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Abstract

The longitudinal and transverse space-charge effects on
bunch rotation in the longitudinal phase space designed to
produce an intense short proton bunch are discussed. A cri-
terion for length broadening due to space-charge modifica-
tion of therf potential isgiven. Asfor thetransverse effect,
theincoherent space-charge tuneshiftswill affect thebunch
rotation unless the chromaticities are properly corrected.

1 INTRODUCTION

I ntense proton bunches as short as 1 to 2 nsare necessary
for the efficient production of pions and muons in order to
(1) minimize the expensive cooling process of the muons
and (2) to obtain areasonable amount of polarization of i+
in amuon collider and of v, and 7, in a neutrino factory.
Thiscan be doneby bunch rotationinthelongitudinal phase
space prior to the extraction of the proton bunches. Here,
weinvestigatethe longitudina and transverse space-charge
effects on the intense beam during the rotation.

2 LONGITUDINAL EFFECTS

An experiment was performed at the IUCF Cooler Ring
to study therotation of protonbunches at 202.8 MeV below
transition [1]. Thering has a circumference C' = 27R =
86.83 m, dip factor n = —0.828, and rf harmonic h = 5.
The maximum rf voltageis V¢ = 1 kV, corresponding to a
small-amplitude synchrotron tune of v, =1.164 x 1073, It
was|owered adiabatically toaminimumof ~ 5V and raised
suddenly back to 1 kV. The bunch would be compressed in
~ i synchrotron oscillation. The minimum bunch length
observed was about o, =3.8 ns.

The equations of motion governing the rf phase ¢ and
fractional momentum spread ¢ in the bunch rotation are
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where n istheturn number, E isthetotal particle energy, 3
isthe particle velocity relative to the velocity of light, and
e isthe particle charge. The energy increase per turn dueto
the space-charge forceis
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where fo = wo/(27) is the revolution frequency and
[Z/n]spen 1S the space-charge impedance. Because of the
presence of eectron cooling, we have assumed a Gaus-
sian distribution for the longitudina bunch profile p(7) =
Nye= ™" /297 /) (\/270,.), with N}, = 1 x 109 is the number
of particlesin the bunch and o, the rms bunch length.

The synchrotrontuneof each particlewill be reduced dif-
ferently by the space-charge force, withthe maximum at the
core. This actually helps to reduce the nonlinearity of the

Figure1: Phase-spaceplot of bunch rotation when the rms bunch
length is shortest when [Z/n]spen = 2000, 7000, 15000 €2.

rotation so as to let the tails of the bunch to catch up. No-
tice that the moment when the rms length is shortest will
be delayed as the space-charge impedance increases. How-
ever, when the space-charge force is too large and exceeds
therf focusing force, the particleswill embark on an unsta-
blehyperbolictrajectory, and bunch lengthening will result.
Figure 1 shows the situations of |Z/n|spen = 2000, 7000,
and 15000 €2 at the moment when the rms bunch lengthis
shortest. Asshown in Fig. 2, the minimum bunch length of
o, = 3.70 nsis obtained when the impedance is at about
7000 £2.

From Fig. 2, it appears that in order to have afina com-
pressed bunch length o, < 3.85 ns, the space-charge
impedance per harmonic must be limited to |Z/n|spen <
15000 £2. In other words, theratio of the space-charge force
to the rf force must be lessthan the critical value of

Sp-ch force _ eNy|Z/nspen ~220. (@

Rf force critical \/ﬁh(ﬂ%(fﬁ‘/}f

It is important to point out that the actua space-charge

impedance of thelUCF Coolerisonly | Z/n|spen = 1500 €.

What we are saying isthat, whilearms bunch length o, =

3.85 ns can be obtained in the absence of space charge, a

space-charge impedance as large as | Z/nspen =~ 15000 ©

will not lead to alonger compressed rms bunch length al-
though the rf potentia will be severely distorted.

The IUCF experiment is compared with the Fermilab
proton driver in Table I. Notice that the space-charge-
to-rf ratio for Phase Il operation of the Fermilab proton
driver is roughly at the critical value. Thus, we expect the
bunch compression will not be affected longitudinally by
the space-charge force.
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Figure 2: Plot showing shortest rms bunch length o~ obtained

through rotation as a function of the space-chargeimpedance.
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Table |: Comparison of the space-charge-to-rf ratio for IUCF ex-
periment and Fermilab proton driver in Phases| and I1.

