
Chapter 6

LONGITUDINAL MICROWAVE

INSTABILITY FOR ELECTRONS

In the previous chapter, microwave instability for a coasting beam was discussed. The

theory can also be extended to a bunch provided that two criteria are satisfied: (1) the

bunch is much longer than the wavelength of the perturbation and (2) the growth time is

much shorter than a synchrotron oscillation period. These criteria are mostly satisfied by

proton bunches, but not by electron bunches. Another theory of longitudinal instability

is therefore necessary for electron bunches.

6.1 BUNCH MODES

For electron bunches, the synchrotron period is usually much shorter than the col-

lective instability growth times. Thus, synchrotron oscillation cannot be neglected in

the study of longitudinal instability. The revolution harmonics can no longer be studied

individually; they are no longer good eigen-numbers. Here, we must study the different

modes of oscillation inside a bunch.

Because the beam particles execute synchrotron oscillations, it is more convenient to

use instead circular coordinates r, φ in the longitudinal phase space. We define τ = r cosφ ,

pτ = r sinφ =
ηδ

ωs
,

(6.1)
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Figure 6.1: Azimuthal synchrotron modes of a bunch in the longitudinal phase
space (top) and as linear density (bottom).

A few azimuthal modes are shown in Fig. 6.1. One type of oscillation is azimuthal in

φ, such as cosmφ. For example, m = 1 corresponds to a rigid dipole oscillation which

we usually observe when the bunch is injected with a phase error. m = 2 corresponds

to a quadrupole oscillation when there is a mismatch between the bunch and the rf

bucket so that the oscillation appears to be twice as fast. It is clear that to drive the

higher azimuthal modes, longitudinal impedance of higher frequencies will be required. Of

course, to describe a bunch completely, there will also be radial modes, where the bunch

oscillates with nodes at certain radii r. Let us concentrate on only one radial mode per

azimuthal, the one that is most easily excited. At zero beam intensity, these modes are

separated by the synchrotron frequency ωs/(2π); for example, the mth mode exhibits as

a sideband mωs/(2π) away from a revolution harmonic line. This implies that at low

intensities, the azimuthal modes are good eigenmodes. The radial eigen-modes, however,

depend on the radial distribution of the unperturbed bunch. If the intensity of the bunch

is increased, the spacings of the sidebands will change.

Here, we wish to study the collective motion of the bunch, implying that it will

oscillate with a coherent frequency Ω/(2π). The time dependent part is written as

∞∑
q=−∞

Fqe
−i(qω0+Ω)t , (6.2)
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Figure 6.2: Top plot shows the synchrotron lines for both positive and negative
revolution harmonics. The revolution harmonics are shown in dashes and the syn-
chrotron upper sidebands in solid. Lower plot shows the negative-harmonic side
folded onto the positive-harmonic side. We see upper and lower sideband for each
harmonic line.

where Fq is some factor depending on q and ω0/(2π) is the revolution frequency. Suppose

that the synchrotron dipole mode is excited, we will have Ω ≈ +ωs, provided that the

intensity of the bunch is not too large. Therefore, the spectrum of the bunch will consist

of only upper synchrotron sidebands at a distance ωs above the harmonic lines, as shown

in the top plot of Fig. 6.2. Of course, not all the sidebands will be excited equally. The

excitation will depend on the driving impedance and also the bunch shape. However, in an

oscilloscope or network analyzer, we can see only positive frequencies. This is equivalent

to folding the spectrum about the zero frequency point, the upper synchrotron sidebands

corresponding to the negative harmonics will appear as lower synchrotron sidebands for

the positive frequencies, or the lower plot of Fig. 6.2. When the driving impedance is a

narrow resonance, we may have Ω ≈ −ωs instead. However, notice that both ReZ‖0 (ω)

and ImZ‖0(ω) have definite symmetries about ω = 0. Then, for ωr = qω0 − ωs, where

ωr/(2π) is the resonant frequency of the impedance and q > 0, we can always write

