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ABSTRACT

In this proceedings I review the physics that future experiments will use to
determine the neutrino mass hierarchy.

1. Introduction

Our current knowledge of neutrino masses leaves the possibility that the solar
neutrino doublet (ν1, ν2) has a mean mass smaller than or greater than the remaining
atmospheric neutrino (ν3). If the solar doublet has the larger mass then this is called
the “inverted” hierarchy, otherwise the hierarchy is called “normal”. Determining
this hierarchy is important for model building regardless of whether the neutrinos
are quasi-degenerate or highly hierarchial. In Fig.11), the two possible hierarchies are
shown plus an example of the flavor content of the three neutrino mass eigenstates
consistent with all existing data. Here, the thickness of the lines has been used to show
the variation of these flavor fractions with the unknown parameter the CP violating
phase. Note that the solar doublet is νe rich whereas the atmospheric singlet, ν3, is
νe poor. In fact, the upper current limit from CHOOZ2) on fraction of νe in ν3 is 4%.
Knowledge of the mass ordering of the solar doublet as well as the fraction of νe in ν2

comes from SNO’s measurement3) of the 8Boron solar neutrinos which arrive at the
earth as a nearly pure ν2 mass eigenstate4) because of matter effects5).

There are various approaches to determining whether the neutrino mass hierarchy
is normal or inverted which will be briefly reviewed in the following sections: first,
the direct mass measurements followed by using matter effects in νµ ↔ νe transitions.

2. Direct Mass Measurements

Fig.2 6) shows the various masses measured in double β-decay, in cosmology and
Tritium β-decay verses the mass of the lightest neutrino for both the normal and
inverted mass spectrums. Clearly, below some value for these masses only the normal
hierarchy survives. Therefore if one can place a upper bound below this value one
has determined the mass hierarchy to be normal. In a double β-decay experiment, a
signal below this limit must be seen to exclude the possibility that the neutrinos are
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Figure 1: The fractional flavor content of the three neutrino mass eigenstates showing the two
possible hierarchies. Here the thickness of the line has been used to show the variation with respect
to cosine of the CP violating phase. Since this figure must be the same for neutrinos and anti-
neutrinos, if CPT is conserved, this figure cannot be sensitive to whether sine of the CP violating
phase is positive or negative.

Dirac particles.

3. Long Baseline: νµ → νe

The transition probability νµ → νe can be simple written as the square of a sum
of three amplitudes, one associated with each neutrino mass eigenstate, as follows7)

P (νµ → νe) = | U∗
µ1e

−im2
1L/2EUe1 + U∗

µ2e
−im2

2L/2EUe2 + U∗
µ3e

−im2
3L/2EUe3 |2

= |2U∗
µ3Ue3 sin ∆31e

−i∆32 + 2U∗
µ2Ue2 sin ∆21|2

≈ |
√

Patme−i(∆32+δ) +
√

Psol|2. (1)

where the unitarity of MNS-matrix has been used to eliminate the U∗
µ1Ue1 term and

∆jk is used as a shorthand for the the kinematic phase, δm2
jkL/4E. As the notation

suggests the amplitude
√

Patm only depends on δm2
31 and

√
Psol only depends on δm2

21.
For propagation in the vacuum, these amplitudes are simple given by√

Patm = sin θ23 sin 2θ13 sin ∆31√
Psol = cos θ23 sin 2θ12 sin ∆21. (2)
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Figure 7: Predictions for |mee| assuming a hierarchical (fig. 7a) and inverted (fig. 7b) neutrino spec-
trum. In fig. 7c we update the upper bound on the mass of quasi-degenerate neutrinos implied by 0ν2β
searches. The factor h ≈ 1 parameterizes the uncertainty in the nuclear matrix element (see sect.
2.1). In fig. 7d we plot the 99% CL range for mee as function of the lightest neutrino mass, thereby
covering all spectra. The darker regions show how the mee range would shrink if the present best-fit
values of oscillation parameters were confirmed with negligible error.
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Figure 6: 99% CL expected ranges for the parameters mcosmo = m1 + m2 + m3 probed by cosmology
(fig. 6a) and mνe ≡ (m·m†)1/2

ee probed by β-decay (fig. 6b) as function of the lightest neutrino mass. The
darker lines show how the ranges would shrink if the present best-fit values of oscillation parameters
were confirmed with negligible error.

