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Abstract

The electroweak equivalence theorem quantitatively connects the physical amplitudes
of longitudinal massive gauge bosons to those of the corresponding unphysical would-
be Goldstone bosons. Its precise form depends on both the gauge fixing condition
and the renormalization scheme. Qur previous modification-free schemes have ap-
plied to a broad class of R; gauges including 't Hooft-Feynman gauge but excluding
Landau gauge. In this paper we construct a new renormalization scheme in which
the radiative modification factor, Cg, 4 , is equal to unity for all R¢-gauges, including
both 't Hooft-Feynman and Landau gauges. This scheme makes C2,_, equal to unity
by specifying a convenient subtraction condition for the would-be Goldstone boson
wavefunction renormalization constant Zss. We build the new scheme for both the
standard model and the effective Lagrangian formulated electroweak theories (with
either linearly or non-linearly realized symmetry breaking sector).
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1. Introduction

The electroweak equivalence theorem (ET) [1]-[10], quantitatively connects the high
energy scattering amplitudes of longitudinally polarized weak gauge bosons (V¢ = W&, Z;)
to the corresponding amplitudes of would-be Goldstone bosons (¢* = ¢%,¢°). The ET
has been widely used and has proven to be a powerful tool in studying the electroweak
symmetry breaking (EWSB) mechanism, which remains a2 mystery and awaits experimental
exploration at the CERN Large Hadron Collider (LHC) and the future linear colliders.

After some initial proposals {1], Chanowitz and Gaillard [2] gave the first general for-
mulation of the ET for an arbitrary number of external longitudinal vector bosons and
pointed out the non-trivial cancellation of terms growing like powers of the large energy
which arise from external longitudinal polarization vectors. The existence of radiative
modification factors to the ET was revealed by Yao and Yuan and further discussed by
Bagger and Schmidt [3]. In recent systematic investigations, the precise formulation for the
ET has been given for both the standard model (SM) [4, 5, 7] and chiral Lagrangian for-
mulated electroweak theories (CLEWT) [6], in which convenient renormalization schemes
for exactly simplifying these modification factors have been proposed for a class of Re-
gauges. A further general study of both multiplicative and additive modification factors
[cf. eq. (1.1)] has been performed in Ref. [8, 9] for both the SM and CLEWT, by analyzing
the longitudinal-transverse ambiguity and the physical content of the ET as a criterion for
probing the EWSB sector. According to these studies, the ET can be precisely formulated
as [2]-[9]

T[VE, -+, Vi 8a] = C - Tlig™,- -+ ,1¢*; 8] + B (1.1)
C =C34---Cong=1+0(loop) , .
B =30 (O ---ConyTlv™, .- <, u™,i¢%+1 .- i¢%; $,] + permutations of v's and ¢'s )
= O(Mw [ E;)—suppressed
v =o'V, v =¢ — k*/My = O(My/E) , (Mv=Mw,Mz)' , '
(1.1a,b,¢)

with the conditions
Ej~ki> My, (j=12,---,n),

(1.2a,b)
C- T[i¢a‘3 Tt )i¢a“;¢a] > B ’
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where ¢%'s are the Goldstone boson fields and ®, denotes other possible physical in/out
states. C2.4 = 1+ O(loop) is a renormalization-scheme and gauge dependent constant
called the modification factor, and Ej is the energy of the j-th external line. For E; >
Mw , the B-term is only O(Mw /E;)-suppressed relative to the leading term (8],

— oMy prge ... igen. My
B""O(—E:_)T["¢ )ttt :@u]‘*’o(Ej

Therefore it can be either larger or smaller than O(My /E;), depending on the magnitudes
of the ¢*-amplitudes on the RHS of (1.3) [8, 9]. For example, in the CLEWT, it was found

that B = O(g®) [8, 9, 10], which is a constant depending only on the SM gauge coupling

) T[V;-;" 1%, .- ,i¢“""; Qa] . (1_3)

constant and does not vanish with increasing energy. Thus, the condition (1.2a) is necessary
but not sufficient for ignoring the whole B-term. For sufficiency, the condition (1.2b) must
also be imposed [8]. In section 3.3, we shall discuss minimizing the approximation from
ignoring the B-term when going beyond lowest order calculations.

In the present work, we shall primarily study the simplification of the radiative mod-
ification factors, C3.4 , to unity. As shown in (1.1), the modification factors differ from
unity at loop levels for all external would-be Goldstone bosons, and are not suppressed by
the Mw/E;j-factor. Furthermore, these modification factors depend on both the gauge
and scalar coupling constants (4, 5]. Although C2_; —1 = O(loop) , this does not mean
that C3 4-factors cannot appear at the leading order of a perturbative expansion. An
example is the 1/AN-expansion [11] in which the leading order contributions include an
infinite number of Goldstone boson loops so that the CZ_, ’s will survive the large- A limit
if the renormalization scheme is not properly chosen. In general, the appearance of C2_, s
at loop levels alters the high energy equivalence between Vj, and Goldstone boson ampli-
tudes and potentially invalidates the naive intuition gained from tree level calculatioms.
For practical applications of the ET at loop levels, the modification factors complicate the
calculations and reduce the utility of the equivalence theorem. Thus, the simplification of

C3 .4 to unity is very useful.

The factor C3,,q4 has been derived in the general R,-gauges for both the SM.[4, 5] and
CLEWT [6], and been simplified to unity in a renormalization scheme, called Scheme-II in
those references, for a broad class of R¢-gauges. Scheme-II is particularly convenient for
't Hooft-Feynman gauge, but cannot be applied to Landau gauge. In the present work, we
make a natural generalization of our formalism and construct a new scheme, which we call
Scheme-IV , for all Rg-gauges including both 't Hooft-Feynman and Landau gauges. In

the Landau gauge, the exact simplification of CZ_, is straightforward for the U(1) Higgs

a
mo
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theory [5, 7]; but, for the realistic non-Abelian theories (such as the SM and CLEWT)
the situation is much more complicated. Earlier Landau gauge formulations of the non-
Abelian case relied on explicit calculation of new loop level quantities, A?, involving the
Faddeev-Popov ghosts [5, 12].

This new Scheme-IV proves particularly convenient for Landau gauge. This is very
useful since Landau gauge has been widely used in the literature and proves particularly
convenient for studying dynamical EWSB. For instance, in the CLEWT, the complicated
non-linear Goldstone boson-ghost interaction vertices from the Faddeev-Popov term (and
the corresponding higher dimensional counter terms) vanish in Landau gauge, while the

Goldstone boson and ghost fields remain exactly massless [13].

In the following analysis, we shall adopt the notation of references [4, 5] unless otherwise
specified. This paper is organized as follows: In section 2 we derive the necessary Ward-
Takahashi (WT) identities and construct our new renormalization scheme. In section 3, we
derive the precise formulation of Scheme-IV such that the ET is free from radiative mod-
ifications (i.e., C2,4 = 1) in all R¢-gauges including both Landau and 't Hooft-Feynman
gauges. This is done for a variety of models including the SU(2); Higgs theory, the full SM,
and both the linearly and non-linearly realized CLEWT. We further propose a convenient
new prescription, called the “ Divided Equivalence Theorem ” (DET), for minimizing the
error caused by ignoring the B-term. Finally, we discuss the relation of Scheme-IV to our
previous schemes. In section 4, we perform explicit one-loop calculations to demonstrate

our results. Conclusions are given in section 5.

2. The Radiative Modification Factor C2%_; and Renormalization Scheme-IV

In the first part of this section, we shall define our model and briefly explain how
the radiative modification factor to the ET (C2,4) originates from the quantization and
renormalization procedures. Then, we analyze the properties of the C%_; in different gauges
and at different loop levels. This will provide the necessary preliminaries for our main
analyses and make this paper self-contained. In the second part of this section, using WT
identities, we construct the new renormalization Scheme-IV for the exact simplification
of the C2_,-factor in all Re-gauges including both 't Hooft-Feynman and Landau gauges.

Our prescription for obtaining C2 .4 =1 does not require any ezplicit calculations beyond



those needed for the usual on-shell renormalization program.