−ωr = q′ω0 + ωs with q′ = −q. The conclusion is that for longitudinal collective motion,

it is sufficient to study only the situation of having the coherent frequency Ω ≈ +ωs. In

other words, we can assume all the synchrotron sidebands to be only upper sidebands in

the language of having both positive and negative frequencies. This analysis, however, is

not correct for transverse collective motion.
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6.2 MODE MIXING

Assume a broad-band impedance resonating at ωr. The impedance will be inductive

when ω < ωr and capacitive when ω > ωr. If the rms length of the bunch στ > ω−1
r ,

the bunch particles are seeing mostly the inductive part of the impedance. Because the

beam particles are traveling at the velocity of light in a ring which we assume to have

positive momentum compaction, this inductive force is repulsive opposing the focusing

force of the rf voltage, thus lengthening the bunch and lowering the synchrotron frequency.

Therefore, all azimuthal modes will be shifted downward, except for the dipole mode

m = 1 at least when the beam intensity is low. The m = 1 does not shift because the

centroid of the bunch does not see any reactive impedance. When the bunch intensity

is large enough, the m = 2 mode will collide with the m = 1 mode, and an instability

will occur if the frequencies corresponding to these two modes fall inside the resonant

peak of ReZ‖0 . Mathematically, the frequency shifts become complex. This is called

longitudinal mode-mixing instability. Sometimes it is also known as mode-coupling or

mode-colliding instability. An illustration is shown in Fig. 6.3 for a parabolic bunch of

full length τL interacting with a broad band impedance resonating with impedance R at

frequency ωr/(2π).

A more thorough derivation will be given later after we have studied Sacherer’s in-

tegral of instabilities in the next chapter. Here, we just give a rough estimate of the

threshold and discuss some points of interest. Just as a space-charge impedance will

counteract the rf focusing force below transition, here an inductive impedance will coun-

teract the rf focusing force above transition. According to Eq. (4.46), the extra voltage

seen per turn by the electron from the effect of the inductive impedance is

Vind =
3eN

2ω0τ̂ 2

∣∣∣∣∣Z‖0n
∣∣∣∣∣
ind

τ

τ̂
, (6.3)

where a parabolic linear distribution for the electron bunch of half length τ̂ has been as-

sumed and N is the number of particles in the bunch. Although a parabolic distribution

for electron bunches is not realistic, it does provide a linear potential and ease the math-

ematics. The synchrotron frequency is proportional to the square root of the potential

gradient, dVind/dφ, where φ is the rf phase. This extra voltage will shift the incoherent

synchrotron tune downward. If the beam intensity is low, the shift can be obtained by
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Figure 6.3: Plot showing longitudinal mode-mixing instability of a parabolic bunch
of full length τL interacting with a broad band impedance resonating with impedance
R at frequency ωr/(2π). The bunch length τL is much longer than ω−1

r so that the
bunch particles are seeing the inductive part of the impedance. Thus, all modes,
except for m = 1, shift downward.

perturbation, giving

∆νs
νs0

=
1

2

dVind/dφ

dVrf/dφ
=

3e2Nη

8πω2
s0τ̂

3β2E0

∣∣∣∣∣Z‖0n
∣∣∣∣∣
ind

. (6.4)

All the azimuthal modes will have their frequencies shifted downward coherently by

roughly by this amount also except for the m = 1 mode. This is because the center

of the bunch does not see its own inductive perturbation. The threshold can therefore be

estimated roughly by equating the shift to the synchrotron tune. Because this shift is now

large, the perturbative result of Eq. (6.4) cannot apply. Instead we equate the gradient of

the extra voltage from the inductive impedance directly to the gradient of the rf voltage,

to get the threshold

3e2N |η|
4πω2

s0τ̂
3β2E0

∣∣∣∣∣Z‖0n
∣∣∣∣∣
ind

<∼ 1 . (6.5)
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For a broad-band impedance of quality factor Q ≈ 1,∣∣∣∣∣Z‖0n
∣∣∣∣∣
ind

