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General Remarks and Notations:

W/, denotes mth azimuthal longitudinal wake function as a function of distance z for

2<0. When 2>0, W) (z)=

The mth azimuthal longitudinal 1mpedance Zm, ! (w)

to the transverse impedance of the same azimuthal Z;-(w

0 and W/ (0 )— hm W/ (z). Similar for transverse wake W,.
= fe_wz/”WJ,‘L(z)dz/v is related

) = [ e WHWk(2)idz/(Bv) by

Zl = (w/c)Z;- (valid when m # 0). In many cases, 3=v/c has been set to 1.
Unless otherwise stated, round beam pipe of radius b is assumed. C' = 27 R is the ring

circumference and n is the revolution harmonic. Z;

~ 377 () is the free-space impedance.

€o and pg are the free-space dielectric constant and magnetic permeability.

Description Impedances Wakes
Space-charge: [1] ZH . ZoL b ,  ZocL b
beam radius a in a n 2057 [1 +2n a] Wo = 42 [1 +2In a] &'(2)
length L of perfectly gL ZoL 1 1 W= ZocL [L_L]g(z)
E?Ef P A R Rl b?—m] 70T 2y Pm [P b2
Resistive Wall: [1] zl W zZL Zoe/(mb>™)
pipe length L, wall | 7~ = 7 — . 7 22 L2
thickness ¢, conduc- [1+sgn(w)i] (1+0mo)be UQC‘WO‘C - %f—i—wl + 4
tivity o, skin depth
Sekin. t>0skin=1/2¢/(|w|Zo0d), |w|>cx/b, x =1/(Zpocb)

7l — fzi c Zo L
For { > dun and v W= T (170 \ 70 17
b/91(/3>> 2] = ¢/ |w] > 7l 1—sgn(w)i L o ‘
bX ™ + Oom 7-‘_0_(:551(111[72771—’—1 W/ =— c ﬁ L
b (14-6ym0) \ o |2[3/2
For t < dgkin Or very I N ,
low freq., and b/x> | Zo _ _iZotw  Zi _ _iZot %___Zotc(;’(z) %___Zotcé(z)
= =——= = , = 3
|2 & ¢/|w| >0t L 2rbe T L b L 2mb L b
A pair of strip-line wl 2wl
BPAs: 2] Tengih I, | Z0 =27 [%] 25?2 isin =] W5 =27 [;ii] 6(2) — 6(:+2D)
angle each subtend- I 472 87
ing to pipe axis o, |z |20\ 2 [ ] sin? 0 |y =32eC 2 9 ) H o)
forming  transmis- w palr ®o 2 m2b 2
sion lines of charac-
teristic  impedance The strip-lines are assumed to terminate with impedance Z. at

Z. with pipe.

the upstream end.

Heifets inductive im-

I _ wk , AL [ 22]
edance: [3] low freq. 2y =—"——"3" Wl = 14 22| e#la
gure ind[u(]:tar‘z:e g ’ (1—iwa/c)’/? 0 aymaz a
Zg rolls off as w™1/2, — TiwLasw—0 — 2L (z) asa — 0
Pﬂl-bOX Cavity at H . WZ() 92 Z()C 92
low frequencies with Zy = — omch gh — o Wé = 9 gh — o '(2)
length g and depth . ) , )
h, where g < h [6]. gl _ ;%0 g _ Zoc 4
! U gh 2m " b3 gh 2m 22)




