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Abstract

We investigate the physical consequences of a relativistic covariant evolution

of the cosmological term �. While previous studies only consider a decaying

� in a Robertson-Walker universe, we look into the evolution of � both in an

isotropic and homogeneous universe and in a universe perturbed around the

Robertson-Walker background. We show that when departures from homo-

geneity are taken into account an evolving � may be disfavored.
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I. INTRODUCTION

A cosmological constant � has been invoked over the last years to solve several cosmo-

logical issues [1,2]. Dynamical estimates of the total matter of the universe tend to indicate

that the total matter density is below the critical value that makes the universe 
at. A pos-

itive � �lls the gap between this low total matter content and the energy density required

to have a 
at universe [3], the latter being predicted by many in
ationary models of the

very early universe. A positive � also solves a possible age crisis [4]. The recently measured

luminosity distances of high redshift type Ia supernovae suggest the existence of a positive

cosmological term [5]. On the other hand, gravitational lensing analyses set an upper bound

on � [6].

The cosmologically preferred value for a present cosmological term is � � H2
0 , where H0

is the present Hubble constant. In quantum �eld theory one can argue that the cosmological

term should be related to the vacuum energy and therefore one would expect � � GM4,

where G is the Newton constant and M is the energy scale at which the cosmological

term originates [7]. The most popular candidates for M are the Planck mass and the

supersymmetry breaking scale. In both cases the value of � is many orders of magnitude

larger than H2
0 . One way out of this problem is to assume that � decays in time from these

large values at the epoch t � G�1=2M�2 to its small present value.

Several expressions for �(t) have been proposed in the literature [8{20]. Most of them give

�(t) as a decreasing function of the scale factor a(t) in a Robertson-Walker (RW) universe

(or equivalently as a function of t or H(t) � _a=a). However, according to general relativity,

if � is evolving, one should be able to write down a covariant equation that describes the

evolution of the cosmological term, which should depend on all the coordinates �(x). Only

for the background case, in which inhomogeneities are neglected, one would recover �(t) as

a function of a(t). The purpose of our work is to investigate the consequences of including

general covariance when studying a decaying cosmological term.

A reasonable expression for a covariant decay law of the cosmological term is
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2�(x) = F
�
�(x); g��(x)

�
; (1)

where 2 � r�r�, being r� the covariant derivative, and where F is a scalar function of

� and the metric g��. This function is not completely arbitrary, certain physical require-

ments have to be obeyed by F . First of all, the solutions to Eq. (1) in the RW background

have to decrease in time and always remain positive, as argued above. Another physical

property that should be implemented in F is that the vacuum energy density must be much

smaller than the radiation and matter density during most of the early evolution of the uni-

verse [9,21,22]. A vacuum energy density comparable to the radiation density at time � 1 sec

would spoil the agreement between the observed cosmic abundances of light elements and

the primordial abundances calculated with the standard big bang model. The vacuum en-

ergy density must be small compared with the matter density at matter-radiation equality

and last scattering in order to leave gravitational growth of small matter density perturba-

tions unscathed. Only until recent times the � energy density can begin to be signi�cant.

Therefore, expressions for F that give scaling solutions in a RW background (vacuum energy

density proportional to radiation or matter density) are not allowed. On the other hand,

F should not produce a � that decays very steeply, since we would like the cosmological

term to be signi�cant today and possibly to be the dominant energy contribution at present.

Finally, if � is responsible for cosmic in
ation in the very early universe, one should choose

F so that Eq. (1) includes constant or nearly constant solutions for a vacuum dominated

universe, in order to have a long enough in
ationary epoch.

If the cosmological term evolves with time then the radiation plus matter energy-stress

tensor is no longer conserved. From the Einstein equations

G�� = 8�GT�� + �g�� (2)

one obtains

r�T
�
� = �

1

8�G
@��; (3)
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with G�� the Einstein tensor and T �
� the energy-stress tensor of radiation plus matter.

Equation (3) allows a nonconstant � to decay into radiation and/or matter.