2.1. The Radiative Modification Factor C2_,

For simplicity, we shall first derive our results in the SU(2); Higgs theory by taking
¢’ =0 in the electroweak SU (2)r ® U(1)r standard model (SM). The generalizations to
the full SM and to the effective Lagrangian formulations are straightforward (though there
are some further complications) and will be given in later sections. The field content for
the SU(2), Higgs theory consists of the physical fields, H, W2, and f(f) representing the
Higgs, the weak gauge bosons and the fermions, respectively, and the unphysical fields ¢%,
c*, and *, representing the would-be Goldstone bosons, the Faddeev-Popov ghosts, and
the anti-ghosts respectively. We quantize the theory using the following general R;-gauge

fixing condition
1
Ler = - 3(F5)
F§ = (88)730.W5" - (83)hn3ee = (KO)TWS5 (2.1)

KS = (&) 50n, —(6)4s2) ", W3 =(We", g0

where the subscript “,” denotes bare quantities. For the case of the SU(2);, theory, we can

take £§ = o, K§ = ko, for @ = 1,2,3. The quantized bare Lagrangian for the SU(2)

model is
1 < a 1 a G\z =G A G
Lsvan = —3We™ Waa, +1D6%0l" = U (180f") = S(F5) +(6)383F5 + Loamion (22)

where 3 is the Becchi-Rouet-Stora-Tyutin (BRST) [15] transformation operator. Simce
our analysis and formulation of the ET do not rely on any details of the Higgs potential

or the fermionic part, we do not list their explicit forms here.

The Ward-Takahashi (WT) and Slavnov-Taylor (ST) identities of a non-Abelian gauge
theory are most conveniently derived from the BRST symmetry of the quantized action.
The transformations of the bare fields are

SWg* = Di'cs = 04c§ + goe™ [We'e5] | iHo =~ [43e3]

- a g a go o c a a c

3¢5 = Dgcg = Mwocs + ?0 lIHoCo]’ + Eoe bc'[ gco]] , 8¢ = “%5 bcﬂcgcoll J (2.3)
=L L ) L

SRS =657 0, We* — Eino- 308, i@ =& Fe,



where expressions such as [Wé‘b cg]l (z) indicate the local composite operator fields formed

from W¢(z) and c§(z).

The appearance of the modification factor C% 4 to the ET is due to the amputation and
the renormalization of external massive gauge bosons and their corresponding Goldstone
boson fields. For the amputation, we need a general ST identity for the propagators of
the gauge boson, Goldstone boson and their mixing [3]-[5]. By introducing the external
source term [ dz*[Jixh + I°c2 + c3I°] (where X} denotes any possible fields except the
(anti-)ghost fields) to the generating functional, we get the following generating equation

for connected Green functions:

0 = Ji(z) < 0|T3x%(z)|0 > —I*(z) < 0|T3c3(z)|0 > + < 0|T'3z3(=z)|0 > I%(=z) (2.4)

¢ g

from which we can derive the ST identity for the matrix propagator of W3 ,

KDk = - [x]7 () (25)
with
D(k) = <OTWHWATI0> (k) , So(k)s® = <OTe0> (k) ,  (2.5a)

¢ < O|TSW™(0 >

ab — &b ‘0 = ]
X5E) = X %) (&? < 0|T3¢3/0 >

) - So(k) . (2.5b)
(k)

To explain how the modification factor C3 4 to the ET arises, we start from the well-known
ST identity [2])-[5] < 0|Fg'(k1)--- Fg"(ka)®al0 >=0 andset n=1,i.e,
0 = G[Fg(k); ®a] = K§ GIW(k); ®a] = —[X™|"T[Wo(k); 2a] - (2.6)

Here G[---] and T[--:] denote the Green function and the S-matrix element, respectively.
The identity (2.6) leads directly to

ky

= T[Wg"(k); &a] = C3(k*)T(i4; 2] (2.7)
with C2(k?) defined as
O3(k%) = 14+ A3(k?) + Aj(k*) (2.8)

1 + A3(k?) ’



in which the quantities A? are the proper vertices of the composite operators

a ab _ go 5] |=a

M) = S <OT [Hot] I > (k)

a — go bed c —a

As(kN)6* =~ <OIT [g5ci] 1% > (&) (2.9)
ikt AS(k?)6 = —%e"“(OIT [weses] e > (k)

which are shown diagrammatically in figure 1.

:' Joto o G2 [[(DbCC]] o/o.q..

(b)

Figure 1.

Composite operator diagrams contributing to radiative modification factor of the equivalence
theorem in non-Abelian Higgs theories. (a). Af; (b). A3; (c). Ag.

After renormalization, (2.8) becomes

kp ap . — Aary? F1a, |
T TIW(k); 8] = Co(k)Tlig" @) (2.10)

with the finite renormalized coefficient

C*(K) = Zaee (22) C3(87) )

The renormalization constants are defined as Wy* = Zv;_VW““', #5 = Zj ¢* , and
‘Mwo = Zum, Mw . The modification factor to the ET is precisely the value of this fi-

nite renormalized coeflicient C'“(kz) on the gauge boson mass-shell:
fod = O ()| Ly (2.12)

6



provided that the usual on-shell subtraction for Mw is adopted. In Sec. 3, we shall trans-
form the identity (2.10) into the final form of the ET (which connects the Wg-amplitude to
that of the corresponding ¢°-amplitude) for an arbitrary number of external longitudinal

gauge bosons and obtain a modification-free formulation of the ET with CZ 3 =1 toall

mo
loop orders.

As shown above, the appearance of the C2 4 factor to the ET is due to the amputation
and renormalization of external W®* and ¢° lines by using the ST identity (2.5). Thus it
is natural that the C2_, factor contains W**-ghost, ¢*-ghost and Higgs-ghost interactions
expressed in terms of these A?-quantities. Further simplification can be made by re-
expressing C2, 4 in terms of known W** and ¢° proper self-energies using WT identities as
first proposed in Refs. [4]-[6]. This step is the basis of our simplification of C,

moda = 1 and
will be also adopted for constructing our new Scheme-IV in Sec. 2.2. We must emphasize
that, our simplification of C2.4 = 1 does not need any ezplicit calculation of the new
loop-level A%-quantities which involve ghost interactions and are quite complicated. This

is precisely why our simplification procedure is useful.

Finally, we analyze the properties of the Af?-quantities in different gauges and at
different loop-levels. The loop-level A?-quantities are non-vanishing in general and make
Co(k?) # 1 and C&,4 # 1 order by order. In Landau gauge, these A?-quantities can
be partially simplified, especially at the one-loop order, because the tree-level Higgs-ghost

and ¢°-ghost vertices vanish. This makes Af, =0 at one loop.® In general,
A% = A2 =0+0(2loop), A3=O0(lloop), (in Landau gauge). (2.13)

Beyond the one-loop order, Af, # 0 since the Higgs and Goldstone boson fields can still
indirectly couple to the ghosts via loop diagrams containing internal gauge fields, as shown

in Figure 2.

SWe note that, in the non-Abelian case, the statement that Af; =0 for Landau gauge in Refs.-(3, 5] is
only valid at the one-loop order.



[ d°ce] .’/./. - r{%??—. .

(b)

[Hc?]

Figure 2.

The lowest order diagrams contributing to A%(k?) and A3(k?) in Landau gauge.

We note that the 2-loop diagram Figure 2b is non-vanishing in the full SM due to the tri-
linear A,-WZ-¢F and Z,-WE-4¥ vertices, while it vanishes in the SU(2); theory since

the couplings of these tri-linear vertices are proportional to sin? 6y .

2.2. Construction of Renormalization Scheme-IV

From the generating equation for WT identities [5, 14], we obtain a set of identities for
bare inverse propagators which contain the bare modification factor C2(k?) [derived in
(2.8), (2.9) and (2.12)] [4, 5]

ik [iD5 L, (k) + &5 kuk)] = —MwoCa(k?)[iDyk, o(k) — ikok]
ik#(—iDg 4, a(K) +inoky] = —MwoCa(k?)[iD5hy a(k) + Eokd] (2.14)
oas(F) = (14 A3(F)][E* — boroMwoC2(k?)]bas

where Dy 4, Dogrs Do,ges So.,b are the unrenormalized full propagators for gauge boson,
gauge-Goldstone-boson mixing and ghost, respectively.

The renormalization program is chosen to match the on-shell scheme [16] for the physical
degrees of freedoms, since this is very convenient and popular for computing the electroweak
radiative corrections (especialyly for high energy processes). Among other things, this choice
means that the proper self energies of physical particles are renormalized so as to vanish on
their mass-shells, and that the vacuum expectation value of the Higgs field is renormalized
such that the tadpole graphs are exactly cancelled. If the vacuum expectation value were

not renormalized in this way, there would be tadpole contributions to figure la.

The renormalization constants of the unphysical degrees of freedoms are defined as

B =Zi¢°, B=Z.", B=3, =2, K= Zur®. (2.15)

(o]



Some of these renormalization constants will be chosen such that the ET is free from
radiative modifications, while the others are left to be determined as usual [16] so that
our scheme is most convenient for the practical application of the ET. Using (2.15) and
the relations Doy = ZwDw, Dogw = ZiZ4Dp , and So = Z.S , we obtain the

renormalized identities

iR DL a(R) + BEE Rk = — O(K) MwliDjh (k) — ZeZiy Zfikun]
ik [—iDF2 (k) + ZuZdy Zhikun] = — Co(R)MwliDyhu(k) + 22224657 (2:16)

iSFHE) = Zo[1+ Aa(k?)][k? — ExMw Z¢ Ze( 52 )3 Co(K?))bab
Note that the renormalized coefficient C(k?) appearing in (2.16) is precisely the same
as that in (2.12).

