data, it was still
viable to use ∼1,500 turns in the analysis. The results
of these early measurements are displayed in Table 1. We
see that on this day the values of βy are measured with
good precision, giving 1-2% values at each IP. However,
the results for βx vary with the number of turns used, due
to beating in the signal caused by too large a value of chro-
maticity. Still, the precision was estimated to be less than
10%.

Table 1: Amplitude Functions at 980 GeV, 2005 June 23,
using 1500 turns.

β∗/cm δβ∗/cm ∆s∗/cm δ∆s∗/cm
B0 H 34.6 ±0.6 +34.2† ±0.4

(CDF) V 38.7 ±0.3 -4.8 ±0.4
D0 H 38.7 ±1.6 +1.1 ±0.4

V 40.3 ±0.2 +2.3 ±0.2
†see next Section

NOTES ON MEASUREMENT ERRORS

The rms readback error of the BPM system is on the or-
der of 20 µm, and the distances between the BPM centers
are known to better than a centimeter, or < 0.1%. The
oscillations induced for the measurements above were typ-
ically on the order of 1 mm. With these errors alone, one
would expect an error on β∗ of better than 2%.

The data indicate that the low-beta optics were tuned
close to design and the waists situated within a few cen-
timeters of the middle of the straight section. The exception



appears to be β∗x at the CDF detector. Here, the data sug-
gest the waist is off by 40 cm. However, the downstream
horizontal BPM at B0 was reading back a closed orbit po-
sition of approximately 8 mm (with maximum excursions,
therefore, of about 9 mm). All 7 other detectors had the
beam centered to about 2 mm or better. It is known that
the response of the BPM is non-linear with position. The
scaling of the readback position from the new BPM sys-
tem is given by x = 26.18 mm (A − B)/(A + B), where
A and B are the induced voltages on the two plates of the
pickup. (A survey offset has been ignored.) The sensitiv-
ity of the device will be reduced by several percent and the
reading will be too low at this size beam offset by as much
as 10-20%.[4],[5] If a BPM reading is off by a scale factor
r = 1− δ, then

d∆s∗ ≈ L∗

2
· δ, dβ∗

β∗
≈ −1

4
δ2

represent the misinterpretation of the values of β∗ and ∆s∗.
So, for a downstream BPM at CDF reading back 10% too
low, then this would lead to a misinterpretation of the waist
position on the order of 38 cm, while the numerical value
of β∗ would only be affected by -0.25%, as observed.

Solenoid Fields and Beam-Beam Interaction
While the positions are directly measured, the determi-

nation of the slope of the beam trajectory across the straight
section has assumed no external fields exist between the
two monitors. In reality, each detector has a solenoid field
through this region. The characteristic angle, θ = Bs`/Bρ
will have values θ = 11-14 mrad at 150 GeV and θ = 1.7-
2.2 mrad at 980 GeV for D0 and CDF respectively. Com-
pared to traversal of a pure drift space of length `, the result-
ing change in slopes due to the solenoid are ∆x′ = 1

2θy
′
1,

∆y′ = − 1
2θx
′
1. Using the larger value θ = 0.0022 above

for 980 GeV, we see that for a horizontal kick where the
amplitude of the vertical motion is at most ∼20% of the
horizontal amplitude (as seen in the data taken at 980 GeV),
then ∆x′/x̂′ = θ(ŷ′/x̂′)/2 = (0.0022)(1/5)/2 = 0.02%
on a per turn basis.

One major difference between the measurements dis-
cussed here (as well as differential orbit measurements)
and the deduction of β∗ from the detector luminous region
reconstruction is that in the latter the beams are actually
colliding. In this case, the beam-beam interaction takes
place at each IP, and acts as a focusing lens on each beam.
To lowest order, the focal length of the “lens” is given by
1/f = 4πξ/β∗, where ξ is the “beam-beam parameter,”
ξ ≡ 3Nr0/2εN , N is the number of particles per bunch,
εN is the 95% normalized emittance, and r0 is the classical
radius of the proton. For ξ ∼ 0.01, then f ∼ 3 m.

A gradient error of focal length f introduced where
β = β0 produces a perturbation of the amplitude function
around the accelerator of amplitude∣∣∣∣∆ββ

∣∣∣∣ ≈ β0/f

2| sin 2πν|
=

2πξ
| sin 2πν|

and at the location of the error has magnitude −
(β0/f) cot(2πν)/2 = −2πξ cot(2πν). So, for ξ = 0.01,
∆β∗/β∗ = −12%, and the wave around the ring is of am-
plitude 13% (using ν = 20.578). The point is that the
measurement conditions are quite different with and with-
out the on-coming beam in the accelerator, and so ∼10%
differences between results of the two methods of measur-
ing β∗ should not be too surprising.

USE OF AC DIPOLE
Because the above analysis is quick and easy to interpret,

its use in every day operation is enticing. However, the
above assumes a kicked beam measurement, which is de-
structive in nature. An AC dipole, however, can be used to
generate sustained oscillations for many thousands of turns
and then the beam restored to its original condition. In this
case Eqs. 1-2 give values of βd, αd for the driven oscillation
and, with knowledge of the tune and modulation frequency,
can be used to find β and α of the free oscillation. Details
of using an AC dipole in this way can be found in [6].

CONCLUSIONS
Using the newly upgraded Tevatron BPM system, the

first direct measurements of the amplitude function across
the two interaction region straight sections have been per-
formed. A fast and simple analysis provides determina-
tion of β∗ to a few percent accuracy. The use of an AC
dipole opens the door to accurate, quick measurements of
β around the ring in a non-destructive manner using similar
analysis techniques.
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