IUCF Fermilab Proton Driver

Critical Phase | Phase |1
Circumference (m) 86.83 711.32 711.32
ExtractionK.E. (GeV) 0.203 16 16
h 5 18 18
No. per bunch IV, 110° 1.710'2 2.51013
|Z/n|spen () 15000 2.639 2.639
Ve (kV) 1.00 1400 1400
Extraction o (ns) 3.85 3 1
Sp-ch-to-rf ratio 220 0.06 239

Our consideration so far emphasi zes the effect of space-
charge distortion of the rf potential. Microwave instability
islessimportant during the rotation, because the local mo-
mentum spread increases. However, microwave instability
can become a problem when the rf islowered adiabatically
so that thebunch fillsthebucket. To avoid microwaveinsta:
bility, it will be better to employ instead the method of syn-
chronous phase jump. The synchronous phase is jumped
by 7 so that the bunch center is at an unstable fixed point
in the longitudinal phase space. The bunch will be length-
ened along one set of separatrices and compressed aong
the other set. After some time ¢, the synchronous phase is
jumped by — so that the bunch center isagain at the sta-
blefixed point. Allow for ~ g of a synchrotron oscillation,
the bunch will rotate to the situation of shortest length. This
isillustrated in Fig. 3. The drift time ¢ aong the separa-
trices cannot be too long. Otherwise, not all particles can
return back to inside the bucket after the last phase switch.
This allows us to derive the maximum possible compres-
sionratio[1]
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where (0,), istheinitial rmsbunch lengthin rf radian.

One can also avoid the development of nonlinear tails
during the final rotation of ~ g synchrotron oscillation. In-
stead of switching back to the stable fixed point, the bunch
isextractedimmediately at theend of thedrift al ong the sep-
aratrices. Thebunchisthen sheared back to an upright posi-
tioninthe beam line viaalengthy optical system with local
momentum compaction, or the R5g €l ement of the transfer
matrix. Since thisis not a rotation, the bunch length will
be v/2 longer than what was derived above. However, one
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Figure 3: Bunch compression by rf phase jump. Note that the
particle motion isrelatively linear near the unstablefixed point.

may be able to recuperate this /2 by alowing the bunch
to drift somewhat longer aong the separatrices before the
extraction. Thisis possible because the bunch need not be
recaptured into a bucket later.

3 TRANSVERSE EFFECTS

During bunch rotation, the bunch length is shortened and
the incoherent space-charge tune shift increases. As an ex-
ample, consider a former Fermilab design, which consists
of a small ring with a circumference of 180.649 m accel-
erating protonsfrom the K.E. of 1 GeV to 4.5 GeV. Therf
harmonicis h = 4 and there are n;, = 4 bunches each with
N, =5.0x10'3 protons. The 95% normalized emittanceis
enos = 200 x 10~% wm. The incoherent space-charge tune
shift at injectionis
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where the bunching factor By = 0.25 has been used and a
transverse uniform distribution has been assumed.

Bunch rotation is performed at the extraction K.E. of
4.5 GeV. When the rf voltage is reduced to its minimum,
assume that the rms bunch length is o, ~ % the bucket
length. We would like to compress the bunch to o, =
1nsby suddenly raising the rf voltage. During bunch rota-
tion, the bunching factor B, changes from 0.418 to 0.0164,
while the incoherent space-charge tune shift changes from
Avg.=—0.009 to —0.225 and different particles have dif-
ferent betatron tunes. If thereductionin betatron tunemod-
ifies the transition gamma to such an extent that some par-
ticleswill find themsel ves near transition, higher order mo-
mentum compaction will be needed because of the large
momentum spread. This may result in ruining the whole
bunch rotation procedure as a result of nonlinearity.

3.1 A Theorem|[Z2]

Let us first consider a storage ring without rf and ne-
glect space charge. The canonica variables are (ay, J..),
(ay, Jy), and (=AY, §). Here a, and a,, are the angle vari-
ables conjugate to the transverse actions J,, and J,,. Al is
the path length in excess of the length of the on-momentum
closed orbit. The Hamiltonianwill be cyclicin a,, a,,, and
Al. Itisgiven up to second order by

H = Z/Qxe“_l/Ony“‘

+aJ+2bJy Jy+cJ) +d0+ f I b+gJy0 . (7)
Thereisno O(4) term because comparisonismade withre-
spect to the on-momentum closed orbit. The betatron tunes
are

v — <d&> _OH 4 2adet2b+ 5, (8)

Avy, = =-0.131, (6)

de 0Jy
da oH
vy = d_ey = a—t]y: V0y+ 2CJy+ 2be+ 95a (9)

and the path length difference per turn Ay is
JAVAY dAL OH
—_—— — —_—— = —= 1
5 < d9> 2% 2d6 + fJ +gJy, (10)

where (') denotes the average over one turn. We can read-
ily identify a, b, and ¢ as amplitude-dependent detunings,



d= %agR with a9 the momentum compaction factor, and
f and g as chromaticities. Thus, correcting the chromatici-
tieswill alleviate the dependence of path length on betatron
amplitudes. The theorem can be extended by adding more
higher order terms to the Hamiltonian, and some higher
order chromaticity terms will enter into the right side of
Eq. (10). These higher-order chromaticities must also be
compensated, although difficult in reality, in order that the
path length difference due to betatron amplitudes will van-
ish to higher orders.

