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As is well-known, comparison of the solar neutrino 
uxes measured in SuperKamiokande (SK) by
� + e� ! � + e� and in the Sudbury Neutrino Observatory (SNO) by �e + d ! e� + p + p can
provide a \smoking gun" signature for neutrino oscillations as the solution to the solar neutrino
puzzle. This occurs because SK has some sensitivity to all active neutrino 
avors whereas SNO can
isolate electron neutrinos. This comparison depends crucially on the normalization and uncertainty
of the theoretical charged-current neutrino-deuteron cross section. We address a number of e�ects
which are signi�cant enough to change the interpretation of the SK{SNO comparison.

26.65.+t, 13.15.+g, 14.60.Pq

Both SK and SNO are sensitive to solar neutrinos with
energies above about 5 MeV. In SK, these are detected
by �+e� ! �+e�, with possible (indistinguishable) con-
tributions from all active 
avors. In particular, if there
are �e ! ��; �� oscillations, then the latter contribute to
the measured 
ux with a cross section 6{7 times smaller
than for �e. In SNO, on the other hand, the detection
reaction �e + d! e� + p+ p can isolate the �e 
ux.
The measured 
ux of solar neutrinos in SK, in units

of the expected electron neutrino 
ux from the Standard
Solar Model (SSM) [1], is 0:45�0:02, with the systematic
uncertainty dominating [2]. This measured 
ux may or
may not include a contribution from ��, �� (in any linear
combination, since they interact via the neutral current).
In an energy-independent (as suggested by the absence of
any distortion in the SK recoil electron spectrum [2]) two-

avor oscillation scenario, there are two extreme cases [3].
First, for �e ! �s, the �e 
ux in these units is 0.45, and
the undetectable �s (sterile neutrino) 
ux is 0.55. Second,
for �e ! ��; �� , the �e 
ux is 0.34, and the ��, �� 
ux
0.66, so that the measured 
ux in SK is 0:34 + 0:66=6 =
0:45. In the �rst case, SNO will measure 0.45, and in
the second case, 0.34. More generally, these arguments
can be rephrased as a ratio to eliminate the SSM 
ux
normalization and its ' 20% uncertainty, since the total
incident 
ux is the same for both SK and SNO. Also, a
small correction is necessary for the hep neutrinos [1,4]
that add to the dominant 8B neutrinos.
This possible di�erence of 0.11 is small enough that

the uncertainties must be scrutinized closely. Below, we
closely follow the analogous results for the percent-level
corrections to the theoretical ��e + p! e+ + n cross sec-
tion [5,6] that are necessary to achieve agreement with
experiment [7].
While results from SNO [8,9] have not yet been re-

ported, they have said at conferences [10] that they ex-
pect their 
ux measurement uncertainty to be domi-
nated by the � 3% theoretical uncertainty [11,12] on the
neutrino-deuteron cross section, at least eventually.

In the SNO proposal [8], the uncertainty on the
neutrino-deuteron cross sections was assumed to be
about 10% (for comparison, the experimental measure-
ments of neutrino-deuteron cross sections have uncer-
tainties of 10 { 40% [13]). Since that time, the calcu-
lations have been redone by a number of authors, with
decreasing quoted uncertainties. The most re�ned re-
cent calculations are those of Butler, Chen, and Kong
(BCK) [11] and Nakamura, Sato, Gudkov and Kubodera
(NSGK) [12]. Each claims an uncertainty of about 3%
in the range of energies relevant for solar neutrinos, and
they agree to about 1% [11]. It is now important to
consider issues that a�ect the normalization of the total
cross section at a comparable level. Three such e�ects
have been overlooked by BCK and NSGK; these e�ects
are comparable and add constructively.
First, at low energies, the neutrino-deuteron cross sec-

tion is dominated by the Gamow-Teller transition, so
that the cross section scales as g2A, where gA is the
weak axial coupling to nucleons, and the angular distri-
bution [6] of the outgoing electron is nearly of the form
1� 1

3
cos �. The present value of gA is �1:267�0:004 [14].

