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Abstract

We describe the properties of six-jet events, with six-jet mass exceeding 520

GeV/c2, produced at the Fermilab proton-antiproton collider operating at a

center-of-mass energy of 1.8 TeV. Observed distributions for a set of 20 multijet

variables are compared with predictions from the HERWIG QCD parton shower

Monte Carlo program, the NJETS leading order QCD matrix element Monte

Carlo program, and a phase-space model in which six-jet events are distributed

uniformly over the kinematically allowed region of the six-body phase space. In

general the QCD predictions provide a good description of the observed six-jet

distributions.

PACS numbers: 12.38Qk, 13.85.-t, 13.85.Hd, 13.87.-a

1 Introduction

The CDF collaboration has recently reported the characteristics of two-jet,

three-jet, four-jet, and �ve-jet events [1] produced at the Tevatron proton-

antiproton collider operating at a center-of-mass energy of 1.8 TeV. Results

from an analysis of two-jet events with two-jet mass m
2J > 550 GeV/c

2
, three-

jet events with m
3J > 600 GeV/c

2
, four-jet events with m

4J > 650 GeV/c
2
,

and �ve-jet events with m
5J > 750 GeV/c

2

were compared with predictions

from (i) the NJETS [2] tree level leading order (TLLO) perturbative Quantum

Chromodynamics (pQCD) 2 ! N calculations, (ii) the HERWIG [3] QCD

parton shower Monte Carlo program, and (iii) a model in which events are
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distributed uniformly over the available multijet phase space. In general, both

the NJETS and HERWIG calculations were found to provide a good description

of the observed multijet distributions for a complete set of (4N � 4) multijet

variables [4] that span the multibody parameter space in the N -jet rest-frame.

More recently, improvements to the NJETS program have enabled us to explore

the systematic uncertainties on the QCD predictions and extend our multijet

studies to the six-jet topology.

In the present paper the characteristics of six-jet events with six-jet mass

m
6J > 520 GeV/c

2

are compared with predictions from the NJETS matrix

element calculation, the HERWIG parton shower Monte Carlo program, and

the phase space model calculation. This comparison of the properties of six-jet

events with pQCD predictions provides an interesting test of the approxima-

tions used in the HERWIG and NJETS QCD calculations, and facilitates a

search for new phenomena associated with the production of many hard par-

tons in the �nal state.

2 Experimental Details

A description of the CDF detector can be found in Ref. [5]. In the following

we give a summary of the main details of the CDF detector, jet reconstruction,

and event selection requirements that are relevant to results presented in this

paper. We use the CDF co-ordinate system in which the origin is at the center

of the detector, the z-axis is along the proton beam direction, � is the polar
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angle with respect to the z-axis, and � is the azimuthal angle measured around

the beam direction.

The six-jet analysis described in the following sections exploits the CDF

calorimeters, which cover the pseudorapidity region j�j < 4:2, where � �

� ln(tan �=2). The calorimeters are constructed in a projective tower geometry

in (�, �)-space, and are segmented in depth into electromagnetic and hadronic

compartments. The calorimeter towers are 0.1 units wide in �. The tower

widths in � are 15
o
in the central region and 5

o
at larger j�j (approximately

j�j > 1:2). Jets are reconstructed using an algorithm that forms clusters from

localized energy depositions in the calorimeter towers. Calorimeter towers are

associated with a jet if their separation from the jet axis in (�; �)-space �R

� (��2 + ��2)1=2 < R
0
. For the analysis described in this paper the cluster-

ing cone radius R
0
= 0.7 was chosen. With this R

0
a plot of the separation

between all jets observed in the data sample described below reveals that, to a

good approximation, clusters with separations �R < 0:8 are always merged by

the jet algorithm into a single jet, and clusters with separations �R > 1:0 are

never merged. Thus, the e�ective minimum observable separation between jet

axes �RMIN = 0:9� 0:1. For each reconstructed jet a four-vector is calculated

as follows. The electromagnetic and hadronic compartments of each tower as-

sociated with the jet are assigned tower vectors with magnitudes equal to the

energy deposited in the tower and with the direction de�ned by a unit vector

pointing from the event vertex to the center of the calorimeter tower (calcu-

lated at a depth which corresponds to shower maximum). The jet momentum
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vector ~p is computed as the vector sum of the tower vectors, and the jet en-

ergy E is computed as the scalar sum of the tower energies. Other quantities

can then be derived from the jet four-vector, for example, the single-jet mass

mj �
p
E2 � p2.

Jet energies are corrected for calorimeter non-linearities, energy deposited

in uninstrumented regions and outside of the clustering cone, and energy gained

from the underlying event. The jet corrections typically increase jet energies

by 25% for jets with transverse energy ET � E sin � > 60 GeV, where � is the

angle between the jet direction and the beam direction. The jet corrections

are larger for lower ET jets, and typically [6] increase jet energies by about

30% (40%) for jets with ET = 40 GeV (20 GeV). After correction, energies

of high-ET jets are measured with a precision �E=E of approximately 0.1 and

multijet masses calculated from the jet four-vectors are measured with a preci-

sion �m=m of approximately 0.1. The systematic uncertainty on the jet energy

scale is 5% for jets in the central region (j�j < 1:2). There is an additional sys-

tematic uncertainty of 2% on the energy scale of jets at larger j�j relative to the

corresponding scale for central jets. Further details of the CDF jet algorithm,

jet corrections, and jet resolution functions can be found in Ref. [6].

