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Abstract

I compute the complete two-loop effective potential for the minimal supersymmetric stan-
dard model in the Landau gauge. This enables an accurate determination of the mini-
mization conditions for the vacuum expectation values of the Higgs fields. Checks on the
result follow from supersymmetric limits and from renormalization-scale invariance. The
renormalization group equations for the field-independent vacuum energy and the vacuum
expectation values are also presented. I provide numerical examples showing the improved
accuracy and scale dependence obtained with the full two-loop effective potential.
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1 Introduction

The mechanism of electroweak symmetry breaking will be the principal focus of experimental
investigations at the high-energy frontier for the next decade. Supersymmetry provides a highly
predictive mechanism for addressing the hierarchy problem associated with the electroweak sym-
metry breaking scale. If supersymmetry is correct, then interpretations of future experimental
data will rely on precise theoretical calculations in candidate models of supersymmetry breaking.
The effective potential []-[8] approach allows the computation of the vacuum expectation values
(VEVs) of Higgs fields in terms of the underlying Lagrangian parameters of a given theory.
The scalar potential of the Minimal Supersymmetric Standard Model (MSSM; for reviews,
see [4]-[6]) is notoriously sensitive to radiative corrections. At tree level, the Higgs field quartic
couplings are proportional to a sum of squares of electroweak gauge couplings and are therefore

known not to be very large. Furthermore, they actually vanish along a D-flat direction in field



space. These facts ensures the existence of at least one light Higgs scalar boson, corresponding
to a shallow direction in the effective potential for the Higgs vacuum expectation values. The
same facts also imply that the minimization conditions for the scalar potential depend very
significantly on radiative corrections.

Previous results for the effective potential in the MSSM have included the full one-loop con-
tributions [7] and partial two-loop corrections [§]-[I'l] including the effects of the QCD coupling
and the top and bottom Yukawa couplings. Including these contributions mitigates the scale-
dependence of the tree-level effective potential. However, I find that there is still a significant
scale dependence and overall error compared to the uncertainties in theoretical quantities that
may eventually be obtained at future experiments, especially at a linear ete™ collider. In this
paper, I will present the result for the full two-loop effective potential of the MSSM, in the
Landau gauge and in the DR [12] regularization and renormalization scheme. This is an appli-
cation of the results given in ref. [13] for a general field theory. The DR’ scheme is the variant
of the DR scheme [14] in which the effects of unphysical epsilon-scalars masses are removed by
parameter redefinitions [12, 13].

The two-loop effective potential for a general renormalizable theory can be written as

1
| AR E—— (1.1)
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Here V() is the tree-level contribution. In the DR’ scheme, the one-loop contribution is

VO = SO (—1)27 (25, + D)h(m?), (1.2)

n

where s, = 0,1/2,1 for real scalars, two-component fermions, and vector fields, respectively,

with field-dependent tree-level squared masses m?2. The one-loop function is

h(z) = ‘%2 [In(x/Q%) —3/2], (1.3)

where () is the renormalization scale. The two-loop contribution always has the form

VE = S TAE, (mlme) 4 Y NPy (m my,m), (1.4)

n7p n7p7q

where A" and A" are tree-level field-dependent four- and three-particle couplings, and F,,
and F,,, are Q-dependent functions of the m?, depending on the particle types. The two-loop
functions can be evaluated analytically using various methods developed in [15]-[19]. In general,
one can write the results in terms of 10 basis functions, corresponding to the one-particle-

irreducible connected vacuum graphs shown in Figure 1. These functions were given explicitly

in ref. [13].
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Figure 1: The one-particle-irreducible connected Feynman diagrams contributing to the two-loop ef-
fective potential. Dashed lines denote real scalars, solid lines denote Weyl fermions carrying helicity
along the arrow direction, wavy lines are for vector bosons, and dotted lines are for ghosts. The large
dots between opposing arrows on the fermion lines in the F/F'S and FFV diagrams denote mass inser-
tions. The FFS diagram is accompanied by its complex conjugate (the same diagram with all arrows
reversed). The effects of the VV, VVV, and ggV diagrams can always be combined into a “gauge”
contribution. The loop integral functions associated with these Feynman diagrams are given explicitly

in ref. i3]
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In the MSSM, there are two Higgs VEVs, v, and v;. The evaluation of the two-loop ef-
fective potential as a function of the VEVs reduces to determination of the relevant tree-level
field-dependent couplings and masses. 1 will do this in the approximation of no Yukawa or
flavor-violating couplings for the first two families of (s)quarks and (s)leptons. However, all
remaining complex phases which cannot be rotated away are maintained. The resulting expres-
sions presented here are complicated, but suitable for direct evaluation by computer programs.

The rest of this paper is organized as follows. In section 2, I describe necessary conventions
and define some coeflicients used in the calculation. Section 3 contains the expressions for the
effective potential in the MSSM up to two-loop order. Section & discusses supersymmetric limits
of the effective potential. In section &, I present two-loop results for the Higgs scalar anomalous
dimensions and the beta function of the vacuum energy. These are necessary for checking the

scale-independence of the effective potential. Section § treats a numerical example.

2 Conventions and setup

In this section, I list the necessary facts and conventions used in this paper. The MSSM is a
softly-broken supersymmetric theory, with SU(3). x SU(2);, x U(1)y gauge couplings gs, g, and
g'. The last is related to the GUT normalized coupling ¢; by ¢’ = \/%gl. The superpotential
of the MSSM is:

W = ﬂYuQHu — EYdQHd —eY. LH;+ MHqu, (21)

where H, and H,; are the Higgs chiral superfields, and the (), L are the chiral superfields con-
taining left-handed quarks and leptons and u,d, e are those containing the conjugates of the
right-handed quarks and leptons. The quark and lepton superfields carry a suppressed family
index, so that Y,, Y4, Y. are 3 x 3 matrices in family space. Gauge indices for SU(2); and
SU(3). are also suppressed, as in ref. []. The Higgs mass parameter x4 can have an arbitrary

phase. The soft supersymmetry-breaking part of the Lagrangian is:
— Loty = (%Mléé + %MQVT/W + %M@g
+ua,QH, — da,QH, — a. LH,; +bH, Hy) + c.c.
gy [ H[* +mi, | Hal?
+Q"m}Q + L'm} L + um’u' + dm2d' +em?e. (2.2)
where B, W, and ¢ are the bino, wino, and gluino fields, and the same symbols are used for

scalar fields as for the corresponding superfields. Here, a,, a4, a. are scalar cubic couplings in

the form of 3 x 3 matrices in family space. The Higgs fields have soft supersymmetry-breaking

5



squared-mass running parameters mj; , qud, and b. The first two of these are necessarily real,

and by convention b is taken to be real at the renormalization scale () at which the effective
potential is to be minimized. This can always be achieved by a suitable field rephasing, and

ensures that the VEVs obtained by minimizing the full effective potential will also be real. The

2

squarks and sleptons have running soft supersymmetry-breaking squared masses mé, m?, m?,

m?, and m?, which are 3 x 3 Hermitian matrices in flavor space.

The gauge-eigenstate complex scalar doublet Higgs fields that are components of left-handed
chiral superfields are called H, = (H}, H?) and H, = (HS, H} ). The electrically-neutral com-
ponents have real positive VEVs v, and v, respectively. The field-dependent tree-level squared

masses for vector bosons are then given by

miy = Sl o) (2.3)
2 12
my = L9 2y, (2.4)

The tree-level Higgs potential is

Vo= A+ (|l +mip JHP + ) + (ol 4 mp J(H P+ [Hi )
+bo(HIHy — HYHY) + c.c.