≈ R

nr
, (6.6)

where R is the shunt impedance at the resonance angular frequency ωr = nrω0. Written

in terms of the dimensionless current parameter ε in Fig. 6.3, the threshold of Eq. (6.5)

translates to
4π2eIb|η|R
3E0ω2

sτ
3
L
ωr

<∼
π2

9
, (6.7)

which agrees with the point of mixing in the figure very well, where τL = 2τ̂ is the full

bunch length. It can also be written as

R

nr
<∼

8|η|E0

9eIpkβ2

(
∆E

E0

)2

FWHM

. (6.8)

This is almost identical to the Keil-Schnell criterion in Eq. (5.19) with the average current

replaced by the peak current. For this reason, this longitudinal mode-mixing threshold

is often also referred to as the Keil-Schnell threshold. In fact, as is shown later, unlike

the Keil-Schnell criterion, the left-side of Eq. (6.8) is not the usual |Z‖0/n| of a broad

resonance. Instead it should be replaced by the effective impedance,

∣∣∣∣∣Z‖0n
∣∣∣∣∣ −→ Z

‖
0

n

∣∣∣∣∣
eff

=

∫
dω
Z
‖
0 (ω)

ω
ω0hm(ω)∫

dωhm(ω)
, (6.9)

where hm(ω) is the power spectrum of the mth azimuthal mode depicted in Fig. 6.1. In

fact, when made dimensionless, hm is a function of ωτ̂ only. For Sacherer’s approximate

sinusoidal modes, the power spectra of some lower azimuthal modes are shown in Fig. 6.4.

It is important to point out that it is the reactive part of the impedance that shifts the

frequencies of the different azimuthal modes and the resistive part of the impedance that

drive the stability. According to Fig. 6.4, for the azimuth m = 1 to mix with azimuth

m = 2, the peak of the resonance must have frequency between the peak of the power

spectra of the two modes, or

ωr ∼
π

τL
. (6.10)

In fact, this is expected, because with one or two oscillations in the linear density of the

bunch, the wavelength of this instability must therefore have wavelength comparable to
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Figure 6.4: Power spectra hm(ω) for modes m = 0 to 3 with zero chromaticity.

or shorter than the bunch length. The signal measured should correspond roughly to the

rms frequency of the bunch spectrum, which is also in the microwave region because an

electron bunch is often shorter than the transverse size of the vacuum chamber. For this

reason, this instability is also referred to as microwave instability.

6.3 BUNCH LENGTHENING AND SCALING

LAW

In Fig. (6.3), the dashed curve denotes the growth rate of the instability. It is evident

that the growth rate increases very rapidly as soon as the threshold is exceeded. We see

that even when the bunch current exceeds the threshold by 20%, the growth rate reaches

τ−1 ∼ ωs, or the growth time is Ts/(2π), much shorter than a synchrotron period. This

means that the radiation damping effect and the use of conventional feedback systems are

not very effective in damping the instability.

One way to avoid instability is to push the threshold to a higher value. If the bunch

length στ < ω−1
r , the bunch particles will sample mostly the capacitive part of the broad-

band impedance. The frequencies of the azimuthal modes will shift upward instead. It

will therefore be harder for the m = 2 and m = 1 modes to collide, the threshold will be

relatively higher.
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In reality, this instability is not devastating. The growth rate shown in Fig. (6.3) only

applies when the bunch length and energy spread of the bunch are kept unchanged. As

soon as the threshold is past, the bunch will be lengthened and the energy spread increased

to such an extent that stability is regained again. Unlike proton bunches no overshoot is

observed in electron bunches, probably because of the radiation damping. Typical plots

of the bunch length and energy spread are shown in Fig. 6.5. Note that because of the

Figure 6.5: Both the bunch length and energy spread begin to grow after the bunch
current exceeds its microwave instability threshold Ith. (a) The bunch length starts
with its natural value at zero current and becomes shortened due to the capacitive
potential-well distortion. (b) Below the instability threshold, the energy spread is
always at its natural value unaffected by the effect of potential-well distortion.

balancing of synchrotron radiation and random quantum excitation, there is a natural

momentum spread σδ0 and the corresponding natural bunch length στ0 is determined by

the rf voltage. This is what we see below the threshold. As the bunch intensity increases,

we may see the bunch length decrease if the bunch samples the attractive capacitive

impedance. This is called potential-well distortion which has been discussed in Chapter 4.