Constraints on Zg, Z., Z4 and Z. can be drawn from the fact that the coefficients in
the renormalized identities of (2.16) are finite. This implies that

Ze = QeZw B = 0742, 2
¢ . W e (2.17)
Zy = Q4 Zw 2}, Co(sub. point) , Z. = Q1 + As(sub. point)]™
with
Qenoe = 1+ O0(loop) = finite (2.17a)

where ¢, Q., Q4 and . are unphysical and arbitrary finite constants to be determined

by the subtraction conditions.

The propagators are expressed in terms of the proper self-energies as

D (k) = [(9w — 28) (K + M7y — iy (k%))
+hde (—g7k? + MY, - Ty (K)) ] 6
Dyl (k) = —ik, (Mw — x + yy(k?)) 6as (2.18)
iDpa(k) = (K —&x? - TI3y(K)) 6us
iSgi(k) = (K —&xMy — I%(K)) bus

where I3 is the proper self-energy of the physical part of the gauge boson, and the fI:'J ’s

are the unphysical proper self-energies.



Expanding the propagators in (2.16) in terms of proper self-energies yields the following

identities containing C(k?) :

£k (Q7" — 1) + My — 115, (k)

C‘ﬂ(kz) = " 2 = . ,
Mwr (007" — 1) + My, + MwlIgy4(k?)

oy = T (295" — 1) + My + Tig o (k?) (2.19)
Mw ¢x? (0205" — 1) + k2 — T13,(k?)

e (k) = K —¢nMw — Z.[1 + Aa(F)] [MF, — £xQuMw Co(k?)] .

We are now ready to construct of our new renormalization scheme, Scheme-IV , which
will insure C(M3,) = 1 for all Rg-gauges, including Landau gauge. The R¢-gauges
are a continuous one parameter family of gauge-fixing conditions [cf. (2.1)] in which the
parameter ¢ takes values from 0 to oo . In practice, however, there are only three
important special cases: the Landau gauge (¢ = 0), the 't Hooft-Feynman gauge (¢ = 1)
and unitary gauge (§ — oo). In the unitary gauge, the unphysical degrees of freedom
freeze out and one cannot discuss the amplitude for the would-be Goldstone bosons. In
addition, the loop renormalization becomes inconvenient in this gauge due to the bad high
energy behavior of massive gauge-boson propagators and the resulting complication of the
divergence structure. The 't Hooft-Feynman gauge offers great calculational advantages,
since the gauge boson propagator takes a very simple form and the tree-level mass poles
of each weak gauge boson and its corresponding Goldstone boson and ghost are all the
same. The Landau gauge proves very convenient in the electroweak chiral Lagrangian
formalism [13] by fully removing the complicated tree-level non-linear Goldstone boson-
ghost interactions [cf. Sec. 3.2] and in this gauge unphysical would-be Goldstones are

exactly massless like true Goldstone bosons.

To construct the new Scheme-IV , we note that a prior, we have six free parameters
to be specified: ¢, «, Z4, Z., ¢ ,and Q. in a general R¢-gauge. For Landau
gauge ( £ = 0 ), the gauge-fixing term Lgr [cf. (2.1)] gives vanishing Goldstone-boson
masses without any x-dependence, and the bi-linear gauge-boson vertex — 3-(8,W§')*
diverges, implying that the W-propagator is transverse and independent of Q¢ . The
only finite term left in Lgr for Landau gauge is the gauge-Goldstone mixing vertex

kodoOuWE = Q7' Qendd W*  [cf. (2.17)], which will cancel the tree-level W-¢ mixing
from the Higgs kinetic term |D4®o|* in (2.2) provided that we choose & = My . Hence,
for the purpose of including Landau gauge into our Scheme-IV , we shall not make use

10



of the degree of freedoms from ¢ and €}, , and in order to remove the tree-level W-¢
mixing, we shall set k& = Mw . Thus, we fix the free parameters )¢ , Q. and x as

follows
Qe = Q% =1, x =My, (inScheme-1IV) . (2.20)

From (2.17), the choice ¢ = Q. =1 implies
Fg=F* , (2.21)

i.e., the gauge-fixing function F§ is unchanged after the renormalization. For the remain-
ing three unphysical parameters ¢ , Z; and Z. , we shall leave § free to cover all

R¢-gauges and leave Z. determined by the usual on-shell normalization condition

2 fie (42) ~ 0. (2.22)

dk? K=¢M2,

Therefore, in our Scheme-IV , the only free parameter, which we shall specify for insur-
ing C(MZ) =1, is the wavefunction renormalization constant Z, for the unphysical

Goldstone boson.

Under the above choice (2.20), the first two equations of (2.19) become

Mg —Tgw(MEy) My + My Ty, (M)

C(My) = My, + MwTly(Miy) My — Ti3,(M) (2.23)
[MW g (Mmr |
M}, — Tis,(M3) |

at k? = M3 . Note that (2.23) re-expresses the factor C°(M%) in terms of only two
renormalized proper self-energies: 144 and Iww (or Iy, ). We emphasize that, unlike the
most general relations (2.19) adopted in Refs. [4, 5], the identity (2.23) compactly takes
the same symbolic form for any Re-gauge including both 't Hooft-Feynman and Landau
gauges under the choice (2.20).b

From the new identity (2.23), we deduce that the modification factor C®(Mg,) can be

made equal to unity provided the condition

M54(M3y) = My (M) (2.24)

¥In fact, (2.23) holds for arbitrary « .
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is imposed. This is readily done by adjusting Zy in correspondence to the unphysical
arbitrary finite quantity Qg = 14+8Qy in (2.17). The precise form of the needed adjustment
can be determined by expressing the renormalized proper self-energies in terms of the bare

proper self-energies plus the corresponding counter terms [5],
T5w (k) = Twwo(k?)+6lww = Zwiliywo(k®) + (1 - ZwZig, )My
Mg (k) = Twaolk) +Tlws = (ZwZs)Tlive oK) + (ZwZsZin, )? - 1IMw

M3,k = Mygo(k?)+ 6l = Zollgeo(F*) + (1 - Z0)K% |
(2.25)

which, at the one-loop order, reduces to

Mww(k?) = Twwo(k?) - [6Zw + 26Zm | M3y
Nwe(K*) = Tweo(k?) ~ [}(6Zw + 625) + 62w, |1 Mw (2.26)
Mee(k?) = MMgp0(k?) — 6Z4K% .

Note that, in the above expressions for the R,-gauge counter terms under the choice Q¢ =
Q. =1 [cf. (2.20)], there is no explicit dependence on the gauge parameters ¢ and
k so that (2.25) and (2.26) take the same forms for all R,-gauges. From either (2.25) or
(2.26), we see that in the counter terms to the self-energies there are three independent
renormalization constants Zw, Zp,,,and Zy . Among them, Zw and Zps,, have been
determined by the renormalization of the physical sector, such as in the on-shell scheme
(which we shall adopt in this paper) [16],

d :
lm(F)| =0, (for Zw); .
k =M€v mm)
H&rw(kz)lkku,’v =0, (for Zny, ) -

We are just left with Zy from the unphysical sector which can be adjusted, as shown in
eq. (2.17). Since the ghost self-energy II2%, is irrelevant to above identity (2.23), we do
not list, in (2.25) and (2.26), the corresponding counter term 6112, which contains one
more renormalization constant Z. and will be determined as usual [cf. (2.22)]. Finally,
note that we have already included the Higgs-tadpole counter term — 26T in the bare
Goldstone boson and Higgs boson self-energies, through the well-known tadpole = 0
condition [5, 16, 17).

12



Now, equating I13,(M%) and 112, (M%) according to (2.24), we solve for Z,:

Zig,, My - 1% wo( M%)
M3, — gy o( Miy)

Zy = Zw , (in Scheme—1V ). (2.28)

Z4 is thus expressed in terms of known quantities, that is, in terms of the renormalization
constants of the physical sector and the bare unphysical proper self-energies of the gauge
fields and the Goldstone boson fields, which must be computed in any practical renor-
malization program. We thus obtain C%(M2 ) = 1 without the extra work of explicitly
evaluating the complicated A? ’s. At the one-loop level, the solution for Zy =1+6Z; in
(2.27) reduces to

§Z4 = 1 + 62w + 26Zr,, + M [[ o(MFy) — Wymo(MRy)] - (2.28q)

If we specialize to Landau gauge, (2.28a) can be alternatively expressed in terms of the

bare ghost self-energy ﬁcE,O plus the gauge boson renormalization constants:
624 =1+ 62w + 262, + 2MpP T (MY,) ,  (E=0) , (2.28a")
due to the Landau gauge WT identity (valid up to one loop)
Dgpo(M2) — Mwwo(ME) = 2Meo(ME)+ O(2 loop) . (2.29)

The validity of (2.29) can be proven directly. From the first two identities of our (2.14) we

derive

Mo - WwoMao)]* A
“;O .‘ZW'O( 2W°) = C3(M%)+ O(2 loop)
Mo — gy o( Miyo) (2.30)

1 - -
= 14 ; My [[go.0(Miy) - Tiwwo(M3)] + O(2 loop)

Co(Miyo)

and from the third identity of (2.14) plus (2.8) and (2.13) we have
Co(Miy) = 1-A3(My)+ O(2loop) ,  (€=0)

. (3.31)
= 14+ Myl o(Mj)+ O(2loop) ,  (£=0) .