‘standard’ SK analysis). The statistically insignificant hint for a θ13 > 0 in fig. 1 is mainly due to a
small deficit of events in CHOOZ data at lowest energies.

Other effects? Data show no significant hint for new effects beyond three massive neutrinos. For
example fig. 3a shows a global fit performed without assuming that neutrinos and anti-neutrinos
have the same atmospheric mass splitting and mixing angle. We see that the best-fit lies close to
the CPT-conserving limit, and that the atmospheric mass splitting in anti-neutrinos is poorly deter-
mined. Nevertheless, this is enough to strongly disfavor a CPT-violating interpretation of the LSND
anomaly [19]. Near-future long-baseline experiments will probably study only ν rather than ν̄.

3 Non-oscillation experiments

In this section we discuss non-oscillation experiments and consider the 3 non-oscillation parameters
mentioned in the introduction. Making reference to experimental sensitivities, the 3 probes should
be ordered as follows: cosmology, 0ν2β and finally β decay. Ordering them according to reliability
would presumably result into the reverse list: cosmological results are based on untested assumptions,
and 0ν2β suffers from severe uncertainties in the nuclear matrix elements. Even more, there is an
interesting claim that the 0ν2β transition has been detected [12] (see section 3.3 for some remarks),
there is a persisting anomaly in TROITSK β decay, and even in cosmology, there is one (weak) claim
for a positive effect. None of these hints can be considered as a discovery of neutrino masses. Several
existing or planned experiments will lead to progress in a few years.

In this section, we assume three massive Majorana neutrinos and study the ranges of neutrino
mass signals expected on the basis of oscillation data, updating and extending the results of [30].
Our inferences are summarized in table 1 and obtained by marginalizing the full joint probability
distribution for the oscillation parameters, using the latest results discussed in the previous sections.
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Figure 2: The “mass” measured in double β-decay, in cosmology and Tritium β-decay verses the
mass of the lightest neutrino. Below the dashed lines, only the normal hierarchy is allowed. This
figure was adapted from hep-ph/05032466).

Whereas in matter, the approximate invariance of {δm2 sin 2θ}jk for (jk)=(31) and
(21) implies that

√
Patm = sin θ23 sin 2θ13

sin(∆31 − aL)

(∆31 − aL)
∆31√

Psol = cos θ23 sin 2θ12
sin(aL)

(aL)
∆21. (3)

The matter potential is given by a = GF Ne/
√

2 ≈ (4000 km)−1 and the sign of ∆31

(and ∆32) determines the hierarchy; normal ∆31 > 0 whereas inverted ∆31 < 0.
For anti-neutrinos a → −a and δ → −δ. Thus the phase between

√
Patm and√

Psol changes from (∆32 + δ) to (∆32 − δ). This changes the interference term from

2
√

Patm

√
Psol cos(∆32 + δ) ⇒ 2

√
Patm

√
Psol cos(∆32 − δ). (4)

Expanding cos(∆32±δ), one has a CP conserving part 2
√

Patm

√
Psol cos ∆32 cos δ and

the CP violating part ∓2
√

Patm

√
Psol sin ∆32 sin δ. Notice that for this term to be

non-zero the kinematical phase ∆32 cannot be nπ. This is the neutrino counter part
to the non-zero strong phase requirement for CP violation in the quark sector.

The transition probability given in Eq.[1] has a many interesting and non-obvious
properties. For example, in Fig. 3 the asymmetry between neutrinos and anti-neutrinos
is given as a function of sin2 2θ13 at the first maximum of the oscillation, ∆32 = π/2.
The peak occurs when the amplitudes associated with the atmospheric term and the
solar term are equal in magnitude near sin2 2θ13 ≈ 0.002. Also the location of the
zero mimicking solutions10) are given at the first maximum of the oscillation. Along
these lines the transition probability is just given by the solar term even-though
sin2 2θ13 6= 0.