However, the momentum spread is still determined by its natural value and is not changed.

Unlike a proton bunch which can often be lost after the microwave instability threshold,

the electron bunch can stabilize itself by self-increasing its length and energy spread, as

illustrated in Fig. 6.5.

One way to observe this instability is to measure the increase in bunch length. We

can also monitor the synchrotron sidebands and see the m = 2 sideband approach the
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m = 1 sideband. This frequency shift, which is a coherent shift, as a function of beam

intensity is a measure of the reactive impedance of the ring. An accurate measurement

of the frequency shift of the m = 2 mode may sometimes be difficult. An alternate and

more accurate determination of the frequency shift can be made by monitoring the phase

shift in the beam transfer function.

Noting that the mode-coupling threshold, Eq. (6.5) or Eq. (6.7), depends on only one

parameter

ξ =
ηIb
ν2
sE0

, (6.11)

there is a scaling law relating the bunch lengthening and the frequency dependency of the

impedance sampled by the bunch. It says that the rms bunch length στ above threshold

is given by

στ ∝ ξ1/(2+a) (6.12)

when the part of the impedance sampled by the bunch behaves like

Z
‖
0 ∝ ωa . (6.13)

Here, Ib is the average beam current of the bunch. This scaling law was first derived by

Chao and Gareyte [2] and has been verified experimentally in the storage ring SPEAR

at SLAC. It can be proved easily by dimension argument using Eq. (6.9). The results

are plotted in Fig. 6.6. The scaling law can be easily proved by substituting the effective

impedance of Eq. (6.9) into the threshold condition of either Eq. (6.5) or (6.8), and noting

that the power spectrum h(ω) can be made dimensionless and therefore depends on ωστ
only. A similar proof will be given later in Sec. 12.3 below. Note that if the Keil-Schnell

criterion is applied, we always have στ ∝ ξ1/3 or a = 1, implying a long bunch seeing the

inductive part of the impedance. However, for SPEAR, measurements point to στ ∝ ξ0.76

or a = −0.68, implying that the SPEAR bunch is short enough to sample the capacitive

part of the impedance. This clearly demonstrates that the Keil-Schnell criterion is only

suitable for long bunches which sample the inductive part of the broad-band impedance,

and cannot be used in an electron machine where the bunch length is so short that the

capacitive part of the impedance is sampled. There is another big difference between the

microwave instability for coasting beam and the mode-mixing instability discussed here.

Above transition, which is true for nearly all electron rings, the tear-drop stability curve

of the coasting-beam based theory states that the beam will be unstable if it is driven

by a capacitive impedance which is large enough. However, it can be shown that pure

reactive impedance cannot lead to mode-mixing instability. The modes may cross each
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Figure 6.6: RMS bunch length σZ versus the scaling parameter ξ for the electron
storage ring SPEAR. The momentum compaction factor has been kept constant.
The measurement results indicate that στ ∝ ξ1/(2+a) with a = −0.68.

other when the frequency shifts are large enough, but no instability will materialize. (See

Exercise 12.3 below.)

