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Abstract. The particle physics Standard Model has been tremendously successful in predicting
the outcome of a large number of experiments. In this model Neutrinos are massless. Yet recent
evidence points to the fact that neutrinos are massive particles with tiny masses compared to the
other particles in the Standard Model. These tiny masses allow the neutrinos to change flavor and
oscillate. In this series of Lectures, I will review the properties of Neutrinos In the Standard Model
and then discuss the physics of Neutrinos Beyond the Standard Model. Topics to be covered include
Neutrino Flavor Transformations and Oscillations, Majorana versus Dirac Neutrino Masses, the
Seesaw Mechanism and Leptogenesis.

Keywords: Neutrinos
PACS: 14.60.Pq,25.30.Pt,28.41.-i

In the Standard Model the neutrinos,(νe, νµ , ντ), are massless and interact diagonally
in flavor,

W+ → e+ +νe Z → νe+ ν̄e

W+ → µ+ +νµ Z → νµ + ν̄µ (1)

W+ → τ+ +ντ Z → ντ + ν̄τ .

Since they travel at the speed of light, their character cannot change from production
to detection. Therefore, in flavor terms, massless neutrinos are relatively uninteresting
compared to quarks.

1. NEUTRINO OSCILLATIONS IN VACUUM:

If neutrinos have mass, then time passes for them and they can change character since
they are not traveling at the speed of light. Typically, the neutrino states that interact with
the W and Z bosons are not necessarily the states that propagate simply in time but they
are related by a unitary matrix,(

νµ

ντ

)
=

(
cosθ sinθ

−sinθ cosθ

)(
ν1
ν2

)
(2)
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where (νµ , ντ) are the flavor states, egW+ → µ+ + νµ and (ν1, ν2) are the mass
eigenstates. The angleθ is the mixing angle to be determined experimentally and
eventually explained by the theory of fermion masses. The mass eigenstates propagate
in time as|ν j〉 → e−ip j ·x|ν j〉 with p2

j = m2
j . (The greek (latin) lettersα,β . . . (i, j . . .)

refer to flavor (mass) eigenstates.)

FIGURE 1. The survival probability for a muon neutrino versus distance traveled in units of the
oscillation length, 4πE/δm2: (a) for fixed neutrino energy, (b) using a gaussian energy spread equal to
15% of the mean energy of the neutrino. Notice that even for this narrow band beam the oscillations have
disappeared after three oscillations!

Thus, the life of a neutrino can be represented as follows (at the amplitude level):

At Production: |νµ〉= cosθ |ν1〉+sinθ |ν2〉

During Propagation: |ν1〉 → e−ip1·x|ν1〉 and|ν2〉 → e−ip2·x|ν2〉

At Detection:

{
|ν1〉= cosθ |νµ〉−sinθ |ντ〉
|ν2〉= sinθ |νµ〉+cosθ |ντ〉

Thus, the transition probability for a neutrino to change flavor is

P(νµ → ντ) = |cosθ(e−ip1·x)(−sinθ)+sinθ(e−ip2·x)cosθ |2. (3)



Using the same E formulation, we have thatp j =
√

E2−m2
j ≈ E− m2

j
2E and therefore

P(νµ → ντ) = sin2
θ cos2θ |e−im2

2L/2E−e−im2
1L/2E|2 = sin22θ sin2∆ (4)

where∆ ≡ δm2L/4E is the kinematic phase, withδm2 = m2
2−m2

1. The disappearance
probability is given by

P(νµ → νµ) = 1−P(νµ → ντ) = 1−sin22θ sin2∆. (5)

If we put theh̄’s and c’s into the appearance probability we find

P(νµ → ντ) = sin22θ sin2
(

δm2c4L
4h̄cE

)
. (6)

In the semi-classical limit,̄h→ 0, the oscillation length goes to zero and the oscillations
are averaged out. This is the same limit as lettingδm2 become large. This is precisely
what happens in the quark sector. In Fig. 1 we have shown the oscillation probability for
both fixed energy and a gaussian spread of 15% of the mean neutrino energy. Notice that
oscillations are observable only for a limited range of distance. At small distance the
simple flavor description is a good one. But at very large distance using the probability
description with mass eigenstates works well since the oscillations are averaged out. The
neutrino mass eigenstates are effectively incoherent. Thus, in terms of probabilities2

At Production: the fraction of|νµ〉 that is|ν1〉 is cos2θ

the fraction of|νµ〉 that is|ν2〉 is sin2
θ

During Propagation: flavor fractions in|ν1〉 and|ν2〉 remain unchanged

At Detection: the fraction of|ν1〉 that is|νµ〉 is cos2θ

the fraction of|ν1〉 that is|ντ〉 is sin2
θ

the fraction of|ν2〉 that is|νµ〉 is sin2
θ

the fraction of|ν2〉 that is|ντ〉 is cos2θ

Thus, in theνµ beam, the fraction ofν1 is f1 = cos2θ andν2 is f2 = sin2
θ , indepen-

dently of the neutrino energy, and the survival probability is

P(νµ → νµ) = f1cos2θ + f2sin2
θ (7)

