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Abstract
We review thework discussedanddevelopedunderthetopic “Resummation”
at Working Group2 “Multijet final statesandenergy flow” , of the HERA-
LHC Workshop.We emphasisethe role playedby HERA observablesin the
developmentof resummationtoolsvia, for instance,thediscoveryandresum-
mationof non-globallogarithms.We describetheevent-shapessubsequently
developedfor hadroncollidersandpresentresummedpredictionsfor thesame
using the automatedresummationprogramCAESAR. We also point to on-
going studiesat HERA which can be of benefitfor future measurementsat
hadroncolliderssuchastheLHC, specificallydijet

���
andangularspectraand

thetransversemomentumof theBreit currenthemisphere.

1 Introduction

Resummedcalculationsareaninvaluabletool, both for theunderstandingof perturbativeQCD dynam-
ics at all ordersaswell asfor extracting,asaccuratelyaspossible,QCD parameterssuchasthestrong
coupling,quarkmassesandpartondistribution functions. Theseparameters,which cannotbe directly
computedfrom QCD perturbationtheoryitself, will bevital inputsin new physicssearchesat theLHC.
Moreover, resummedexpressionsarealsoan importantsteppingstoneto probingobservabledistribu-
tionsin regionswherenon-perturbativepowercorrectionsmakeasignificantcontribution. In this region
onemay expect a smearingof the resummedperturbative resultwith a non-perturbative function (for
which onecanadopt, for example,a renormalon-inspiredmodel), and the resultingspectrumcan be
confrontedwith datato testourunderstandingof non-perturbativedynamics.In all theseaspects,HERA
dataandobservableshaveplayedanimportantrole (sometimessignificantlyunderratedin theliterature)
in furtheringour knowledge,without which accuratestudiesof several observablesat the LHC would
simplynot bepossible.

A concreteexampleof HERA’simportantrolein thisregardis thecaseof eventshapedistributions
[1], theoreticalstudiesof which led to thefindingof non-globalsingle-logarithmic[2] effects(discussed
in moredetailbelow). Priorto thesestudiesit waswidelybelievedthattheHERAdistributions,measured
in thecurrenthemisphereBreit frame,weretrivially relatedto their �
	��� counterparts.Hadsuchideas,
basedon independentsoft gluonemissionby thehardpartons,beenapplieddirectly to similar variables
at theLHC, suchasenergy flowsawayfrom jets,theaccuracy of theoreticalpredictionswouldhavebeen
severelycompromisedleadingalmostcertainlyto erroneousclaimsandconclusions.

AnotherareawhereHERA hasplayeda vital role is in thetestingof renormaloninspiredmodels
for power corrections,mostsignificantly the dispersive approach[3] to �
�� power corrections,tested
againstHERA event-shapedistributionsandmean-values[4]. Thefact thatHERA dataseemto confirm
suchmodels, whereonecanthink of thepowercorrectionsasarisingfrom theemissionof agluonwith
transversemomentum������������� , is significantfor theLHC. This is becausetheagreementof therenor-
malonmodelwith datademonstratesthatthepresenceof initial stateprotonsdoesnotaffectsignificantly
theform of �
��� corrections.It thussetslimits on theadditionalnon-perturbativecontribution thatmay
potentiallybe generatedby the flight of struckpartonsthroughthe protoncloud,which thereforedoes



not appearto besignificant.Onceagainit is accurateresummedpredictions[5] which have allowedus
accessto thenon-perturbativedomainhencestrengtheningourunderstandingof powercorrections.

One importantaspectof resummedstudies,till date, is that stringentcomparisonsof next-to–
leadinglogarithmicresummedpredictionswith datahave only beencarriedout in casesinvolving ob-
servablesthatvanishin thelimit of two hardpartons.Prominentexamplesreflectingthesuccessof this
programareprovidedby � 	 � � � 2 jet eventshapesandDIS (1+1) jet eventshapesaswell asDrell-Yan
vectorbosontransversemomentumspectraathadroncolliders.At theLHC (andhadroncollidersin gen-
eral)onealreadyhastwohardincomingpartonsandany observabledealingwith final statejet production
would takeusbeyond the testedtwo hardpartonsituation. Thusdijet event shapesat hadroncolliders
(discussedin detail later), which involve muchmorecomplicatedconsiderationsas far as the resum-
mationgoes,representa situationwhereNLL resummationsandpower correctionsareasyet untested.
Bearingin mind the hadronicactivity dueto the underlyingevent at hadroncolliders, it is important
to testthepictureof resummationsandpower correctionsfor thesemultipartoneventshapesin cleaner
environments. ThusLEP three-jetevent shapesandsimilar !#"$� jet event shapesat HERA become
importantto studyin conjunctionwith lookingat resummationof eventshapesathadroncolliders.

Predictionsfor severalLEP andHERA three-jeteventshapesalreadyexist (seee.g[6] andfor a
full list of variablesstudiedRef. [7]) andat this workshopa prominentdevelopmentpresentedwasthe
proposalof severaldijet event-shapesin hadron-hadroncollisionsandtheresummedpredictionsfor their
distributions[8].