The data, which correspond to an integrated luminosity of 110 pb
�1

, were

recorded using a trigger which required

P
ET > 175 GeV, where the sum is

over the transverse energies (ET ) of all calorimeter clusters reconstructed with

a simple cluster algorithm in which clusters are initiated by a seed tower with

ET > 3 GeV, and consist of the seed tower plus all contiguous towers with
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ET > 1 GeV. The cluster transverse energies were calculated assuming an

event vertex at the center of the detector (x = y = z = 0). In the subsequent

analysis, to reject backgrounds from cosmic ray interactions, beam halo, and

detector malfunctions, the events were required to have (i) total energy less

than 2000 GeV, (ii) a primary vertex reconstructed with jzj < 60 cm, (iii)

not more than 8 GeV deposited in the hadron calorimeters out-of-time with

the proton-antiproton collision, and (iv) missing-ET signi�cance [7] S � 6ET

/(

P
ET )

1=2 < 6 GeV
1=2

, where 6ET � j
P ~ET ij, and ~ET i is a vector in the

transverse plane that points from the interaction vertex to calorimeter cell i

and has magnitude equal to the cell ET . To select events with six or more

jets, we require at least six well separated jets (�R > 0:9) reconstructed with

the CDF jet algorithm with corrected ET > 20 GeV, and jet pseudorapidity

j�j < 3. Finally, we restrict our analysis to the region where the trigger was

fully e�cient by requiring

P
ET > 320 GeV, where the sum is over the six

highest ET jet transverse energies and the reconstructed vertex position has

been used to calculate ET . These requirements select 5262 events with six or

more jets for further analysis.

3 QCD and Phase-Space Predictions

In the following we will compare observed multijet distributions with predic-

tions from (a) the HERWIG [3] QCD parton shower Monte Carlo program, (b)

the NJETS [2] TLLO QCD 2! N matrix element Monte Carlo program, and
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(c) a model in which events are distributed uniformly over the available N-body

phase-space.

3.1 The HERWIG Monte Carlo Calculation

HERWIG is a QCD parton shower Monte Carlo program that includes both

initial- and �nal-state gluon radiation. HERWIG predictions can be thought

of as QCD 2! 2 predictions with gluon radiation, color coherence, hadroniza-

tion, and an underlying event. We have used version 5.6 of the HERWIG Monte

Carlo program together with a full simulation of the CDF detector response.

In our HERWIG calculations we have used the CTEQ2L [8] parton distribu-

tion functions and the scale Q2
= stu/2(s2 + u2 + t2), where s, t, and u are

the Mandelstam variables. The sensitivity of the predictions to the choice of

parton distribution function and scale will be discussed in section 6. HERWIG

generates 2! 2 processes above a speci�ed phardT , where phardT is the transverse

momentum of the outgoing partons from the hard scatter before any radiation

has occurred. It is important to choose a low value of phardT so that adequate ac-

count is taken of events in which the detector response has 
uctuated upwards

by several standard deviations and/or the spectator system accompanying the

hard scattering process, including the initial state radiation, makes an unusu-

ally large contribution to the measured

P
ET . We have set the minimum phardT

to 40 GeV/c. The contribution to the

P
ET > 320 GeV Monte Carlo sample

from events with phardT < 40 GeV/c is negligible.
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3.2 The NJETS QCD Matrix Element Calculation

NJETS is a 2! N QCD Monte Carlo program based on the exact TLLO QCD

matrix element for N < 6. However, for N = 6, NJETS uses an approximation

to the TLLO 2 ! 6 matrix element in which (i) the non-leading-order-in-

color contributions are neglected [9], and (ii) all non-zero helicity amplitudes

contributing to the 2! 6 matrix element are assumed to be equal. More specif-

ically, only a subset of the helicity amplitudes are computed, namely those for

which all but two of the partons have the same helicity. This approximation,

which is referred to as the special helicity (SPHEL) approximation, is described

more fully in Ref. [10], where it has been shown to give reasonable predictions

of event shapes for N = 2, 3, 4, and 5, although the absolute multijet cross

sections tend to be poorly estimated. The leading color and SPHEL approxi-

mations simplify the calculations and greatly speed up the numerical evaluation

of the matrix element, enabling statistically precise predictions to be made with

available computing resources.