= cos4θ +sin4
θ = 1−sin22θ

〈
sin2∆

〉
,

since
〈
sin2∆

〉
= 1/2. Notice that the full treatment given earlier is really only useful for

distances around (1/5 to 5 times, say) the oscillation length,L0 = 4πE/δm2. At small
distance, the oscillations haven’t built up enough to be significant, whereas as at the
large distance the oscillations are average out.

2 νµ is the neutrino produced in association withµ+.
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FIGURE 2. SuperKamiokande’s evidence for neutrino oscillations both in the zenith angle and L/E
plots.

2. EVIDENCE FOR NEUTRINO OSCILLATIONS:

2.1. Atmospheric and Accelerator Neutrinos

SuperKamiokande(SK) has very compelling evidence forνµ disappearance in their
atmospheric neutrino studies, see [1]. In Fig. 2 the zenith angle dependence of the multi-
GeVνµ sample is shown together with their L/E plot. This data fits very well the simple
two component neutrino hypothesis with

δm2
atm = 2−3×10−3eV2 and sin2θatm = 0.50±0.15 (8)

This corresponds to a L/E for oscillations of 500 km /GeV and nearly maximal mixing.
No evidence for the involvement of theνe is observed so the assumption is thatνµ → ντ .

Two beams ofνµ neutrinos have been sent to two detectors located at large distance:
K2K experiment, [2], is from KEK to SK with a baseline of 250 km and the MINOS
experiment, [3], from Fermilab to the Soudan mine with a baseline of 735 km. Both
experiments see evidence forνµ disappearance which is summarized in Fig. 3

2.2. Reactor and Solar Neutrinos:

The KamLAND reactor experiment, [5], sees evidence for neutrino oscillations and
not only at a different L/E than the atmospheric and accelerator experiments but also this
oscillation involves theνe. These flavor transitions have also been seen in solar neutrino
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FIG. 4: Confidence intervals for the fit using the Beam
Matrix method including systematic errors. Also shown
are the contours from the previous highest precision exper-
iments [1, 2, 5].

Uncertainty |∆m2
32| sin2(2θ23)

(10−3 eV2/c4)
(a) Normalization (± 4%) 0.05 0.005
(b)Abs. hadronic E scale (± 11%) 0.06 0.048
(c)NC contamination (± 50%) 0.09 0.050
All other systematics 0.04 0.011

TABLE I: Sources of systematic uncertainties in the mea-
surement of |∆m2

32| and sin2(2θ23). The values of |∆m2
32| and

sin2(2θ23) used in the systematic MC study were the best fit
values from the data. The values are the average shifts for
varying the parameters in both directions without imposing
constraints on the fit. Correlations between the systematic
effects are not taken into account.
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FIGURE 3. The allowed regions in theδm2
atm v sin2

θatm plane for MINOS data as well as for K2K
data and two of the SK analyses. MINOS’s best fit point is at sin2

θatm = 1 andδm2
atm = 2.7×10−3 eV2.

experiments. The best fit values forδm2
� and sin2θ� are

δm2
� = 8.0±0.4×10−5eV2 and sin2θ� = 0.31±0.03. (9)

Thus, the L/E for this oscillation is 15 km/MeV which is 30 times larger than the
atmospheric scale and the mixing angle, though large, is not maximal.

Fig. 4 shows the disappearance probability for theν̄e from many reactor experiments
as well as the flavor content of the8Boron solar neutrino flux measured by SNO, [6], and
SK, [7]. The reactor result can be understood in terms of vacuum neutrino oscillations
and the fit to the disappearance probability, Eq. [4], suitably averaged over E and L,
provides a good fit.

Solar neutrinos are somewhat more complicated because of the matter effects that
the neutrinos experience from the production region until they exit the sun, at least for
the 8Boron neutrinos. The pp and7Be neutrinos are little effected by the matter and
undergo quasi-vacuum oscillations whereas the8Boron neutrinos exit the sun mainly as
aν2 mass eigenstate because of matter effects and therefore do not undergo oscillations.
This difference is primarily due to the difference in the energy of the neutrinos: pp (7Be)
have a mean energy of 0.2 MeV (0.9 MeV) whereas8B have a mean energy of 10 MeV
and the matter effect is proportional to energy of the neutrino.

The kinematic phase for solar neutrinos is

∆� =
δm2

�L

4E
= 107±1. (10)
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What about 8B ?
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f1 =
(

CC
NC − sin2 θ!