Thus, comparison of (2.30) with (2.31) gives our one-loop order Landau-gauge WT identity

(2.29) so that (2.28a’) can be simply deduced from (2.28a). As a consistency check, we
note that the same one-loop result (2.28a') can also be directly derived from (2.8), (2.11)
and (2.13) for Landau gauge by using (3.31) and requiring Cp4=1,
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In summary, the complete definition of the Scheme-IV for the SU(2), Higgs theory is
as follows: The physical sector is renormalized in the conventional on-shell scheme [5, 16).
This means that the vacuum expectation value is renormalized so that tadpoles are exactly
cancelled, the proper self-energies of physical states vanish on their mass-shells, and the
residues of the propagator poles are normalized to unity. For the gauge sector, this means
that Zw and Zps, are determined by (2.27).

In the unphysical sector, the parameters x, {2, and ¢ are chosen as in (2.20). The
ghost wavefunction renormalization constant Z. is determined as usual [cf. (2.22)]. The
Goldstone wavefunction renormalization constant Z; is chosen as in (2.28) [or (2.28a)] s0
that C(M3) =1 isensured. From (2.12), we see that this will automatically render the
ET modification-free.

2.9. Scheme-IV in the Standard Model

For the full SM, the renormalization is greatly complicated due to the various mixings
in the neutral sector (5, 16]. However, the first two WT identities in (2.19) take the same
symbolic forms for both the charged and neutral sectors as shown in Ref. [5]. This makes
the generalization of our Scheme-IV to the SM straightforward. Even so, we still have a
further complication in our final result for determining the wavefunction renormalization
constant Zys of the neutral Goldstone field #% |, due to the mixings in the counter term

to the bare Z boson self-energy.
The SM gauge-fixing term can be compactly written as follows [5)

Lor = ~(Ff Fy + Fy )~ 3(FYYEY (2:2)
where it o= (5*)“%3 Wi"(ft)%niqbi
0 0’ [TAA4)) Q 10 0 (2.33)
FY = (FZ,FAY = (6V) 10,N8 — Rog?
and
N& = (28, A8, NE=ZLN ; (V)% =(eNyizgs
C [yt gt } " [(&Z)-% 0 ]
&)= . . : Ny = s (2.34
(&) (a%)-F  (e8)h ) 0 (64)-% (234)
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The construction of Scheme-IV for the charged sector is essentially the same as the SU(2),,
theory and will be summarized below in (2.41). So, we only need to take care of the neutral
sector. We can derive a set of WT identities parallel to (2.14) and (2.16) as in Ref. [5] and

obtain the following constraints on the renormalization constants for ¢y and &

~i L 1 I\Tr__11T 7 _1\T L
77} = 002, Zn= (&;,) [ne ;] (5N=) Q.74 (2.35)
with
ot [ (QF%)4 (n?A)-%J [(1+me”)-‘f —~ 36974
én = 1 _1 = 1
| (@) (Q84) s —360¢% (1 +60¢4)~2
(2.35q)
[ Q%% 0 146Q22 0
QR_ = =
4z 5042 0

As in (2.20), we choose

1 0 1 0
Qg = |: ] , Sk = [0 O] , Kkz=Mgz , (inScheme—IV) . (2.36)

As mentioned above, in the full SM, the corresponding identities for C'W(MV’V) and
C?(M32) take the same symbolic forms as (2.23)

~ 1 —~ 3
N M2 11 (M2 H - M2 11 M3 2
C¥ (M) = [ z b ZW)] , C*(M3%) = [ o~ 22M3) 1* (3 7)
M, — Tgee-(Miy) | M3 — Mys4s(M3)
which can be simplified to unity provided that
figrg-(My) = Twsw-(My) ,  Tysea(ME) = Mzz(Mz) . (2.38)

The solution for Zy+ from the first condition of (2.38) is the same as in (2.28) or (2.28a),
but the solution for Zys from the second condition of (2.38) is complicated due to the

mixings in the fIzz,o counter term:
fiz2(k?) = Tzz0(k?) +61lzz = Zzzllzz0(K*) + (1 — Z222Z}, )M} |
Mzz0(k*) = Tzz0(k?) + 222 23 5(1124,0(K?) + Tazo(k*)] + 273242140 0(K?) ;
ﬁ¢z¢z(k2) = Z¢zﬁ¢z¢z,o(k2) + (1 bl Z4,z)k2 .
(2.39)
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Substituting (2.39) into the second condition of (2.38), we find

Zy M} — Nzz0(M3)
M3 — Mysys o( M3)
= 1+682zz +26%u; + M3* [[lysgs o(M3) ~ Tzz0(M3)] , (at1loop),

~ (2.40)

where the quantity i zz0 is defined in the second equation of (2.39). The added compli-

Zes = Zzz , (in Scheme—1IV )

cation to the solution of Z;s due to the mixing effects in the neutral sector vanishes at
one loop.

Finally, we summarize Scheme-IV for the full SM. For both the physical and unphysical
parts, the renormalization conditions will be imposed separately for the charged and neutral
sectors. The conditions for the charged sector are identical to those for the SU(2), theory.
In the neutral sector, for the physical part, the photon and electric charge are renormalized
as in QED [16], while for the unphysical part, we choose (2.36) and (2.40). The constraints
on the whole unphysical sector in the Scheme-IV . are as follows:

k= My , Qex =1, Qa:=1,

Z3y, My — Twsw-o(ME)
Mj, — Tgeg-o(ME)

824+ = 62w+ + 2620, + My;rz [ﬁ¢+¢-,o(M3V) - ﬁW-l'W-,o(Mt?v)] , ( at 1 loop ) H

ﬁ¢+¢-(Mv2v) = ﬁW‘*W-(M;?v) => Zgt = Iw=

(2.41)
and
u Q 10 Q 1 0
Kz = Z € = 0 1 H R — 0 0 )
_ _ 23, M3 — Nzz0(M3) (2.42)
Mysu5(M3) = Tzz(M3) = 245 =Zgp e 22202/
s193(Mz) = llzz(Mz) = Z4s = Z3z M3 — Tigage o (M3)
§Z43 = 627z + 26 Zp, + M7} [ﬁ¢z¢z,o(M;) - ﬁzz,o(Mg.)] , (atlloop);
which insure
CY(My) =1, C?(M2) = 1, (inScheme—1V) . (2.43)

Note that in (2.42) the quantity ﬁzz’o is defined in terms of the bare self-energies of the
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neutral gauge bosons by the second equation of (2.39) and reduces to ﬁzz,o at one loop.

3. Precise Modification-Free Formulation of the ET for All R,-Gauges

In this section, we first give the modification-free formulation of the ET within our
new Scheme-IV for both SU(2), Higgs theory and the full SM. In Sec. 3.2, we further
generalize our result to the electroweak chiral Lagrangian (EWCL) formalism {13, 18]
which provides the most economical description of the strongly coupled EWSB sector
below the scale of new physics denoted by the effective cut-off A(< 4wv = 3.1 TeV).
Numerous applications of the ET in this formalism have appeared in recent years [25]. The
generalization to linearly realized effective Lagrangians [19] is much simpler and will be
briefly discussed at the end of Sec. 3.2. Also, based upon our modification-free formulation
of the ET, we propose a new prescription, called “ Divided Equivalence Theorem ” (DET),
for minimizing the approximation due to ignoring the additive B-term in the ET. Finally,
in Sec. 3.3, we analyze the relation of Scheme-IV to our previous schemes for the precise
formulation of the ET.

3.1. The Precise Formulation in the SU(2)y theory and the SM

From our general formulation in Sec. 2.1, we see that the radiative modification factor

C2.q to the ET is precisely equal to the factor a"(kz) evaluated at the physical mass
pole of the longitudinal gauge boson in the usual on-shell scheme. This is explicitly shown
in (2.12) for SU(2);, theory and the generalization to the full SM is straightforward [4, 5]

CWy = CW(ME) , CZ, = CF(M3) , (3.1)

mod

for the on-shell subtraction of the gauge boson masses My and Mgz .

