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Abstract

The transformationof a round, angular-momentum-
dominatedelectronbeamproducedin a photoinjectorinto
a flat beamusinga transformercomposedof threeskew-
quadrupoles[1] hasbeendevelopedtheoretically[2, 3] and
experimentally[4]. In thispaper, wepresentnumericaland
analyticalstudiesof space-charge forces,andevaluatethe
correspondinglimits on the ratio of vertical-to-horizontal
emittances. We also investigate the sensitivities of flat-
beamemittanceson thequadrupolemisalignmentsin each
of thesix degreesof freedom.

SPACE-CHARGE EFFECTS

We will first presentthe space-charge effects in flat-
beamgenerationas seenin simulations. An analytical
approachthen follows, wherewe estimatethe emittance
growth causedby thenonlinearspace-chargeforceandthe
resultinglimitation onflat-beamproduction.

Simulations

Modelingthebeamlineof theFermilab/NICADD1 Pho-
toinjectorLaboratory(FNPL) (seeFigure1) with the pa-
rameterslisted in Table 1, ASTRA [5] simulationswere
performedwith thespace-chargeforceon andoff, andthe
quadrupolestrengthsareadjustedaccordinglyin eachcase.
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Figure1: Schematicdrawing of FNPL beamline.

An emittanceratio largerthan ������� is obtainedwith the
space-charge off, comparedto �	����� with space-charge
on; seeFigure2.

Apart from space-charge on/off from start to end, an-
other interestingcaseis having the space-charge on only
prior to the round-to-flattransformer, as shown with the
dash-dotline in Figure2. We seeit is closerto the case
wherespacecharge is on all the way. It is thus reason-
ableto concludethatspace-chargeeffectsaremoreimpor-
tantprior to thanduringand/orafter thetransformer. This
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1NICADD is anacronym for NorthernIllinois Centerfor Accelerator
andDetectorDevelopment.

Table1: FNPLmachineparametersusedin simulation.

parameter value units
rmslaserpulse(Gaussian)length 3 ps
thermalenergy at cathode 0.75 eV
magneticfield oncathode��
 � 935 Gauss
rmsbeamsizeoncathode��� 0.80 mm
bunchcharge � 0.50 nC
gunrf phase 25 degree
gunpeakgradient 35 MV/m
boostercavity peakgradient 25 MV/m
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Figure2: Effectof spacechargeon theemittanceratio.

correlatesto the space-charge force beingproportionalto������� , sinceduring/afterthe transformer, the beamenergy
alreadyreachedits maximumin thebeamline( ����� MeV).
Spacecharge is especiallyimportantin the rf gun, where
kineticenergy increasesfrom almostzeroat thephotocath-
odeto about� MeV at thegunexit.

Analytics

In this Sectionwe will discussspace-charge induced
emittancegrowth in therf gunandits correspondinginflu-
enceon flat-beamgeneration.Take, asa model,thespace
chargeforceto be

�����! #"%$'&("�)+*
(1)

or in Cartesiancoordinates,
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The changeto the dimensionlessmomentum B ,DC
�FE , �HG causedby

� ,
is

I B ,JC �K G ��,�L�MON �K G �
��,P LRQ�* (3)

where K is electronrest mass, G is the speedof light in
vacuum,

P C E���G and � is the Lorentz factor. Sincethe
space-chargeforce is mostsignificantduringa shortinter-
val from thecathodesurface,we canassumethattheelec-
tron’s transversecoordinatesremainconstantin therf gun,
and

I B , and
I B : canbewrittenasI B ,JCS #/T$U&(/�)V$?&3/F7 � * I B :TCS #7W$?&37X)V$?&3/ � 7 @ (4)