)
/ cos 2θ!

= (0.35− 0.31)/0.4 ≈ 10 ± ???%
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TABLE XIX: Systematic uncertainties (%) on fluxes for the energy-

unconstrained analysis of the salt data set. Note that “const.” de-

notes an energy-independent systematic component and “E dep” an

energy-dependent part.

Source NC uncert. (%) CC uncert. (%) ES uncert. (%)

Energy scale (const.) -3.3, +3.8 -0.9, +1.0 -1.6, +1.9

Energy scale (E dep.) -0.1, +0.1 -0.1, +0.1 -0.1, +0.1

Energy radial bias -2.0, +2.1 -0.6, +0.7 -1.1, +1.2

Energy resolution -0.8, +0.8 -0.2, +0.2 -0.7, +0.7

β14 mean (const.) -3.6, +4.5 -4.0, +3.7 -1.2, +1.3

β14 mean (E dep.) -0.1, +0.2 -0.2, +0.0 -0.0, +0.1

β14 width -0.0, +0.0 -0.2, +0.2 -0.2, +0.2

Radial scale (const.) -3.0, +3.3 -2.6, +2.5 -2.6, +3.0

Radial scale (E dep.) -0.6, +0.5 -0.9, +0.8 -0.7, +0.8

Vertex x -0.0, +0.0 -0.0, +0.0 -0.1, +0.1

Vertex y -0.1, +0.0 -0.0, +0.0 -0.1, +0.1

Vertex z -0.2, +0.2 -0.1, +0.1 -0.0, +0.0

Vertex resolution -0.1, +0.1 -0.1, +0.1 -0.1, +0.1

Angular resolution -0.2, +0.2 -0.4, +0.4 -5.1, +5.1

Internal neutron bkgd. -1.9, +1.6 -0.0, +0.0 -0.0, +0.0

Internal γ bkgd. -0.1, +0.1 -0.1, +0.1 -0.0, +0.0

Internal Cherenkov bkgd. -0.9, +0.0 -0.9, +0.0 -0.0, +0.0

External Cherenkov bkgd. -0.2, +0.0 -0.2, +0.0 -0.0, +0.0

Instrumental bkgd. -0.4, +0.0 -0.3, +0.0 -0.0, +0.0

Neutron capture eff. -2.3, +2.1 -0.0, +0.0 -0.0, +0.0

Total systematic -6.9, +7.6 -5.1, +4.7 -6.2, +6.5

Cross section [45] ±1.1 ±1.2 ±0.5
Total statistical ±4.2 ±3.7 ±9.3

TABLE XX: Systematic uncertainties (%) on fluxes for the energy-

constrained analysis of the salt data set. Note that “const.” denotes an

energy-independent systematic component and “E dep” an energy-

dependent part.

Source NC uncert. (%) CC uncert. (%) ES uncert. (%)

Energy scale (const.) -0.3, +0.7 -3.7, +3.9 -1.8, +1.6

Energy scale (E dep.) -0.9, +1.0 -1.0, +1.0 -0.2, +0.2

Energy radial bias -0.1, +0.1 -2.5, +2.6 -1.0, +0.9

Energy resolution -2.1, +2.1 -1.1, +1.1 -0.6, +0.6

β14 mean (const.) -2.2, +3.0 -2.4, +2.0 -0.5, +2.3

β14 mean (E dep.) -0.2, +0.2 -0.2, +0.2 -0.7, +0.7

β14 width -0.0, +0.0 -0.1, +0.1 -0.8, +0.8

Radial scale (const.) -3.0, +3.3 -2.7, +2.6 -1.9, +2.9

Radial scale (E dep.) -0.2, +0.2 -1.3, +1.2 -0.8, +0.8

Vertex x -0.0, +0.1 -0.0, +0.0 -0.1, +0.1

Vertex y -0.1, +0.0 -0.0, +0.0 -0.2, +0.2

Vertex z -0.1, +0.1 -0.1, +0.0 -0.0, +0.0

Vertex resolution -0.1, +0.1 -0.2, +0.2 -0.7, +0.7

Angular resolution -0.2, +0.2 -0.4, +0.4 -4.9, +4.9

Internal neutron bkgd. -1.9, +1.6 -0.0, +0.0 -0.0, +0.0

Internal γ bkgd. -0.2, +0.1 -0.1, +0.0 -0.0, +0.1

Internal Cherenkov bkgd. -0.9, +0.0 -0.8, +0.0 -0.0, +0.0

External Cherenkov bkgd. -0.2, +0.0 -0.2, +0.0 -0.0, +0.0

Instrumental bkgd. -0.4, +0.0 -0.3, +0.0 -0.0, +0.0

Neutron capture eff. -2.3, +2.1 -0.0, +0.0 -0.0, +0.0

Total systematic -5.4, +5.7 -6.2, +6.0 -5.9, +6.6

Cross section [45] ±1.1 ±1.2 ±0.5
Total Statistical ±3.9 ±3.1 ±9.8

Note that the uncertainties on the ratios are not normally dis-

tributed.