We then directly apply our renormalization Scheme-IV to give a new modification-free

formulation of the ET for all R¢-gauges. For SU(2); Higgs theory, we have

a -—
mod — 1

,  ( Scheme — IV for SU(2)., Higgs theory ) (3.2)
where the Scheme-IV is defined in (2.20) and (2.28,28a). For the SM, we have

c¥, =1, CZ,=1, (Scheme—1IV for SM) (3.3)

mod
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where the Scheme-IV is summarized in (2.41) and (2.42). We emphasize that the only
special step to ezactly ensure C3.4 = 1 and Cz;i = 1 1is to choose the unphysical

Goldstone boson wavefunction renormalization constants Z4 as in (2.28) for the SU(2),
theory and Z4: and Zys as in (2.41)-(2.42) for the SM.

Therefore, we can re-formulate the ET (1.1)-(1.2) in Scheme-IV with the radiative

modifications removed:

T[VI;.I! Tty VI':“; Qﬂ] = T[i¢¢l, T )i¢¢"; @a] + B ) (3.4)
B =30, ( T, --,v™, g%+, - - 1¢%; ®,] + permutations of v's and ¢'s )
= O(Mw /E;)—suppressed

v =otVE, W= e — k*/My = O(My/E), (My = Mw,Mz) , .
(3.4a,d)

with the conditions )
Ej~kj>>Mw, (]=1,2,---,17.) ,

T[ig™,---,1¢° 8a] > B .
Once Scheme-IV is chosen, we need not worry about the Cg 4-factors in (1.1)-(1.2) in any

Re-gauges and to any loop order. We remark that Scheme-IV is also valid for the 1/N-
expansion [11] since the above formulation is based upon the WT identities (for two-point

(3.5a,0)

self-energies) which take the same form in any perturbative expansion. For the sake of
many phenomenological applications, the explicit generalization to the important effective

Lagrangian formalisms will be summarized in the following section.

8.2. Generalization to the Electroweak Chiral Lagrangian Formalism

The radiative modification-free formulation of the ET for the electroweak chiral La-
grangian (EWCL) formalism was given in Ref. [6] for Scheme-II which cannot be used in
Landau gauge. However, since Landau gauge is widely used for the EWCL in the literature
due to its special convenience for this non-linear formalism [13], it is important and useful
to generalize our Scheme-IV to the EWCL. As to be shown below, this generalization is
straightforward. We shall summarize our main results for the full SU(2)®U(1)y EWCL.
For the convenience of practical applications of the ET within this formalism, some useful
technical details will be provided in Appendices-A and -B. In the following analyses, we
shall not distinguish the notations between bare and renormalized quantities unless it is

necessary.
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We start from the quantized SU(2), ® U(l)y bare EWCL

L9 = L+ Lor + Lrp
Lag = [EG + L83 4 EF] + Lig
Lo = - 3 T(WuW*) - BB (3.6)

o = Cr(DUND)
Lr = Fijiy*DuFy; + Friiv*DuFrj — (FL;UM;Fr; + FR;M;U' Fy;)
with
W, = 8,W, — 3, W, +ig(W., W,|, B =0,B,—08,B,,
U = exp[ir®r®/v] , DU =08,.U+1gW,U —-1ig'UB, ,

78 7.3
W“EW:? , B“EB“—z- ,

. T® Y . 3 Y
DuFi; = [3u - ZQ%WS - 29'53;‘] Frj , D,Fgr;= [3u —1g' (Iz— + 5) Bu] Frj ,

Fi; = (fij )i » Fri=(fuis faidm
(3.7
where 7% ’s are the would-be Goldstone fields in the non-linear realization; f; and f,; are
the up- and down- type fermions of the j-th family (either quarks or leptons) respectively,
and all right-handed fermions are SU(2). singlet.

In (3.6), the leading order Lagrangian [[,G + L2 4 EF] denotes the model-independent
contributions; the model-dependent next-to-leading order effective Lagrangian Ll; is given
in Appendix-A. Many effective operators contained in Lz (cf. Appendix-A), as reflections
of the new physics, can be tested at the LHC and possible future electron (and photon)
Linear Colliders (LC) through longitudinal gauge boson scattering processes (9, 25, 26].
Nonetheless, the analysis of the ET and the modification factors C% .4 do not depend on
the details of Llg .

The SU(2). ® U(l)y gauge-fixing term, Lgr, in (3.6) is the same as that defined
in (2.29) for the SM except that the linearly realized Goldstone boson fields (¢*%) are
replaced by the non-linearly realized fields (7). The BRST transformations for the bare
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gauge and Goldstone boson fields are

WE = —0uc* Fi [e(Auct — WEch) + gen(Zuct — W)

52, = —08,c%—igcu [W:c' - W;c"’]

§4, = —uct —ie[Wic —W;ct| (3.8)
7t = My [:l:‘i(l".z ¢t +1*&) —pr¥(ztc +77ct) - cl';flzcz +¢ C*] ,

ir2 = Mg [i(zr_'c+ —7%¢7) — cona?(ztc + x7ct) - nafx?cf +¢ Cz] ,

where c, = cosfw and

& = [cos20w]|c? + [sin20w]c? ,

_ mcotw—1 1 2
17 = 12 - _3 + ()(7r ) y
(3.9)
( = mcotm=1 L 7 + O(n*)
s ET 3v? '
L
T = % , T = (ir'-ir’)% = (27r+1r' +1rz1rz)’
The derivations for dx* and §xZ are given in Appendix-B. Note that the non-linear

realization greatly complicates the BRST transformations for the Goldstone boson fields.
This makes the A?-quantities which appear in the modification factors much more complex.

With the BRST transformations (3.8), we can write down the R¢-gauge Faddeev-Popov

ghost Lagrangian in this non-linear formalism as:
L L L
Crp = & [EHaF* + 8 5F~| + £52¥3F7 + ghetsFA (3.10)

The full expression is very lengthy due to the complicated non-linear BRST transformations
for 7% ’s. In the Landau gauge, Lrp is greatly simplified and has the same form as that in
the linearly realized SM, due to the decoupling of ghosts from the Goldstone bosons at tree-
level. This is clear from (3.10) after substituting (2.33) and setting éw =€z =€4 =0 [cf
(B6) in Appendix-B]. This is why the inclusion of Landau gauge into the modification-free

formulation of the ET is particularly useful.

With these preliminaries, we can now generalize our precise formulation of the ET to
the EWCL formalism. In Sec. 2 and 3, our derivation of the factor-C3_; and construction
of the renormalization Scheme-IV for simplifying it to unity are based upon the gen-
eral ST and WT identities. The validity of these general identities does not rely on any
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explicit expression of the A?-quantities and the proper self-energies, and this makes our

generalization straightforward. Our results are summarized as follows.

First we consider the derivation of the modification factor-C2_, ’s from the amputation

and renormalization of external Vg and = lines. Symbolically, the expressions for C2_, ’s
still have the same dependences on the renormalization constants and the Af-quantities
but their explicit expressions are changed in the EWCL formalism [6]. We consider the

charged sector as an example of the changes.

1+ AW (k?) + AF (K?)

1+ AP |, ..
-—w

c¥, = GV (M%) = (Z—W)QZMW

mod Z &
L

(3.11)

which has the same symbolic form as the linear SM case [5] [see also (2.18), (2.11) and
(2.12) for the SU(2), Higgs theory in the present paper], but the expressions for these
A; ’s are given by

L4 AF(E) +AF () = 3= <OT(n%)iet > (k)
w (3.12)
— <OTGEWF)c > (k)

ik, [1 + AY (k)]

where all fields and parameters are bare, and the BRST transformations for 7% and Wff
are given by (3.8). From (3.8)-(3.10) we see that the expression for AY(k?)+AY (k%) has
been greatly complicated due to the non-linear transformation of the Goldstone bosons,
while the AY takes the same symbolic form as in the linear SM. For Landau gauge,
these A; ’s still satisfy the relation (2.13) and the two-loop graph of the type of Fig. 2b
also appears in the AW(k?)+ A¥(¥?) of (3.10). We do not give any further detailed
expressions for these A; ’s in either charged or neutral sector, because the following
formulation of the ET within the Scheme-IV does not rely on any of these complicated

quantities for Cg, 4 .

Second, consider the WT identities derived in Sec. 2, which enable us to re-express
C8,q in terms of the proper self-energies of the gauge and Goldstone fields and make our
construction of the Scheme-IV possible. For the non-linear EWCL, the main difference
is that we now have higher order effective operators in L!; (cf. Appendix-A) which
parameterize the new physics effects below the effective cutoff scale A . However, they do
not affect the WT identities for self-energies derived in Sec. 2 because their contributions,
by definition, can always be included into the bare self-energies, as was done in Ref. [13].
Thus, our the construction for the Scheme-IV in Sec. 2 holds for the EWCL formalism.