ExistingHERA datacanalsobeusefullyemployedto studysoft gluonradiationdynamicsfrom
multi-hard–partonensembles,in thestudyof dijet

� �
andangularspectra.Thesequantitiesaresomewhat

differentfrom event shapessinceonedefinesobservablesbasedon aggregatejet-momentaandangles
ratherthandirectlyconstructingthemfrom final-statehadronmomenta.Examplesarethetransverseen-
ergy,

� �
, mismatchbetweentheleading

� �
jetsin dijet productionandtheazimuthalcorrelationbetween

jets %'&(& , onceagainreferingto thehighest
� �

jets in dijet production.For theformerquantitythereare
nodirectexperimentaldataasyet,but it is simplyrelatedto thedijet total ratein theregionof symmetric� �

cutsfor whichdatadoesexist . For thelatterquantitysimilarly therearedirectexperimentaldata[9].
Theseobservableshave smallerhadronisationcorrectionsscalingas �
��� � ratherthan �
�� asfor most
eventshapes.They thusoffer a goodopportunityto testtheNLL perturbativepredictionsalonewithout
necessarilyprobingnon-perturbativeeffectsat thesametime 1.

At this workshopdevelopmentswerereportedon extendingexisting calculations[10] for cone
dijets,to differentjet algorithms,suchasthe ) � algorithm,comparingto fixedorderestimatesandper-
forming the leadingordermatching.Oncethe HERA datahasbeenwell describedsimilar studiescan
becarriedout for hadron–hadrondijets. In factpredictionsalreadyexist for hadron-hadrondijet masses
nearthreshold[11] but arenot in a form conducive to directcomparisonswith datacontainingneither
the jet algorithmsin the form actuallyemployedin experiment,nor thematchingto fixed order. How-
ever thesecalculationsprovideda usefulstartingpoint for thecalculationspresentedhere,which should
eventuallyleadto directcomparisonswith data.

AnotherareawhereHERA may play an importantrole is to establishwhetherunaccountedfor
small * effectsmaybesignificantin comparingtheoreticalresummationsfor e.g. vectorboson+ � spec-
tra with experimentaldata. It hasbeensuggestedthat a non-perturbative intrinsic ) � , growing steeply
with * , is requiredto accomodateHERA datafor semi-inclusiveDIS processes[12]. Whenthis obser-
vation is extrapolatedto theLHC kinematicalregion thereis apparentlysignificantsmall * broadening
in the vectorboson+ � distribution. Similar effectsmay well arisein the caseof the Higgs bosontoo.
However DIS event shapestudiesin the Breit currenthemisphere[5] apparentlydo not acquiresuch
correctionssincethey arewell describedby conventionalNLL resummationssupportedby dispersive

1Although effects to do with intrinsic ,
- will eventuallyhave to be accountedfor similar to thecaseof Drell-Yan vector
boson. - spectra.



powercorrections[4], whichare * independent2. However therearesomeimportantcaveats:/ Unlike vectorboson+ � spectra,event shapesreceive �
��� hadronisationcorrectionsunrelatedto
intrinsic ) � . Thesecouldmask �
�� � termsoriginatingfrom intrinsic ) � whichmayyetcontainthe* dependencein question./ It hasalreadybeenobserved that including H1 datafor �103254 GeV doesspoil somewhat the
agreementwith thedispersive predictionof universalpower correctionsto eventshapes[5]. The
origin of this effect could well be extra non-perturbative ) � broadeningrelatedto the effectsde-
scribedabove for vectorboson+ � .
To get to the heartof this mattera usefulvariablethat hasbeensuggested(seeplenarytalk by

G. Salamat the first meetingof this workshop)is the modulusof the vector transversemomentum687:9;�<�=) �?> 7 of thecurrenthemispherein theDIS Breit frame.Thisquantityis simply relatedto theDrell-
Yan + � spectraandcomparingtheoreticalpredictions,presentedhere,with datafrom HERA shouldhelp
to finalisewhetheradditionalsmall-* enhancednon-perturbative termsareneededto accomodatethe
data. We begin by first describingthe resultsfor hadron-hadronevent shapevariables,discussedby
G. Salamat this workshop. Then we describethe progressin studyingdijet

���
and angularspectra

(presentedby M. DasguptaandG. Corcellaat the working groupmeetings).Finally we mentionthe
resultsobtainedthusfar, for the � � distributionof thecurrenthemisphereandendwith alookatprospects
for continuingphenomenologyat HERA, thatwouldbeof directrelevanceto theLHC.

2 Event shapes for hadron colliders

Event shapedistributions at hadroncolliders, ashasbeenthe caseat LEP andHERA, are important
collinearandinfraredsafequantities,that canbe usedastools for the extractionof QCD parameters,
for instance@BA , by comparingtheoryanddata. In contrasthowever to more inclusive sourcesof the
sameinformation(e.gtheratio of 3 jet to 2 jet rates),eventshapedistributionsprovidea wealthof other
information,someof which oughtto becrucial in disentanglingandfurtherunderstandingthedifferent
physicseffects,relevantat hadroncolliders.Theserangefrom fixed-orderpredictionsto resummations,
hadronisationcorrectionsand,in conjunctionwith moredetailedstudiesassesingthestructureof, and
roleplayedby, theunderlyingevent(beamfragmentation).

Until recentlytherehave only beenlimited experimentalstudiesof jet-shapesat hadroncolliders
[14] andno resummedtheoreticalpredictionsfor dijet shapevariablesat hadroncolliders.Rapidrecent
developments(seeRef. [8] andreferencestherein)in the field of perturbative resummationshave now
madetheoreticalestimatespossiblefor anumberof suchdistributions,introducedin [8] whichwereport
on below.