This instability is not a devastating instability, because it results only in the blowup

of the bunch area. In fact, many storage rings, especially collider rings, operate above

this threshold, because a much higher beam intensity and therefore luminosity can be

attained. However, this may not be the situation for a light source, where we always want

to have shorter bunches so as to have smaller spot sizes for the synchrotron light. In order

to accomplish this the electron ring must be carefully designed so that the impedance is

as small as possible. On the other hand, it is very difficult to reduce the impedance in a

ring already built. For example, some capacitive structures had been placed in the SLAC

damping rings, so as to reduce the inductive impedance of the rings. The threshold of

the mixing of the m = 2 and m = 1 mode has been actually pushed higher. However,

the beam particles are now seeing mostly the real part of the impedance, which distorts

the bunch asymmetrically bringing out the importance of other radial excitation modes.
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Figure 6.7: Plot of bunch length versus time at the injection of the SLAC Damping
ring with an intensity of 3×1010 particles per bunch. The bunchlength was damped
rapidly in the first 2 ms after injection to a point where it was unstable against
microwave instability. Rapid growth took place until the bunch was self-stabilized.
After that it was damped by synchrotron radiation to below the instability threshold.
This repetition has the shape of sawteeth.

These radial modes actually collide at a threshold much lower than the previous threshold

before the modification. However, this instability due to the mixing of radial modes is

much weaker than the instability due to the mixing of azimuthal modes.

6.4 SAWTOOTH INSTABILITY

Before the modification of the vacuum chamber SLAC damping ring, a new form of

longitudinal instability coupling with synchrotron radiation damping was observed. Upon

the injection of a bunch, the bunch length decreased rapidly with a longitudinal damping

time of the order of 2 ms. When the bunch length passed below a threshold, a sudden

blowup in bunch length occurred in a time span comparable to or shorter than the 10 µs

synchrotron period, as illustrated in Fig. 6.7. This process was self limiting because of

the nonlinear nature of the short-range wake fields responsible for blowing up the bunch.

Since the blowup is faster than a synchrotron period, this might have been the type

of coasting-beam based microwave instability governed by the Boussard-modified Keil-
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Schnell criterion. Once the blowup ceased, the bunch damped down until the threshold

was reached again in about a synchrotron damping time of ∼ 1.3 ms. Thus, a cyclical

repetition of the instability was observed and termed according to its shape saw-tooth

instability [4].

The time dependent nature was seen in the bunch-length signal from the Beam Posi-

tion Monitor (BPM) electrodes and the bunch-phase signal from the synchronous phase

monitor. The bunch phase can be referenced to either the 714 MHz rf of the damping ring

or to the 2856 MHz S-band rf of the linac. The synchronous beam phase angle is given

by φs = sin−1(Us/Vrf), where Us is the energy loss per turn as a result of synchrotron ra-

diation. The higher-order mode losses of a bunch are functions of the line charge density

and are inversely proportional to the bunch length. As the bunch blew up, the higher-

order losses decreased and the beam phase shifted by about 0.5◦ at 714 MHz during a

saw-tooth. This translated into a 2◦ jump at the S-band in the linac. This magnitude

of phase error caused a problem with the rf bunch length compressor in the ring-to-linac

beam line. When this instability took place, the bunch would be incorrectly launched into

the linac and might eventually be lost on the downstream collimators, causing the linac

to trip the machine protection circuits. For some consequences, see Exercises 6.3 and 6.4.

This instability can also be observed in the frequency domain. As the beam was

damped down to the instability threshold, strong signal appeared at the 3νs sideband,

corresponding to a sextupole mode of oscillation in the bunch length. Although this

sideband was referred to as 3νs, its frequency was depressed from 3 times to ∼ 2.6 times.

There is a threshold for this instability, which occurred at around 3×1010 particles per

bunch for a nominal rf voltage of 1 MV. At higher intensity, the sawteeth appeared closer

together in time. The process could be viewed as a relaxation oscillator where the period is

a function of the bunch length damping time and the trigger threshold. The damping time

is constant but the bunch length at which the bunch went unstable increased at higher

intensities. When the bunch intensity was increased to 4 × 1010 particles, a transition

occurred to a second regime with “continuous sawteeth”.

