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Emittance Formula for Slits and Pepper-pot Measurement 

Mn Zhangl 

Abstract 

In this note, a rigid formula for slits and pepper-pot emittance measurement is derived. 

The derivation is based on the one-dimensional slit measurement setup. A mathematical 

generalization of the slit emittance formula to the pepper-pot measurement is discussed. 

1 Introduction 

\i’ith the development of high precision linear accelerator technologies. there comes a strong 

demand for high quality beam measurements. For example, in a Self-Amplified Spontaneous 

Emission (SASE) f ree electron laser [l]. it is required that the beam have as low as a few T mm- 

mrad normalized transverse emittance at a GeV energy level. For such small emittances, a precise 

measurement is badly needed. 

Two commonly used emittance measurement methods are: slits and pepper-pot (Fig. 1). The 
former is a one-dimensional emittance measurement device and the latter a two-dimensional one. 
For a space-charge dominated beam. the pepper-pot setup is more appropriate. It cuts an incident 
beam into small pieces ~ beamlets. which each has a very low charge. Figure 2 shows a typical 

setup of such measurements. 
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Figure 1: Beam masks in emittance measurement: slit plate (left) and pepper-pot plate (right) 

L is the distance between the slit plate (or pepper-pot) and the phosphor screen. For a low 
emittance beam, in order to have a high resolution. we need a big L. But a big L means a large 
space-charge emittance dilution to the beam. As known. any phosphor screen has a certain spot 
resolut,ion limit. typically 1 = 100pm. L is then roughly determined by the incident beam’s 
geometrical divergence r with L > 3. p is the number of slits. 

‘On leave from Deutsches Elektronen-Synchrotron (DESY) -IIPY- Sotkestrasse 8.5. 22603 Hamburg. Gernlan) 



Figure 2: Typical setup for emittance measurement: Incident beam comes from left. x is the 
slit or pepper-pot plate coordinate and -Y is that for the phosphor screen. Slits length runs 

perpendicularly to the paper. 

I 

For a fixed beam radius at the slit plate. the beam divergence is given by CC’ = 2, with XL being 

normalized beam divergence, and 7’ the Lorentz factor. X: is a constant for different 7. So for a 
given phosphor screen resolution. lower energy beam is more favorable for a fixed L. But as known. 
low energy means a large space-charge emittance dilution. increasing the measurement errors. 

The intensity of beamlet spots on a phosphor screen is primarily proportional to the number of 
particles in the beamlets which are hitting the screen. 

\Ve use two coordinates to locate the beamlets: one for the slits (x). the other for the screen (-Y). 
Their origins do not need to be aligned. But they are assumed to have the same unit. It is also 
assumed that the size of slits is all the same and is very small compared with the beam size. So 
we can use the slit’s center line as its location (r;). L is small enough so that there is no overlap 

between beamlet spots on the screen. Our goal is to find an emittance formula ( cZ) which employs 
only geometrical parameters of the slits and the spots on screen. that is, slit,s position (x~~). mean 
position of spots on screen (Xj), and rms size of spots on screen (0,). 

It has to be made clear that a measured emittance is not beam’s real mathematical emittance 
because of t,he following two reasons. Firstly, the measured emittance is based on a subset of 
particles instead of the whole beam. Secondly, there always exists space charge contribution to 
the final beamlets. So normally a measured emittance is at most an estimation of the real beam 
emittance. 

2 Derivation of Slit Emittance Formula 

Assume tot’al number of particles before slit is >I. their transverse positions and momenta are 

positions (x;. y;) i = l.Z.....:ZP 

momenta (I:. 7.~:). (1) 

X: is defined as (Fig. 3) 
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We only discuss x plane emittance (cz) here. The cy s identical to the following derivation. 
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Figure 3: Illustration of r:. L is the gap between the slit plate and the screen. 

Total rms emittance is defined by 

t, = J < x2 >< xl2 > --< xx’ >2. (.3) 

with 

Applying a mask to the beam, say, a slit plate, we have S particles behind the slit. Clearly.. 

ilV 5 .V. This is a subset of the initial beam. Then the subset beam’s rms emittance is given by 
Eys. (3) and (4) with < l >= + C;!?, l . From now on we will only discuss this subset emittance. 