Using the NJETS Monte Carlo program together with the CTEQ3L parton

distribution parametrizations [8] and the renormalization scale Q2
= <P 2

T >,

we have generated approximately 1 million six-jet events that pass the

P
ET ,

jet ET , and jet separation cuts described in section 2. NJETS is a parton

level generator, and does not include a hadronization model or interface to the

CDF detector simulation. Therefore, to simulate the experimental jet energy

resolution we have applied a Gaussian energy smearing to the parton energies

with �E
T
= 0:1�ET , which provides a good approximation to the measured jet
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resolution function for jets with ET > 100 GeV. Lower ET jets are measured

with a degraded resolution, for example, �E
T
= 0:15� ET for jets with ET =

30 GeV. In section 6 we show that degrading the assumed resolution function

within this range does not signi�cantly change the NJETS predictions described

in this paper.

3.3 Phase-Space Model

We have used the GENBOD program [11] to generate samples of Monte Carlo

events for which the six-jet systems uniformly populate the 6-body phase-space.

These phase-space Monte Carlo events were generated with six-jet masses dis-

tributed according to the corresponding observedm
6J distribution. The masses

of the individual jets (mj) were generated to reproduce the observed single-jet

mass-fraction (fj) distribution, where fj � mj=m6J . Comparisons between the

resulting phase-space model distributions and the corresponding HERWIG and

NJETS Monte Carlo distributions help us to understand which multijet param-

eters are most sensitive to the behaviour of the QCD six-jet matrix element.

4 Six-Jet Variables

To completely describe a six-jet system in the six-jet rest frame we need 21

independent parameters. However, we can rotate the six-jet system about the

beam axis without losing any interesting physical information. Hence in prac-

tice we only require 20 variables. We will use the twenty variables introduced
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and described in Ref. [4] to study the six-jet kinematics. Consider the process

1 + 2! 3 + 4 + 5+ 6 + 7+ 8 where the incoming partons are labeled 1 and 2,

and the six outgoing jets are labeled 3, 4, 5, 6, 7, and 8. The outgoing jets are

ordered according to their energies in the six-jet rest frame:

E
3
> E

4
> E

5
> E

6
> E

7
> E

8
: (1)

The �rst variable we choose is the six-jet mass, m
6J . To de�ne the remaining

19 variables we begin by reducing the six-body system to a three-body system

by merging jets. This requires 3 steps:

3 + 4 + 5 + 6+ 7 + 8 �! 3
0

+ 4
0

+ 5
0

+ 6
0

+ 7
0

(2)

�! 3
00

+ 4
00

+ 5
00

+ 6
00

(3)

�! 3
000

+ 4
000

+ 5
000 : (4)

In each step we merge the two objects with the lowest two-body mass. The

two jets merged in the �rst step are labelled E and F , where EE > EF , and

EE and EF are the energies of E and F in the six-jet rest-frame. The two

objects merged in the second step are labelled C0

and D0

, where EC0 > ED0,

and the primes remind us that C0

and D0

are de�ned after one merging step

has already taken place. The two objects merged in the third step are labelled

A00

and B00

, where EA00 > EB00, and the double primes remind us that A00

and

B00

are de�ned after two merging steps have already been performed.

We are now ready to de�ne the six-jet variables. To do this we start by

de�ning 7 variables that completely specify the (3
000

, 4
000

, 5
000

)-system, and then

de�ne a further 12 variables that describe the three steps in which two bodies

13



were merged. To completely specify the three-body (3
000

, 4
000

, 5
000

)-system in the

three-body rest-frame we must specify the masses of the three bodies, and four

additional parameters that specify the position of the three-body system in the

three-body parameter space. We begin by ordering the three bodies such that

E
3

000 > E
4
000 > E

5
000 , where the Ej000 are energies in the three-body rest-frame.

In analogy with the standard analysis of three-jet systems we can then de�ne

four dimensionless variables, X
3

000 , X
4

000 , cos �
3

000 , and  
3

000:

(i) The Dalitz variables X
3

000 and X
4

000 , where:

Xj000 �
2Ej000

m
6J
: (5)

(ii) The cosine of the leading-body scattering angle:

cos �
3

000 �
~PAV � ~P3000

j ~PAV jj ~P3000 j
; (6)

where ~PAV is the average beam direction in the six-jet (= three-body)

rest-frame:

~PAV � ~P
1
� ~P

2
; (7)

and particle 1 is the incoming parton with the highest energy in the lab-

oratory frame.

(iii)  
3
000, de�ned as the angle between the three-body plane and the plane

containing the highest energy body and the average beam direction:

cos 
3
000 �

( ~P
3

000 � ~PAV ) � ( ~P4000 � ~P
5

000)

j ~P
3

000 � ~PAV jj ~P4000 � ~P
5

000 j
: (8)
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Finally, to specify the masses of the three-bodies we use the three single-

body mass fractions f
3

000 , f
4

000 , and f
5

000 , where:

fj000 �
mj000

m
6J
: (9)

To complete the speci�cation of a six-jet event we must now specify the three

steps in which two bodies were merged. Each step requires four parameters to

describe how the composite object has been built from two four-vectors. Hence

we must specify twelve parameters in total. Consider a step in which objects i

and j (with Ei > Ej) get merged:

~Pij = ~Pi + ~Pj : (10)

Given ~Pij , we must now specify ~Pi and ~Pj . We need four variables which we

de�ne:

(a) The normalized masses fi and fj , where

fi �
mi

m
6J

and fj �
mj

m
6J
: (11)

(b) The energy-sharing variable Xi de�ned in the six-jet rest frame:

Xi �
Ei

Ei +Ej
: (12)

(c) The angular variable  ij de�ned as the angle between the plane containing

the (ij)-system and the average beam direction, and the plane spanned by

objects i and j. The cosine of this angle can be written as:

cos ij �
( ~Pi � ~Pj) � ( ~Pij � ~PAV )

j ~Pi � ~Pj jj ~Pij � ~PAV j
: (13)
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In summary, the 20 independent variables that span the six-jet parameter

space in the six-body rest-frame are m
6J , X3

000 , X
4

000, cos �
3

000 ,  
3

000, f
3

000 , f
4

000 ,

f
5

000 , fA00 , fB00 , XA00 ,  A00B00 , fC0 , fD0 , XC0 ,  C0D0 , fE , fF , XE , and  EF .

5 Results

In the following we will compare the observed single-di�erential distributions

with HERWIG, NJETS, and phase space model predictions for the 20 variables

de�ned in the previous section. The de�nition of six-jet events is inclusive. If

there are more than six jets in an event, the six jets with the highest transverse

energies are used to de�ne the six-jet system. Since we required

P
ET > 320

GeV, jet ET > 20 GeV, jet j � j< 3, and �R > 0:9, some regions of the 20-

dimensional parameter space are excluded. To reduce the e�ect of these regions

of zero acceptance on the shapes of the one-dimensional distributions we are

studying, we apply three additional cuts to the six-jet sample: m
6J > 520

GeV/c
2
, j cos �

3
000 j< 0:9, and X

3
000 < 0:9. After these requirements we have

1282 events with six or more jets for further analysis, of which 168 events have

seven jets, and 26 events have more than seven jets. Examples of four typical

six-jet events are shown in Fig. 1.
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5.1 Six-Jet-Mass and Three-Body-Dalitz Distribu-

tions

The observed six-jet mass distribution (Fig. 2) extends to masses above 1 TeV/c
2
,

and is well described by both the HERWIG QCD parton shower Monte Carlo

and the NJETS predictions. In Fig. 3 the observed three-body Dalitz distribu-

tion (X
3

000 vs X
4

000) is compared with HERWIG, NJETS, and phase space model

predictions. The phase-space population is not uniform over the kinematically

allowed region of the (X
3

000 ; X
4

000)-plane, but tends to be depleted at large values

of X
3
000 and X

4
000. Both the observed and the QCD predicted Dalitz distribu-

tions exhibit an excess over the phase-space model predictions as X
4

000 becomes

large, i.e. when the three-body system approaches a two-body topology (note

that the energy fraction taken by the third-to-highest-energy body X
5

000 ! 0

as X
4
000 ! 1). Figure 4 shows the projections on the X

3
000 and X

4
000 axes. Both

the HERWIG and NJETS distributions are similar to the observed X
3

000 and

X
4

000 distributions. In particular, both QCD calculations can account for the

factor of four increase in event density with respect to the phase-space model

that is observed at the largest X
4

000 .

5.2 Three-Body Angular Distributions

The observed event population in the (cos �
3

000 ;  
3

000)-plane is compared with

HERWIG, NJETS, and phase-space model predictions in Fig. 5. Both the

observed and the QCD Monte Carlo event populations exhibit enhanced den-
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sities in the regions where j cos �
3

000 j ! 1 and  
3

000 ! 0 or �. This feature has

also been observed in the corresponding three-jet, four-jet, and �ve-jet event

distributions [1], and re
ects the shape of the leading order QCD 2 ! 2 scat-

tering angular distribution, and the preference of the QCD matrix element for

planar topologies ( 
3
000 ! 0 or �). Note that the phase-space model Monte

Carlo events are distributed more uniformly over the (cos �
3

000 ;  
3

000)-plane, al-

though the analysis cuts imposed on the data sample do produce some regions

of reduced experimental acceptance, for example at small j cos �
3

000 j. The

regions of reduced acceptance are consequences of the minimum jet-jet separa-

tion requirement, and the minimum jet transverse energy requirement. Further

discussion can be found in Ref. [4]. Figure 6 displays the cos �
3

000 and  
3

000 dis-

tributions. The observed distributions are very di�erent from the phase-space

model predictions. Both the NJETS matrix element calculation and the HER-

WIG parton shower Monte Carlo calculation give reasonable descriptions of the

observed cos �
3

000 and  
3

000 distributions, although there is some indication that

the HERWIG predictions tend to underestimate the rate of events with planar

topologies ( 
3
000 ! 0 or �). Note that the cos �

3
000 distribution is also similar to

the leading order 2! 2 scattering distribution.