Pµ→e ≈ Patm + 2
√

PatmPsol cos(∆32 ± δ) + Psol

where

Patm = sin2 θ23 sin2 2θ13 sin2 ∆31

Psol = cos2 θ13 cos2 θ23 sin2 2θ12 sin2 ∆21∣∣ 2s23s13c13 sin∆31e−i(∆32±δ) + 2c23c13s12c12 sin∆21

∣∣2
Pµ→e ≈

∣∣ 2s23s13c13 sin∆31e−i(∆32±δ) + 2c23c13s12c12 sin∆21

∣∣2
At the first atmospheric
oscillation maximum, ∆32 = π

2 ,
the Neutrino-AntiNeutrino
Asymmetry is maximum when

|aatm| = |asol|

sin2 2θ13 ≈ sin2 2θ12
tan2 θ23

[
π
2

δm2
21

δm2
31

]2

At the second oscillation maximum, ∆32 = 3π
2 , the peak in the
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where
√

Patm = sin θ23 sin 2θ13 {sin∆31 ⇒ sin(∆31∓aL)
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and
√

Psol = cos θ13 cos θ23 sin 2θ12 {sin∆21 ⇒ sin(aL)
(aL) ∆21}
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√
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Figure 3: The left panel (a) shows the asymmetry between neutrino and anti-neutrinos as a function
of sin2 2θ13. The peak occurs when

√
Patm =

√
Psol at sin2 2θ13 ≈ 0.002. The right panel (b) shows

the location of the zero mimicking solutions at the first oscillation maximum.

3.1. Off Axis Counting Experiments: T2K and NOVA

The experiments NOνA and T2K are introduced in the talks by Bernstein8) and
Nishikawa9) respectively. The allowed regions in the bi-probability space for the
NOνA experiment are shown in Fig. 4(a). The upper (red) region is for the inverted
hierarchy and the lower (blue) region for the normal hierarchy. The maximum value
of θ13 for which there is overlap in these two regions has been named the critical
value11), θcrit, and is given by the following expression,

θcrit ≈ π2

8

sin 2θ12

tan θ23

δm2
21

δm2
31

(
4∆2

31/π
2

1−∆31 cot ∆31

)
/(aL) (5)

For this experiment the numerical value of sin2 2θcrit is approximately 0.10, i.e. it is
close to the CHOOZ bound. Whereas Fig. 4(b) shows the four allowed solutions, two
for the normal hierarchy and two for the inverted hierarchy, in the sin δ v sin2 2θ13

plane assuming that the measured values of the transitions probability for neutrinos
and anti-neutrinos is given by the cross near (2,2) % in Fig.4(a). Notice that the



(b)(a)

Figure 4: The left panel (a) is the bi-probability plot, νµ → νe verses ν̄µ → ν̄e for the NOνA
experiment showing the critical value of θ13 as well as two (out of four) of the ellipses which pass
through the data point (large cross) with sin2 2θ13 = 0.05. The right panel (b) shows the four
solutions for this data point in the sin δ v sin2 2θ13 plane. Notice that the two solution for the
normal (or inverted) hierarchy have values of sin δ which are numerical very close but differ in the
sign of cos δ and that the separation between the solutions the normal hierarchy and those with the
inverted hierarchy is 1.4 in sin δ.

two solutions for the normal or inverted hierarchies have very similar values for sin δ
whereas the mean value of sin δ for the normal hierarchy solutions differs substantially
from the mean value for the inverted hierarchy. Both of these characteristics of
the solutions are general features. Also one can relate the mean value of sin δ for
the normal hierarchy solutions, 〈sin δ〉+, to that of the mean value of the inverted
hierarchy solutions, 〈sin δ〉−, using θcrit as follows11)

〈sin δ〉+ − 〈sin δ〉− = 2〈θ13〉/θcrit. (6)

At the largest value of the transition probabilities in the overlap region, the difference
between the two mean values of sin δ is 2 and the value of θ13 is θcrit, thus Eq.[6] is
trivially satisfied. At smaller values of θ13 the right hand side just simply scales
linearly with θ13. Using the value of sin2 2θcrit calculated from Eq.[5], the above
expression is more usefully written as