2.1 < x > 

l exi <x> = “XT 
t=l 

= ~/~xlj+~X2i+“-+~r,i) 
I=1 i=l i=l 

XZJ (j = 1,2,. . . ?p) is j-th slit position. p is the number of slits. nj is number of particles through 
the j-th slit, which is proportional to the spot intensity on screen. xji (j = 1,2,. . . , p and i = 
1.2;.. , nj) are positions of particles passing through j-th slit. The whole set of {z]i} is exactly 
equal to {xiii = 1,2:.. . -\:.T). This grouping scheme is also made for spot positions {X,;} and 
beam divergences {xi;} in the following discussions. Clearly. 

n1 + n2 + ... + np = LY. (6) 



2.2 < 2’ > 

Define 

and 

1 .\- 
f Eq. (2) 1 

<x’> = 2’=~~Xi 

a\- Ayi-xi 

= -C 

z=l -F izl L 

L 
= ,VL ( 

2 -yli - nlx,l + 2 X2; - n2xs2 + . . . + f?J Xpi - npxsp 
i=l i=l i=l 1 

1 

= E n1 
[ i 

$2 -Yl; - xsl) + n2 ($2 -Y2i - xs2) + . . . + 
Z-1 1-I 

np -$gk -xsp)] . 
( i i 

; = $ CYZl ?r;i - xsj 
.l- L . 

Xj FE ~ ~xii. 

n3 i=l 

The latter is the mean position of j-th spot .on the screen. The former can be rewritten as 

x; = 
x, - XSJ 

L 

using Eq. (9). Then we have 

IL’e can redo Eq. (11) by directly using x1. 

<x1> = ;tX: 
1=1 

$Z ~x;~+~x~i+“e+~x~i) 
i z=l i=l t=l 

= + [nl ($gxii) +n2 ($$xii) +...+n, 

Eq. (11) 1 
E 

[ 
n121 + n2S; + . . . + npgp] . 

It can be easily found that 

(8) 

(9) 

(12) 

From the righthand side, we know that ~j is just the mean divergence of particles passing through 
the j-th slit. Equation (10) p rovides a way to evaluate it by using the beamlet spot information. 



If the origins of the two coordinates I and ?r: do not coincide. say. ,I’ = x + a. we have 

I 
Xj, = 

-TJ + U. - X,SJ = ?1=J - Xsj + 14_ = l?- + a 

L L L L 3 L’ 

This means that for each slit spot. its mean divergence is dependent on the coordinate alignment. 
But it will be demonstrated below that this does not affect the emittance as a whole. 

The above alignment error is also true for the overall mean divergence of the beamlets: 

XL = $5 n,G, = +(f: TIJ< + f: nj:) Eqk(s) i’ + t. 
J=l J=l I=1 

2.3 < x2 > 

<x2> = +$(xi-zj2 
z=l 

= + 

[ 

2 (Xlj - F)2 + F (X2j - ?)2 + ” ’ + 5 (Xpi - z)2] 

1=1 i=l i=l 

2.4 < xl2 > 

< xl2 > III - i;r { $ cx: - a2} 
2=1 

XI $ Yg[( i 
X’,i - ~1) + (S; - ~‘,I’ + ~ [(Ski - ~~) + (~2 - X’)]’ + ” ’ + 

t=l i=l 

5 [(Xii - 2p) + (gp - 2)]2} 
i=l 

III ; 
{ 
2 (xi, - xm)’ + 2 &Xii - 2l)(2l - 2) + 2 (21 - 51)2+ 
t=l I=1 i=l 

2 (xi, - 22)2 + 2 -5XLi - 22)(i2 - SI) + 5 (T2 - 202 + . * * + 
i=l i=l z=l 

~(x;l-~p)2+2~(1:~.-sp)(S. -S’)+-&? 
Pl P P- 

;f)2 

i=l i=l i=l 1 

From Ey. (1.3). we get 

&xjt-J+O Vj=l 2. ,p . , . . . . 
1=1 

(1.5) 

(16) 

(18) 



t$‘ith this equation, it is known that all the middle terms vanish. Then \ve obtain 

< xl2 > = + i c (xi, - s;)2 + n,(.$ - -To2t 
z=l 

n2 

C (x’,; - $2)2 + n,(;ll, - Sf)2 + . * . + 
z=l 

5 (& - 2p)2 + np(gp - s’)2 . 
i=l 1 

Define: 

a,,’ = \1 
~~(X:j-~)2’ 

i- 

which is the rms d .ivergence of heamlet at the j-th slit. This v.alue can be calculated b\ 

OJ 
f7 I= -; 

IJ L 

with 

which is the rms spot size of j-th beamlet on screen. 