Thethreemaintheoreticaldevelopmentsthathave led to thestudiesof Ref. [8] are:/ Resummationfor hadron-hadrondijet observablesdependsondescribingmultiplesoftgluonemis-
sionfrom a systemof four hardpartons.Thecolourstructureof theresultingsoft anomalousdi-
mensionsis highly non-trivial andwasexplicitly computedby theStony Brook groupin a series
of papers(seee.g[11] andreferencestherin)./ Thediscoveryof non-globalobservables[2]. Therealisationthatstandardresummationtechniques
basedon angularordering/independent-emission of soft gluonsby thehard-partonensemble,are
not valid for observablesthataresensitive to emissionsin a limited angularrange,hasled to the
introductionof observablesthataremadeglobalby construction.This meansthatonecanapply
thetechnologydevelopedby theStony-Brook groupto obtainaccurateNLL predictionsfor these
observables,withouthaving to resortto large CED approximations./ The advent of automatedresummation[15]. The developmentof generalisedresummationfor-
mulaeandpowerful numericalmethodsto determinethe parametersandcomputethe functions

2An exceptionis thejet broadening[13] but the F dependencethereis of anentirelydifferentorigin andnature.
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Fig. 1: Cutaroundthebeamdirectionbeyondrapidity GIHKJ?L correspondingto themaximumrapidity reachof thedetectors.

thereof,hasmadeit possibleto studyseveralvariablesatonceratherthanhaving to performcopi-
ous,andin somecasespreviouslyunfeasible,calculationsfor eachseparateobservable.

We now discussthe different typesof variablesdefinedand resummedin [8]. The first issue
onehasto dealwith is the fact thatexperimentaldetectorshave a limited rapidity range,which canbe
modeledby acut aroundthebeamdirection.

This cut would thencorrespondto a positionin rapidity of theedgeof themostforwarddetector
with momentumor energy resolutionandtherelevantvaluesof themaximumrapidity for measurements
is 2NMPO unitsat theTevatronand O unitsat theLHC. Onemaythenworry aboutgluonemissionsbeyond
this rapidity (i.e. insidethebeamcut,seeFig. 2) thatemit softergluonsinto theallowedrapidity range,
outsidethe conesdepictedin Fig. 2. Sucha configurationwould of courserenderthe observablenon-
global.

To getaroundthispotentialproblem,onecanemployanideasuggestedfor 3-jetobservablessuch
asout-of–planemomentumflows in hadron-hadroncollisions [16], which helpsside-stepthe issueof
non-globalness.We notethatall theobservablesstudiedherehave thefollowing functionaldependence
on a soft emission,) , collinearto a given hardleg 3 (commonto all event shapesstudiedhereandin
otherprocesses) Q �SR+UTV)N�XWZY [ ) �� \^] � �'_�`Sa �?%��bT (1)

where ) � , c and % aremeasuredwrt a given hardleg and R+ representthe setof hardpartonmomenta
including recoil against ) while � is the hard-scaleof the process.We areparticularly interestedin
emissionssoft andcollinearto the beam(incoming)partons.Thenan emissionbeyond the maximum
detectorrapidity cedfc�g�hIi correspondsto at mosta contribution to theobservable

Q$j ���k ] 	�_ HNl mon ` HpJ?Lwith q g�rts WZuwvyxX�?q � Tzq � � and q � and q � arethevaluesof q associatedwith collinearemissionnearbeam-
partons1 and2.

If onethenchosesto studytheobservableovera rangeof valuessuchthat{}| �?~�"�q g�rts �Ic g�hIi T {���� x��
� Q T (2)

thenemissionsmoreforwardthan c g�hIi donotaffecttheobservablein themeasuredrangeof values.One
canthusincludethenegligible contribution from this region anddo thecalculationasif theobservable
wereglobal, ignoringthecutaroundthebeam.Includingtheregionbeyond c g�hIi doesnotaltertheNLL
resummedresultin thesuitablyselectedrangeEq.2.

Thepriceonehasto payis to limit therangeof thestudyof theobservable

Q
, suchthatemissions

beyond cg�hIi makeanegligible contribution.As wewill mentionlaterthisis amoresignificantrestriction
for somevariablescomparedto others(dependingon theparameters~ and q ) but a rangeof studycan
alwaysbefoundover which theobservablecanbetreatedasglobal.

3In generalthevaluesof parameters��?��?� andthe function � dependon theobservableconsidered.For moredetailsand
constraintson thevariousparametersthatensureglobalnessandinfraredandcollinearsafetyetc.,seeRef. [15].
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Fig. 2: Theglobaltransversethrustdistribution with thecontribution from differentpartonicchannelsexplicitly displayed.