〈sin δ〉+ − 〈sin δ〉− = 1.4

√
sin2 2θ13

0.05
for NOνA. (7)

This expression has many uses: the boundary of the inverted (normal) hierarchy in



(a) (b)

Figure 5: The left panel (a) is the bi-probability plot, νµ → νe verses ν̄µ → ν̄e for the T2K
experiment. The critical value of θ13 is out of range of this figure. Two of the ellipses which pass
through the data point (large cross) with sin2 2θ13 = 0.05 are also shown. The right panel (b) shows
the four solutions for this data point in the sin δ verses sin2 2θ13 plane. Notice that the two solution
for the normal (or inverted) hierarchy essentially overlap since the E/L for this experiment is close
to vacuum oscillation maximum. The separation between the solutions the normal hierarchy and
those with the inverted hierarchy is 0.47 in sin δ.

the normal (inverted) hierarchy allowed region is given for NOνA by

sign(δm2
31)〈sin δ〉 = −1 + 1.4

√
sin2 2θ13

0.05
. (8)

Similarly the relationship between 〈sin δ〉 for the normal and inverted hierarchies
is

〈sin δ〉+ − 〈sin δ〉− = 0.47

√
sin2 2θ13

0.05
for T2K. (9)

The difference in this expression for T2K and NOνA is just a factor of 3 which
comes primarily from the fact that matter density times path length for NOνA is
three times that for T2K. Fig.5(a) and (b) are the equivalent figures for T2K as Fig.4
is for NOνA. Clearly the region of overlap between the hierarchies is much larger for
T2K as the matter effect is 3 times smaller. Again, the boundary of the inverted
(normal) hierarchy in the normal (inverted) hierarchy allowed region is given for T2K
by

sign(δm2
31)〈sin δ〉 = −1 + 0.47

√
sin2 2θ13

0.05
. (10)
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FIG. 6: Sensitivity to the sign(∆m2
31)-extraction at the 95% CL within the three reference setups

explored in the present study. The labels L, M and S correspond to the Large, Medium and

Small experimental setups explored in this study, respectively. The dashed black curve is obtained

from Eq. (7) setting 〈sin δ〉− = −1 (〈sin δ〉+ = +1) for the normal (inverted) hierarchy. This is the

bound that would be obtained with infinite statistics and in the absence of backgrounds.

are obviously crucial to resolve the hierarchy of the neutrino mass spectrum9. The sensitivity

to the measurement of the sign of the atmospheric mass difference is expected to be better

when the sign of sin δ is negative: in the case of the Medium experimental setup, the

sensitivity to the sign (∆m2
31)-extraction is lost for positive values of sin δ. We show as well

in Fig. (6) the theoretical limit on the sign(∆m2
31)-extraction, which acts as a rigorous upper

bound on the experimental sensitivity curves. A possible way to resolve the fake solutions

associated to the sign of the atmospheric mass difference would be to combine the data from

the proposed NuMI 10 km off-axis and T2K experiments [20, 25]. The complementarity of

the NuMI and T2K experiments can be explicitly shown by exploiting the identity given in

9 Recently, new approaches for determining the type of hierarchy have been proposed [28] by exploiting other

neutrino oscillations channels, such as muon neutrino disappearance, and require very precise neutrino

oscillation measurements.
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(a) (b)

NO
vA

Figure 6: Left panel (a): the regions in the sin δ v sin2 2θ13 plane for which the mass hierarchy
could, in principal, be determined for the NOνA and T2K experiments with both neutrinos and
anti-neutrino running. NOνA’s region is much large due to the much large matter effect for the
NOνA baseline. Right panel (b): NOνA reach once statistics and backgrounds are included, for
details see hep-ph/050520210).

Fig.6(a) shows the regions in the sin δ v sin2 2θ13 plane for which the mass hierarchy
can be determined, in principal, for each experiment. Whereas, Fig.6(b) shows the
reach for NOνA for three different setups labeled S, M and L (The ratios of the
statistical power are S:M:L = 1:5:25).