A current subject of study is the possibility that an important contribution to the total

energy density of the universe is given by a dynamical scalar �eld, sometimes referred as

quintessence [23{26]. The e�ective pressure of this new component can be negative for

certain scalar �eld potentials. An energy component with negative pressure seems to be

favored by observational data [27]. In some models the late time behavior of this scalar �eld

mimics that of a cosmological constant. We would like to emphasize the di�erence between

these scalar �eld models and our work. For a scalar �eld � one starts with a Lagrangian

L = 1

2
g��@��@��� V (�), and de�nes the energy-stress tensor for the scalar �eld component

as

T �
�� = @��@��� g��L; (4)

which is conserved. We do not regard � as a scalar �eld in the usual sense. Although the

decay law (1) could be derived from a Lagrangian ~L for �, we do not de�ne its energy-stress

tensor using this Lagrangian. The energy-stress tensor of � is

T�

�� = �g��; (5)

independently of the decay law (1) [28].

It turns out that the simplest form of F that obeys all the physical requirements previ-

ously listed is F = 0, so that a decay law for the cosmological term could be 2� = 0. In the

next section we shall solve this equation in a RW background and see that its behavior is

physically correct. In Sec. III we consider a space-time that is slightly perturbed around the

RW background. We shall show that a nonconstant cosmological term can alter signi�cantly

the standard scenario of structure formation. Finally, in Sec. IV we give the conclusions.

We always assume negligible spatial curvature, as predicted by most in
ationary models.
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II. EVOLUTION OF � IN A RW BACKGROUND

For a 
at homogeneous and isotropic universe Eq. (1) with F = 0 reduces to

�� + 3H _� = 0: (6)

During the radiation dominated era, the solution to this equation is

�(t) = c1 +
c2
a(t)

; (7)

where ci are constant factors; we can always choose these factors so that the vacuum energy

density �� = �=8�G is much smaller that the radiation density �r. Since at early times

� / a�1 while �r / a�4, the evolution of the cosmological term does neither modify big bang

nucleosynthesis nor the standard evolution of the universe during the radiation dominated

epoch.

At later times the universe becomes matter dominated. The solution to (6) is then

�(t) = c01 +
c02

a(t)3=2
: (8)

However, since the matter density drops as �m / a�3, faster than ��, it comes a time when

the latter is comparable or larger than the matter density. Then expression (8) is no longer

true. In order to solve Eq. (6) at late times we have to include � in the Friedmann-Lemâ�tre

(FL) equations. For a 
at universe these equations can be written as

�
_a

a

�2

=
8�G

3
�+

�

3
; (9)

�a

a
= �

4�G

3
�+

�

3
; (10)

where we have assumed for ease that the cosmological term decays only into matter (and

we omit the label m in �). From the FL equations, or from Eq. (3) in a RW background,

one obtains

_�� = �
1

a3
d
�
a3�

�
dt

; (11)
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which explicitly shows that the cosmological term decays into matter.

Using observations of the cosmic gamma ray background it was shown [9] that a � that

decays into baryons and that conserves baryon number is ruled out. However, it is not

unnatural to assume that � is decaying mainly into some form of dark matter since, in

fact, nonbaryonic dark matter seems to dominate the total matter content of the universe.

Furthermore, if � is actually decaying, only unknown physics at high energy scales could

account for it. Since at high energies violation of baryon number is needed to produce the

cosmic matter-antimatter asymmetry, it does not seem unreasonable to suppose that the

decay of � violates baryon number.

It is convenient to use the dimensionless variables x � _�=H3 and y � �=3H2 and recast

Eqs. (6), (9), and (10) as a plane autonomous system

x0 = �
3

2
x(1� 3y); (12)

y0 =
1

3
x+ 3y(1� y); (13)

being 0 � d=d lna. In addition, one has the 
at universe constraint � = 3H2

8�G(1�y). Once the

present values of x and y (x0; y0) are speci�ed, there exist a unique solution to this system

of equations. In the particular case x0 = 0 we recover the usual (nondecaying) cosmological

constant scenario

x(a) = 0; (14)

y(a) =
1

1 + 
0

1�
0
(a0a )

3
; (15)

where 
0 and a0 are the present matter density to critical density ratio and the present

expansion factor, respectively.

Our autonomous system has three �xed points: the unstable nodes (x; y) = (0; 0) and

(�2; 1=3), and the stable node (0; 1). The �xed point (0; 0) corresponds to the early universe,

with a negligible � energy density. The unstable point (�2; 1=3) corresponds to unacceler-

ated expansion �a(t) = 0. The stable �xed point (0; 1) represents a universe dominated by a

cosmological constant, it acts as a late time attractor.
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We plot in Fig. (1) numerical solutions to Eqs. (12) and (13) for several values of (x0; y0).