1 _ g’ . .
+§(92 + ) ([Hy* + [HF? — [HJP — |Hy [*)* + 3|HJH3 + HYH*]?. (2.5)

Here A is a running field-independent vacuum energy, which must be included to maintain
renormalization-scale independence of the effective potential [20]-[23]. The neutral Higgs scalar

tree-level squared masses are obtained by diagonalizing the matrices:

vy, = (WP SR e )
P —b—(g* + g")vuva/2 |ul? + miy, + S (30] —0l) )
2 2 2+g”% /2 2 b
mi(} _ (|/~‘| +myy, + (o — vg) ) , e ) , (2.7)
b 1?4+ miy, + = (v] — vy)

which are written in the (Re[H?], Re[HY]) and (Im[H?], Im[H})]) bases, respectively. The complex

charge +1 Higgs scalar tree-level squared masses are obtained by diagonalizing the matrix

5 (|ILL|2 _I_ m%{u _I_ #UZ _I_ g2;g/2 U?[ b—l— gz’ljuvd/Q ) (2 8)

m prnd
ot 2 2 2 249" 2 2_g” 2
b+ g qud/Z |/“L| + Mg, + £ 4g vy + Z 4g Uy

which is written in the (I, H;™) basis. The gauge-eigenstate fields can be expressed in terms

of the tree-level squared-mass eigenstate fields as:

) - (e (B)gn(@
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and

(g) = fos (g:) ) (2.10)

where GG° and GF are Nambu-Goldstone fields, 2°, H°, A’ and H* are the physical Higgs tree-

level mass-eigenstate fields, and

R — ( ca sa); By = ( 6o %); R, = ( 5By Cﬁi) (2.11)

—Sa Ca —CB 5B —CBr  SBx
are orthogonal matrices determined by the requirements that:
2
R'm% R, = (th 0 ) : (2.12)
R 0 mHo
Fimi ks = (Mo 00, 2.13
Bo Mo 480 = 0 mi, )’ (2.13)
2
~-1 2 . Mot 0

These equations define the tree-level squared mass eigenvalues for the Higgs scalar sector and
the mixing angles «, fy and Si. Here I use a notation in which ¢ and s with a subscript indicate
the cosine and sine of the indicated angle. So, in accord with the orthogonality of the rotation
matrices, ¢, means cos «, etc. Similarly, in the following, ¢, is taken to mean cos(2«a), and so

on. Also, for future convenience, define coefficients

kuho = deO = Cqu; kuHO = _kdho = Sa; (215)
kugo = deO = iS@O; kuAO = —deo = iCBO; (216)
kua+ = kam+ = sp; kum+ = —kac+ = cpy. (2.17)

Conventionally, ¢,, cg,, and cg, are taken to be positive. Because the minimum of the effective
potential is not a minimum of the tree-level potential, the angles 3y and [ for the rotations in the
pseudo-scalar and charged Higgs sector are distinct from each other, and from 8 = tan™! (v, /vy)
at the minimum of the effective potential. Some care should be used to distinguish these. Also,
note that unlike the case in the ordinary Standard Model, m%, # mZs at tree level. Note also
that even with arbitrary CP-violating phases, there is no mixing in the tree-level squared masses
of the neutral scalar (h°, H°) and the pseudo-scalar (G°, A°) sectors, because of the freedom to
choose the argument of b to be 0 at any particular renormalization scale ().
In section B, Z and Z will appear, denoting sums over the lists
#° o

= (R H° G°, A% and  ¢F = (G* HF) (2.18)

respectively.



The neutralinos (N;; i = 1,2,3,4) and charginos (@i; i = 1,2) are mixtures of the elec-
troweak gaugino and Higgsino fields. In the (E, Wo,ﬁg, [73) gauge-eigenstate basis, the neu-

tralino mass matrix is

M, 0 —g’vd&@ g’vu/\/\;
- 0 M, gua/V2  —gu,/V?2
My=| _ i3 guif3 | NASE (2.19)
glvu/ﬂ _gvu/\/§ —H 0

This is diagonalized by a unitary matrix NV:
]\/Y*ZWNZ\/Y_1 = diag(le,mNz),mNS,mM), (2.20)

where the mass eigenvalues m . are all real and positive. This can always be accomplished (for
any phases of My, M, and p) by the following procedure. First, define E to be a matrix whose
columns are orthonormal eigenvectors of the Hermitian squared-mass matrix M ]TVM &, arranged

in order of increasing eigenvalue. The orthonormality means that £TE = 1. It follows that
E"M4E = P?mp, (2.21)

where mp is the matrix on the right-hand side of eq. (2:20), and P is a diagonal phase matrix.
Then

N = PET (2.22)
satisfies eq. (2.20), and also

]\UW]TV]WNZV_1 = diag(m]?vl,m]?%,m]z%,m]?%). (2.23)

This procedure gives the tree-level field-dependent neutralino squared masses and mixing matrix
Ni;. (A suitable generalization of this method can be used to transform the mass and squared-
mass matrices into a real positive diagonal form for any fermions in any theory.)

The tree-level chargino mass matrix is given by

M = (;‘fz gzu), (2.24)

and is similarly diagonalized by unitary matrices U/ and V' according to:

UMV = (mél 0 ) (2.25)

0 me,

where again mg are real and positive. Then
t 1 Trr-1 mg 0
VMMV =UMEMEU™ = & 5 |- (2.26)

8



The tree-level squared mass of the gluino, denoted mg = |M3|*, does not depend on the
VEVs v, and vy.
In most of this paper, I will employ the approximation that only the third-family Yukawa

couplings y;, yp, and y, are significant, so that:

0 0 0 0 0 0 0 0 0
Y.=|0 0 0][; Y,.=|0 0 0]; Y.=|0 0 0 (2.27)
0 0 w 0 0 wu 0 0 yr

By suitable field redefinitions, they can be chosen real and positive. The non-zero quark and

lepton squared masses are therefore:

2 _ 2.2, 2 _ 2.2, 2 _ 2.2
my = y;v my = Y,y m; =y v, (2.28)

u?

(Effects of the other Yukawa couplings are certainly smaller than the dominant 3-loop order
contributions.)
[ will also assume here that the soft supersymmetry-breaking scalar cubic couplings involving

first- and second-family sfermions vanish, so

0 0 0 0 0 0 0 0 0
a,=|0 0 0]; ag;=10 0 0 [; a.=|(0 0 0|, (2.29)
0 0 a 0 0 ap 0 0 a,

and that, in the same basis, the soft supersymmetry-breaking scalar squared mass parameters

are diagonal in family space, so

mH=| 0 mj, 0 |, et (2.30)
2
0 0 mg,
The parametersf a;, a, and a, can in general be complex, and mémﬁ etc. are real soft running
DR’ squared mass parameters. The squared masses of the first-family squarks and sleptons are

then given by:

mg, = my, +Agy; mi = mg, + Az (2.31)
M, = My, + Nag; mi = mg, + Ay (2.32)
mi, = my, + Ag; m2, = mi, + A (2.33)
mi, = mZ, + Ay, (2.34)
The D-term contributions are:
Aj = %(ffgz = Y5g")(vi = vl), (2.35)

with /7 and Y; defined to be the third component of weak isospin and the weak hypercharge of
the left-handed chiral superfield containing the squark or slepton f:

'In the literature, one often sees rescaled quantities A; = a¢/y:, Ay = ap/ye, Ar = ar/yr, and B = b/pu.