The non-νe active neutrino component (φµτ) of the 8B flux

can be determined by subtracting the φe component, as mea-

sured by the CC flux, from the NC and ES fluxes. Whereas the

NC measurement is equally sensitive to all active neutrinos,

the ES measurement has reduced sensitivity to non-electron

neutrinos in the form φES = φe + 0.1553φµτ. The resulting φµτ
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FIG. 29: Flux of µ + τ neutrinos versus flux of electron neutri-

nos. CC, NC and ES flux measurements are indicated by the filled

bands. The total 8B solar neutrino flux predicted by the Standard So-

lar Model [13] is shown as dashed lines, and that measured with the

NC channel is shown as the solid band parallel to the model predic-

tion. The narrow band parallel to the SNO ES result correponds to

the Super-Kamiokande result in [9]. The intercepts of these bands

with the axes represent the ±1σ uncertainties. The non-zero value

of φµτ provides strong evidence for neutrino flavor transformation.

The point represents φe from the CC flux and φµτ from the NC-CC

difference with 68%, 95%, and 99% C.L. contours included.

fluxes, in units of 106 cm−2 s−1, are

φNC,uncon
µτ = 3.26 ± 0.25 (stat) +0.40

−0.35 (syst)

φES,uncon
µτ = 4.36 ± 1.52 (stat) +0.90

−0.87 (syst).

Figure 29 shows the flux of non-electron flavor active neutri-

nos (φµτ) versus the flux of electron neutrinos (φe). The error

ellipses shown are the 68%, 95% and 99% joint probability

contours for φµτ and φe.

Adding the constraint of an undistorted 8B energy spectrum

to the signal extraction yields, for comparison with earlier re-

sults (in units of 106 cm−2s−1):

φcon
CC = 1.72+0.05

−0.05(stat)+0.11
−0.11(syst)

φcon
ES = 2.34+0.23

−0.23(stat)+0.15
−0.14(syst)

φcon
NC = 4.81+0.19

−0.19(stat)+0.28
−0.27(syst),

with corresponding ratios

φcon
CC

φcon
NC

= 0.358 ± 0.021 (stat) +0.028
−0.029 (syst)

φcon
CC

φcon
ES

= 0.736 ± 0.079 (stat) +0.050
−0.049 (syst),

What about 8B ?

SNO’s CC/NC

CC
NC = 〈Pee〉 = f1 cos2 θ! + f2 sin2 θ!

f1 =
(

CC
NC − sin2 θ!

)
/ cos 2θ!

= (0.35− 0.31)/0.4 ≈ 10 ± ???%
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FIGURE 4. The disappearance of̄νe observed by reactor experiments as a function of distance from the
reactor. The flavor content of the8Boron solar neutrinos for the various reactions for SNO and SK. CC:
νe+d→ e−+ p+ p, NC: νx +d→ νx + p+n and ES:να +e−→ να +e−.

Therefore, the solar neutrinos are “effectively incoherent” when they reach the earth.
Hence theνe survival probability is given by3

〈Pee〉 = f1cos2θ�+ f2sin2
θ� (11)

where f1 + f2 = 1 and cos2θ�+sin2
θ� = 1.

Now the pp and7Be solar neutrinos behave essentially as in vacuum and therefore
f1 ≈ cos2θ� = 0.69 and f2 ≈ sin2

θ� = 0.31 whereas the mass eigenstate fraction for
the8B are substantially different, see Fig. 5.
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Vacuum νe Survival Probability:

〈Pee〉 = f1 cos2 θ! + f2 sin2 θ!

where f1 and f2 are the fraction of ν1 and ν2 at production.

In vacuum f1 = cos2 θ! and f2 = sin2 θ!.

Note energy independence.

〈Pee〉 = cos4 θ! + sin4 θ! = 1− 1
2 sin2 2θ!

for pp and 7Be this is approximately THE ANSWER.

f1 ∼ 69% and f2 ∼ 31% and 〈Pee〉 ≈ 0.6
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for pp and 7Be this is approximately THE ANSWER.

f1 ∼ 69% and f2 ∼ 31% and 〈Pee〉 ≈ 0.6

f3 = sin2 θ13 < 4%
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〈Pee〉 = f1 cos2 θ! + f2 sin2 θ! ≈ 0.6
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What about 8B ?

SNO’s CC/NC

CC
NC = 〈Pee〉 = f1 cos2 θ! + f2 sin2 θ!

f1 =
(

CC
NC − sin2 θ!