Lowering the rf voltage is a means of increasing the equilibrium bunch length and

extending the intensity threshold. This is because the Landau damping from the energy

spread, which is determined by synchrotron radiation, is unchanged, but lengthening

the bunch reduces the local peak current and brings the bunch below the Keil-Schnell

threshold according to Eq. (5.19). A low rf voltage, however, is not suitable for efficient

injection and extraction for the damping ring. Therefore, the rf voltage was ramped down
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from 1 MV to 0.25 MV approximately 1 ms after injection, as illustrated in Fig. 6.8. It

was ramped up back to 1 MV 0.5 ms before extraction. In this way the onset of saw-tooth

instability had been suppressed up to an intensity of 3.5× 1010 per bunch.
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Figure 6.8: The rf voltage was lowered in the SLAC damping ring after injection
and before extraction, thus lengthening the bunch and reducing the local charge
density. This raised the microwave instability threshold and prevented the sawtooth
instability.

Here, we want to mention another difference between electron and proton bunches.

Although lowering the rf voltage may stabilize an electron bunch, this certainly will not

work for a proton bunch. This is because for an electron bunch, the energy spread is

determined by synchrotron radiation and will not change as the rf voltage is lowered.

On the other hand, for a proton bunch, the bunch area conserves. Thus lowering the

rf voltage will diminish the energy spread instead, although the local linear density is

decreased. Recall the Boussard-modified Keil-Schnell criterion [3] or the Krinsky-Wang

criterion [1] for Gaussian energy spread distribution,∣∣∣∣∣Z‖0n
∣∣∣∣∣ < 2π|η|E0

eIpkβ2

(
σE
E0

)2

. (6.14)

Assuming also a Gaussian linear distribution,

Ipk =
eN√
2πστ

, (6.15)
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where στ is the rms bunch length in time. Constant bunch area of a proton bunch implies

constant στσE. Thus, the threshold is directly proportional to the energy spread σE is

inversely proportional to the bunch length στ . Reducing the rf voltage will make the

proton bunch more susceptible to microwave instability. Such instability is very often

seen when a rf rotation is perform to obtain a narrow proton bunch. The rf voltage is first

lowered adiabatically in order to lengthen the bunch to as long as possible. The rf voltage

is then raised suddenly to its highest possible value. The long and small-energy-spread

bunch will rotate after a quarter of a synchrotron oscillation to a narrow bunch with large

energy spread. Microwave instability may occur as the rf voltage is lowered adiabatically.

To avoid this instability, one way is to snap the rf voltage down suddenly so that the rf

bucket changes from Fig. 6.9(a) to 6.9(b). The bunch will be lengthened after a quarter

synchrotron oscillation. The rf voltage is then snapped up again as in Fig. 6.9(c) so that

the lengthened bunch rotates into a narrow bunch as required. Since snapping the rf

voltage is much faster than lowering it adiabatically, this may prevent the evolution of

microwave instability. Such a method is also used in bunch coalescence at Fermilab.

(c)(a) (b)

Figure 6.9: Bunch shortening is performed by snapping down the rf voltage Vrf ,
rotating for 1

4 synchrotron oscillation, snapping up Vrf , and rotating for another 1
4

synchrotron oscillation.

6.5 EXERCISES

6.1. Derive the incoherent synchrotron tune shift in Eq. (6.4) driven by an inductive

impedance.

6.2. (1) Derive the mode-mixing threshold, Eq. (6.5), by equating the synchrotron tune
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shift to the synchrotron mode separation.

(2) Rearrange the result to obtain the Keil-Schnell like criterion of Eq. (6.8).

6.3. There is a difference in energy loss between the head and tail of a bunch in a linac

because of the longitudinal wake. Take the SLAC linac as an example. It has a

total length of L = 3 km and rf cavity cell period L0 = 3.5 cm. The bunch consists

of N = 5× 1010 electrons and is of rms length σz = 1.0 mm. The longitudinal wake

per cavity period is W ′
0 = 6.29 V/pC at z = 0+ mm and 4.04 V/pC at z = 1 mm.