21



Hence, our final conclusion on the modification-free formulation of the ET in this formalism
is the same as that given in (3.1)-(3.5) of Sec. 3.1, after simply replacing the linearly realized
Goldstone boson fields (¢° ’s) by the non-linearly realized fields (7® ’s).

Before concluding this section, we remark upon another popular effective Lagrangian
formalism [19] for the weakly coupled EWSB sector (also called the decoupling scenario).
In this formalism, the lowest order Lagrangian is just the linear SM with a relatively light
Higgs boson and all higher order effective operators must have dimensionalities larger than

four and are suppressed by the cutoff scale A :
inear 1
Lo = Lsm+ Z,.: AT:ZE" (3.13)

where d, (> 5) is the dimension of the effective operator £, and the effective cut-off A
has, in principle, no upper bound. The generalization of our modification-free formulation
of the ET to this formalism is extremely simple. All our discussions in Sec. 2 and 3.1
hold and the only new thing is to put the new physics contributions to the self-energies
into the bare self-energies so that the general relations between the bare and renormalized
self-energies [cf. (2.25) and (2.39)] remain the same. This is similar to the case of the
non-linear EWCL (the non-decoupling scenario).

3.8. Divided Equivalence Theorem: a New Improvement

In this section, for the purpose of minimizing the approximation from ignoring the
additive B-term in the ET (3.4) or (1.1), we propose a convenient new prescription, called
“ Divided Equivalence Theorem ” (DET), based upon our modification-free formulation
(3.4).

We first note that the rigorous Scheme-IV and the previous Scheme-II [4, 5] (cf.
Sec. 3.4) do not rely on the size of the B-term. Furthermore, the result C7 4 =1 greatly
simplifies the expression for the B-term [cf. (1.1) and (3.4)]. This makes any further
exploration and application of either the physical or technical content of the ET very
convenient. In the following, we show how the error caused by ignoring B-term in the ET

can be minimized through the new prescription DET.

For any given perturbative expansion up to a finite order N, the S-matrix T' (involving
V@ or ¢°) and the B-term can be generally writtenas T =3/, Ty and B=Y} B, .
Within our modification-free formulation (3.4) of the ET, we have no complication due to
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the expansion of each C2 g-factor on the RHS of (1.1) fie., C3%4 = TN, (C2.4), |
Therefore, at £-th order and with CZ_j =1 insured, the exact ET identity in (3.4) can

be expanded as
TV, -+, Vi~ ®a] = Tufig¢™,---,i¢"%a] + B , (3.14)
and the conditions (3.5ab) become, at the £-th order,

Ej~ki> My, (i=12-,n),

. _ (3.15a, b)
Tl[2¢“1:"';z¢un;¢a]>>Blr (e=07172)"' )

We can estimate the £-th order B-term as [cf. (1.3)]

B,=0 (1‘;';2") Tfid™, i 8a] + O (M“’) Ve i, i8], (3.16)
which is O(Mw /E;)-suppressed for E; > Mw . When the next-to-leading order (NLO:
£ = 1) contributions (containing possible new physics effects, cf. Appendix-A for instance)
are included, the main limitation® on the predication of the ET for the Vi-amplitude via
computing the Goldstone boson amplitude is due to ignoring the leading order Bo-term.
This leading Bo-term is of O(g?) [8, 9] in the heavy Higgs SM and the CLEWT and cannot
always be ignored in comparison with the NLO ¢®-amplitude T; though we usually have
To > By and T > B, respectively [8, 9] because of (3.16). It has been shown [9] that,
except some special kinetic regions, Tp, > By and Tj > B; for all effective operators
containing pure Goldstone boson interactions (cf. Appendix-A), as long as E; > Mw .
Based upon the above new equations (3. 14) (3 16), we can precisely formulate the ET at
each given order-f of the perturbative expansion where only B, , but not the whole B-
term, will be ignored to build the longitudinal/Goldstone boson equivalence. Hence, the
equivalence is divided order by order in the perturbative expansion, and the condition for
this divided equivalence is T, > B; (at the £-th order) which is much weaker than
T > B, [deduced from (3.5b)] for £ > 1. For convenience, we call this formulation
as “ Divided Equivalence Theorem ” (DET). Therefore, to improve the prediction of V;-
amplitude for the most interesting NLO contributions (in T; ) by using the ET, we propose

the following simple prescription:

We must clarify that, for the discussion of the physical content of the ET as a criterion for probing the
EWSB, as done in Refs. [8, 9], the issue of including/ignoring the B-term is essentially irrelevant because
both the Goldstone boson amplitude and the B-term are explicitly estimated order by order and are
compared to each other [8, 9].
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(i). Perform a direct and precise unitary gauge calculation for the tree-level Vi-amplitude
To[VL] which is quite simple.

(ii). Make use of the DET (3.14) and deduce 7;[Vz] from the Goldstone boson amplitude
T\[GB] , by ignoring B; only.

To see how simple the direct unitary gauge calculation of the tree-level Vz-amplitude is,
we calculate the W7 W, — W/ W[ scattering amplitude in the EWCL formalism as a
typical example. The exact tree-level amplitude T,[W;] only takes three lines: :
To[Wy] = ig? [-(1 + o) sin?0 +22(1 + 2)(3eosd — 1) - 3 ;f_?’):,‘"_“f
8:1:(1 +z)(1 — cos8)(1 + 3cos F) + 2[(3 + cos )z + 2][(1 — cos )z — cos 0]’]
2z(1 — cos8) + ¢;?
(3 + cos )z + 2}[(1 — cos )z — cos §]?
z(1 — cos f)

+4(1 + z)(1 + 3cosb) +

. o[ #(2z +3)? cos d
+ze [ Y
(3.17)

where @ is the scattering angle, = = p*/M}, with p denotlng the C.M. momentum,
and s, = sinfw , cw = cosfw . (3.17) contains five diagrams: one contact diagram,
two s-channel diagrams by Z and photon exchange, and two similar t-channel diagrams.
The corresponding Goldstone boson amplitude also contain five similar diagrams except
all external lines being scalars. However, even for just including the leading Bo-term
which contains only one external v®-line [cf. (3.4a) or (1.1b)], one has to compute extra
5 x 4 = 20 tree-level graphs due to all possible permutations of the external v®-line. It
is easy to figure out how the number of these extra graphs will be greatly increased if one
explicitly calculates the whole B-term. Therefore, we point out that, as the lowest Mgr
tree-level Vi-amplitude is concerned, it is much simpler to directly calculate the precise
tree-level Vi-amplitude in the unitary gauge than to indirectly calculate the R¢-gauge
Goldstone boson amplitude plus the complicated B, or the whole B term [which contains
much more diagrams due to the permutations of v,-factors in (1.1b) or (3.4a)] as proposed
in some literature [24]. To minimize the numerical error related to the B-term, our new
prescription DET is the best and the most convenient.

Then, let us further exemplify, up to the NLO of the EWCL formalism, how the pre-
cision of the ET is improved by the above new prescription DET. Consider the lowest
order contributions from Lg + £ + L [cf. (3.6)] and the NLO contributions from the
important operators L5 (cf. Appendix A). For the typical process W W, — W, W,
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up to the NLO, both explicit calculations and the power counting analysis (8, 9] give

E2
To = 0('”—2) ) By, = 0(g®) ;
3.18)
Ez Ez Ez (
n=o(5%) . m-olh)

where v = 246 GeV and A =~ 4mv ~ 3.1 TeV. From the condition (3.5b) and (3.15b) and
up to the NLO, we have

(35b): Ty > By, => 1>246% , (for E=1TeV) ;
(3.156): To> Bo = 13 2.56% , (for E=1TeV) ; (3.19)
T,>B, = 13>256% , (for E=1TeV) .

Here we see that, up to the NLO and for E = 1 TeV, the precision of the DET (3.14)-(3.16)
is increased by about a factor of 10 in comparison with the usual prescription of the ET
[cf. (3.5a,b)] as ignoring the B-term is concerned. It is clear that the DET (3.14)-(3.16)
can be applied to a much wider high energy region than the usual ET due to the much
weaker condition (3.15b).

In general, to do a calculation up to any order £ > 1, we can apply the DET to
minimize the approximation due to the B-term by following way: computing the full V-
amplitude up to the (£ — 1)-th order and applying the DET (3.14) at £th order with
B, ignored. The practical applications of this DET up to NLO (£ = 1) turns out most
convenient. It is obvious that the above formulation for DET generally holds for both the

SM and the effective Lagrangian formalisms.

3.4. Comparison of Scheme-I V with Other Schemes

The fact that we call the new renormalization scheme, Scheme-IV , implies that there
are three other previous renormalization schemes for the ET. Schemes-I and -II were

defined in references [4, 5], while Scheme-III was defined in reference (8].