5.3 Single-Body Masses for the Three-Body System

The distributions of the normalized single-body masses, which are shown in

Fig. 7, exhibit broad peaks at large fj000 that correspond to objects j000 com-

posed of two or more jets, and narrower peaks at low fj000 , which correspond
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to objects j000 that are single jets. Both the NJETS and the HERWIG Monte

Carlo programs correctly describe the high-mass parts of the fj000 distributions,

which peak at lower values than predicted by the phase-space model, re
ecting

the preference of the QCD matrix element for soft and collinear �nal state ra-

diation. The HERWIG QCD Monte Carlo calculation also gives a reasonable

description of the observed low-mass region of the fj000 distributions. However,

it should be noted that there is a tendency, observed in previous multijet anal-

yses [1], for HERWIG to predict slightly lower single-jet masses than observed.

Note that the HERWIG fragmentation model has not been tuned to CDF data.

Since NJETS is a parton-level calculation it does not predict the single-jet-mass

part of the fj000 distributions.

5.4 Two-Body Energy-Sharing and Angular Distri-

butions

The observed Xj distributions are shown in Fig. 8. Both QCD predictions

favor a more asymmetric energy sharing than the phase-space model, re
ecting

the soft gluon radiation pole in the QCD matrix element. The HERWIG QCD

parton shower Monte Carlo program gives a good description of the energy

sharing between the two-body sub-systems. The NJETS predictions overesti-

mate the event rate in the large Xj region, i.e. the region that corresponds

to a very asymmetric energy sharing. This failure of the NJETS predictions,

which is most noticeable for the XE distribution, is expected as we approach
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the region of phase space for which there are large corrections to the TLLO

predictions associated with soft gluon radiation. The HERWIG parton shower

Monte Carlo performs the soft gluon resummations within the framework of

the leading log algorithm, and consequently might be expected to give a bet-

ter description of the energy sharing distributions in the soft gluon radiation

region.

The two-body angular distributions are shown in Fig. 9. The observed

 A00B00 ,  C0D0 , and  EF distributions are not very di�erent from the phase-

space model predictions, although both the HERWIG and NJETS predictions

are seen to give a better description of the data.

5.5 Single-Body Masses for Two-Body Systems

The observed fA00 , fB00 , fC0 , fD0 , fE , and fF distributions are shown in Fig.

10. The single-jet mass peaks in the low-mass parts of these distributions are

reasonably well described by the HERWIG predictions, although once again

there is a tendency for the predictions to slightly overestimate the rate of low-

mass jets. Since NJETS is a parton-level calculation it makes no prediction

for the single-jet mass part of the single-body mass distributions. The fA00 ,

fB00 , fC0 , and fD0 distributions also exhibit a long tail at higher masses, re
ect-

ing the contributions from multijet systems. Both the HERWIG and NJETS

calculations successfully describe these high-mass tails.
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6 �
2
=dof Test and Systematic Studies

We have seen that both of the QCD Monte Carlo calculations give a reasonable

description of the 20 observed distributions presented in this paper, although

there are some di�erences for speci�c distributions. To gain a more quantitative

understanding of the level of agreement, in Table 1 we list the �2=dof (�2 per

degree of freedom) that characterize the agreement between observations and

predictions for each distribution, where:

�2=dof �

N
binsX

i=1

(ni � pi)
2

(�2ni + �2pi)

Nbins � 1
; (14)

and ni and pi are the number of events in bin i of the observed and predicted

distributions respectively, and �ni and �pi are the corresponding statistical

uncertainties. We have restricted the �2 tests for the single-body mass fraction

variables to the regions f
3

000 > 0:1, f
4

000 > 0:1, f
5

00 > 0:1, fA00 > 0:07, and fB00 >

0:07. The low mass parts of these distributions have been excluded because

(i) NJETS provides no prediction for the single-jet mass part of the single-

body mass fraction distributions, and (ii) the HERWIG Monte Carlo program

plus CDF detector simulation provides only a poor description of the single-jet

mass distributions. To examine the quality of the overall description of the

observed distributions provided by the QCD predictions we exclude the single-

body mass fraction variables and con�ne ourselves to the 11 other distributions

(m
6J ; X3

00; X
4
00, cos �

3
000 ;  

3
000, XA00 ,  A00B00; XC0 ,  C0D0 ; XE, and  EF ). We �nd

that the overall �2 is 138 for 110 dof for the HERWIG parton shower Monte

Carlo predictions, and 146 for 110 dof for the NJETS TLLO QCD matrix
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element predictions.

The �2's discussed so far have not taken into account the systematic uncer-

tainty on the QCD predictions associated with the choice of renormalization

scale, parton distribution function, the assumed minimum separation between

jets, or for NJETS the assumed jet energy resolution function. Therefore, we

have used the NJETS program to predict the distributions for 16 variables

(excluding fE , fF , fC0 , and fD0) using the renormalization scale choices Q
2

=

m2

6J and Q
2

= < p2T > (where pT refers to the transverse momenta of the out-

going partons), the parton distribution choices MRSG [12], GRV94 [13], and

CTEQ3L, the minimum jet separation set to �R = 0.8, 0.9, and 1.0, and the

assumed jet energy resolution degraded to �E
T
= 0:15ET . The �2=dof char-

acterizing the agreement between these NJETS calculations and the observed

distributions are summarized in Table 2. Note, for example, that choosing the

scale Q2
= m2

6J we obtain an overall �2 of 123 for 110 dof. Hence we con-

clude that, within the systematic uncertainties, the QCD calculations are able

to provide an excellent overall description of the six-jet distributions studied

in this paper. However, it should be noted that the �2/dof for the NJETS XE

distribution is poor for all the parameter choices.