The initial phase-spacecoordinatesof the angular-
momentum-dominatedbeamaregivenby [3]
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where
].C ��
+� 4 � K G 8 , ��
 is the axial magneticfield on

thecathode.Adding Eq. (4) to thesecondrows of Eq. (5)
respectively, andassumingthat b / B ,dceC b / B :�ceCaf#f#fRC �
(“ b c ” meaningto take theaverageover thebeamdistribu-
tion), thebeammatrix is

gihFj k � C l k �nm k � o�p[ o�p l k �Am k � *
(6)

where
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Here �X� C b / � cvC b 7 � c , o Ca] �u� , l C � B , � $w4n] � 8 � ,� hxC b / h c , m k � is a �zy�� matrixwhosedeterminantis one,
and p is the �{y<� unit symplecticmatrixgivenby:

p C � �[ �|� @ (8)

Immediatelywe seefrom Eq. (6) that the uncorrelated
emittanceincreasesdueto thenonlinearspace-chargeforce
throughparameter

&
; however theparametero which is re-

latedto the beamangularmomentumremainsunaffected.
This canbe understoodsincethe space-charge force, lin-
ear or not, is in the radial direction, hencepreserves the
cylindrical symmetryandthusconservesthe angularmo-
mentum.

The normalized flat-beam emittanceschange corre-
spondinglyfrom lH} to lH} k � :
l } C l � $ o �v~ o.� l } k � C l � k � $ o �v~ o @ (9)

Next, wework out thecasefor a longbeamwhosetrans-
verseprofile is Gaussian.Write thechargedensityas:

� 46" 8 C � 
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where� 
 C �z� 4 �����X��9��� 8 is thenormalizationfactor, with� and
���

beingthebunchchargeandlength.Only thefirst

two termsof theexpansionareconsideredin thefollowing
discussion.In reality, thetransverseprofile is takento bea
truncatedGaussian,andwecanwrite thechargedensity

� 46" 8 C � 
 4 � [^&#� " ��d� �� 8 * (11)

wherethe factor
& �

canbedeterminedfrom thebeamdis-
tribution. In Figure3, thedotspertainto theobserved � 4>" 8
for a typical beamusedin flat-beamexperiments,andthe
solid line is a fit in the form of Eq. (11);

& �
is foundto be� @ � in this case.
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Figure3: A typicalbeamdensityprofilealongradialdirec-
tion asobservedexperimentally(dots)at thephotocathode.
Thesolid line is a fit in theform of Eq. (11) for thecircled
dots.

FromGauss’s law, wehave theradialelectricfield given
by � �\C � 
 "�d�(
 4 � [^& �

" ��d� �� 8 (12)

From Ampereslaw, we have the magneticfield �e� C46� 
�E " � 8 � 4 � 8 C
� � P ��G . The Lorentz force is thengiven

by: ���WC �
� �
� � @ (13)

Upon substitutingEqs. (12) and (13) into Eq. (4), we
have: I B ,JC��� 
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where
��C L�Q � 4 P � � 8 and � 
 is the Alfv én currentfor

electrons.To calculatethe integral
�

[6], let’s assumethe
energy gain is linear, i.e., ������� QJC�4 �d� [ � 8 � Q � where�u�
and

Q � theLorentzfactorand
Q

coordinateat thegunexit;
wehave

�'C Q ��d� [ � �P � � L � C
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In the caseof a (¢ $ ¡� )-cell rf gun, we have
Q � C£4 ¢ $¡� 8A¤ ��� , where ¤ is therf wavelength.

Eq. (14) is of theform Eq.(4) with thefollowing identi-
fications:
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wherewe used �X�� C �d�u� for a cylindrically symmetric
beam.

F̈romthedistributiongivenby Eq.(10),weobtain

q C2© � t @ (17)

Finally, substitutingEq. (16) andEq. (17) into Eq. (9),
weget

l k � C & � �� 

�
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Take the following typical parametersat FNPL:
& � C

� @ � , � C ��« A, �d� C­¬
,
Q � N � @ ��� m for a � @ « -cell� @ � GHz rf gun,normalizedthermalemittancel C � � m.