(1) Consider the bunch as one macro-particle, find the total energy loss by a parti-

cle traveling through the whole linac, taking into account the fundamental theorem

of beam loading (proved in Sec. 7.4.1 below) that a particle sees exactly one half of

its own wake.

(2) Conside the bunch as made up of two macro-particles each containing 1
2
N elec-

trons, separated by the distance σz. Find the energy lost by a particle in the head

and a particle in the tail as they traverse the whole linac.

6.4. A more detailed computation gives 1.2 or 2.1 GeV as the energy lost by a particle
1
2
σz ahead or behind the bunch center. This energy spread needs to be corrected to

ensure the success of final focusing at the interaction point of the SLAC Linear Col-

lider. The rf voltage is 600 kV per cavity period and the rf frequency is 2.856 GHz.

(1) Explain why we cannot compensate for the energy spread by placing the tail of

the bunch (1
2
σz behind bunch center) at the crest of the rf wave so that the tail can

gain more energy than the head.

(2) The correct way to eliminate this energy spread is to place the center of the

bunch at a rf phase angle φ ahead the crest of the rf wave such that the gradient

of the rf voltage is equal to the gradient of the energy loss along the bunch. Show

that the suitable phase is φ = 17.3◦.

(3) The accelerating gradient will decrease with this rf phase offset. A compromise

phase is φ = 12◦. Compute the head-tail energy spread with this phase offset and

compare the effective accelerating gradients in the two situations.

(4) Assume that the saw-tooth instability adds to a ±2◦ uncertainty in rf phase

error, implying that φ now becomes 10 to 14◦. Compute the head-tail energy spread

and the center energy uncertainty under this condition. Repeat the computation if

the rf phase jitter is ±5◦ instead.

6.5. A particle at time advance τ inside a bunch of linear particle distribution λ(τ )

(normalized to total number of particles N when integrated over τ ) sees a voltage
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due to the longitudinal wake,

V (z) = −e
∫ ∞
τ

W ′
0(z/v)λ(τ − z/v)

dz

v
(6.16)

and suffers an energy loss. The energy loss of the whole bunch or the parasitic loss

is

∆E = e2

∫ ∞
−∞

V (τ )λ(τ )
ds

v
. (6.17)

Note: ∆E actually denotes the energy gained.

(1) Show that the parasitic loss can also be written as

∆E = 2πe2

∫ ∞
−∞

Z‖0(ω)
∣∣∣λ̃(ω)

∣∣∣2 dω , (6.18)

where the Fourier transform of the linear distribution is defined as

λ(τ ) =

∫ ∞
−∞

λ̃(ω)e−iωτdτ . (6.19)

(2) Show that the space-charge-like wake field W ′
0(z) = Lδ′(z/v) does not cause

parasitic energy losses.

(3) For a Gaussian bunch with rms length στ , show that the parasitic energy loss

per unit length due to the resistivity of a circular beam pipe of radius b is

∆E =
e2N2Γ(3

4
)

4π2bσ3/2
τ

(
Z0µr
2σc

)1/2

, (6.20)

where σ is the wall conductivity, µr is the wall relative magnetic permeability, and

Γ(3
4
) = 1.22542 is the Gamma function. You may use Eq. (1.36) for the wall impe-

dance.

(4) For the SSC the stainless steel beam pipe radius is b = 1.65 cm with a con-

ductivity of σ = 2.0× 106 (Ω-m)−1 at cryogenic temperature and relative magnetic

permeability µr ≈ 1. There are two proton beams, each of which has M = 17280

bunches with N = 7.3× 109 protons each and an rms length σz = 7 cm. Compute

the power load on the cryogenic system due to the parasitic power heating of the

beam pipe wall. To reduce the cryogenic load, the inner surface of the beam pipe is

coated with a layer of copper having σ = 1.8×109 (Ω-m)−1 and µr = 1 at cryogenic

temperature. Recompute the heat load.
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