Scheme-I [4, 5] is a generalization of the usual one-loop level on-shell scheme [16] to
all orders. In this scheme, the unphysical sector is renormalized such that, for example, in
the pure SU(2); Higgs theory

CTe g (ExMw) = T3 4(6xMw) = D5, (EsMw) = TTo(¢sMw) =0 (3.20a)
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d =, d 7a

F7x] 3ok I =0, d_kzné(kz) moan =0, (3.20b)
where k? = £xMy is the tree level mass pole of the unphysical sector. In this scheme,
the modification factor is not unity, but does take a very simple form in terms of a single
parameter determined by the renormalization scheme (4, 5], S
e =Y, (Scheme—Iwithe=Myandé=1) . (3.21)
Scheme-II [4, 5] is a variation of the usual on-shell scheme, in which the unphysical
sector is renormalized such that C3,_, is set equal to unity. The choice here is to impose all
of the conditions in (3.20) except that the Goldstone boson wavefunction renormalization
constant Z, is not determined by (3.20b) but specially chosen. To accomplish this, £ is
adjusted so that 1%, (éxkMw) = 0 , and Z, is adjusted so that ﬁk({xMw) =0. Qs
set to unity, which ensures that I?I‘au(&nMw) = [Io(éxMw) = 0 , and Z, is adjusted to
ensure that the residue of the ghost propagator is unity. The above conditions guarantee
that G°(¢éxMw) = 1. The final choice is to set & = {'Mw so that C%,4 =1 . This
scheme is particularly convenient for the ’t Hooft-Feynman gauge, where x = My,. For
¢ # 1, there is a complication due to the tree level gauge-Goldstone-boson mixing term
proportional to x — Mw = (§{~! — 1)Mw . But this is not a big problem since the mixing
term corresponds to a tree level gauge-Goldstone-boson propagator similar to that found
in the Lorentz gauge ( x = 0 ) [20]. The main shortcoming of this scheme is that it does
not include Landau gauge since, for ¢ = 0, the choice x = )My is singular and the
quantities Q¢, have no meaning. In contrast to Scheme-II , Scheme-IV is valid for all R-
gauges including both Landau and ’t Hooft-Feynman gauges. The primary inconvenience
of Scheme-IV is that for non-Landau gauges all unphysical mass poles deviate from their
tree-level values [21, 16, 5], thereby invalidating condition (3.20a). This is not really a

problem since these poles have no physical effect.

Scheme-III [8] is specially designed for the pure Vi-scatterings in the strongly coupled
EWSB sector. Fora 2 - n—2 ( n > 4 ) strong pure Vp-scattering process, the B-
term defined in (1.1) is of order O(g®)v™* , where v = 246 GeV. By the electroweak
power counting analysis [9, 8], it has been shown (8] that all g-dependent contributions

from either vertices or the mass poles of gauge-boson, Goldstone boson and ghost fields are

4The violation of (3.20a) in non-Landau gauges is not special to Scheme-IV , but is a general feature of all
schemes [21)-[23] which choose the renormalization prescription (2.21) for the gauge-fixing condition [21,
16, 5).
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at most of O(g?) and the contributions of fermion Yukawa couplings (y;) coming from

fermion-loops are of O(5k) < O(Tgﬁ) since ¥y <y =~ O(g) . Also, in the factor C2_,

all loop-level A2-quantities [cf. eq. (2.9) and Fig.1] are of O(;gz?-) since they contain at

least two ghost-gauge-boson or ghost-scalar vertices. Hence, if the B-term (of O(g?)fr*)

is ignored in the strong pure Vi -scattering amplitude, all other g- and ys-dependent terms

should also be ignored. Consequently we can simplify the modification factor such that
8.4~ 14+ 0(g%) by choosing [8]

mod

, ( Scheme — IIT') . (3.22)

ge\Vs =0

All other renormalization conditions can be freely chosen as in any standard renormaliza-
tion scheme. (Here M“}h 7* is the physical mass pole of the gauge boson V*. Note that
we have set ME™* = My in Scheme-IV for simplicity.) In this scheme, because of the
neglect of all gauge and Yukawa couplings, all gauge-boson, Goldstone-boson and ghost
mass poles are approximately zero. Thus, all R¢-gauges (including both 't Hooft-Feynman
and Landau gauges) become equivalent, for the case of strong pure V-scatterings in both
the heavy Higgs SM or the EWCL formalism. But, for processes involving fields other
than longitudinal gauge bosons, only Scheme-II and Scheme-IV are suitable.®* Even in
the case of pure Vi-scattering, we note that in the kinematic regions around the ¢ and u
channel singularities, photon exchange becomes important and must be retained [9]. In

this case, Scheme-IV or Scheme-II is required to remove the C} _s-factors.

In summary, renormalization Scheme-IV ensures the modification-free formulation of
the ET [cf. (3.1)-(3.5)]. It is valid for all R¢-gauges, but is particularly convenient for the
Landau gauge where all unphysical Goldstone boson and ghost fields are exactly massless [5,
17]. Scheme-II [4, 5], on the other hand, is particularly convenient for 't Hooft-Feynman
gauge. For all other R;-gauges, both schemes are valid, but the Scheme-IV may be more

¢Some interesting examples are WyWy,Z1Z; —tt, VLH - VL H ,and AA - W W, WWV,V, , etc.
(A =photon).
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convenient due to the absence of the tree-level gauge-Goldstone boson mixing.

4. Explicit One-Loop Calculations

4.1. One-loop Calculations for the Heavy Higgs Standard Model

To demonstrate the effectiveness of Scheme-IV , we first consider the heavy Higgs limit
of the standard model. The complete one-loop calculations for proper self-energies and
renormalization constants in the heavy Higgs limit have been given for general R¢-gauges
in reference [5] for renormalization Scheme-I . Since, in this scheme, Qz,‘zz = 1+6'QZ"zz ~
1 at one-loop in the heavy Higgs limit, Scheme-I coincides with Scheme-IV to this order.

Hence, we can directly use those results to demonstrate that C¥Z i3 equal to unity in
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Scheme-IV . The results for the charged and neutral sectors are [5]:

2 2
~ g 1 3 m
Towolk?) = ~ 100z (g + 0 1a |
2 2
= g 1 3 m
IIZZ’O(kz) = - 161r262 [gmi‘r + ‘4‘M§ In M—g] N
2 2 2
~ g i1m 3 tw m
Dyspeo(¥) = -~ 153% [Eﬂ%w+(l'7) nﬂgv;] ’
2 2 2
= oy _ __9 jaflmm (3 {z), my
Hyzgz oK) = 161r=c3,k [8M§+(4 2)1“M§ ’
2 2 2
52mw = ~ {gm2 [16M3V+121nM{7’V] ’
2 2 2
_ __9 |lmy 5, my
S2us = ~Tgria [16M§+121"M§] ’
Pl my (4.1)
WS T lent12 T MZ
2 2
_ g 1 myg
6222 = ~{gri12a2 “MT °
2 2 2
. _ 8 |img (3 _lw), ™a
T [8M3V+(4 2 | Mg
2 2 2
_ __9g |1myg (3 {2}, mk
62 = ~gxica [8M3V+(4 2)1’1M§ ’
2 2
g’ w, m
NGRS 2N 5
2 2
AZZ(R?) = g le mu

- 16m24c? g M:

Note that A;’f; and the corresponding neutral sector terms (cf. Fig. 1) are not enhanced by
powers or logarithms of the large Higgs mass, and thus are ignored in this approximation.
Substituting 62w, 6Zuy, Letsto, Hwwo and 6Zzz, 6Zu,, Myz4s0, Mzz0 into the
right hand sides of eqgs. (2.41) and (2.42) respectively, we obtain

2 2 2
_ 8 | lmyg (3 tw) mm
6Zp = 167r2[ 8M§V+( ri 2)nM3V ’ w2
2 2 2 )
_ 9 | lmy (3 fz), ™k
6242 = 161%3,[ 8M3V+( i 2) nM;] ’
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verifying the equivalence of Schemes-I and -IV in this limit. This means that the one-
loop value of C¥2 should be equal to unity. Using (2.8), (2.11) and the renormalization
constants given in (4.1), we directly compute the G,Z;ﬁ up to one-loop in the R¢-gauges
for the heavy Higgs case as

Oy = 1+ 5 (62w — 624 +27uy) + A (M)

2 2 2
g _1__..1_)_"1 1.3_5 w w\ m
1+161r’{(16 T6 Ma,,+(24+8 127 a a2

= 1+ 0(2 loop) ,

! ~ I - (4.3)
Ciea = 1+3 (6223 — 6245 + 26Zu,) + AT (M3)

BTN (}__L)m_?f 1,3 5 & &), mh
_‘1+‘161r’c3,{16 /M T\ s 2 e ) mp

= 1+ 0(2 loop) .