Finally, we have made a number of systematic studies to ensure that our ob-

served six-jet distributions are not signi�cantly distorted due to contributions

from multiple interactions, or signi�cantly changed when the jet energy scale

is changed by one standard deviation. In particular, to check that additional

jets from multiple interactions do not signi�cantly distort our results, we have
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repeated the six-jet analysis using a low instantaneous luminosity sub-sample

(L < 7 � 10
30

cm
�2

s
�1
) and a high instantaneous luminosity sub-sample

(L > 7 � 10
30

cm
�2

s
�1
). To ensure that the uncertainty on the jet energy

scale does not give rise to a large uncertainty on the observed multijet distribu-

tions we have also repeated the analysis varying the jet energy scale by �5%.

In no case do we see signi�cant changes in the observed six-jet distributions.

In Table 3 we summarize the NJETS and HERWIG �2/dof for each distribu-

tion after restricting the analysis to the high or low instantaneous luminosity

subsamples, or changing the energy scale. The overall �2/dof that describe the

agreement between the QCD predictions and the high instantaneous-luminosity

(low instantaneous-luminosity) sub-samples for the 11 variables listed above are

1.2 (1.1) for the HERWIG predictions, and 1.3 (1.1) for the NJETS predictions.

Hence, although we observe no obvious distortion in the observed distributions

at higher luminosities, there is some evidence from the �2 test that the agree-

ment between the data and QCD predictions improves at lower luminosities

where the contributions from multiple interactions are small. Note that the

overall agreement between the observed distributions and both the NJETS and

HERWIG QCD predictions is excellent for the low luminosity sub-sample. The

overall �2/dof that describe the agreement between the QCD predictions and

the +5% (�5%) energy scale distributions for the 11 variables listed above are

1.5 (1.1) for the HERWIG predictions, and 1.4 (1.3) for the NJETS predictions.

Hence within the uncertainties on the energy scale we can obtain excellent over-

all agreement between the QCD predictions and the observed distributions.
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7 Conclusions

We have compared the 20 observed six-jet distributions corresponding to the

variables introduced in Ref. [4] with HERWIG QCD parton shower Monte Carlo

predictions, NJETS QCD Monte Carlo predictions, and phase-space Monte

Carlo predictions. We �nd that:

(i) Many of the observed distributions are sensitive to the underlying QCD

matrix element; i.e. the distributions are reasonably well described by

the QCD predictions but are signi�cantly di�erent from the phase-space

model predictions. This is true for the X
4

000 , cos �
3

000 ,  
3

000 , f
3

000 , f
4

000 , f
5

000 ,

fA00 , fB00 , XA00 , and XC0 distributions.

(ii) The HERWIG QCD parton shower Monte Carlo calculation gives a good

description of all the observed distributions, except perhaps (a) the  
3

000

distribution for which the observed events tend to be more planar than the

Monte Carlo predicts, and (b) the single-jet peaks in the single-body mass

fraction distributions where the HERWIG fragmentation model plus CDF

detector simulation seems to slightly underestimate the single-jet masses.

Similar trends have been noted in our previous three-jet, four-jet, and

�ve-jet studies [1].

(iii) The NJETS QCD Monte Carlo calculation gives a good description of

the observed distributions except perhaps for the energy sharing distribu-

tions Xj, for which the TLLO QCD matrix element calculation tends to

overestimate the event rate as the soft gluon radiation pole is approached.
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Note that, since NJETS is a parton-level calculation it does not predict

the single-jet peaks in the single-body mass fraction distributions. This

limits the comparison between the NJETS predictions and the observed

distributions for some of the multijet variables.

Finally, we can compare the observed six-jet distributions with the corre-

sponding distributions observed in our previous three-jet, four-jet, and �ve-jet

studies [1]. The multijet variables we are using facilitate this comparison [4].

There are striking similarities between the six-jet distributions and the cor-

responding multijet distributions observed for three-jet, four-jet, and �ve-jet

events. In particular we note that:

(a) The distributions of the three-body variables (X
3

000,X
4

000 , cos �
3

000 , and  
3

000)

are very similar to the corresponding four-jet and �ve-jet distributions

reported in Ref. [1]. For example, all of the cos �
3
distributions are well

described by the LO 2! 2 scattering form, and all of the X
4
distributions

show an excess over the phase-space model prediction of about a factor

of 4 at X
4
= 0:875.

(b) The f
3

000 , f
4

000 , and f
5
000 distributions exhibit multibody peaks at similar

positions to the corresponding peaks observed in the earlier four-jet and

�ve-jet analyses, namely at values of f
3
� 0:2, f

4
� 0:15, and f

5
� 0:12.