9



‘ ur, dr, Ve €r, UR dr €R
12 —1/2  1/2 —1/2 0 0 0
/6 1/6 —1/2 —1/2 —2/3 1/3 |

Exactly analogous expressions hold for the second-family squark and slepton squared masses

2 2 2 2 2 2
6L7 m§L7 m6R7 m§R7 ml’;u7 mﬂ[/?

sides of eqs. (235)-(Z:33).

For the stop, shottom, stau, and stau-neutrino squared masses:

m and m%R, with the subscripts 1 replaced by 2 on the right-hand

2 2,2 %
m% _ (mQ3 —I_ yt U’u, ‘I;Aﬂ,L 2Uuat 2_ gd/lyt ) ’ (236)
Vet — vgpye  mi +yivi + Ag,
b vaay — vul*ys  ma +yivg + Nay )
m2 = (m%s + yfvfz + Ag, VqaT — Uy Yy ) . (2.38)
7 Vilr — Oyt Yy ng) + yZU?I + A /)
m?; = m% + A, (2.39)
T 3

Here the stop, sbottom and stau squared mass matrices are given in the (fL,fR) bases. The

eigenvalues of eqs. (2.36)-(2.33) give the squared mass eigenvalues m?, mgl, and m2 fori=1,2.

The squared-mass matrices are diagonalized by unitary transformations:

(f)=x(%) (240

for f =1t,b,7, with

L; L;
X~:< i f2)7 (2.41)
TR, Ry,
so that
_ m? 0
XimiX; = ( . mf) (2.42)

and similarly for the sbottoms and staus. Unitarity of the matrix X; allows one to write
Ly = 3}2 = c¢j, and R; = —L}Z = sf, with

lefl? + [s7* = 1. (2.43)
(If the off-diagonal elements of the squared mass matrix are real, then cj and s; are the sine

and cosine of a sfermion mixing angle.) In the following, I will also make use of coefficients:

x; = 1y (f = first or second family sfermion); (2.44)
1 1 1 1
Ly, = §|Lﬂ 2; Ty, = _§|L5,‘ 2; Lo, = 5; Tr = _§|L7~'i 27 (245)

10



and

:1;’f~ = Yj, (f = first or second family sfermion);
1 2 1 1
v, = gllal’ = SR v, = sl I+ g1
1 1
xT, 2| 7 —I_ | 7 ? xy.r 2

When Z appears in section B, it will denote a sum over the list
i

f = (aLvdLvaRvdeljevgngRv5L7gLv5R7§R7IjﬂvﬁLvﬁvatvlv{?v61762717777:177~—2)'
The symbol

1, f = slepton
nf”- = ~
3, f = squark

denotes the number of colors.

To summarize, evaluation of the effective potential can proceed as follows.

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

At a renor-

malization scale ), choose values for the set of input data consisting of the 33 DR running

parameters:

Uy Ud,

93, 9, glv Yy Yby, Yry

2 2 2 2 2 s

inv mLiv mu,‘? md,‘? me,‘? (Z - 17273)
2 2

mHuv dev bv M,

Mg, MQ, Ml, Ay Apy Ary

of which the last 7 may be complex. Using the preceding protocols, evaluate the mixing param-

eters

057 /807 6:&7
Nij, Uijy Vij,
LZ@" Rgz7 Lgl7 Rgl7 Lﬁ:l‘7 R7:i7
and the 39 distinct field-dependent tree-level squared masses:
miV’ m2Z7

2 2 2 2 2 2
Mo, Mpo, Mo, T g0, Met, M+,

2 2 2
> mNi, méi,

11

(2.56)
(2.57)
(2.58)

(2.59)
(2.60)
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Ty Ty, T (262)
m,, 3, m, m L mmd, m (263)
il md (2.64)
md ik md w2 (2.65)

These squared masses (and implicitly ¢)) then become arguments for the functions Fsgss, Fss,
Frrs, Frgpg, Fssv, Fvs, F'vvs, Frrv, Fepy, and Fgauee appearing in the next section, and
defined explicitly in eqs. (2.17)-(2.22), (4.12)-(4.16), and (6.21)-(6.30) of ref. [I3]. (For the sake
of uniformity of notation, I use the symbols Fsss, Fss, F'rrs, Frrg, and Fssy in place of fsgs,
fss, frrs, J7Fs, and fssy for the functions which are the same in the MS and DR’ schemes.
All two-loop functions used in the present paper are DR’ ones.) To simplify the notation, I
adopt the convention that the name of a particle is synonymous with its squared mass when
appearing as an argument of one of these functions. So, for example, Fsss(h?, A°, G°) means

2 2 2
Fsss(myo, m%o, mé, ).

3 MSSM effective potential

3.1 Tree-level and one-loop contributions

The tree-level contribution to the effective potential for v, and vy is:

1
VO = At (|l + mig, Joi + (1l + mig, )oi — 2bv,va + lg" + 97w = va)". (3.1)

The one-loop contribution in the DR’ scheme is:

Zh (¢°) +22h (&%) —I—Qan

—16h( )—12h()—12h(b)—4h( )+3h(Z) 6h(WW), (3.2)

&M»

M) =43 h(C

=1

where h(x) is the function defined in eq. (1.3), and the name of each particle is used to denote
its squared mass.
3.2 SSS-diagram contributions

In this subsection, I list the contributions to the MSSM two-loop effective potential from dia-
grams with three scalar propagators. These all involve the function Fsss(x,y, z), with arguments

x,y, z equal to tree-level field-dependent scalar squared masses.

12



The contributions from diagrams with three Higgs scalar propagators are:

V(Q) _ (92‘|‘9/2)2 ( n )2 32 F (ho 10 ho)_|_2 2 (ho A0 GO)
FUFCPIIES 39 CoUy T SaUqd Cyn1'ssS S I, S98,1'588 ) )

2y [Fsss(h®, GO, GO) + Fsgs(h®, A°, AO)]}

+(8qvy — cavd)z{i’)c%angg(Ho, H°, HO) + 25§BOF555(H07 A°, GO)
2y [Fsss(HO, GO, GO) + Fsgs(HO, A°, AO)]}

+[8a(1 — 62 vy + co(1 — 652 )v4)* Fsss(h®, h°, H®)

+[sa(l — 6ci)vd —co(1 — 6si)vu]2F555(h0, H°, HO)] (3.3)
and
V¢(°2<li¢i = %{Z{gzcmi(savu — aVa) + G s95, (Cavy + Savd)nggg(ho, G*, Hi)
—I—Z[gzcwi(cavu + 8404) — %525, (SaVy — cavd)rFsgg(Ho GF Hi)

Nes Gi)

—|—{92 CaUy — SaV4) + g 5284

+ {gz

2

CoUy — Sal4q

( ) (h°
( ) - } (

+19% (5000 + Cava) — gP525, (Catu + 5004 va)| Fsss(H, G* Gi)

( ) | Fsss(H°

—I—{ SaUu + CaVd) + §7525. (CaVu + $0v4) + 2 Capy (Savu — Cavy)| Fsss(H®, HE, HE)

+294(Cﬁovu - Sgovd)stss(Go, Gi, Hi) + 294(8501)“ + Cgovd)stss(Ao, Gi, Hi)} (34)
The contributions from diagrams with two sfermions and a neutral Higgs scalar are:

@ _ 1 T
Vooip = B) > nilAgogpe

¢07f7f/

2FSSS(¢07JF7 f/) (35)

The couplings involving first- and second-family sfermions, and the tau sneutrino, are non-zero

only when f = f’ . They are given by:

A 2 Yfg'Q) Relkygovy — kggova, (3.6)

1
wii = 5 (179
with 17, Y} defined in section 2. The remaining couplings for the third-family sfermions are:

Apiie = LiLi Moayay + Bi, Ry Agoagay, — V2vuyi Relkugo] (Li, L7, + R, B}

1 * * * 1
_ﬁ(kwoat — kd(bo/“L yt)Lgithj — ﬁ( woat kd(bo/“byt)RtlLt 3 (37)

= Ly L} Mo i + B B Ao — V2vayi Relkago) (Ly L + By B} )

13



1 1

_ﬁ(kchboab — kgl y) Ly, R — 7§(k§¢0a2 — Fugo s ) By L 5 (3.8)
Aozzr = LaLi Agoe,er + R RE Apocper, — V20ay?Relkap) (L5, L3, + R, B3
1 % % i 1 % %
—ﬁ(kdwav — kot yT)LﬁR@ — 7§(kd¢oa7 — kwo/,LyT)RﬂLT (3.9)

The contributions from diagrams with two sfermions and a charged Higgs scalar are:

2Fsss(6%, f, 1) (3.10)

(2) _ . .
quiff' = 2 i A gt fim

ot Ff
Here the non-zero couplings involving the first- and second-family sfermions are:

2

g
Apreror = Moty = Agrdyay = Avtaey = — 5 (Rugr v+ kagrva), (3.11)

and those involving the third-family sfermions are:

Ag+ it = L;, L% ()\¢+ dvar T yfvukar + yZvdkd¢+) + R, Ra Yeyp(Kgp+ Vu + kup+va)
‘|‘Lgi R;fj (ku¢+ ay + kd¢+ M*yt) + Rgi L;f] (kd¢+ Cl;; + ku¢+ Myb); (312)
)\¢+7~'i5:f = Lﬂ‘ ()\¢+5ng + yZUdkd¢+) + R;i(kd(ﬁ Clj_ + ku¢+ MyT). (313)

3.3 SS-diagram contributions

In this subsection, I list the contributions to the MSSM two-loop effective potential which come
from diagrams with two scalar field propagators. They all involve the function Fss(z,y).

The contributions proportional to g3 are:
(252 : : -
Vg 7 = 29:3{ ST |ILa L5, — Ro R [PFss(li 1) + | L5, L5, — Ry, B [*Fss(bi b))
7,75=1

J
+Fss(tur,ur) + Fss(tr, Ur) + FSS(JLa 67L) + FSS(JRadVR)
+Fss(Cr,¢r) + Fss(Cr,¢r) + Fss(51,30) + Fss(Sg, gR)}- (3.14)

The contributions from diagrams with two Higgs scalar propagators are:

2 12

Vi = ST B Fas(h %) 4 FosCHO, HO)) + 3635 [Pas( A% A%) 4 Fas(G°,C7)
(4 6k, Pash, HO) 4+ (4= 662, ) Fs(4°, C9)
F2e0m o [Fss(h®, A%) + Fss(H®,GO) — Fss(h®, G°) — Fss(HC, AO)]}; (3.15)

_I_

v, = g +g° B, [Fss(HE HY) + Fss(GF, GF)] + (1 — 25, ) Fss(H*,G%)} 5 (3.16)
1

Ve = g{[g (1= 205252 + g Caucap, | Fss(h®, HE) + Fss(H°, G*)]
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+[g* (1 + s205285 ) — 9% ConC25, ) [Fss(h®, GF) + Fss(H, H*)]
+g* (1 — s2p,528: ) + G capycas, ) [Fss(A%, HE) + Fss(G°, GF))
+[g* (1 + 528,525, ) — 9 Capyc28, ) [Fss(A%, GF) + Fss(G°, Hi)]}- (3.17)

The contributions from diagrams involving electroweak gauge couplings and one sfermion
and one Higgs scalar propagator are:
2 12

1 ~
v = ZZZW(%&J? — 259" ) ([Kago* — [kugo[*) Fss(f 8°); (3.18)

2 12

Vs = —Zznf 2107 + 25 (Kor — Ko ) Fss( . 6%). (3.19)

The contributions from dlagrams involving electroweak gauge couplings and two sfermion
propagators are:

4

07 _ {annf,xf 7 Fss(F, ) —I—anfoSSf 7

A7
. 1 .
+§|Lz1 Ly, |*Fss(th,t2) + §|L51L52|2FSS(51752) + §|L;1L;2|2F55(71,72)

\xw

2
—|-3[Fss(ﬁL, dp) + Fss(ér,30) + Y 1L, L, | Fss(ti, bj)}

1,5=1

2
+Fss(Ep,00) + Fss(fin, ) + 3 | L
=1

Vf(;)vg — [Z nfnf,xf f,Fss(f7 f’) + anx'szss(f, f)
5! !

QFSS(%MDT)}; (3.20)

~ o~ 1 ~ o~
|Lt1 P —4R; Ry [PFss(th, 1) + 6|L51L§2 +2R;, R: |*Fss(bi, by)
|L71 5 ZRflR%VFss(ﬂﬁz)]. (3.21)

The contributions from diagrams involving Yukawa couplings and one sfermion and one Higgs

scalar propagator are:

2 2 ~
Via' = 22{ ks Fss (B, 6°) + Sublhas P Fs(Bi,6%) + Ll Fos(F 69) |5 (3:22)

#0 =1

T S

2ot uilLi kd¢+)FSS(ﬁa¢i) + 2| R+

2k§¢iFSS(7~—i7¢i)

(;Si =1
(yt |L | ku¢+ + yb|R | kd¢+)FSS iy @ }‘|‘ kadqsiFSS(Vnﬁbi)]- (3-23)
The contributions from diagrams involving Yukawa couplings and two sfermion propagators are:
2
V~(J2z) = > {yf(3|La Ry |* +9L; Ry R; L ) Fss(Li, ;)
7,75=1
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. 2
+yy (31Ls, By |* + 9Ly, B Ry Li ) Fss(bi,b) + yZ—T|LﬁR@ + Rz, Ly, | Fss (7, 7)

+3(y7 | By, Ly, | + v L By [*) s (B, b) + 6ysy-Re[ Ly, Bf Rz L | Fss(by, ﬁ‘)}

Ty Ty

2
+y7 D [Ra [ Fss(F, 7). (3.24)

=1
3.4 FFS-diagram and FFS-diagram contributions

In this subsection I list the contributions to the MSSM two-loop effective potential from diagrams

involving scalars and fermions. These include the F'F'S diagrams (without chirality-flipping

fermion mass insertions) and the F'F'S diagrams (which do have two such fermion mass insertions

on different propagators). They therefore involve the functions Frrs(x,y, z) and Frrg(x,y, 2).
The contributions from diagrams involving the gluino are given by:

2

V= 830 [Frrs(t.3.7) — 2Rel Ly R Jmams Fro(1,5.7)

=1
—I—FFFs(bagagi) - QRG[L& Ra]mbmgFﬁs(baﬁagi)}
+Irrs(0,g, 1) + Frrs(0, g, JL) + Frrs(0,9,ur) + Frrs(0, 9, JR)
‘|‘FFFS(07§7 5L) + FFFS(ngv gL) + FFFS(ngv ER) + FFFS(ngv gR)} (325)