)
/ cos 2θ!

= (0.35− 0.31)/0.4 ≈ 10 ± ???%

Wow!!! How did that happen???
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f1 ∼ 10% and f2 ∼ 90% and 〈Pee〉 ≈ sin2 θ = 0.31

Wow!!! How did that happen???
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What about 8B ?

SNO’s CC/NC

CC
NC = 〈Pee〉 = f1 cos2 θ! + f2 sin2 θ!

f1 =
(

CC
NC − sin2 θ!

)
/ cos 2θ!

= (0.35− 0.31)/0.4 ≈ 10 ± ???%
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f1 ∼ 10% and f2 ∼ 90% and

〈Pee〉 = sin2 θ + f1 cos 2θ! ≈ sin2 θ! = 0.31

Wow!!! How did that happen???
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f1 ∼ 10% and f2 ∼ 90% and

〈Pee〉 = sin2 θ + f1 cos 2θ! ≈ sin2 θ! = 0.31

Wow!!! How did that happen???

energy dependence!!!
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FIGURE 5. The sun producesνe in the core but once they exit the sun thinking about them in the
mass eigenstate basis is useful. The fraction ofν1 andν2 is energy dependent above∼ 1 MeV and has a
dramatic effect on the8Boron solar neutrinos, as first observed by Davis.

3 Given the relationship between the quantities in this expression there are many equivalent ways to write
the same expression.
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FIG. 2: The ν2 fraction (%) in the δm2! versus sin2 θ! plane. As in Fig. ??, the current allowed

region is also shown.

The uncertainty is dominated by the uncertainty in δm2
!/A. However, the uncertainty on

δm2
! is approximately 5% from the KamLAND data whereas the uncertainty on the matter

potential, A, in the region of 8B production of the Standard Solar Model is 1-2%, see [21].

Hence, the uncertainty on δm2
! dominates.

For the current allowed values for δm2
! and sin2 θ!, the ratio

δm2
! sin 2θ!

A(8B) − δm2! cos 2θ!
≈ 3

4
, (3)

where A(8B) is obtained using a typical number density of electrons at 8B neutrino produc-

tion (Yeρ ≈ 90 g.cm−3) and the typical energy of the observed 8B neutrinos (≈ 10 MeV).

For the best fit central values of δm2
! and sin2 θ!, given by Eq.(??), let us define an

effective matter potential for the 8B neutrinos, A
8B
ef f , such that the left hand side of Eq.(??)

3

FIGURE 6. Theν2 fraction (%) in theδm2
� versus sin2 θ� plane. (a) The solid and dashed (blue) lines

are the 90, 65, 35 and 10% iso-contours of the fraction of the solar8B neutrinos that areν2’s. The current
best fit value, indicated by the open circle with the cross, is close to the 90% contour. The iso-contour for
an electron neutrino survival probability,〈Pee〉, equal to 35% is the dot-dashed (red) “triangle” formed by
the 65%ν2 purity contour for small sin2 θ� and a vertical line in the pureν2 region at sin2 θ� = 0.35.
Except at the top and bottom right hand corners of this triangle theν2 purity is either 65% or 100%. (b)
Focuses in on the current allowed region. The 68 and 95% CL are shown by the shaded areas with the best
fit values indicated by the star using the combined fit of KamLAND and solar neutrino data given in [6] .

In a two neutrino analysis, theday-timeCC/NC of SNO, which is equivalent to the
day-time averageνe survival probability,〈Pee〉, is given by

CC
NC

∣∣∣∣
day

= 〈Pee〉= f1cos2θ�+ f2sin2
θ�, (12)

where f1 and f2 = 1− f1 are understood to be theν1 and ν2 fractions, respectively,
averaged over the8B neutrino energy spectrum weighted with the charged current cross
section. Therefore, theν1 fraction (or how muchf2 differs from 100%) is given by

f1 =

(
CC
NC

∣∣
day−sin2

θ�
)

cos2θ�
=

(0.347−0.311)
0.378

≈ 10 ± ?? %, (13)

where the central values of the recent SNO analysis, [6], have been used. Due to the
correlations in the uncertainties between the CC/NC ratio and sin2

θ� we are unable to
estimate the uncertainty onf1 from their analysis. Note, that if the fraction ofν2 were
100%, thenCC

NC = sin2
θ�.