(c) The distributions that describe the two-body systems (fA00 , fB00 , XA00 ,

 A00B00, fC0 , fD0 , XC0 ,  C0D0 , fE , fF , XE, and  EF ) are qualitatively

similar to the corresponding four-jet and �ve-jet distributions reported
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in Ref. [1]. Of these distributions, the two-body energy sharing distribu-

tions and, for the six-jet events, the fA00 , and fB00 distributions, are very

di�erent from the phase-space model predictions.

We conclude that both the NJETS and HERWIG QCD predictions provide

a reasonable description of the kinematics of six-jet production at high multijet

mass. There are striking similarities between the observed three-jet, four-jet,

and �ve-jet multijet distributions presented in our previous publication, and the

six-jet multijet distributions presented in this paper which, together with the

ability of the parton shower Monte Carlo to describe the detailed characteristics

of the multijet events, suggests that 2! 2 scattering plus initial and �nal-state

gluon radiation provides a good approximation to the kinematics predicted by

the complete QCD matrix element.
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Table 1: The �2=dof characterizing the level of agreement between HERWIG, NJETS,

and phase-space model predictions and the observed distributions for 16 of the 20 vari-

ables discussed in the text. The �2=dof are not given for the fC0 , fD0, fE, and fF

distributions which are dominated by the single-jet mass distribution and therefore

not predicted by the NJETS calculation, and poorly described by the HERWIG cal-

culation. The numbers in parentheses correspond to the remaining single-body mass

distributions which, although not dominated by the single-jet mass peak, nevertheless

do exhibit a single-jet mass peak and are therefore not used in computing the overall

�2=dof in the bottom line of the table.

�2=dof

Parameter # of dof HERWIG NJETS Phase Space

m
6j 13 1.0 1.9 |

X
3
000 8 1.5 2.2 1.3

X
4
000 7 1.3 0.6 7.7

cos �
3
000 18 1.0 0.5 62.2

 
3

000 10 2.9 0.6 40.

f
3
000 (10) (1.0) (1.5) (43.)

f
4
000 (8) (1.4) (1.9) (38.)

f
5
000 (8) (2.2) (4.1) (8.8)

fA00 (7) (0.7) (3.1) (24.)

fB00 (7) (1.4) (5.5) (12.)

XA00 8 1.5 1.5 17.1

 A00B00 10 1.2 0.3 5.9

XC0 8 2.2 2.2 27.

 C0D0 10 1.6 0.7 1.0

XE 8 0.8 5.4 1.4

 EF 10 0.9 2.0 2.3

Overall 110 1.3 1.3 17.0
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Table 2: The �2=dof characterizing the level of agreement between NJETS predictions

and the observed distributions for 16 of the 20 variables discussed in the text, tab-

ulated for alternative choices of the renormalization scale, minimum jet separation,

parton distribution function, and the assumed jet energy resolution function degraded

so that �E
T
= 0:15ET . The numbers in parentheses correspond to the single-body

mass distributions which, although not dominated by the single-jet mass peak, nev-

ertheless do exhibit a single-jet mass peak and are therefore not used in computing

the overall �2=dof in the bottom line of the table.

�2=dof

Parameter # of dof Q2
= M2

�R = 0:8 �R = 1:0 MRSG GRV94 �E
T
= 0:15ET

m
6j 13 0.7 1.3 1.6 0.7 0.7 1.6

X
3
000 8 1.1 1.2 1.1 1.6 1.7 1.4

X
4
000 7 0.9 0.4 0.3 0.4 0.4 0.8

cos �
3
000 18 1.4 1.5 0.6 1.1 0.9 0.9

 
3
000 10 0.7 1.2 1.8 1.1 1.0 1.7

f
3
000 (10) (1.5) (2.8) (0.7) (1.5) (1.4) (1.7)

f
4
000 (8) (2.9) (3.6) (1.8) (2.6) (2.7) (4.3)

f
5
000 (8) (3.2) (4.3) (3.0) (3.3) (3.2) 1.7)

fA00 (7) (2.9) (5.1) (3.3) (3.6) (3.2) (4.3)

fB00 (7) (6.1) (9.4) (3.1) (5.2) (6.2) (7.5)

XA00 8 1.1 2.3 1.2 1.4 1.5 1.2

 A00B00 10 1.2 1.1 0.9 1.0 0.8 1.0

XC0 8 1.6 2.5 1.7 1.6 1.7 3.5

 C0D0 10 0.7 0.8 0.5 0.7 0.5 0.9

XE 8 3.5 7.8 5.0 6.0 6.2 3.8

 EF 10 1.1 1.8 2.0 1.6 1.3 1.0

Overall 110 1.1 1.7 1.3 1.3 1.2 1.4
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Table 3: The �2=dof characterizing the level of agreement between NJETS (HERWIG)

predictions and the observed distributions for 16 of the 20 variables discussed in the

text, tabulated for high luminosity (> 7�1030 cm�2s�1) and low luminosity (< 7�1030

cm�2s�1) subsamples, and for the overall data sample analyzed with the jet energy

scale increased and decreased by 5%. The overall �2=dof in the bottom line of the

table are for the 11 non-single-body mass variables.