The contributions from diagrams involving neutralinos, chiral fermions, and sfermions are:

4 2
Vil = Z{ZP(D@N@ * 4 Yixg, ) Errs(t Nio 1) + 6Re[Y,g 7 Yig g Imem g, Fppg(t Nis 1)
=1 \j=1

+3( Voo P+ Vs, [PV Frrs(b, Ni by) + 6Re[Yyg 2 Vi 5, Jmam g, Frps (b, Vi by)
(Yoo [P 4 Vag [PV Frps(7, Niy ) 4 2RelY, 550 Vag 2 Jmomg, Frps(7, Ni 7))
1Y, 5.5+ P Frrs(0, Ni, D) + Frrs(0, Ni, 0,) + Frres(0, Ny, 7))

+3|Ym.a* [FFFs ,NiiL) + Fres(0, Ni )]

Jr3|YdeR| [FFF
Y.z, e [ [Frrs(0, NZ,eL) + Frps(0, Ny, jip)]

+1Yox.e, I [Frrs(0, Ni, €r) + Frrs(0, NiaﬁR)]}- (3.26)
Here, the fermion-neutralino-sfermion couplings are:

Yimar = —T(QNE + Nfl) Viga, = 9 Ni; (3.27)
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1 q V2

YdN,'J”Z = —Q(QNZ'*Q - §Ni*1); Yivd, = _?glNi*ﬁ (3.28)
1 * * *

Vv, = Z5(9NG +9'N); Yoxien = —V29'Niii (3.29)
1 % %

Yoxoe = 5(-gN5 + 9'N3); (3.30)

Y, Vit = Lj,‘f]}/u Vit T R* 24y75’ Y%N,@ = RZJYEN,aR - Ltj 24yt7 (3-31)

Yimge = Lg, Yawan — 1, Niaysi Vi, = B, Yan.d, — Li, Nisyes (3.32)

YTNﬁj = L%X/e]\?,‘éz — R: N3y7, YFM@ = Rz Yeg,z, — La Nsy-. (3.33)

The contributions from diagrams involving charginos, chiral fermions and sfermions are:

S b5

1 \5=1

(0, CZ,T])

1/-,—0 7'

+3(|Yie | + Vi, [V Frrs(b, Ci 1) + 6Re[Yig, 7 Yie, 3 Jmme, Feps (b, Cin 1))

‘|‘3(|Ytdb*

+ [Yig s, ) Frrs(t, Ci, by) + 6RelY g 3e Y Imeme, Frps(t, Ciby)

H(Y, 00 * + Yag PV Frrs(7,Cio0r) + 2Re[Y, 6,0 Yag s, I, Frpg (7, Ci, 777
+3|Ydé,a’z [FFFS(Ov Civ aL) + FWFFS(O7 CVYZ', 5[/)]

+3|Yuc~lci’z 2[FFFS(07 éiv JL) + FWFFS(O7 CVYZ', gL)]

—I_D/eé’,'ﬂ: 2[FFFS(07 éiv De) + FFFS(Ov éiv DM)]

HY,, e | [Frrs(0, Ciy€L) + Frrs(0, @;ﬁL)]}- (3.34)

Here, the non-zero fermion-chargino-sfermion couplings are:

Yd@a; = Yeéiﬂg = K’é’,‘ﬂjﬁ = —gVil; Yué,@ = }/ueé’,'é”z = —gU}; (3-35)
Vi = —LigVin + By Vizys; Yie,r, = Li, Uy (3.36)
Yieq: = =15 UL + B Uy; Yies, = Li,Viays; (3.37)
Y, cirr = L2 gUS + R Upyss Yeeis, = y-Us (3.38)

The contributions from diagrams involving Higgs scalars and Standard Model fermions are:
1
Vi = 3 Z{3yf[|ku¢0 P Frrs(t,t,6°) 4 (kugo ) *mi Frpg(t, 1, ¢%)]
(bO

+3yil|kago | Frrs(b,b,8°) + (kago )*mi Frpg(b, b, %))
+y2[|kago | Frrs(m, 7, 0°) + (kago )’ m?2 Frpg (T, 7, ¢0)]}; (3.39)

Vf(;/)(bj: = 2{3( Tk + ikl ) Frrs(t,b L) + 6yt kgt yeysmems Fppg(t, b, 6%)
¢i

ki Frrs(0, 7, Gbi)}- (3.40)
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The contributions from diagrams which involve a Higgs scalar propagator and two chargino

and/or neutralino propagators are:

Vc@é)(;so - Z Z{|YC+C ¢0| FFFS(CmCyaQbO)

7,7=1 0
PR3t - g0 Yot o goImeymes Frp (G, G, ¢0)}; (3.41)
ngv?v(;so = 5 Z Z{|YNN wo*Frrs(Ni, N, ¢°)
2] 1 0
Rel(Vi o0 s, s, Prrs(Vi Ny, )} (342

2 4
VC%)HF = ZZZ{(|YéjNJ¢—|2‘|‘|YC~;NJ¢+|2)FFFS(CZ'7N17¢i)

=1 j5=1 (bi

+2Re[Yor 5, - Yo 5, ot Jmem s, Frrs(Ciy N, ¢i)}a (3.43)

where the necessary couplings are:

Yéjéjwo = _%[kc*wo VZ'TU]‘*z + k2¢0 VZ'SU]'*JQ (3-44)

N;N;jg0 — %(QN;; - glNiﬁ)(ka N]‘*4 - kc*mso N]‘*:a) + (l A j)? (3-45)
Yorg,o- = hugt gV NG, + %VZ'S(QN}Q +9'N3); (3.46)
Yoogor = Kagt [QUﬁN]‘*:a - %Ui*z(gNj*z + glNﬁ)}- (3.47)

3.5 SSV-diagram contributions

In this subsection I list the contributions to the MSSM two-loop effective potential coming

from diagrams involving one vector and two scalar propagators. These all involve the function

Fssv(z,y,z).

The contributions from diagrams involving the gluon and squarks are:
Vi = 2033 Fssv(3,3,0). (3.43)
g
The contributions from diagrams involving the photon and sfermions are:

Vf;l - g(gg;qrg,z Z”foFssv(f f,0). (3.49)

Here ) ; denotes the electric charge of the sfermion.
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The contributions from diagrams involving the W, Z bosons and sfermions are:

(20 _ ; 2232 ~ "~
Vieg = 24(92+g,2){(39 G°) [ Fssv(tur,ur, Z) + Fssv(¢r, ¢, Z)]

+(3¢* + ¢ Fssv(dp,dn, Z) + Fssv (55,50, Z)]
+16¢"[Fssv (R, g, Z) + Fssv(Cr,cr, Z)]

‘|‘4g/4[FSSV(JR7 dr, Z)+ Fssv(Sr, Sr, 7))

+3(9° — ¢V [Fssv (€, er, Z) + Fssv(fiv, fir, Z)]

+3(g% + ) [ Fssv Ve, Uey Z) + Fssv (U, 0y Z) + Fssy (U, 07, 7))
+129"*[Fssv(€r, er, Z) + Fssv(fir, fir, 7))

2
+ > 139" — g*)Li, Li — 49" Ry R} [*Fssv(ti, 15, Z)

ijl

+ Z (3¢° + 9 L;, L; — 29" Ry B} | Fsv(bi, b, Z)