The requirements _� � 0, � > 0 and � > 0 at any time, or equivalently, x � 0 and 0 < y < 1,

constrain the physical trajectories to lie inside a bounded region on the (x; y) plane. As a

consequence, given a y0 = 1�
0 the present decay rate _�0 is limited by x0m � x0 � 0, where

x0m can be calculated numerically. Figure (1) shows that all physical trajectories start with

a matter density much larger than the � energy density. At low redshifts z � 1 � 0:1 the

universe becomes � dominated and eventually all physical trajectories fall into the late time

attractor.

-3 -2 -1 0
0

0.2

0.4

0.6

0.8

1

FIG. 1. The 
ow of trajectories on the (x; y) plane is depicted for the autonomous system given

by Eqs. (12) and (13). The shaded region contains the physically meaningful trajectories. This

region is bounded by two of the \asymptotes" of the unstable node (�2; 1=3) and by x = 0.

Therefore, F = 0 in Eq. (1) gives a covariant decay law for the cosmological term that

is physically acceptable in an unperturbed RW universe. Another possible choice for F ,

without introducing arbitrary mass scales, is F = �(R + 4�)�, where � is a dimensionless

parameter and R is the Ricci scalar. It can be shown that unless � is small, 0 � � � 3=16,

the physical requirement _� � 0 is not obeyed.

On more speculative terms, if there is a nonvanishing � it should be somehow related to
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the vacuum state of a quantum theory, and if � is unstable its decay should be governed by

quantum mechanics. Hence, one expects an exponential time decay for t � � , where � is the

lifetime of �. One can assume � � M�1, being M the energy scale at which � originates.

But for times t � � , the rules of quantum mechanics give slower decay rates, power-laws

in time for the usual cases [29]. This is compatible with the decay rates (7) and (8) and

some of the decay rates in a RW universe proposed in other papers [30]. For more involved

expressions of F containing arbitrary mass scales, it may be harder to obtain power-law

solutions in a RW background.

To end this section we would like to remark that, according to general relativity, any

decay law for � in a RW background should be derived from a covariant decay law, inde-

pendent of the coordinate frame, once one choses a coordinate frame in which the universe

looks isotropic and homogeneous. It is not clear whether this can be achieved for all the

decay laws in a RW universe proposed in the literature.

III. SMALL PERTURBATIONS

We have found that there are expressions for F in the covariant equation (1) that produce

interesting decay laws of � in a RW background. We shall proceed to study the physical

consequence of Eq. (1) in the realistic case that one has small departures from an isotropic

and homogeneous universe in the early universe.

In an inhomogeneous universe an evolving cosmological term depends on all the spacetime

coordinates, like the other energy components. Therefore, we consider small perturbations

of both � and �� respect to their background values

�(x) = �b(t) + ��(x); (16)

��(x) = ��b(t) + ���(x): (17)

The evolution of these perturbations is given by the continuity and Euler equations of a

perfect 
uid made of matter and an inhomogeneous �. Both equations can be derived from

Eq. (3) only keeping terms that are �rst order in the perturbations
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_� +
1

a
@iv

i
� 3 _� =

_��b
�b

� �
� _��
�b

; (18)

_vi +Hvi +
@i�

a
+

@i�p

a�b
=

_��b
�b

vi +
@i���
a�b

; (19)

being vi the peculiar velocity of matter, �p the matter pressure perturbation, and � � ��=�b.

We always use the Newtonian gauge, � is the Newtonian potential [31]. The left-hand sides

of Eq. (18) and (19) are the familiar expressions that one obtains when studying structure

formation in a matter dominated universe. The nonvanishing right-hand side terms stem

from the evolving � which acts as a source and sink of matter.

In addition, the evolution equation of � (1) gives, to �rst order in the perturbations,

���� + 3H� _�� �
r2���
a2

� 4 _��b _� = 0; (20)

where we have set F = 0.

At early times, when the universe is matter dominated, we can neglect the last term in

Eq. (20). Hence, working in Fourier space the evolution equation for � can be written as

���� + 3H� _�� +
k2���
a2

= 0: (21)

For modes outside the horizon k < aH the solution to this equation is ��� = constant +

decaying term. For modes inside the horizon k > aH we obtain

��� =
1

a
(�1 exp ik� + �2 exp�ik�) ; (22)

where the parameters �i are independent of time and � is the conformal time dt = a d�.

Although in a RW background the equation 2� = 0 renders a cosmological term that

monotonously decays in time, when one considers departures form homogeneity one �nds

that, for subhorizon modes, this covariant equation allows � $ �� oscillations with a de-

creasing amplitude.