3.2 Incoherent Tune Shift

Now let us add rf cavities. If the proton driver is
dispersion-free a the cavities, the additiona term in the
Hamiltonian will not be dependent on the momentum de-
viation ¢, and therefore Eq. (10) will not be affected, even
though this additional term in the Hamiltonian depends on
the betatron oscillation amplitudes, J, and J,,.

We next include the self-field. Notice that the self-field
space-charge tune shift in Eq. (6) isinversdly proportional
to v3 32 (since engs o< v/3). Thus, the tune shift is momen-
tum dependent and can be written as, with z=xz, v,

Av, = Av,e (1 — 36+ 126%) (11)

where Av,, is evaluated at the nomina momentum. It is
evident that thelast two terms represent the first two lowest
orders of chromaticity generated by the transverse space-
charge force. Notice that the betatron action J,, is related
to the unnormalized emittance by ¢ = 2J, and the trans-
verse offset z from the off-momentum closed orbit by z =
V2B.J., where 3, isthe betatron function. For the ssimple
case of a Kapchinskij-Vladimirskij (KV) beam [3] where
the transverse distribution is uniform, Av,. is J, indepen-
dent. Thus, the contribution of the self-field space-charge
tune shift to the Hamiltonian is

AH=Avg, (Jp+Jy) (1-36+126%) , (12)
which contributes the additiona path length difference
Aly  0AH

- =——=Avs. (Jo+Jy) (—3+69) , (13)
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and the additional chromaticities
Aé, = —3Ave (1 -85), A&, = —-3Av,.. (14)

This aso produces an up-shift in the momentum com-
paction (Av;. iShegative)
I+ Jy

Aog = _GAVSCT ) (15)
or adown-shift of the transition gamma
Iz +J,

Ay, = SAyscfyg % , (16)

which is dependent on the betatron oscillation amplitudes.
In Phase Il of the proton driver, the number per bunch
is Ny, = 2.5 x 10" and rf harmonic h = 18. For the
or =1 nscompressed bunch, the bucket bunching factor is
By ~/27hfoo, = 0.01899. With normalized 95% emit-
tance engs = 60x 106 mm, the self-field space-charge tune
shiftis Avg.=—0.297. The maximum actions for betatron
motion are only J, = .J, = 1.66 10~® m. However, most

of the transverse beam size comes from the off-momentum
dispersion. With amaximum dispersion* of D ~ 3m, there
isa contribution to the equivaent action a 2% momentum
offset of J, = (DJ)?/(283,) ~ 0.00018 m, where the aver-
age horizontal betatron function has been taken as (3,.) ~
10 m. With the nominal transition gamma of -y, = j27.71,
the shift isonly A+, = —30.031, which is small, and the
particles are nowhere near transition.

Let us come back to the 4.5 GeV ring discussed earlier
in thissection. If (3,) ~ 10 m, maximum D ~ 3 m, max-
imum § ~ 2%, and the final compressed rms bunch length
o = 1 ns, theshiftintransitiongammais A~,. =—30.0009,
when the nominal transition gammais -y, = j10. There
has been the idea of changing the lattice near extraction so
that the beam isnear transition and the bunch narrowing ef-
fect near transition can be utilized [5]. Since we still want
to have abeam rotation, it is not possible to have the beam
closer to transition than 0.05 unit. In that case, the O(53)
term must be included in the Hamiltonian to take care of
the next higher-order momentum compaction. Now, .. ~
5.804 0.05 and the maximum shift due to space chargeis
A~,.=—0.0018, whichisonly 3.6% of the 0.05 gap. Thus,
the incoherent space-charge tune shift will not disturb the
beam dynamics during rotation near transition.

On the other hand, the potentia-well distortion due to
space charge discussed in Sec. 2 can be more severe for
thisring. For example, with a longitudinal space-charge
impedance |Z/n|spen = 25 2 and @ maximum rf voltage
Vie=4 MV, the space-charge-to-rf ratio isas large as 47.3.

Itisimportant to point out that by havingthe J. 62 termin
the Eq. (12), we must include the same term into the Hamil -
tonian of Eq. (7). Thisisthenext order chromaticity, which
will contribute a down-shift to .. just like Eq. (16) with
Av,.replaced by 55 &1, Where &, = &0 +&.16+- -+ . For
alinear machine, £,; = —2&,9. Thus, this order of chro-
maticity from the lattice can lead to a much larger spread
in~y,. than the contributionfrom the space charge, and may
require correction to ensure the bunch rotation.

Althoughthe self-field space-charge tune shift isactually
aspread inanon-KV beam, however, most particles, which
reside in the core, will be seeing roughly the same linear
tune depression Av,.. Therefore a correction of the chro-
maticitieswill remedy the situation to alarge extent.
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*A more accurate computation should take into account of the modifi-
cation of horizontal dispersion and the introduction of vertical dispersion
by the self-field space-chargetune shift. See Ref. [4] for detail.