2.1 Global event shapes

With the above caveat in placeseveral variablescanbe safelystudied(treatedasglobal) over a wide
rangeof values.An explicit exampleis theglobal transversethrustdefinedas:�B��> ��� u�������� 687�� =� � 7U� =�K� �6 7 � � 7 T � ��> � W��¡  �B��> � T (3)

wherethethrustaxis =�K� is definedin theplanetransverseto thebeamaxis. Theprobability ¢��?£�� , that
theeventshapeis smallerthansomevalue £ behavesas:¢��?£���W�¤b��¥e¦§ �¨ �©� @ A!5ª { � " �S�
� « T { W � x��
�¬£pT (4)

with ¨ �©� W!®�¯°"±®�² , where ®�¯ and ®³² representthe total colour chargesof the beamand jet
(outgoing)partons.Theabove representsjust thedouble-logarithmiccontribution. The full resultwith
controlof up to next-to–leadingsingle-logarithmsin theexponentis considerablymorecomplicated.It
containsboththeStony-Brook colourevolution matricesaswell asmultiple emissioneffects(generated
by phase-spacefactorisation).TheautomatedresummationprogramCAESAR[15] is usedto generate
theNLL resummedresultshown in Fig. 2. In this particularcasetheeffect of thecut aroundthebeam
directioncanbe ignoredfor values � ��> � d34NMy�
O¬��N` HpJ?L . We note that it is advisableto leave a safety
margin betweenthisvalueandthevaluesincludedin measurement.

Otherglobalvariablesstudiedincludetheglobalthrustminorandthethreejet-resolutionthreshold
parameteŕ �µ� . For detaileddefinitionsandstudiesof thesevariables,thereaderis referedto [8].

We shall now proceedto look at two differentwaysof definingevent shapesin a given central
region,which on its own would leadto non-globalness,andthenaddingtermsthatrenderthemglobal.

2.2 Forward suppressed observables

Herewe shall examineevent shapesdefinedin a chosencentralregion ¶ well away from the forward
detectoredges.
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Fig. 3: Figuredepictingthecentralregion marked· , containingthetwo hardjets.

First wedefinecentral ¸ momentum,andrapidity:� ��> ¹ W»º7:9 ¹ � � 7 T c ¹ W �� ��> ¹ º 7�9 ¹ c 7 � � 7 (5)

andanexponentiallysuppressedforward term,¼�½¹ W �� ��> ¹ º 7©¾9 ¹ � � 7 � �U¿ `zÀÁ�N`zÂ¿ M (6)

Thenwecandefineaneventshapein thecentralregion ¶ 4 which on its own wouldbenon-global
sincewe measureemissionsjust in ¶ . The additionof

¼�½¹
to the event-shaperendersthe observable

globalasthis termincludessuitablytheeffect of emissionsin theremainingregion Ã¶ . Theexponential
suppressionof theaddedtermreducessensitivity toemissionsin theforwardregionwhichin turnreduces
theeffect of the beamcut c g�hIi considerably, pushingits impactto valuesof the observablewherethe
shapecross-sectionis highly suppressedandthustoosmallto beof interest.

Theeventshapesareconstructedasdescribedstepwisebelow:/ Split ¶ into two pieces:Up, Down/ Definejet massesfor each ÄÆÅ > ¹ � �� � ��> ¹�Ç º7:9 ¹
È � 7?É � T ÊËWÍÌ^TzÎ�M (7)

Definesumandheavy-jet massesÄNÏ > ¹ � Ä�Ð > ¹ " ÄÆÑ > ¹ T Ä ; > ¹ � u����pÒ ÄNÐ > ¹ T Ä�Ñ > ¹ÆÓ M (8)

Defineglobalextension,with extra forward-suppressedtermÄNÏ > Ô � Ä�Ï > ¹ " ¼�½¹ T Ä ; > Ô � Ä ; > ¹ " ¼�½¹ M (9)/ Similarly: total andwidejet-broadeningsÕ � > Ô �»Õ � > ¹ " ¼ ½¹ T Õ�Ö > Ô �»Õ�Ö > ¹ " ¼ ½¹ M (10)
At thedouble-loglevel theresultsassumeanidenticalform to Eq.4 with ¨ �©� representingacom-

binationof total incoming(beam)andoutgoing(jet) partoncolourcharges[8]. Thefull NLL resummed
resultshave asubstantiallymorecomplex form andresultsfrom CAESAR[15] areplottedin Fig. 4.

4Thereis considerablefreedomon thechoiceof thecentralregion. For instancethis couldbea region explicitly delimited
in rapidity or thetwo hardjetsthemselves.
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2.3 Indirectly global recoil observables

Here we studyobservablesthat aredefinedexclusively in termsof particlesin the centralregion but
areglobal. Suchobservablesarealreadyfamiliar from HERA studies. As an example,althoughthe
current-jetbroadeningwrt thephotonaxisof theDIS Breit frameinvolvesonly particlesthatenterthe
currenthemisphere,the currentquarkacquirestransversemomentumby recoil againstremnanthemi-
sphereparticles.This recoil meansthattheobservableis indirectlysensitiveto emissionsin theremnant
hemispherewhichmakestheobservablesglobal.

To constructsimilarobservablesin thehadron-hadroncaseweobservethatby momentumconser-
vation,thefollowing relationholds: º 7�9 ¹ =� � 7 W� Üº7©¾9 ¹ =� � 7 (11)

which relatesthesumof transversemomentain ¶ to that in thecomplementaryregion. Thenthecentral
particlescanbeusedto definearecoil term:Ý ��> ¹ � �� ��> ¹ßÞÞÞÞÞ º 7�9 ¹ =� � 7 ÞÞÞÞÞ T (12)

whichcontainsanindirectdependenceon non-centralemissions.