BCK use �1:26, which makes their cross section about
1% too small, and NSGK use �1:254, which makes their
cross section about 2% too small. This e�ect is trivial in
nature but must be included.
Second, a more subtle e�ect occurs because both BCK

and NSGK use the Fermi constant GF as determined
from muon decay [14]. The radiative corrections to low-
energy (much less than the W mass) weak processes
are frequently divided into \inner" (which are energy-
independent) and \outer" (which are generally energy-
dependent) corrections. The inner radiative correction is
universal to a given reaction and those related to it by
crossing symmetry, and can thus be considered to renor-
malizeGF for each set of diagrams. This renormalization
is di�erent for purely leptonic and semileptonic processes,
e.g., muon decay and neutron beta decay (it is also dif-
ferent for neutral-current weak processes involving a nu-
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cleon). Since the inner radiative correction arises from
diagrams with internal 
 and Z exchanges with high mo-
menta, the quark structure of the nucleon is resolved and
the fact that the nucleon is bound in a deuteron is irrel-
evant. Thus the inner radiative correction increases the
�e + d ! e� + p + p cross section by 2.4%, just as for
��e + p! e+ + n [6].
Third, the outer radiative correction must be consid-

ered. This arises from bremsstrahlung diagrams with
a single external photon and from diagrams with low-
momentum internal 
 exchange. The only calculation of
the radiative corrections for �e + d! e� + p+ p is given
by Towner [15]. If the bremsstrahlung photon energy
is included in the deposited energy, the total radiative
corrections are only mildly energy-dependent, and are
given in Towner's Table II as about 4.4%. Taking this
at face value, and subtracting the above inner radiative
correction of 2.4%, Towner's result for the outer radiative
correction to �e + d ! e� + p + p is nearly constant at
about 2%. This correction is somewhat larger than the
corresponding corrections for ��e + p ! e+ + n [5], and
�e+n! e�+p [16], each about 1% and decreasing with
increasing energy. In all cases, the total cross section is
increased.
Thus, BCK and NSGK each underestimate the total

cross section by about 6%. If the overlooked normal-
ization e�ects discussed above are taken into account, it
does seem reasonable to use the quoted nuclear-physics
uncertainty of 3%. It should be noted that these very
sophisticated calculations di�er from the simplest treat-
ment only by about 10% (while a number of corrections
contribute, none is as large as their sum) [11,12]. Thus,
roughly speaking, in order for the cross section to be
known to 3%, the corrections only have to be known to
30%, which seems reasonable.
These simple considerations are backed up by the de-

tailed results of BCK and NSGK. BCK have shown that
up to next-to-next-to-leading order in their e�ective �eld
theory treatment, only one unmeasured parameter L1;A
(it appears at next-to-leading order) appreciably a�ects
their result. They have also shown that their e�ective
�eld theory series is convergent, with the contribution
from each order about ten times smaller than the previ-
ous order. NSGK state that Ref. [17] did not include all
of the known exchange-current contributions; when also
neglected in NSGK, NSGK agree with Ref. [17] to about
1%. Similarly, BCK can reproduce the results of Ref. [17]
by adjusting the value of L1;A. BCK and NSGK agree
with each other and Ref. [18] at the 1{2% level.
Bahcall, Krastev, and Smirnov [19] quote a theoretical

uncertainty of 6% on the neutrino-deuteron total cross
section based on nuclear-physics di�erences in the calcu-
lated cross sections of Refs. [17,18,20]. Since then, al-
most all of the di�erence between Refs. [17,18] has been
explained by NSGK. Similarly for the di�erence between
Ref. [18] and the e�ective range calculation of Ref. [20],
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FIG. 1. (a): The di�erential cross section without radia-
tive corrections for �e + d ! e� + p+ p as a function of the
electron kinetic energy Te, for selected values of the electron
cosine cos �e, for E� = 12 MeV. The points are from a ta-
ble provided by Kubodera (private communication), based on
Ref. [18], and the lines are spline �ts. The height di�erences
for di�erent cos �e are mostly accounted for by the angular
distribution d�=d cos �e ' 1 � 1

3
cos �e (note hcos �i ' �0:1).