Description Impedances Wakes
Pill-box cavity at I ‘wZyh? 2rg 1 , Zoch? 2rg 17
low frea.r length | A=z mRs) | Wi g
274h 2 1 2Zych 2 1
where b < g < h [0 |zt = 2200 [m%hﬂ =22 [1 %%5] 5(2)
geenl;gttﬁl dga Tadﬁé m (1 +5m0)7.r3/2b2m+1 ‘ ‘ m (1 +(5m0)7r2b2m+1
freq. w > /b, 72l =7k Wl = JOV29 e
diffraction model ¢ (140mo) 20>+
applies [1].
Optical model:  [7] N 9mC.. G\ F
A series of cavities Rezll = Z Tk 6(w — wn) + U 1SV5 (u)b%(Ly) (w—wy)
of periodic length =1 (1+0mo)
L. Each cavity ; m) . wnz  20,G@) [ wz
has width g, high W, = 2:1214,‘” cos — =+ (1+5m0)b2m/dewF(u) cos —
-
@ resonances OL| e Cuu = 27072/ (x2C2) ~ 650 2 for m = 0 and 1650 € §
freq. wn/(27) and | Where gy 0Jm1/ (m or m an or
loss factor k™ for | ™= 1, jm1 is first zero of Bessel function J,,, { = 0.8237.
n 2
azimuthal mode m. G(0)=r*Ki(p) F(u):ﬂ E:w_b V:L:M
e (v+2yv+2)%’ Bryc’ wey  (PevgL
Formulas for com- o0 wz . @ wz
putation of W . / dwF(v) cos = wey Fo(2/c) —/0 dwF(v) cos ~
erfe(x) is the o 00
complementary Fy(z) = / dwF(v) coswz = %(1 + 4:1:)62”erfc(\/2 ) — %
error function. 0
Resonator model for (m) (m) -
R R
the mth azimuthal, Z7Hn = , - Wi = si_Cqu %/ sin %
with  shunt imp. 1+iQ (wr/?} )_ w/wr) wr ¢
Rgm)’ resonant freq. | yL _ C . RS where a = w,/(2Q)
wy/(27), quality " w 1414Q (wr/w —w/wy) Op = /|w? — 2|
factor @ [1].
Res. freq. w?nnp a2, pPr?
wmnp/(QW) and 2 g2 + 92
shunt impedance
(Rs)mnp of a pﬂl—box ) ) Sin2 ngnp % (1 + 50 p even
cavity for nth radial | [Ls _ Zo 8 20 ( 2
and pth longitudi- | | @ Joy, 23, Jo2(Ton) TYWonp cos2 gWonp p odd
nal modes. Radial 2p¢c
depth h and length o QWi
g. Tmn is nth zero of "R, Z 922 sin” sz x (1+dop) peven
Bessel function J, - =
[8]. " L@V (1) ng%}%np cos? QSJ% p odd




Description Impedances Wakes
Low-freq. response 7l Zog Zpcg
of a pill-box cavity: ?0 =~ 'S9'R InS Wy = — o In S &' (2)
[4] length g, radial 7082 —1 Zoca S —1
depth d.  When Zi = 2092 — - Wy = 2092 T
mh? 5% + 1 b2 52 +1
g > 2(d—b), replace

g by 2(d — b). Here,
S = d/b.

Effect will be one half for a step in the beam pipe from radius b
to radius d, or vice versa, with g replaced by 2(d — b).

Iris of half ellipti- I wZoh? Zoch?
Py : Zy = —i Wh=—-——"—1¢
fal crfoss sectlor}d?}tl 0 t 4ch 0 1b (2)
ow freq.:  wi 5 5
2a, maximum pro- Zi = —i@ W, = _ Zoch 5(2)
truding length h [5]. 20 20
Pipe transition  at 271 2
e | wb*Zi wZoh bo 3 0\ ™
low freq.: tapering Zy= 5 = g2 In Z—QGCotG +§—7—¢ — —§cot 9—%
angle 6, transition
height h. v is Euler’s 7l
constant and ¢ is Wy = — UO A(z), Wi=- ‘Zﬂ cd(z), hcotf <b
the psi-function [6].

i iti b? Zoh® (. 2mb 1
Pipe tran51t19n .at ZH _ w—Zf _ —iw 0 0 <m0 T
low frequencies with 0 2% 272¢ch h 9
transition height 7l
h< b [6]. Wo=—|22|20(:), Wi=—|zi|cd(:)
Kicker with window- 7l w?pd L2} W AudL?xd 1(02)

= - - 'Y z

fr.ggn}e1 maineth [91]): 0 4027}, 0 4027, °
width a, height b, 272 3,212
length L, beam offset L= CZJ/;OZ Wy = _CZLIQOZ §(2)
xo horizontally, and "2k a” 2k

all image current
carried by conduct-
ing current plates.

Zy = —iwl + Zy with L ~ p10bL/a the inductance of the windings
and Z, the impedance of the generator and the cable. If the kicker

is of C-type magnet, zg in Zg should be replaced by (z¢ + b).

Traveling-wave kicker
with  characteristic
impedance Z. for
the cable, and a
window magnet of
width a, height b,
and length L [9].

‘_é . 2Q_~ e ] l_ZCL[l—COSQ_,(_Sin9>]
Zy = 1 [23111 5 i(0 —sinb)|, Zi =1db 7 il 7
/_ch[ _(_E>_E/ ]
Wy = 1 d(z)—0d( = » » 5(2)
Zev Lc\ Lc
= H(N=H(z2—==—= )=
Wi = 2o [ (2) (z - ) - 5(2)]

0 = wL /v denotes the electrical length of the kicker windings and
v = Zeac/(Zpb) is the matched transmission-line phase velocity of
the capacitance-loaded windings.

Bethe’s electric and
magnetic moments of
a hole of radius a in
beam pipe wall [10].

Electric and magnetic dipole __ 2% 33 - 4 35
moments when wavelength>> a: d 3¢ B, m 3o a’B
FE and B are electric and magnetic flux density at hole when hole
is absent. This is a diffraction solution for a thin-wall pipe.