7,75=1
+3 Z (g — Q/Q)L%,'L% — QQ/QRﬂR%PFSSV(ﬁﬁ]‘, Z)}; (3.50)
7,75=1
2 q° ~ 2 o~
v?f%v - E?[ngSV(aL,dL,VV)4—3Pbsv(EL,§L,VV)ﬁ—g 2: LLﬂl@JQPbsv(bej,m7)

1,5=1

2
‘I’FSSV(Dev gLv W) + FSSV(DuvﬁLv W) + Z |L7:z 2FSSV(DT7 722'7 W):| . (351)

=1

The contributions from diagrams involving Higgs scalars and electroweak gauge bosons are:

V(b(:?:)(b:tw = %[FSSV(Hi,Hi,O)—I-Fssv(Gi,Giao)]; (3.52)
V(b(:?:)(b:tz = éi] 1 ))[Fssv(Hi,Hi,Z)—I-Fssv(Gi,Giyz)]; (3.53)
Ve, = 92;9/2{(cacﬁo+sasﬁo)2 [Fssv (10, A%, Z) + Fssy (H°, C°, Z)]

(5 — Cassy)” [Fssv (R0, GO, Z) + Fssy(H®, A°, 72)] }; (3.54)

Ve = L(Zf{(cacﬁi—l—s s52)? [Fssv (B0, HE W) + Fssy (H°, G, W)
H(5aCas — Caspy)? | Fssv (B, GEW) + Fssy(H, H* W)
+(canCos + 550585)” [ Fssv (A% HE W) + Fssy (G0, G2 W)
+(8p0Cos — Capsps)® [Fosv (A% GE W) + Fagy (GO, W) } (3.55)
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3.6 VS-diagram contributions

In this subsection, I list the contributions coming from diagrams with one vector and one scalar
propagator. These all involve the function Fyg(x,z). This function vanishes when the vector
squared mass variable x is zero, so only the W and Z bosons contribute.

The contributions from diagrams with one electroweak gauge boson and one Higgs scalar

propagator are:
2
W = LS R0, 6% + L3 Fus(W, 0*); (3.56)

VZ(? - MZFVS(ZW#))‘F(Q — ))ZFVS(Z,qbi). (3.57)
ot

12
8 5 A(g* + 9"

The contributions from diagrams with one electroweak gauge boson and one sfermion prop-

agator are:
VV(VQJ); = ¢ njleslFvs(W, At (3.58)
f
1 N N - -
VZ(?;) = W{Mg“‘ [FVS(Za uR) + Fvs(Z,cr) + |Ry, *Fys(Z, 1) + | Ry, " Fvs(Z, t2)}

+(39% — g [Fys(Z,p) + Prs(Z,7) + |Lg, [FFvs(Z,0) + | Ly, Fvs(Z2,1)]
+4g™ {FVS(Za JR) + Fvs(Z,3r) + |R;, |2FVS(Z,E1) + [ 1, |2FVS(Z752)}

+(3¢9% + Q'Z)Z{FVS(Za dp) + Fys(Z,50) + |L;, P Fys(Z,b1) + | L, |2FVS(2752)}
+12¢" {FVS(Za €r) + Fvs(Z,fir) + |Rx " Fvs(Z,71) + | Rz, |* Fys(Z, 772)}

+3(g* - QIQ)Q[FVS(Za er) + Fvs(Z, i) + L+ P Fys(Z,71) + | Lz, P Fvs(Z, %2)}

+3(9* + 92| Fvs(Z,00) + Fys(Z,0) + Fys(Z, )| } (3.59)

3.7 VVS-diagram contributions

The contributions from diagrams with one scalar and two vector propagators are:

2 .12
(2  _ 949 2[ 2 + 2 +
Wyvs = 24 + 9% {(Cﬁivd+sﬁivu) [9 Fyyvs(W,0,G%) + ¢" Fyvs(W, Z,G )}
Hepavu — 5p.00)” [P Fyvs(W, 0, HE) + ¢ Fyvs(W, Z, 11*)| }
1
‘I’g(cozvu — 8404)° [(92 +¢*)V Fyvs(Z,Z,0°) + 2¢" Fyvs(W, W, ho)}
1
(et + s’ [(0* + g2 Fyvs(Z, 2. H°) + 29" Pyvs(W, W, H)| . (3.60)
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3.8 FFV-diagram and FFV-diagram contributions

In this section I list the contributions from diagrams with one vector boson and two fermion
propagators. These include cases with no chirality-flipping mass insertion [involving the function
Frpv(x,y,z)] and those with two such mass insertions on different propagators [involving the
function Fgy (z,y, 2)].

The contributions from diagrams with two Standard Model fermions and one vector boson

are:

Vi = 403 [Frrv(t1,0) = md Frpy (1,1,0) + Fpev (b,6,0) = mi By (b,6,0)] 5 (3.61)
V(z) = 929/2 {é[FFFV(tvtvo)_szﬁV(t7t70)]
fiy ¢+ g2 3 t

1
42 [Frrv(b,b,0) = m? Fpy (b,5,0)] + Frrv(7,7,0) = m? Fey (7,7 0)} (3.62)

1
Ve = W[(mguag? 2 4 836" Freiy (0,0, 7)
+(9g* — 60° g7 + 17¢"VFrrv(t,t, Z) + 847 (3g* — ¢*)m? Fepy (t,1, Z)
+(9g* 4+ 6¢°g" + 59" ) Frrv(b,b, Z) + 467 (39 + ¢ )m} Fzz (b, b, Z)
—|—(3g4 —6¢°g” + 159'4)FFFV(T T, 7))+ 129’2( g’z)szﬁV(T, T, 7Z)|; (3.63)
2
Vf(?')W = % [3Fppv(t, b, W) + Fppv(T, 0, W) + 8Fppv(0, 0, W)] . (364)

The contributions from diagrams involving charginos and/or neutralinos and electroweak

vector bosons are:

/ 2
Vc%)w = QZ[FFFV i 0)—m%iFﬁv(CuC¢,0)]; (3.65)
=1
2 g —I_g ! " > o " ~ ~
Vi, = 5 2 [IO P Frpy (Ni, Ni, Z) + (05 mg,mg Fepy (Ni, Nj, Z)] 5 (3.66)
7,75=1
2 12 2
+ / ; U
VC%)Z = 7 29 Z|:(|OL|2+|OR|2)FFFV(Ci70j7Z)
7,75=1
200" mg mg FFFV(C* @,Z)]; (3.67)

4

V}VQC)W = QQZZ{HO{;P—I—|O§|2)FFFV(N¢,C~'j,W)

=1 j5=1

where the necessary couplings are:

" 1 1
OijL = 2 N* + 2N24N]*47 (369)
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) 1 e
L p— . * p— . * —_ Y
Oij - _‘/21‘/]'1 - 2‘/22‘/]'2 + 92 + g/25”’ (370)
- . 1., e
05 = —UilUn - §Uz’2UJ‘2 + W(Szj; (3.71)
% 1 %
OZL]‘ = NpVi — ﬁNiﬁl‘/jQ; (3.72)
% 1 %
OE = NiZUﬂ ‘|‘ 7§Ni3U]2' (373)
There is also a contribution involving gluon and gluino propagators:
Vi) = 1263 [Frrv(3.9.0) — [Mal* Frpy (5.3.0)] (3.74)

This is independent of the VEVs v, and v,, and therefore is irrelevant to the minimization
of the effective potential. However, it is ()-dependent, and therefore must be included when

renormalization group consistency is checked.