Now we candefineevent shapesexplicitly in termsof centralparticlemomentain ¶ . Examples
aretherecoil jet-massesandbroadeningsÄ Å > àá� Ä Å > ¹ " Ý ��> ¹ T Õ Å > àá�»Õ Å > ¹ " Ý ��> ¹ T
M
MSM (13)

It is clearthatsincetheseobservablesaredefinedin termsof centralparticlesalone,thecutaround
thebeamdirectionis not anissuehere.Thereis howeveranotherpotentialproblem.Dueto theaddition
of the recoil termwe losedirectexponentiationof the resultin variablespace.Exponentiationto NLL
accuracy only holdsin impact-parameteror q space.

Thephysicaleffect in questionhereis similar to Drell-Yan � � spectrawheretherearetwo com-
petingmechanismsthat leadto a givensmall � � , Sudakov suppressionof soft emissionsandvectorial
cancellationbetweenharderemissions.Wherethelattereffect takesover (typically in theregion where
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single-logsarelarge @ A { j � ) we geta breakdown of theSudakov resultgeneratedby CAESAR.This
resultis of thegeneralform: ¢�� Q ��W»�bã �bä kyå�æ ã n 	 �èç kéå�æ ã n 	ëêtêtê M (14)

Theresultfor recoil observablesproducedby CAESARwill containa divergencein thesingle-logfunc-
tion a � andis cutbeforethedivergence.Againfor somevariablesthiscut isatapositionthatsignificantly
reducestherangeof possiblephenomenologicalstudies.For othervariablesthedivergenceis at values
of the observablethat aresufficiently small so that only a few percentof the cross-sectionis beyond
thecutoff. An exampleof the former is the recoil transversethrustwhere15%of thecross-sectionlies
beyond the cut-off. For the recoil thrustminor, in contrast,the cutoff hasonly a moderateeffect and
muchlessof thecross-sectionis cutoff, dueto thedivergencein a � .

Below we presenta tableof thedifferenteventshapesmentionedhereandtheimpactof thetwo
mainlimitationswediscussed,thebeam-cutc g�hìi andthebreakdown of resummationdueto divergences
of a � . Additionally we mentiontheexpectedimpactof hadronisationcorrections(not yet computedin
full) on thedifferentobservablesaswell asthe form of theestimatedcontribution from theunderlying
event.

Event-shape Impactof íïîñð(ò Resummation
breakdown

Underlying
Event

JethadronisationóVôpõ ö tolerable÷ none ø�í îUð(òoùSú ø}û ùSúüÆý õ ö tolerable none ø�í îUð(òoùSú ø�û ù¬þ:ÿ ���©ú ������ tolerable none ø ÿ ���	� ù
ú ÷ ø ÿ ����� ùSú ÷ó ôpõ 
 , �� õ 
 negligible none ø°û ù
ú ø}û ùSú� � õ 
 negligible none ø°û ù
ú ø�û ù¬þ:ÿ � � ú �ü ý õ 
 negligible serious ø°û ù
ú ø�û ù¬þ:ÿ � � ú ������zõ 
 negligible none ø°û ù
ú ø ÿ ����� ùSú ÷óVôKõ � , � � õ � none serious ø°û ù
ú ø}û ùSúü�ý õ � ,
� � õ � none tolerable ø°û ù
ú ø�û ù¬þ ÿ ���©ú ������Võ � none intermediate÷ ø ÿ ����� ùSú ÷ ø ÿ ����� ùSú ÷

In theabove theentriesmarked* aresubjectto uncertaintyatpresent.

Furtherwork is neededbeforethe resummedexpressionspresentedherecanbe comparedwith



dataincluding the matchingto fixed order and computationof the power correctionsfor the various
observables.This is currentlyin progress.

Having discussedthehadron-hadroneventshapeswenow move on to describeresummedstudies
concerningdijet productionat HERA which canalsobe straightforwardlyextendedto hadron-hadron
collisons.

3 Dijet + � and angular spectra

It hasbeenknown for sometime that dijet total ratescannotbe predictedwithin fixed-orderQCD if
symmetriccutsareappliedto thetwo highest+ � dijets [17]. While it wasunderstoodthattheproblems
areto do with constraintsonsoft gluonemission,theexactnatureof this constraintwasonly madeclear
in Ref.[10]. Thereit waspointedout thattherearelargedoublelogarithms(asidefrom singlelogarithms
andlesssingularpieces)in theslope���?����� of thetotal rate,asafunctionof � thedifferencein minimum+ � valuesof thetwo highest+ � jets.Theselogarithmswereresummedandit wasshown thattheslopeof
the total rate ��� � 4 as � � 4 . This leadsto a physicalbehaviour of the total rateasreflectedby the
data[9].

To performthecomparisonto dataaccuratelyhowever, requirestwo improvementsto bemadeto
thecalculationsof Ref. [10]. Firstly theexactsamejet algorithmhasto beemployedin the theoretical
calculationsandexperimentalmeasurements.Thecurrentalgorithmusedby H1 andZEUSexperiments
is the inclusive ) � algorithm. At hadroncollidersvariantsof the conealgorithmareusedand it is in
fact a conealgorithmthat wasemployedin Ref. [10]. However the detailsof the calculationneedto
be ammendedto definethe conesin c�TV% spaceasis doneexperimentallyandcalculationsconcerning
thiswerepresentedat theworking groupmeeting.Thesecondimportantstepis matchingto fixedorder
estimates.We reportbelow on the leadingordermatchingto DISENT [18] while a full NLO matching
is still awaited.