Using the analytical analysis of the Mikheyev-Smirnov-Wolfenstein (MSW) effect
given in Ref. [8], the mass eigenstate fractions are given by

f2 = 1− f1 = 〈sin2
θ

N
� +Pxcos2θ N

� 〉8B, (14)
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FIGURE 7. Life of a 8Boron solar neutrino from its birth at the center of the sun to its “death” in a
detector at the earth. Notice how the flavor content of the theν2 mass eigenstate evolves as the neutrino
travels through the solar core.

whereθ N
� is the mixing angle defined at theνe production point andPx is the probability

of the neutrino to jump from one mass eigenstate to the other during the Mikheyev-
Smirnov resonance crossing. The average〈· · ·〉8B is over the electron density of the8B
νe production region in the center of the Sun predicted by the Standard Solar Model and
the energy spectrum of8B neutrinos weighted with SNO’s charged current cross section.
Fig. 6 shows the iso-contours of this averagedν2 fraction using a threshold of 5.5 MeV
on the kinetic energy of the recoil electrons, this figure is taken from Ref. [9]. Thus, the
8B energy weighted average fraction ofν2’s observed by SNO is

f2 = 91±2% at the 95% CL. (15)

Hence, the8B solar neutrinos are the purest mass eigenstate neutrino beam known so far
and SK famous picture of the sun taken with neutrinos is more than 80%ν2!!!

3. NU STANDARD MODEL:

The Neutrino Standard Model has emerged as follows4:

• 3 light (mi <1 eV) Majorana Neutrinos:⇒ only 2 δm2

4 If MiniBooNE confirms the LSND result then this section will require major revision.



|δm2
atm| ∼ 2.5×10−3 eV2 andδm2

solar∼+8.0×10−5 eV2

• Only three Active flavors (no steriles):e, µ, τ

• Unitary Mixing Matrix: 3 angles (θ12, θ23, θ13), 1 Dirac phase (δ ), 2 Majorana
phases (α,β )
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|Uαi|
2

FIGURE 8. Flavor content of the three neutrino mass eigenstates showing the dependence on the cosine
of the CP violating phase,δ . If CPT is conserved, the flavor content must be the same for neutrinos and
anti-neutrinos. This figure was adapted from Ref. [10].

where the MNS mixing matrix relating flavor to mass eigenstates,|να〉=Uα i |νi〉 is given
by

Uα i = 1
c23 s23
−s23 c23

 c13 s13e−iδ

1
−s13eiδ c13

 c12 s12
−s12 c12

1

 1
eiα

eiβ

 (16)

wheresi j = sinθi j andci j = cosθi j . The (23) sector is identified with the atmospheric
δm2

atm and the (12) sector is identified with the solarδm2
�. The (13) sector is respon-

sible for theνe flavor transitions at the atmospheric scale so far unobserved, see [11].
Therefore,

sin2
θ12 = 0.31±0.03

sin2
θ23 = 0.50±0.15

sin2
θ13 < 0.04



and the mass splittings5 are

|δm2
32|= 2.7±0.4×10−3eV2 and δm2

21 = +8.0±0.4×10−5eV2.

The mass of the lightest neutrino is unknown but the heaviest one must be lighter than
about 1 eV. These mixing angles and mass splittings are summarized in Fig. 8 which also
shows the dependence of the flavor fractions on the CP violating Dirac phase,δ . The
Majorana phases are unobservable in oscillations since oscillations depend onU∗

α iUβ i
but they have observable CP conserving effects in neutrinoless double beta decay.Pµ→e ≈ Patm + 2

√
PatmPsol cos(∆32 ± δ) + Psol
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√
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Zero Mimicking
Solutions:

where
√

Patm = sin θ23 sin 2θ13 {sin∆31 ⇒ sin(∆31∓aL)
(∆31∓aL) ∆31}

and
√

Psol = cos θ13 cos θ23 sin 2θ12 {sin∆21 ⇒ sin(aL)
(aL) ∆21}

2σ

Eν Window

Hierarchy resolved for sin2 2θ13 > 0.008 for all δ.
√

Patm =
√

Psol
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Long Baseline νµ→ νe or νe→ νµ

∆32 = π
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(a) (b)

FIGURE 9. (a) The neutrino-antineutrino asymmetry as function of sin22θ13 at the first vacuum oscil-
lation maximum. The asymmetry peaks when sin22θ13 = 0.002. (b) The zero mimicking solutions at the
first vacuum oscillation maximum. Along these lines there is no evidence of non-zeroθ13.

5 Theδm2 MINOS actually measures is

(|Uµ2|2|δm2
32|+ |Uµ1|2|δm2

31|)
(|Uµ2|2 + |Uµ1|2)

.



3.1. Genuine Three Flavor Effects:νµ → νe

The most likely genuine three flavor effects to be first observed areνµ → νe and/or its
CP and T conjugate processes. That is, in one of following transitions

CP

νµ → νe ⇐⇒ ν̄µ → ν̄e

T m m T

νe→ νµ ⇐⇒ ν̄e→ ν̄µ

CP

Processes across the diagonal are related by CPT. The first row will be explored in very
powerful conventional beams, Superbeams, whereas the second row could be explored
in Nu-Factories or Beta Beams.