Description Impedances Wakes
Small obstacle 5, 11] | W e + , Qe + am -,
on beam pipe, 8ize ZO = _Z?W WO _Z()C 47‘(2[)2 1) (Z)
< pipe radius, freq. Z W) O .
below cutoff.  a. | Zzi=— % cos Ap Wy = -2 ot Co8 Apd(z)
and «,, are elec- b

tric polarizability
and magnetic sus-
ceptibility of the
obstacle.

A is the azimuthal angle between the obstacle and the direction
concerning Zi- and Wj.

Polarizabilities for various geometry: beam pipe radius is b and wall thickness is t.

Elliptical hole: ma-
jor and minor radii
are a and d. K(m)
and E(m) are com-
plete elliptical func-
tions of the first and
second kind, with
m = 1-mj and m; =
(d/a)?. For long el-
lipse L beam, major
axis a < b, beam
pipe radius, because
the curvature of the
beam pipe has been
neglected here [12].

ra K m)—B(m)] (7' I(a/d)—1] | beam

ot — 3E(m)[E(m)—miK (m)] 52! 3a d<b
M Y rad [E(m)—m1K(m)] ellﬁggse ra’ | beam
3[K(m)—E(m)] 3[In(4a/d)—-1] a<b

circular 2¢3

circular holea =d < b

Qe+, 0

Above are for t < a, x0.56 (circular) or x0.59 (long ellipse) when
t>a.
For higher frequency correction, add to . + a.,, the extra term,

rad? | w2a?

3 5¢2
+27ra3 2wa
3 |5c%(In(4a/d) — 1]

|| beam
long ellipse

2

2ma® | 11w2a?
3 30c2

] circular,
1 beam
long ellipse

Rectangular slot: Qe + = w?(0.1814 — 0.0344w/L) t < a, x0.59 when t > a
length L, width w.

Rounded-end slot: | 4 o = 43(0.1334 — 0.0500w/L) ¢ < a, x0.59 when ¢ > a
length L, width w.

Annular-ring-shaped B 2d%a 2w (a + d) t < d

cut: inner and outer Qe+ Om = 21n(32d/w) — 16 <

radiia and d = a+w ap + o, = wd2w lwz(a—l—d) t>d

with w < d.

Half ellipsoidal pro-
trusion with semi
axes h radially, a
longitudinally, and d
azimuthally. o F1
is the hypergeomet-
ric function.

Qe + iy, —27rahd[ ]
Ib —2F1( ) 7271_2_2) ) I —2F1( 727271 %) ) ifa=d
27h?

W ifa=d<h

Qe+ =ma® fa=d=h,

8h3 4 7\ a
Qe + 3 [—i—(w 4>h] ifakh=d
Aro2
ae—l—am:@[ln—a—l] ifa>h=d
3a h




Wall roughness [13]
1-D axisymmetric
bump, h(z) or 2-D
bump h(z,0). Valid
for low frequency
w/c < (bump
length or width)~!
h < b, pipe radius,
and |Vh| < 1.

2ikZy [ -
1D z) === [ wliio)
b Jo
. 5 Lo
with spectrum h(k) = —
2T J—oo
2-D: 7) = -2k
ith spect o (k) ! / o[
i rum m(k) = —=
with spectru 02 Jo .

/m‘m

2cl,%

dz h(z, Q)e—ikz—imﬂ

Heifets and Keifets formulas for tapered steps and tapered cavity at high frequencies [14].

Taper in from radius
hto b (<h), out from

I_ 20, (g i @ 1
ReZy =47~ Ing +(Z0)step’ ReZi=+7" (1

1 in
_ﬁ> + (ZlL)step {i— out

radius b to h; taper- 70 h h—b Zo 1
. ’ 1y 20, "™ l 2
ing angle a. Taper- (Zo)step o Ny tAmA> T ( 0)step 4 T kbtana, tana< b
ing inefficient for a - Zo - 1 - o _abh . h—b ot
y 9299 (prh)2 )| 0 > =5,
3“1&‘3&2?5? e )™ 47rb[ (kD)2 2 (138, 5| tanar> T, k>
o. All formulas here i Zob( 1 ) h—
Z , ot >——00, kb>1, h>>0)
and below are valid ( 1)step b2 h2 R > >
for positive k = w/c R 1
only. (Zl )step 16b(k‘b) tana, tana < o
Pill-box cavity: total (1+49)Zy [g 9
length g, radial depth A _ b Vix 9 < kb
h without taper. 0 Zo. h
— 7 g > kb?
Tapering angle o on I I i 1 n _
both sides, g > h. ReZy =2 (ZO )step, ReZy =2 (ZO )step as given above