We also introduceand study two variablesof relatedinterest,the first is the differencein + � ,
betweenthehighest+ � jets � + �?> &§& W}+ � �  Ü+ � � (notethatherewe talk aboutthe + � differenceratherthan
the differencein the minimum

�������
, that we mentionedearlier. The resummationof this distribution�������� - Û � � is essentiallyidenticalto thatcarriedout in Ref. [10], exceptthatherewe computethenext-to–

leadinglogarithmsin differentversionsof thejet algorithm,whichshouldhelpwith directexperimental
comparsions.We alsoperformtheleading-ordermatchingto DISENT.

Having developedthecalculationaltechniquesfor Y!�U�5Y!��+ �Á> &§& it is thenstraightforwardto gener-
atetheresultsfor thedistribution in azimuthalanglebetweenjets Y!�U�5Y�% &§& which requiresresummation
in the region %'&§& W ª . Thesedistributions have beenmeasuredat HERA andthe Tevatron(mostre-
centlyby the D0 collaboration).Comparingthe resummationwith datawould representan interesting
challengefor thetheoryinsofarasthestatusof resummationtools is concerned,andis potentiallyvery
instructive.

3.1 The ��+ �?> &(& and %'&§& distributions

Weshallconsiderdijet productionin theDIS Breit frame.For thejet definitionwecanconsidereitheranc�Tz% conealgorithm(suchastheinfraredandcollinearsafemidpointconealgorithm)or theinclusive ) �
algorithm.Weshallpointout to whatlevel thetwo algorithmswouldgivethesameresultandwherethey
canbeexpectedto differ. Weshalluseafour-vectorrecombinationschemewherethejet four-momentum
is the sumof individual constituenthadronfour-momenta.We alsoimposecutson the highest+ � jets
suchthat

� c � > � � | � and+ � � > � � d � g�rts .
We thenconsiderthe quantity ��+ �Á> &§& W + � �  �+ � � which vanishesat Born orderandhencethe

distributionat thisorderis just
�"���� - Û �#�%$'& � + �?> &§&z� .

Beyondleadingorderthekinematicalsituationin theplanenormalto theBreit axisis represented



asbefore[10]: =+ � � W + � � �µ�5Tz4¬� (15)=+ � � W + � � �)(�*,+��?ª.-0/ì�bT�+IvyxU�?ª.-1/I�I� (16)=) � W ) � �2(�*,+�%BT3+Ivyx^%�� (17)

Thuswe areconsideringa small deviation from the Born configurationof jets back-to–backin
azimuth, inducedby the presenceof a soft gluon with transversemomentum) �54 + � � > � � (which is
not recombinedby the algorithmwith eitherhardparton)andwith azimuthalangle % . In the above /
representstherecoilangledueto softemission.Wethenhave� + �?> &§&�W � + � �   + � � �76 � ) � (�*,+�% � T (18)

whichaccountsfor therecoil / to first orderandhenceis correctto NLL accuracy. Thusfor theemission
of severalsoft gluonswehave the + � mismatchgivenby��+ �?> &(&^W � º 7©¾9 & )78 7 � T (19)

where ) 8 denotesthesinglecomponentof gluontransversemomentum,alongthedirectionof thehard
jets,which arenearlyback-to–backin thetransverseplane.Thesumincludesonly partonsnot merged
by thealgorithminto thehighest

� �
jets.

Similarly for thedijet azimuthalangledistribution5, wehave :ª� �%'&§& 6 �+ � � º 7µ¾9 & ),9 7 � M (20)

where%'&§& is theazimuthalanglebetweenthetwohighest+ � jets.Notethatin theabovewehaveset+ � � W+ � � W}+ � sinceweareconsideringasmalldeviation from theBornconfigurationandthis approximation
is correctto NLL accuracy. We alsointroduced),9 , thecomponentof soft gluonmomentumnormalto
thejet axisin thetransverseplane.

In eitherof the above two cases,i.e the � + �?> &§& or %'&§& distributions,an identicalresummationis
involved,dueto thesimilar role of soft partonsnot recombinedinto jets. Henceforthwe shall proceed
with just the ��+ �?> &(& resummationresults,it beingunderstoodthatsimilar considerationsapplyto % &(& in
theregion %N&(& j ª .

Assumingindependentemissionof soft gluonsby the hard three-partonsystem(the incoming
partonandthe two outgoingpartonsthat initiate the dijets) andfactorisingthe phase-spaceEq. 19 as
below6: : ;< ��+ �?> &(&   � º 7©¾9 & ) 8 > 7 � => W �ª@?BA� A Y�qq +ìvéxB�?q���+ �Á> &§& �DC7µ¾9 & � 7 _�E"FèÀ T (21)

theresummedresultfor the � + �?> &§& distributioncanbeexpressedasY � �YÆ*KY5� � Y!��+ �?> &(& � � g�rts TG��+ �?> &(&z��W ºH�I�J > � ? �8 YLKK ? �M Y!N º] I � > ãPO ] �Á´Æ�µ® ]H �#K'TGNNT � g�rts ��Q H ��� TR��+ �?> &§&z�bM (22)

In the above K and N arephase-spacevariablesthat parametrisethe Born dijet configuration,O ] I � > ãdenotesthe ´wW�� � �5*DS dependenceassociatedto thetransverseor longitudinalstructurefunctionwhile® ] is theBornmatrix-elementsquared.Thefunction Q representstheresultof resummation.
5Notethat thekinematicalrelationswe derive herewould beequallyvalid for dijetsproducedin hadron-hadroncollisions

at theTevatronor LHC andjust thedynamicsof multisoftgluonemissionwouldbemorecomplex.
6We computeherethecross-sectionfor theobservableto be lessthan Të. - Û � � from which we caneasilyobtainthecorre-

spondingdistribution.