3.9 Pure gauge contributions

The contributions involving only vector and ghost fields are

2

g
Ve, = Yl (97 Feauge( W, W, 0) + ¢ Fauge (W, W, Z)] . (3.75)
This concludes the list of contributions to the two-loop effective potential in the MSSM.
Partial results for the two-loop contributions in the approximation that ¢, ¢', y,, and a, vanish
and there are no CP-violating phases had previously been given in [§]-[11]. (Applications of
these results to the Higgs scalar boson mass spectrum have been made in refs. [24]-[27].) The
two-loop contributions to the effective potential involving only Standard Model fields were given

in [17], but in the MS scheme, which is not convenient for the supersymmetric extension.

4 Supersymmetric limits

The results of section 8 can be checked by considering non-realistic limits in which supersymme-
try is restored. Unbroken global supersymmetry requires that the effective potential vanishes.
One such limit occurs if all supersymmetry breaking parameters are 0, and v, = vy = 0. The
only massive particles in the theory are then the members of the Higgs supermultiplets, with a
common squared mass @ = |u|*. The one-loop effective potential is easily seen to vanish, since

it is a supertrace over the squared masses. From the results of section 3, one finds that:

3 2_|_ 12
V(z) = % {Fss(l‘, l’) —|— 4FFFS(07 x, l’) —|— Fssv(l‘, x, 0) —|— FFFx/(l', x, 0) — J}Fﬁv(l', x, 0)}
—|—2(3yf + 3y§ + yZ) {J?Fsss(o, 0, l’) + FFFS(07 0, l’) + QFFF5(O, x, 0)} . (41)
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FEach of the quantities in brackets indeed vanishes, using the expressions in ref. [{3].

Another way of maintaining supersymmetry is to again make all supersymmetry-breaking
parameters 0, but now also require y = 0, and take the VEVs along a D-flat direction v, =
vg. The parameters ¢, ¢', gs, ys, s, Y remain arbitrary. Then one finds that V(© = V() = 0.
However, the two-loop contribution from section 3 does not vanish:

_ 92_|_g/2

I [3J(m) = 3J(m) Jm?)]", (4.2)

T

(@)
where

J(x) =z [In(x/Q*) —1]. (4.3)

This might seem to violate the lore that if supersymmetry is not broken at tree-level, it remains
unbroken in perturbation theory. The resolution is that the classical D-flat condition v, = vy is
perturbed, because of the isospin violation of the Yukawa couplings. The true flat direction is

parameterized by:

2 2
u_vd—l_

1
v = [3J(m}) = 3J(m3) — J(m?)] . (4.4)
One then finds that Vg is indeed 0 up to terms of three-loop order; V), V) V2 contribute

to Vg in the ratio 1 : —2: 1.

5 Scale dependence of the effective potential and running
of A, v, and v,

An important consistency check on the effective potential formalism is that the value of Vg,
being a physical quantity, should be independent of the arbitrary choice of renormalization scale

Q). In the MSSM, the equation which expresses this is:

Ay pd O s, 0w O]
QdQVeH— Q@Q—I_;ma)\ VH, Vg ’YHdUdavd Ver = 0. (5.1)

Here X represents all of the running DR’ parameters of the theory (except the VEVs), and

yg),yg) are the anomalous dimensions of the Higgs scalar fields in Landau gauge. Note that

U

these anomalous dimensions are gauge-dependent, and differ from the anomalous dimensions of
the chiral superfields, because of gauge fixing. (See for example refs. [28] and [29].) Using the

general formulas given in ref. [13], T obtain:

(5) L s L s

F)/Hu 167_[_271‘[“ —I_ (167‘[‘2)27}[“ ? ( )
) _ L sy L s

F)/Hd - 167T27Hd —I_ (167T2)27Hd ? (53)
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where

(5,2)

(5,1)

(571) 3 1

= 3Tr[YTY,] - Zgz — 19’2; (5.4)
= —9Te[YIY,YIY,] = 3Tr[YIY, Y Y] + (1645 + %g’Q)Tr[YZYu]

+3g* + 2929'2 + %g"‘; (5.5)
= 3Te[Y)Y,]+ Tr[Y]Y.] - %gz - ig’z; (5.6)

(52— 9Ty [YIY, YY) = 3Te[YI Y. YV, — 3Te[YIY.Y!Y,]
2 3 23
+(16g3 — 29" Te[YIY o] + 20" Tu[YIY. ] 4+ 3¢" + S0’ + o™ (5.7)
The DR’ VEVs run with renormalization scale according to:
dvu S
dvg s
00 = i v, (5.9)

The DR’ two-loop beta functions for all of the MSSM parameters can be found in ref. [30].

The exception is the renormalization group running of the DR’ field-independent vacuum energy,

which can be obtained from ref. [{3]:

L om L
. 5.10
167T26A + (167T2)26A ’ ( )

2(m%,)* + 2(m3,)* + Alpl*(my, +mi,) + 4|6

+Tr[6m$m} 4+ 2m7m? + 3m’m’, 4+ 3mimj + m’m?|

—| My [ = 3|My|* — 8| M| (5.11)
449" | My " 4 369° | M| + | (2492|Mz|2 + 89'2|M1|2)

+(69” +29) {2lulP(m, + mi,) + (miy,)? + (miy,)? + 2[b]” + Tr[mjm}]}
322 4 1867 + 29 Telmbmi] + (1662 + =" Trmim?]

HI663 + 59 Trlmim] + 1" Te[m?m?

—(12¢" My + 4g™ My )b" 0 — (129" M3 + 49" M) bp™

—12Te[Y1Y ] {(mi,)? + [l (2miy, +mb,) + b}

—(12Te[ YY) + AT [YIY]) { (3, )2 + 2 (2mdy, + mb,) + b2}

TThe parameters a,, ag, a., and b in the present paper were represented by the symbols h,, hg, h. and B
in ref. [QQ‘] That reference also has an obvious overall minus sign error in the specification of the MSSM soft

Lagrangian; £ should be —C in eqgs. (4.2) and (4.3). The results given in that paper are actually in the DR
scheme, although not explicitly identified as such at the time (see the “Note added”).
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—12Trmdm3(YY, + YIY,)] — 2Tr[m2m?Y, Y]] — 12Tt [mim3Y, Y]]
—ATrm2m?Y!Y,] — 4Tr[m’m?Y. Y]]

—[pP{12Tem3(Y1Y, + YY) + 12Te[m2Y, Y]]

+12Te[m3Y, Y]] + 4Te(mi YY) + 4Te[m?Y, Y 1]}

—12Tr[rn22(aJr a, + ahay)] — 12Tr[m2a,al] — 12Tr[m2a,a]

—4Tr[m}ala] — 4Trimfa.al] — 12Tr[ala,](mi;, + |ul?)

—(12Tr[a}ay] + 4Tr[ala])(mi;, + [pf*) — 12Te[Yia,]ub™ — 12Te[al Y, ]
—(12Te[Yla,] + ATe[Y1a )ub™ — (12Tr[al Y] + 4Tr[al Y. ])1b. (5.12)

Using these equations, I have checked that the effective potential found in section 8 is indeed

renormalization scale-invariant at two-loop order. This demonstration is tedious and omitted.