With neutrino and anti-neutrino running in both experiments, we expect the true
solutions to coincide within uncertainties

| 〈sin δ〉T2K
true − 〈sin δ〉NOνA

true | ≈ 0, (11)

whereas Eq.[6] implies that the fake solutions differ by

| 〈sin δ〉T2K
fake − 〈sin δ〉NOνA

fake | = 0.94

√
sin2 2θ13

0.05
. (12)

Thus, even when sin2 2θ13 = 0.01 the difference in the values of sin δ for the fake
solutions in the two experiments is greater than 0.4. Therefore , if sin δ can be
determined with an uncertainty of approximately 0.2 in both experiments then the
hierarchy can be determined down to sin2 2θ13 = 0.01. However, these are challenging
levels of precision for sin δ at such small values of sin2 2θ13.

Another alternative way to determine the hierarchy using NOνA and T2K, is to
compare neutrino running in both experiments at the same E/L12). This would require
an adjustment to the proposed location of the NOνA experiment or a change in the
off-axis angle for T2K13). The Super-NOνA14) idea exploits this idea by building a
second detector in the NuMI beamline near Madison, WI.
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where
√

Patm = sin θ23 sin 2θ13 {sin∆31 ⇒ sin(∆31∓aL)
(∆31∓aL) ∆31}
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√

Psol = cos θ13 cos θ23 sin 2θ12 {sin∆21 ⇒ sin(aL)
(aL) ∆21}

2σ

Eν Window
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Figure 7: The T2KK spectra for the four degenerate solutions at Kamiokande (left panels) and at
a detector placed in Korea (right panels), from hep-ph/050402615).

3.2. Spectrum Measurements

An alternative way to breaking the degeneracy between solutions with the normal
and inverted hierarchies is to look at spectrum measurements at the second oscillation
maximum where the changes in the oscillation probability are more dynamic. The
T2KK15) proposal exploits this idea. Fig. 7 shows the spectrum for the degenerate
solutions at Kamiokande compared to what one would see at the second oscillation
maximum with a detector in Korea. Clearly the four solutions have similar spectra at
Kamiokande but have sizable variation at the second oscillation maximum over the
energy window of the off axis beam. See Kajita’s talk16).

Another possibility is to place a detector in a wide band beam and measure the
spectra over two or more oscillation peaks like the BNL proposal17). Fig.8 shows the



variation in the spectra coming from the choice of hierarchy and the value of the CP
violating phase. Excellent π0 rejection is a very important practical consideration to
make this proposal a reality.
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FIG. 2: (color) Probability of νµ → νe oscillations at 2540
km. The calculation includes the effects of matter. The dot-
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the lower dot-dashed (δCP = 0o) curves is for RO. The param-
eters used for the figure are sin2 2θ12 = 0.86, sin2 2θ23 = 1.0,
and sin2 2θ13 = 0.04 and ∆m

2
21 = 7.3 × 10−5

eV
2, ∆m

2
32 =

0.0025 eV
2.

pass through the Earth to arrive at a detector located

2540 km away, the probability in Figure 2 includes the ef-

fects of matter, which enhance (suppress) the probability

above 3.0 GeV for NO (RO) [12]. Therefore the appear-

ance probability above 3.0 GeV is sensitive to both the

mass ordering and the parameter sin2 2θ13. The prob-

ability in the region 1.0 to 3.0 GeV is less sensitive to

matter but much more sensitive to the CP phase δCP as

shown in Figure 2[13]. The increase in the probability be-

low 1.5 GeV is due to the presence of terms involving the

solar oscillation parameters, ∆m2
21 and sin2 θ12. There-

fore, the spectrum of electron neutrino events measured

with a wide band beam over 2540 km with sufficiently

low background has the potential to determine sin2 2θ13,

δCP , and the mass ordering of neutrinos as well as ∆m2
21

because these parameters affect different regions of the

energy spectrum. In the following, we examine how well

the parameters can be determined and the implications

for the detector performance and background.