In vacuum, the probability forνµ → νe is derived like so, [12],

P(νµ → νe) = |U∗
µ1e−im2

1L/2EUe1 +U∗
µ2e−im2

2L/2EUe2 +U∗
µ3e−im2

3L/2EUe3 |2

= |2U∗
µ3Ue3sin∆31e

−i∆32 +2U∗
µ2Ue2sin∆21|2

≈ |
√

Patme−i(∆32+δ ) +
√

Psol|2 (17)

where
√

Patm = sinθ23sin2θ13sin∆31 and
√

Psol ≈ cosθ23sin2θ12sin∆21. For anti-
neutrinosδ must be replaced with−δ and the interference term changes

2
√

Patm

√
Psolcos(∆32+δ ) ⇒ 2

√
Patm

√
Psolcos(∆32−δ ).

This allows for the possibility that CP violation maybe able to be observed in the
neutrino sector since it allows forP(νµ → νe) 6= P(ν̄µ → ν̄e).

In matter,
√

Patm and
√

Psol are modified as follows

√
Patm ⇒ sinθ23sin2θ13

sin(∆31∓aL)
(∆31∓aL)

∆31√
Psol ⇒ cosθ23sin2θ12

sin(aL)
(aL)

∆21 (18)

wherea=±GFNe/
√

2≈ (4000km)−1 and the sign is positive for neutrinos and negative
for anti-neutrinos. This change follows since in both the (31) and (21) sectors the
product{δm2sin2θ} is approximately independent of matter effects. In Fig. 10 the bi-
probability plots are shown for both T2K, [13], and NOνA, [14] . It is possible that
these two experiments will determine the mass ordering (normal or inverted hierarchy,
see Fig. reffig: pmns-sq), and observe CP violation in the neutrino sector.



FIGURE 10. The bi-probability plots for both T2K and NOνA. The matter effects and hence the
separation between the hierarchies is 3 times large for T2K than NOνA primarily due to the fact NOνA
has three times the baseline as T2K. See [15] to understand how to use these plots to untangle CP violation
and the mass hierarchy.

4. NEUTRINO MASS

4.1. Absolute Neutrino Mass

Tritium beta decay, neutrinoless double beta decay and cosmology all have the po-
tential to provide us information on the absolute scale of neutrino mass. The Katrin
tritium beta decay experiment, [16], has sensitivity down to 200 meV for the “mass” of
νe defined as

mνe = |Ue1|2m1 + |Ue2|2m2 + |Ue3|2m3. (19)

Neutrinoless double beta decay, see [17] for review, measures the following combina-
tion of neutrino mass,

mββ = |∑miU
2
ei|= |m1c2

13c
2
12+m2c2

13s
2
12e

2iα +m3s2
13e

2iβ |, (20)

assuming the neutrinos are Majorana. It maybe possible to eventually reach below
10meV formββ in double beta decay.

Cosmology measures the sum of the neutrino mases,

mcosmo= ∑
i

mi . (21)

If ∑mi ≈ 50 eV the universe’s critical density would be saturated. The current limit,
[18], is a few % of this number,∼1eV. Given the systematic uncertainties inherent in
cosmology, a convincing limit of less than 100 meV seems difficult.



Fig. 11 shows the allowed values for these masses for both the normal and inverted
hierarchy.
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Figure 7: Predictions for |mee| assuming a hierarchical (fig. 7a) and inverted (fig. 7b) neutrino spec-
trum. In fig. 7c we update the upper bound on the mass of quasi-degenerate neutrinos implied by 0ν2β
searches. The factor h ≈ 1 parameterizes the uncertainty in the nuclear matrix element (see sect.
2.1). In fig. 7d we plot the 99% CL range for mee as function of the lightest neutrino mass, thereby
covering all spectra. The darker regions show how the mee range would shrink if the present best-fit
values of oscillation parameters were confirmed with negligible error.
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ee probed by β-decay (fig. 6b) as function of the lightest neutrino mass. The
darker lines show how the ranges would shrink if the present best-fit values of oscillation parameters
were confirmed with negligible error.

‘standard’ SK analysis). The statistically insignificant hint for a θ13 > 0 in fig. 1 is mainly due to a
small deficit of events in CHOOZ data at lowest energies.

Other effects? Data show no significant hint for new effects beyond three massive neutrinos. For
example fig. 3a shows a global fit performed without assuming that neutrinos and anti-neutrinos
have the same atmospheric mass splitting and mixing angle. We see that the best-fit lies close to
the CPT-conserving limit, and that the atmospheric mass splitting in anti-neutrinos is poorly deter-
mined. Nevertheless, this is enough to strongly disfavor a CPT-violating interpretation of the LSND
anomaly [19]. Near-future long-baseline experiments will probably study only ν rather than ν̄.