�2=dof

Parameter High Lum. Low Lum. 105% E-Scale 95% E-Scale

NJETS NJETS NJETS NJETS

(HERWIG) (HERWIG) (HERWIG) (HERWIG)

m
6j 2.2 (1.1) 1.3 (1.0) 0.7 (1.7) 2.0 (0.6)

X
3

000 1.4 (0.9) 2.4 (2.0) 2.9 (1.5) 1.6 (0.8)

X
4

000 0.8 (1.0) 0.2 (1.1) 0.8 (1.6) 0.5 (0.9)

cos �
3
000 0.7 (1.3) 0.3 (0.6) 0.6 (1.6) 0.7 (1.0)

 
3

000 0.7 (1.6) 0.5 (2.8) 0.8 (4.0) 1.0 (2.8)

f
3
000 0.5 (1.3) 2.2 (0.8) 2.4 (0.9) 0.9 (1.1)

f
4
000 1.9 (1.8) 1.3 (0.9) 2.4 (1.4) 0.9 (0.8)

f
5
000 2.4 (2.2) 2.2 (2.0) 5.9 (1.8) 2.8 (2.1)

fA00 1.8 (0.8) 1.7 (0.4) 5.3 (1.1) 2.1 (1.3)

fB00 2.3 (0.6) 3.8 (1.2) 7.4 (1.8) 4.6 (1.7)

XA00 2.6 (2.5) 0.6 (0.7) 1.3 (1.0) 1.5 (1.3)

 A00B00 0.8 (1.7) 0.5 (0.7) 0.6 (1.1) 0.4 (0.9)

XC0 1.0 (1.1) 2.0 (1.7) 2.7 (2.5) 2.7 (1.8)

 C0D0 0.6 (0.5) 0.8 (2.0) 0.9 (1.8) 0.6 (2.0)

XE 4.1 (1.2) 4.0 (0.6) 6.1 (0.7) 4.1 (1.0)

 EF 1.6 (1.2) 1.6 (0.5) 2.7 (0.8) 1.6 (0.7)

Overall 1.3 (1.2) 1.1 (1.1) 1.4 (1.5) 1.3 (1.1)
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(a) (b)

(c) (d)

Figure 1: Four typical six-jet events. The transverse energy 
ow measured in the CDF

calorimeters is shown in the (�; �)-plane for an event with (a) m
6J = 679 GeV/c2,

X
3
000 = 0:72, X

4
000 = 0:70, cos �

3
000 = �0:55,  

3
000 = 2:4, (b) m

6J = 691 GeV/c2,

X
3
000 = 0:81, X

4
000 = 0:75, cos �

3
000 = 0:82,  

3
000 = 2:3, (c) m

6J = 772 GeV/c2, X
3

000 =

0:88, X
4
000 = 0:60, cos �

3
000 = �0:84,  

3
000 = 1:1, (d) m

6J = 672 GeV/c2, X
3

000 = 0:72,

X
4
000 = 0:66, cos �

3
000 = 0:80,  

3
000 = 2:9.

31



Figure 2: The six-jet mass spectra for data, HERWIG QCD predictions, and NJETS

QCD predictions after requiring m
6J > 520 GeV/c2, j cos �

3
000 j< 0:9, and X

3
000 < 0:9:
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Figure 3: Inclusive three-body Dalitz plots after requiring m
6J > 520 GeV/c2, j

cos �
3
000 j< 0:9, and X

3
000 < 0:9.
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Figure 4: Dalitz distributions for events that satisfy the requirements m
6J > 520

GeV/c2, j cos �
3
000 j< 0:9, and X

3
000 < 0:9:
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Figure 5: Event populations in the (cos �
3

000;  
3

000)-plane, shown for events that satisfy

the requirements m
6J > 520 GeV/c2, j cos �

3
000 j< 0:9, and X

3
000 < 0:9:.
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Figure 6: cos �
3
000 and  

3
000 distributions after applying the following cuts: m

6J > 520

GeV/c2, j cos �
3

000 j< 0:9, and X
3

000 < 0:9: The measured distributions are compared

with HERWIG, NJETS, and phase-space model predictions, and for the cos �
3

000 dis-

tribution, with the leading-order quark-antiquark scattering distribution.
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Figure 7: The normalized single-body mass distributions in the three-body system

for data (solid squares), the HERWIG QCD predictions (triangles), the NJETS QCD

predictions (crosses), and the phase-space predictions (histograms).
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Figure 8: The two-body energy sharing distributions for data (solid squares), the

HERWIG QCD predictions (triangles), the NJETS QCD predictions (crosses), and

the phase-space predictions (curves).
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Figure 9: The two-body angular distributions for data (solid squares), the HERWIG

QCD predictions (triangles), the NJETS QCD predictions (crosses), and the phase-

space predictions (curves).
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Figure 10: The normalized single-body mass distributions in the two-body systems

for data (solid squares), the HERWIG QCD predictions (triangles), the NJETS QCD

predictions (crosses), and the phase-space predictions (curves).
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