TheresummedexpressionQ requiressomeexplanation.Its form is asfollowsQ H � + �?> &§&o��W ?BAM Y�qq +ìvéxB�?q���+ �Á> &§&z�N¤b�N¥DU  �V H �?qb�XW#Y��?qb� � H Ç *K�KpT
�
�5q � É M (23)

Note the fact that theexponentiationholdsonly in q spacewhere q is the impactparameter. The func-
tion V��?qb� (we ignorethesubscript& which describeseitherincomingquarksor gluons)is theSudakov
exponentwhich canbecomputedup to NLL accuracy,V��?qb��W { a � �?@ A { �ë" a � �Á@ A { �bT { j � xB�?qV�E�bM (24)

while Z��?qb� is thenon-globalcontribution thatarisesfrom soft partonsinsidethe jet emittingoutsideit.� H is theincomingquarkor gluondensityandits scaledependson thevariable q . Thefunctions a � anda � aretheleading-logarithmicandnext-to–leadinglogarithmicresummedquantities.

For theleadinglogarithmsa � andasubsetof next-to–leadinglogarithmsa � , generatedessentially
by exponentiationof thesingle-logresultin q space,theconeandinclusive ) � algorithmswouldgivethe
sameresult,which we have computed.Startingfrom termsthatbegin with @ �A � x � q in a � (specifically
two soft wide-anglegluons),thefollowing two effectsbecomeimportant:/ For conealgorithmsthe implementationof the split/merge stageaffects the a � piece. Present

calculations[10] arevalid to NLL accuracy if all theenergy sharedby overlappingjets is given
to thejet thatwould have highest+ � . Notethatthis is differentfrom merging theoverlappingjets
themselves. If othermerging proceduresareusedthe calculationbecomesmorecomplex but is
still tractable./ For the ) � algorithmit is justbeingrealisedthatrunningthealgorithmgeneratestermsthatstartat@ �A � x � q in theexponent,which arenot correctlytreatedby naive Sudakov exponentiation.These
terms,which aregeneratedby theclusteringprocedure,canalsobenumericallyaccountedfor in
ourcase,but this is work in progress.

Theeffectsthatwementionabove causea similar impacton thefinal resultasthenon-globalterm Z��?qb�
whichwasshownto beataroundthe10%level in Ref.[10]. Hencethecurrentresultsfor the ) � algorithm
that do not accountfor the recentlyfound additionaltermsandonly approximatelyfor the non-global
logs,canbeexpectedto changeby around10%whentheseeffectswill beincludedcorrectly.

We presentin Fig. 6 preliminaryresultsfor the ��+ �?> &(& distribution matchedto the leadingorder
DISENTprediction,usingthe ) � algorithm.Thematchingatpresentcombinesquarkandgluonchannels
wherasideallyonewould like to separatetheincomingquarkandgluonchannelswith theright weights
( ���?@BAz� coefficient functions).Thiswouldbepossibleif, for instance,therewaspartonflavour informa-
tion explicit in thefixedordercodes,a limitation of thefixed-ordercodesthatneedsto beaddressedalso
for hadron-hadroneventshapesto bematchedto NLO predictions.

Wealsopresentacomparisonwith HERWIG [19] resultson thesamequantity. ThevariableÊ in
thefiguremerelyrefersto theeffect of usingthejet + � asthehardscaleratherthanthephotonvirtuality� � , formally a NNLL effect. It is amusingto notethe very goodagreementof the resummationwith
HERWIG but not too muchcanbereadinto it at this stage.Giventheminor role of non-globaleffects
wewouldexpectHERWIG andourpredictionsto indeedhaveabroadresemblence.Howeverweshould
mentionthattheresummedresultin Fig.6 isatpresentsubjecttochangependingproperinclusionof non-
globallogsandtheeffectof independentsoftemissionat largeangles.Thelatteris partly includedin the
resultsshown, throughexponentiationof theone-gluonresultaswepointedoutbefore,but theclustering
procedurechangesthisresultataboutthesamelevel asthenon-globallogs( ���?@ �A � x � qb� in theexponent),
andthisfeatureneedsto beaccountedfor still. SecondlythematchingtoLO DISENTcombineschannels
andthisspoilscontroloverthe @ �A � x � �w�,��+ �Á> &§& termin theexpansionof theresummationto NLO. A full
NLO matchingwith properseparationof thechannelsis awaited.TheHERWIG curve alsoincludesan
intrinsic ) � componentthat lowerstheheightof theresultat small + �Á> &§& , which canbeeasilyincludedin
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Fig. 6: Figureshowing the resummedresultmatchedto fixed-orderDISENT resultsfor the variable T]\_^`TU.5- Û � � . Also

shown, for comparison,areHERWIG resultswith matrix-elementcorrectionsandtheDISENTresultalone.

thetheoreticalresummationbut atpresentis excluded.Giventhesedifferencestheverygoodagreement
oneseeswith HERWIG is expectedto changeto someextent althoughbroadlyspeakingtheshapesof
thetwo curvesareexpectedto besimilar. Similar conclusionsapplyfor the % &(& observable.