3 Non-oscillation experiments

In this section we discuss non-oscillation experiments and consider the 3 non-oscillation parameters
mentioned in the introduction. Making reference to experimental sensitivities, the 3 probes should
be ordered as follows: cosmology, 0ν2β and finally β decay. Ordering them according to reliability
would presumably result into the reverse list: cosmological results are based on untested assumptions,
and 0ν2β suffers from severe uncertainties in the nuclear matrix elements. Even more, there is an
interesting claim that the 0ν2β transition has been detected [12] (see section 3.3 for some remarks),
there is a persisting anomaly in TROITSK β decay, and even in cosmology, there is one (weak) claim
for a positive effect. None of these hints can be considered as a discovery of neutrino masses. Several
existing or planned experiments will lead to progress in a few years.

In this section, we assume three massive Majorana neutrinos and study the ranges of neutrino
mass signals expected on the basis of oscillation data, updating and extending the results of [30].
Our inferences are summarized in table 1 and obtained by marginalizing the full joint probability
distribution for the oscillation parameters, using the latest results discussed in the previous sections.

11

FIGURE 11. The “mass” measured in doubleβ -decay, in cosmology and Tritiumβ -decay versus the
mass of the lightest neutrino. Below the dashed lines, only the normal hierarchy is allowed. This figure
was adapted from hep-ph/0503246 [19].

4.2. Majorana v Dirac

Fermion mass is a coupling of left handed to right handed states. Consider a massive
fermion at rest, then one can consider this state as a linear combination of a massless
right handed particle and a massless left handed particle as shown in Fig. 12. For a
particle with an electric charge, like an electron, the left handed particle must have the
same charge as the right handed particle. This is a Dirac mass. For a neutral particle, like
a sterile neutrino, there is another possibility, the left handed particle could be coupled
to the right handed anti-particle, this is the Majorana mass.
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A coupling of eL to ēR OR eR to ēL would be mass term but this violates
conservation of electric charge. (Majorana masses)

– Typeset by FoilTEX – 14

FIGURE 12. The left diagram shows how a massive particle at rest can be considered as a linear
combination of two massless particles, one right handed and one left handed. The equation at the right
shows the decomposition of a massive Dirac spinor into two massless spinors with different momenta,
one right handed and the other left handed (from the Appendix of [20]).



Therefore for a neutral particle there is the possibility of having both Dirac and
Majorana masses, as

Left Chiral νL ⇐⇒ ν̄R

m m Dirac Mass

Right Chiral νR ⇐⇒ ν̄L

Majorana
Mass

For the neutrino, the left chiral field couples toSU(2)×U(1) therefore a Majorana mass
term is forbidden by gauge symmetry. However, the right chiral field carries no quantum
numbers. Therefore, the Majorana mass term is unprotected by any symmetry and it is
expected to be very large. The Dirac mass terms are expected to be of the order of the
charge lepton or quark masses. Thus, the mass matrix for the neutrinos is as in Fig. 13.

• Coupling of νR to ν̄L allowed and coefficient is unprotected. (→M)

Also applies to sterile neutrinos.

Light Sterile Neutrinos and/or Dirac Neutrinos Unexpected!!!
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FIGURE 13. The neutrino mass matrix with the various right to left couplings.mD is the Dirac mass
terms while 0 and M are Majorana masses for the charged and uncharged (underSU(2)×U(1)) chiral
components.

After diagonalizing the neutrino mass matrix, one is left with two Majorana neutrinos,
one heavy Majorana neutrino with mass∼M and one light Majorana neutrino with
massm2

D/M. This is the famous seesaw mechanism, [21]. The light neutrino is the
one observed in current experiments whereas the heavy neutrino is responsible for
leptogenesis at very high energy scales since its decays are CP violating and depend
on the Majorana phases in the MNS matrix, Eq. 16.

Majorana neutrinos not only allow for neutrinoless double beta decay but also for the
possibility that the a muon neutrino, say, produces a positive charged muon, violating
lepton number. However, this process would be suppressed by(mν/E)2 which is tiny,
10−20, and, therefore is unobservable.



5. SUMMARY

Neutrino Mass⇔ Flavor Change

Open questions:

• Majorana v Dirac
• Light Steriles ???
• Mass Hierarchym3 > m2 > m1 OR m2 > m1 > m3

(labeling such that|Ue3|2 < |Ue2|2 < |Ue1|2)
• fraction ofνe in ν3 (< 4%) ( value of sin2θ13)
• Is CP violated ? (sinδ 6= 0)
• Mass of Heaviest Neutrino
• Mass of Lightest Neutrino
• New Interactions, Surprises !!!
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