Equation (21) can be proofed as follows: 

Or’ 
2 XI 

3 
;+$ -ii,’ 

2- 

Eqs. (2) (10) aYji - X,J XJ - 

L - L / 
\ 

2 
.rssj 

1 n3 

-4 

2Yji --Tl 2 
= 
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Eq. (22) gJ 
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2 
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M?th Eq. (20), Eq. (19) can be writ ten as below 

< Xl2 >= + 2 
[ 

nlozf2 

j=1 
I 

+ nj($ - if)'] . 

119) 

(20) 

(21) 

(22) 

(2.3) 

(24) 

According to Eqs. (14) and (1.5). it is found that the value of < x’~ > is independent of the 
alignment of x and A’ origins. since 

X7 
2” 

- x; = J-1 - S’. (2.5) 



2.5 < xx’ > 

< xx’ >= + c(xz - S)(xi. - i’) 
1=1 

(26) 

t is straightforward to get Let us first discuss the alignment of origins. From Eq. (2), 

x:, = 
xj* + u - X.92 = -yJi - Xsj + a = xl + a 

L L L 1 L’ 
(27) 

In the above. it was assumed that the particle was from the j-th slit. LVith Eq. (1.5). tve know 

xi, - i; = x: - x’. (2s) 

This means that < xx’ > is independent of the alignment of the origins. 

+F Xix: - 2; 

1=1 

M $i$ x,1x;* + 5 xS2x;j t 

z=l z=l 

Eq. (13) 
-$ -’ 

-1 
= nlx,lxl + n2xs2.x2 + .. 

ZY +(f: njX,j;r[, _ iyy;rt) 
,/=l 

. 

. . +g xspx;; - SFX’) 
i=l 

f npxsr,xb - _1;2x’) 

(29) 

M’ith Eq. (16) for < x2 >. Eq. (23) for < xl2 >. and Eq. (29) for < XX’ >2. we obtain 

2 = < x2 >< xl2 > -< xx’ >2 

This is the final slit emittance formula. All the terms in the formula are expressed by slit positions 
and beamlet spots parameters on the screen. Specifically, they are 

l xsj - j-th slit’s position: 

l p ~ total number of slits: 

l n3 - number of particles passing through j-th slit and hitting the screen. Practically it is a 
weighting of spot intensit?.: 



l ? - mean position of all beamlets (Eq. (.?))A 

l ii ~ mean divergence of j-th beamlet (Eq. (10)): 

l i’ ~ mean divergence of all beamlets (Eq. ( 11) ): 

l Csl ~ - rms divergence of j-th beamlet (Eq. (21)). 

2.7 Generalization of Slit Emittance to Pepper-pot 

The generalization of the above slit emittance formula to the pepper-pot case is straightforward. 
Instead of projecting slit image lines to the x axis. we sum up all pepper-pot spot images in ‘; 

direction for E, and in x direction for ty (Fig. 3). 
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Figure 4: Illustration for slit and pepper-pot image analysis 

3 Closing Remarks 

There is a general question that what is the relationship between beam‘s real mathematical emit- 
tance and that measured using either slits or pepper-pot, i.e. between total emittance and subset 
emittance. If this question can be addressed, we are then in a position to give an estimation of 
measurement errors between E and tsubset and the difference between es/its and tprpper--pot. 

For a subset slit emittance measurement. the formula derived in this note is mathematically rigid. 
‘This formula applies only to rms emittances. not to ellipse emittances. 

In a measurement setup, we do not need to align the slit plate coordinate with the screen-s. be- 
cause all the values in the formula are relative to their respective coordinates only. 
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