6 A numerical example

I now present a quasi-realistic numerical example, to illustrate the results above. As a template

model, I choose parameters at a renormalization scale (g = 640 GeV:

¢ =0.36, g=0.65 g5=1.06, y =0.90, y, = 0.13, y, = 0.10,
M, =150, M, = 280, Ms =800, a, = —600, a5 = —150, a, = —40 GeV,

mp, , = (780)%, = (740)*, mj , = (735)%, mi , = (280)*, m? , = (200)* GeV?,
mg,, = (700)?, mis = (580)2, my = (725)%, mj = (270)%, mZ = (195)* GeV?,
my, = —(500)%, m¥, = (270)° GeV? (6.1)
and
1= 504.1811202 GeV; b = (184.2202586 GeV)?, (6.2)

The last two values are engineered so that the minimum of the full 2-loop effective potential

found in section 3 is:
v, (Qo) = 172 GeV;, va(Qo) = 17.2 GeV. (6.3)

One way to test the accuracy of the effective potential is by checking scale invariance. While
[ have done this analytically at two-loop order as described in section , in practice the neglected
effects of higher order can be quite significant. To study this, I run the Lagrangian parameters of
eqgs. (0.1),(6.2) from the template scale )y to another scale @), using the two-loop renormalization

group equations of ref. [3U]. The minimum of the effective potential at this new scale is found
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Figure 2: Comparison of the values of v(()) and tan 5(()) as a test of renormalization scale invariance.
The solid lines are values obtained directly from minimization of the two-loop effective potential at
the scale @), using Lagrangian parameters run from Qo = 640 GeV. The dashed lines are the result
obtained by renormalization group running of the template VEVs of eq. (6.3) from Qo to @ using
eqs. (b.8),(5.9). The discrepancy is due to effects at three loop order and beyond.

numerically. The resulting VEVs are compared to the values obtained by running the values of
eq. (6.3) for v, and vy obtained at Qo to @ using eqgs. (5.8),(5.9). The results of this comparison

are shown in terms of the running quantities:

v(Q) = /vl + v}

in figure 2. The good news is that the comparison of v(Q)) obtained by the two methods shows

tan A(Q) = v, fvq (6.4)

agreement to better than 0.5% for a significant range of scales () near the template scale Qg
(which is approximately m), and the comparison of tan § is good to better than 0.1%.
However, near )y the slopes of v(Q) found by the two methods actually have the opposite
sign! This surprising sensitivity to higher-loop effects is a consequence of the shallowness of the
scalar potential along the direction v, /v; &~ tan 3. In contrast, higher-loop contributions have
relatively much less effect on v, /vy, since that corresponds to a much steeper direction of the
potential.

An aside: the cusp-like feature found near () = 463 GeV occurs because, at that scale, the
tree-level squared mass of A° at the minimum of the two-loop effective potential goes through 0;
it 1s positive for all larger (). This leads to significant numerical effects because of the appearance

of terms involving ln(mzo) in the effective potential:

1
Z(mzo)zln(mzo/Qz) +...; (6.5)
Ve = m {clln(mZo/Q2) + czlnz(mzo/QQ)} + ... (6.6)
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Figure 3: Comparisons of the values and scale dependence of the VEV parameters v and tan /5 found
by minimizing the effective potential in different approximations. The label “min” refers to values
obtained by direct minimization at ), and “run” means obtained by running the template values of
eq. (:'6:3'-) from Jg. The solid lines follow from the full two-loop effective potential found in section 3 of
the present paper. The dashed lines represent the one-loop approximation, and the dot-dashed lines
the partial two-loop approximation of refs. [9]-[11].

where ¢; and ¢y have dimensions of (mass)?. Thus V.g is well-defined in the limit mzo — 0.
However, while the first derivatives of V(") with respect to v, and v, are finite, the first derivatives
of V) have logarithmic and double-logarithmic divergences in that limit.

A comparison of the full two-loop effective potential to previous approximations is shown
in figure 3. The graphs show the ratios vyin/vrun and tan Spin/ tan S, where “min” means
obtained by direct minimization at (), and “run” means obtained by running the template
values of v,, vg in eq. (6.3) from Qo to . This shows that the full two-loop effective potential
indeed mitigates the scale dependence, and changes the value found for v compared to the
previous state-of-the-art approximation in refs. [§]-[11] by nearly 1.5% in this example.

A different way to look at things, which may be closer to the situation we will face when
confronted with experiment, is to view v, and v, as input data rather than output parameters,
and use the two minimization conditions of the effective potential to extract values for two
other parameters. Since v, and v, are especially sensitive to radiative corrections because of the
shallowness of the potential, treating them as among the known quantities is advantageous. Here
I will follow the commonplace procedure of treating b and p as the unknowns to be solved for,
with given values of v, v4 and all the other Lagrangian parameters. (In reality, it seems clear that
global fits to various observables will have to be conducted, since no more direct measurement
of m¥ and qud is possible.) In figure 4, T have graphed the ratios of fimin/ftrun and buin/brun,

where “min” means that the effective potential at () is required to be minimized, using values
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Figure 4: Comparisons of the values and scale-dependence of the parameters g and b obtained by
requiring the effective potential to be minimized. The label “min” refers to values obtained by running
the Lagrangian parameters of eq. (b.1) and VEVs of eq. (6.3) to @, and “run” means obtained by
running the template values for p, b of eq. (5.2) from Qg to Q. The solid lines follow from the full
two-loop effective potential found in section 3. The dashed lines represent the one-loop approximation,
and the dot-dashed lines the partial two-loop approximation of refs. [9]-[I'L].

obtained by running the Lagrangian parameters of eq. (6.1) and VEVs of eq. (6.3) from (o to @,
while “run” means those obtained by running the template values for u, b of eq. (§.2) from (o
to ) using two-loop renormalization group equations. In each case, the full two-loop results are
compared to those obtained using one-loop and partial two-loop approximations for the effective
potential. In this model, the scale-dependences of ;1 and b are less than a few hundredths of a

percent, using the full two-loop potential over a wide range of scales ().

7 Outlook

In this paper, I have presented the complete two-loop effective potential for the MSSM in the
Landau gauge and the DR’ scheme.

The two-loop effective potential found here can, in principle, be renormalization-group im-
proved [B1)] to sum leading and sub-leading logarithms of ratios of different mass scales. However,
the logarithmic contributions to the effective potential are typically not overwhelming compared
to the non-logarithmic ones. Renormalization group improvement does give an improved scale
dependence, because that is what it is designed to do. However, improved scale-independence
does not always imply improved accuracy; it is a necessary but not sufficient criterion. There-
fore, the efficacy of further renormalization-group improvement of the MSSM effective potential

on top of the full two-loop result is unclear to me.
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If supersymmetry is part of the new physics associated with electroweak symmetry breaking,
then these results will be part of a program to fit accurately experimental data to underlying
Lagrangian parameters. Other parts of this program will require more precise calculations of
the superpartner and Higgs scalar physical masses. Of particular importance is an improved
calculation of the physical h° mass, which is well-known to be highly sensitive to radiative
corrections. Unfortunately, m}, cannot simply be obtained by taking the second derivatives of
the effective potential found here, because of important wave-function renormalization effects.

The calculation described here can be extended to various non-minimal versions of supersym-
metry, for example those with additional singlet fields. This can be done as a straightforward
application of ref. [13] for a general theory. The fact that 2° was not discovered at LEP may be
taken as support for the importance of considering such models.

This work was supported in part by the NSF grant number PHY-9970691.
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