Proposed Experimental Configuration

The high energy proton accelerator, to be used for

making the neutrino beam, must be intense (∼ 1 MW in

power) to provide sufficient neutrino-induced event rates

in a massive detector very distant from it. Such a long

baseline experimental arrangement [14] may be realized

with a neutrino beam from the upgraded 28 GeV pro-

ton beam from the Alternating Gradient Synchrotron at

the Brookhaven National Laboratory (BNL) and a water

Cherenkov detector with 0.5 megaton of fiducial mass

at either the Homestake mine in South Dakota or the

Waste Isolation Pilot Plant (WIPP) in New Mexico, at

distances ∼2540 km and ∼2900 km from BNL, respec-

tively. A version of the detector is described at length

in [15] and is a candidate for location in the Homestake

Mine, where it would occupy five independent cavities,

each about 100 kton in fiducial volume. Another version

of the detector in a single volume is described in [16]. For

much of the discussion below we have used the distance

of 2540 km to Homestake for our calculations. Although

the statistics obtained at 2900 km to WIPP will be some-

what smaller, many of the physics effects will be larger,

and therefore the resolution and the physics reach of the

BVLB experiment are approximately independent of the

choice between Homestake or WIPP.

The accelerator upgrade as well as the issues regard-

ing the production target and horn system are described

in [17]. We briefly describe it here for completeness.

Currently, the BNL-AGS can accelerate ∼ 7 × 1013 pro-

tons upto 28 GeV approximately every 2 sec. This cor-

responds to average beam power of about 0.16 MW.

This average power could be upgraded by increasing

the repetition rate of the AGS synchrotron to 2.5 Hz

while keeping the number of protons per pulse approx-

imately the same. Currently a 200 MeV room temper-

ature LINAC in combination with a small synchrotron,

called the Booster, injects protons into the AGS at 1.2

GeV. The process of collecting sufficient number of pro-

tons from the Booster into the AGS takes about 0.6

sec. Therefore, for 2.5 Hz operation the Booster must

be replaced by a new injector. A new super-conducting

LINAC to replace the Booster could serve the role of a

new injector; the remaining modifications to the AGS

are well understood and they involve power supplies, the

RF system, and other rate dependent systems to make

the accelerator ramp up and down at 2.5 Hz. We ex-

pect the final upgraded accelerator configuration to yield

Figure 8: The transition probability for a wide band beam at very distance detector. Matter effects
are important at the first peak whereas CP violating effects are more important at the second and
following peaks, from hep-ph/030308117).

3.3. New Neutrino Beamlines

A neutrino beam produced from a Neutrino Factory is the ultimate machine for
determining the neutrino hierarchy because of the intense sources possible and the
very large distance possible between source and detector. The large matter effect
available in this setup not only amplifies the effects of small θ13 but also produces
a large asymmetry between neutrino and anti-neutrino running the sign of which
depends on the hierarchy. Fig. 9 shows the bi-probability plot18) as well as the ratio
of wrong sign events19) for both neutrino and anti-neutrino running. More discussion
on determining the hierarchy with a Neutrino Factory can be found in Winter’s talk20).
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Figure 9: Left panel (a) is the bi-probability plot for the Neutrino Factory setup, from hep-
ph/020417118). The right panel (b) is the ratio of wrong sign events for both neutrino and anti-
neutrino running at the Neutrino factory, from hep-ex/000806419).

4. Summary and Conclusions

It is possible that one of the various mass measurements, from double beta decay,
cosmology or tritium beta decay, will determine the neutrino mass hierarchy if the
hierarchy is normal. This possibility is independent of the value of sin2 2θ13 however
it does require the neutrino spectrum to be strongly hierarchial i.e. the mass of
lightest neutrino must be smaller than ∼0.01 eV. The most likely way the hierarchy
will be determined comes from studying matter effects in νµ ↔ νe provided that
sin2 2θ13 > 0.0001. For values of sin2 2θ13 not far from the CHOOZ bound, the
counting experiments T2K and NOνA could determine the hierarchy with sufficient
statistics. For smaller values of sin2 2θ13 spectrum measurements near the second
peak are probably required, eg T2KK or a long baseline wide band beam. For very
small values of sin2 2θ13 a neutrino factory will be required.
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