To study the impact of these oscillations on the growth of matter perturbations, we

follow the standard procedure of combining the continuity (18) and Euler (19) equations in

a single second order di�erential equation [32]. Neglecting matter pressure gradients (i.e.

for modes smaller than the Jeans mode k < kJ), and for times when �b � ��b we �nd
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�� + 2H _� �
r2�

a2
= �

2

�b

�
r2���
a2

+H� _��

�
: (23)

Once again this equation is the same as that obtained in the standard case but with a source

term on the right-hand side which accounts for the inhomogeneities of the cosmological

term. For superhorizon scales the source term is approximately zero and one recovers the

standard case. For scales smaller than the horizon, using Eq. (22) and the Poisson equation

r2� = 4�Ga2�b�, we obtain

�� + 2H _� � 4�G�b� =
2k2

a3�b
(�1 exp ik� + �2 exp�ik�) : (24)

The solution to this nonhomogeneous linear di�erential equation is

� = �stand + �new; (25)

where we have split the solution into two terms

�stand = �1H + �2a; (26)

�new = a2 (
1 exp ik� + 
2 exp�ik�) ; (27)

with �i and 
i � �2�i=(a
3�b) independent of time. We have employed a3�b ' constant at

early times and used k > aH or equivalently k� > 1, for scales smaller than the horizon. In

addition to the standard decaying term / H and the growing term / a, there is a new fast

oscillating term with an amplitude growing as a2. This new term can be written as

�new = �2
��b
�b

��; (28)

where we have de�ned �� � ���=��b. In a matter dominated universe and for scales below

the horizon we �nd �� / a1=2. Leaving out the decaying part and keeping only the amplitudes

in the oscillatory terms we obtain

�new
�stand

�
��(tk)

�stand(tk)

�
ak
a0

�3=2 a

ak
; (29)

being tk and ak the time and expansion factor when the scale k crosses the horizon, respec-

tively (we concentrate on scales that cross the horizon after radiation matter equality). The
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standard scenario of structure formation is not altered provided �new � �stand. Therefore,

��(tk) cannot be much larger than �stand(tk). However, before the mode k enters the hori-

zon the evolution of matter perturbations in the Newtonian gauge is essentially given by

�stand = constant [31], while perturbations in � grow as �� / a3=2 in a matter dominated

universe and �� / a in the radiation dominated epoch. Therefore, one has to start with

vanishing or extremely small � perturbations in the very early universe compared to the

ordinary matter density perturbations in order to have a �� that is not much larger than

�stand at horizon crossing. In principle, there is no reason to expect perturbations in an

evolving � to vanish initially. To avoid the disturbing consequences of the right-hand side

in Eq. (23) one should assume that � is really a nonevolving term with initial perturbations

set to zero, i.e. a truly cosmological constant.

IV. CONCLUSIONS

A decaying cosmological term has been considered in several papers to explain the dis-

crepancy between the large value for � expected from quantum �eld theory and the small

value suggested by observations. So far, only decay laws in a RW have been studied, and

departures from homogeneity have never been taken into account. We notice that, accord-

ing to general relativity, a proper description of a decaying � has to be addressed using a

covariant equation governing its dynamics. Any possible decay law for � in a RW universe

should be derived from a covariant equation once one selects a coordinate frame in which the

universe looks homogeneous and isotropic. We have proposed a class of possible covariant

decay laws (1) and studied the simplest case 2� = 0 in detail. We have shown that it makes

physical sense in a RW universe. We have gone a step further compared to previous work

and we have investigated the consequences of our evolving � in a universe that is slightly

perturbed around the homogeneous background. We have found that the inhomogeneities

in � act as a source of matter perturbations and, unless the initial � perturbations are set

to extremely small values, the growth of matter perturbations is boosted and the standard
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scenario of structure formation is destroyed. Similarly, an increase in radiation perturba-

tions would be present if we assumed a cosmological term that decays into radiation. In

a di�erent approach one could consider a �rst order di�erential equation for the evolution

of �. However, one should then write down an equation independent and compatible with

Eq. (3), which should probably involve a new four-vector di�erent from the four-velocity

of the cosmic 
uid. In any case, in this paper we have argued that the usual procedure

of studying a decaying cosmological term only in a RW universe is oversimpli�ed and that

proper account of covariance and of departures from homogeneity should be included in any

model of a decaying �.
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