4 The vector � � of the current hemisphere

Next we examinea quantity that, asmentionedin the introduction,makesa very goodanalogywith
Drell-Yantransversemomentum,� � , distributions. Comparisonof the resummationof this observable
with datacould help to understandwhetherextra broadeningof conventionallyresummed� � spectra,
is generatedat small * . If so this will bea significantfactorat theLHC. Theobservablein questionis
the (modulusof) thevectoriallysummedtransversemomentaof all particlesin theBreit framecurrent
hemisphere: � � W � º7�9ba < =) �Á> 7 � M (25)

Using momentumconservation this quantity is simply equal to the modulusof the transverse
momentaof emissionsin theremnanthemisphere.Theseemissionscanall beascribedto theincoming
quarkto NLL accuracy, apart from the soft wide-anglecomponentwherelarge-angleemissionsin the
currenthemispherecanemit softergluonsinto theremnanthemisphere(theby now familiar non-global
logarithms).

Theresummedresultfor thisobservablecanbeexpressedas:Yc�Y5� �� j � M ? AM qbYÆq�d M �?qV� � �N¤b�N¥�Uy �V��?qb��W�Z��?qb� � �?*UTb�S�5q � � (26)

where d M is thezerothorderBesselfunction, V��?qb� is theSudakov exponent(the “radiator”) , Z��Áqb� the
non-globalcontributionand � denotesthequarkdistributionsummedover quarkflavourswith appropri-
ateweights(charges).

Theresultfor theradiatorto NLL accuracy canbeexpressed,asbefore,in termsof a leading-log
andnext-to–leadinglog function:V��Áqb�XW { a � �?@ A { �U" a � �?@ A { �ïT { W � xX�?qV�w�bM (27)



We have a � W ®�e!5ª�f Mhg U   g   � xB�µ�¡  g ��W©T (28)a � W 2®�ei ª�f M � xX�µ�¡  g ��"kj ®�ei ª � f �M ¦ g��  g " � xX�è��  g � « (29)" ®�e!5ª [ f �f �M \ ¦   �! � x � �µ��  g ��  g "»�µ��  g ���  g « T
wherewe have g W1f M @ A � xlUt� � � Ã qz� � WµT Ã q^WZqb�Gmon��¬! and j W ��p,q5�'�or� �ª � �7p5�µ®�s   O¬�,t ��u .

It is straightforwardto expressthe resultdirectly in � � spaceandonehasfor the pureNLL re-
summedterms: Y!�Y¬� �� j YY¬� �� ¦ � �wvBkyx ¾ x - n � m n!v�zékyx ¾ x - n�{ �µ�� |V � �5!5�{ �µ��"}V � �5!5� � �?*UTì� �� ��Z����w�� � � « (30)

where V~��W�YcV��5Y � x����E�� � � . Theresulthasa divergenceat V~�pW�! which is dueto retainingjust NLL
termsandis of thesamenatureasthatdiscussedbeforefor certainhadron-hadroneventshapesandthe
Drell-Yan � � distribution. However in thepresentcasethedivergenceis at quite low valuesof � � , e.g
for � W1�
454 GeV, the divergenceis at around 4NM O GeV (dependingon the exact choicefor ������� ).
Thus it is possibleto safelystudy the distribution down to � � valuesof a few GeV usingthe simple
form Eq.30. We notethatis is alsopossibleto eliminatethedivergenceif onedefinestheradiatorsuch
that V��?qb� � V��Áqb���N��Ãqµ�� }�
� , which is a restrictionthatfollowsfrom leading-orderkinematics(thatone
assumesto hold at all orders).Theresultantmodificationhasonly a negligible impactin the � � range
thatweexpectto studyphenomenologically.

After thematchingto fixed-orderis performed,wecanprobethenon-perturbativesmearing�� � _ ç
that one can apply to the q spaceresummedresult. Comparisonswith datashouldhopefully reveal
whetherthe NLL resummedresult+ ‘intrinsic ) � ’ smearing,mentionedabove, is sufficient at smaller
valuesof * or whetherextra broadeningis generatedin thesmall * region, thathasa significanteffect
on the result. Datafrom H1 arealreadyavailablefor this distribution [20] andthis shouldenablerapid
developmentsconcerningtheabove issue.

5 Conclusions

In thisarticlewehave provideda summaryof thedevelopmentsdiscussedat theHERA-LHC workshop
workinggroup2, concerningthetopicof all-orderQCD resummations.Specificallywehave mentioned
recentwork carriedout for hadronicdijet eventshapes,dijet

� �
andangularspectraandresummationof

thecurrent-hemispheretransversemomentumdistributionin theDIS Breit frame.

We have stressedtheimportantrole of HERA studiesin thedevelopmentof thesubjectfrom the
LEP eraandthe fact that, in this regard,HERA hasactedasa bridgebetweenLEP studiesof the past
(althoughLEP analysisof datacontinuesandis an importantsourceof information)andfuturestudies
atboththeTevatronandtheLHC.

We have particularlytried to stressthecontinuingcrucial role of HERA in testingall-orderQCD
dynamics,especiallyin thecontext of multi-hardpartonobservableswherestudiesarecurrentlyongoing.
Carefulexperimentalandtheoreticalcollaborative effort is neededherein orderto confirm the picture
developedfor NLL resummationsandpowercorrections.If thisprogramis successfulit will greatlyease
theway for accurateQCDstudiesatmorecomplex hadronicenvironments,suchastheLHC.
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