FromEq. (18), we obtain l k � C � @ «�� � m. If o C �H� � m,
dueto thenonlinearspace-chargeforce,thesmallerof the
two transverseflat-beamemittancesincreasesfrom � @ �H� to� @ ��� � m, andthecorrespondingemittanceratiodropsfrom
2000to 130.

In reality, particletransversepositionschangeunderthe
space-charge andexternalelectromagneticforces,andthe
energy gain is not linearalong

Q
-axis,sothatthebeamdy-

namicsis muchmorecomplicated.Neverthelessthe dis-
cussionhereshows that the emittancegrowth causedby
nonlinearspacecharge in the rf gun is the major limiting
factoron achieving a flat beamwith very small emittance
andhighemittanceratio.

BEAMLINE ERRORS

We numerically studiedthe effects on flat beamratio
causedby the quadrupolealignmenterror. This includes
the rotationalerrorsaround

/
,
7

and
Q

axes,andthe dis-
placements

L�/
,
L�7

and
L�Q

of eachquadrupole;seeFig-
ure1.

The rotationanglearoundthe longitudinalaxis should
be ��«¯® for a skew quadrupole. In Figure 4 (a), we scan
the tilt angle of eachquadrupoleby ~ � ® in simulation.
The emittanceratio is moresensitive to the first andsec-
ond quadrupoletilt angles,andmuchlesssensitive to the
third one.
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Figure4: Effectsof thequadrupolerotationanglesaround
longitudinalandhorizontalaxison theemittanceratio.

In Figure4 (b), we scantheanglearoundthehorizontal
axis (pitch) by ~ � ® using ASTRA . The maximumemit-
tanceratio drop is lessthan4%. Similar resultsarefound
for therotationanglearoundverticalaxis(yaw).

Finally wescanquadrupolecenterlocationsin eachaxis
by acoupleof millimeters.Theeffectonemittanceratio is
comparableto the misalignmentin pitch andyaw angles.
Usually the quadrupolecentersare alignedwithin � mm
mechanically.

From simulationsshown above, we seethat the emit-
tanceratio is neithervery sensitive to pitch and yaw ro-
tation, nor to the quadrupolecenterdisplacements.Some
misalignments,suchas centerlocation in

Q
-axis, can be

compensatedby adjustingthe quadrupolestrengths.Fur-
thermore,experimentallywe do beam-basedalignmentby
usinga coupleof steeringmagnetsto centerthe beamon
the electromagneticaxes of the quadrupoles.Therefore,
themechanicalmisalignmentof thequadrupolecenters,or
pitchandyaw anglescouldbecompensated.

However, theemittanceratio is sensitive to errorsin the
tilt angleof the first two skew quadrupoles.Experimen-
tally, theprecisionof thealignmentof thequadrupolean-
glesis betterthan ~ � @ ��« ® .

CONCLUSIONS

We have investigatedanalytically the space-charge ef-
fects in the rf gun area. An uncorrelatedtransverseemit-
tancegrowth is estimatedfrom thenon-linearspace-charge
force,giventheinitial drive laserspotprofiles.Theachiev-
able flat-emittanceratio decreasesfrom ordersof thou-
sandsto hundredsasaresultof theun-correlatedemittance
growth in rf gun. Therefore,the spacecharge in the gun
is the dominantlimiting factor for flat-beamproduction.
Themostimportantdirectionof futureR&D is thesuppres-
sion/compensationof spacechargewhenanaxialmagnetic
field is presenton thecathode.

The influencesof the skew quadrupolealignmentson
flat-beamemittanceratio arealsostudied.Among thesix
degreesof freedomfor eachquadrupole,rotationsaround
thelongitudinalaxisof thefirst two quadrupolesarefound
to be the more influential on the flat-beamemittances.
It is important to have the high precisioncontrol of the
quadrupoletilt angles. This might be improved using
motorizedrotatablemountsfor thequadrupolesin orderto
optimizetherotationonlinein futureexperiments.

We would like to thankCourtBohn from NorthernIlli-
noisUniversityfor valuablediscussions.
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