(b): Total radiative corrections �

�
gI(E� ; Te) to the di�eren-

tial cross section as a function of Te, using Towner's Table I
(points) [15], also for E� = 12 MeV. The line is a spline �t.
For the curves in both panels, other neutrino energies yield
similar shapes when considered as a function of Te=E� .

where no exchange current e�ects are included. Thus, a
theoretical uncertainty of 6% seems too conservative.
So far, we have only considered the corrections to the

normalization of the total cross section. We now turn
to the radiative corrections to the di�erential cross sec-
tion. The di�erential cross section without radiative cor-
rections for a representative neutrino energy is shown in
Fig. 1(a). SNO may initially operate with a high elec-
tron energy threshold, above the peak in the electron
spectrum expected from the 8B neutrino spectrum. If
so, a slight downward shift (of order 100 keV) in the
electron energies can cause a few-percent decrease in the
number of events above threshold (when integrated over
the 8B spectrum). For photons below about 1 MeV,
the Compton-scattered electrons will not produce de-
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tectable �Cerenkov light (H. Robertson, private commu-
nication). Thus, one of the e�ects of bremsstrahlung will
be to lower the electron energies from the case with no
bremsstrahlung. In Towner's Table I, the bremsstrahlung
energy is considered undetected, and the correction to
d�=dTe is as large as +5% to �4% from low to high
scattered electron energies, and nearly vanishing at elec-
tron kinetic energy Te ' E� � 2 MeV. This is shown
in Fig. 1(b). The qualitative features of Towner's total
radiative corrections can be reproduced by a small down-
ward shift in the electron energies.
Using Towner's Table I, where the bremsstrahlung en-

ergy is considered undetected, we can calculate the total
cross section by integrating

d�

dTe
=

�
d�

dTe

�0

�

h
1 +

�

�
gI(E� ; Te)

i
; (1)

where the superscript 0 indicates the cross section with-
out radiative corrections. Using Towner's Table II, where
the bremsstrahlung energy is considered to add to the
detected electron energy, we can calculate the total cross
section by integrating

d�

dX
=

�
d�

dX

�0

�

h
1 +

�

�
gII(E�; X)

i
; (2)

where X is the sum of electron and bremsstrahlung en-
ergies (without radiative corrections, this is just the elec-
tron energy). In the latter case, the total radiative cor-
rections are nearly constant at �

�
gII(E�; X) ' 4:4%. If

there are no cuts on the kinematic variables, then these
two integrals must be identical. We explicitly made this
test (using spline �ts) for E� = 12 MeV, and found it not
to be the case. In the �rst case, we �nd an average cor-
rection of 0.7% above Te = 5 MeV (this is also obvious by
inspection of Fig. 1, if the correction is evaluated at the
average energy for the di�erential cross section), much
less than the 4.4% for the second case. The neglected
fraction of the d�=dTe integral below 5 MeV is about
3%, so in order to reproduce the integrated total correc-
tions of 4.4%, the correction below 5 MeV (not given in
Towner's Table I) would have to be of order 100 times
larger than that above 5 MeV. Thus, we are unable to
see how the results of Towner's Table I can be consistent
with the seemingly reasonable results of his Table II.
Given the importance of the radiative corrections for

the SK{SNO comparison, additional work is needed, in
particular on the bremsstrahlung spectrum. For a suf-
�ciently soft bremsstrahlung spectrum, the corrections
to the total cross section will be applicable. Otherwise,
corrections to the di�erential cross section will also be
necessary.
In conclusion, three overlooked e�ects conspire to in-

crease the normalization of the total cross section for
�e + d! e� + p+ p by about 6%. As noted, the uncer-
tainty in the measured neutrino 
ux in SNO is expected

to be eventually dominated by the uncertainty in the
theoretical cross section. In addition, if SNO operates
with a high threshold, the e�ects of the radiative correc-
tions on the di�erential cross section must be considered.
These e�ects, if not taken into account, could qualita-
tively change the outcome of the SK{SNO comparison,
which is a SSM-independent test for the appearance of
the active 
avors ��, �� resulting from neutrino oscil-
lations (e.g., in a ���;��=�SSM versus ��e=�SSM plot,
where � is the neutrino 
ux). If the e�ects discussed
above, in particular the QED radiative corrections, are
correctly taken into account, then the 3% theoretical un-
certainty indicated by BCK and NSGK for the neutrino-
deuteron cross section in the energy range appropriate
for solar neutrinos is attainable.
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