Equation (4.3) is an explicit one-loop proof that C, W.Z — 1 in Scheme-IV . The agreement
of Schemes-I and -IV only occurs in the heavy Higgs limit up to one-loop order. When the
Higgs is not very heavy, the full one-loop corrections.from all scalar and gauge couplings
must be included, so that Scheme-IV and Scheme-[. are no longer equivalent.

4.2. Complete:One-Loop: Calculations for the-U(1) Higgs theory

The simplest case to explicitly demonstrate Scheme-IV for arbitrary Higgs mass isthe
U(1) Higgs theory. In this section, we use complete one-loop calculations in the U(1) Higgs
theory (for any value of my) to explicitly verify that Croq = 1 in Scheme-IV for both
Landau and ’t Hooft-Feynman gauges.

The U(1) Higgs theory contains minimal field content: the physical Abelian gauge field
A, (with mass M), the Higgs field H (with mass my), as well as the unphysical Goldstone
boson field ¢ and the Faddeev-Popov ghost fields ¢, ¢ (with mass poles at {xM). Because
the symmetry group is Abelian, A, and A; do not occur and the modification factor is

given by )
z H
Cmod = (—Zf:) Zmll + Ay(MP)] (4.4)
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with
ai(k) = 222 122 L [ < OlH(—k — )la)lek) > (45)
dq®

2r)P
( £ =0 ), because in the U(1) theory the ghosts couple only to the Higgs boson and that

where j; = and D =4 —2¢. A, vanishes identically in Landau gauge

coupling is proportional to ¢ . In Scheme-IV , the wavefunction renormalization constant

Z4 of the Goldstone boson field is defined to be
Z3 M? — [T 040(M?)

Zy=12 = 4.6
6= I T,y o M) (4.6)
Substituting (4.6) into (4.5), we obtain the following one-loop expression for Cmod
1 = ~ .
Cmoa =1 + EM_z [HAA.O(Mz) - HM.O(MZ)] + Al(Mz) . (4'7)

We shall now explicitly verify that Cpmoq is equal to unity in both Landau and ’t Hooft-

Feynman gauges.

In Landau gauge:

faso(k?)|,_, =i0® {~Ti(mi) — AM (K% M, miy) + KL (k*; 0, m})

+4k%I3(k% 0, m%) + 4 (I (k% M2, m%) + K2 1o(K?; a2, 0%)) }

Tawol#)]gy = i { =) + SR (R%0, ) — 4K°L(0H% M, i)

+4W [141(k2;M2’m§1) _ I41(k2;0,m§r))
m 2, pr2 2 2 2
+ao (Zaa(k%; M2, ) — La(k?,0,m%))

Ba(k?)],_= 0
(4.8)
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where the quantities J;’s denote the one-loop integrals:

dl—zep 1
2 — 2e 2¢
Il(a' ) - P (21‘,)4_3¢ pz —a ¥ L

1
P—a’
2¢ 1
# fp(p’—a)[(p+k)=—b1 ’

I(k?*; a?, b’) =

Bl 1. A3 33 —_ 2 P“ — LB 2,.2 12
Bkt P) = b [y~ A
I (k;a, 8% = “2./;(pz _a)[l(’;P-: T =g“"Iu(k’;a.z,b’)+k“k"Iu(k’;a’,b?) ,

(4.9)
which are evaluated in Appendix-C. Substituting (4.9) into the right hand side of (4.7), we
obtain S

Cmoda =1+ O(21loop) , (in Landau gauge ) , (4.10)
as expected. | |
We next consider the 't Hooft-Feynman gauge in which A;(M?) is non-vanishing:
o), = i {~h(mYk) - H(M?) + (K — 4M*)L; + 4% L + 4(In + K1)}
Tigsol k) =g { (1 + %"};) (L(M?) - L(md)) + ('—:-;% —M?— 4k’) L— 4k"'13} ,
M(KY)|,, = ig'B(M*M?my),
(4.11)

where I; = I;(k*; M?,m%) for j > 2. Again, we substitute (4.11) into equation (4.7)
and find that

Cmea =1+ O(2loop) , (in't Hooft — Feynman gauge ) . (2:12)

5. Conclusions

In this paper, we have constructed a convenient new renormalization scheme, called
Scheme-IV, which rigorously reduces all radiative modification factors to the equivalence
theorem ( C2%_4 's) to unity in all R-gauges including both 't Hooft-Feynman and Lan-
dau gauges. This new Scheme-IV proves particularly convenient for Landau gauge which
cannot be included in the previously described Scheme-II [4, 5]. Our formulation is explic-
itly constructed for both the SU(2); and SU(2)L ® U(1)y theories [cf. sections 2 and 3].
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Furthermore, we have generalized our formulation to the important effective Lagrangian
formalisms for both the non-linear [13] and linear [19] realizations of the electroweak sym-
metry breaking (EWSB) sector, where the new physics (due to either strongly or weakly
coupled EWSB mechanisms) has been parameterized by effective operators (cf. section 3.2
and Appendix-A). In the construction of the Scheme-IV (cf. section 2.2), we first re-
express the C2 ,-factors in terms of proper self-energies of the unphysical sector by means
of the R¢-gauge WT identities. Then, we simplify the Cg, 4-factors to unity by specifying
the subtraction condition for the Goldstone boson wavefunction renormalization constant
Zga [cf. (2.28) and (2.41-42)]. This choice for Z4e is determined by the known gauge and
Goldstone boson self-energies (plus the gauge boson wavefunction and mass renormaliza-
tion constants) which must be computed in any practical renormalization scheme. We
emphasize that the implementation of the Scheme-IV requires no additional calculation
(of A?-quantities, for instance) beyond what is required for the standard radiative correc-
tion computations [16]. Based upon this radiative modification-free formulation for the
equivalence theorem [cf. (3.4)], we have further proposed a new piescription, which we call
the “ Divided Equivalence Theorem ” (DET) [cf. (3.14)-(3.15) and discussions followed],
for minimizing the approximation due to ignoring the additive B-term in the equivalence
theorem (3.4) or (1.1). Finally, we have explicitly verified that, in Scheme-IV, the Cg q4-
factor is reduced to unity in the heavy Higgs limit of the standard model (cf. section 4.1)
and for arbitrary Higgs mass in the U(1) Higgs theory (cf. section 4.2).
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Appendix A. Next-to-leading Order Effective Operators in the EWCL

Within the EWCL formalism, the next-to-leading order effective operators arising from

new physics can be parameterized as [13, 9]

Lig = Lep+Lr (A1)
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The bosonic part Lgg is given by

14
Ly =LY4+3 L.,

n=1

LA =(3) ST(TV?

Li  =4(%)P LB, T(TW) ,

Ly =4(3)P ELBLT(TV, V) ,

L3 =04(3) igT(Wu V4, V) ,

Le =LEPTVWP

Ly =3PV,

Le = L(XP[T(VV)IT(TVH)TH(TVY)

(A2)
Lr = L(EPT(V V) T(TW)T(TV”) |
Lo =4(3) C(T(TWL)
Lo =4&(%) $T(TW,)TX(TV* V") ,
Lio = bo( 2T TV TH(TVY)?
L =&i(})? 9" T(TV)TI(V W)
L1z = ba(X) 20T(TV)T (V. W)
Lin  =b3(3) B, T(TW,) ,
Lo =ba(2)? TP T(TW,L)TH(TW,) |,
with
Vo= (DU, T=UnUt, (A3)

where 7T is the custodial SU(2)¢-violating operator. In (42), L&) and £, ~ Ly are
C P-conserving while L3 ~ L4 are CP-violating. Many of these effective operators can
be probed at the LHC and LC via longitudinal gauge boson scattering processes [9, 25, 26).
For the fermionic part Lf , we refer the reader to the reference [27] for details.

Appendix B. Non-linear BRST Transformations of Goldstone Boson Fields and
the Faddeev-Popov Term in the EWCL

In this Appendix, we first summarize the derivation for the non-linear SU(2), ® U(1)y
BRST transformations of the Goldstone boson fields [cf. (3.8)] and then give the complete
Landau gauge Faddeev-Popov term.
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For simplicity of notation, we need only derive the usual SU(2).QU(1)y gauge transfor-
mations for the 7® ’s, since their BRST transformations are obtained by simply replacing
the usual gauge parameters (6*(z)) by the corresponding ghost fields c¢*(z) . Consider the
infinitesimal SU(2);, ® U(1)y gauge transformation for the U-matrix [cf. (3.7)]:

U= U = G(8.)UGL(8y)=U+6U

: . (B1)
= U+ 263U - S0 U + O(6}, 6})

with
Gr = expligfi(z)r®/2] = 1+1g077%/2 + 0(02) € SU(2) ,

Gy = exp igﬂy(a:)7'3/2] = 1+1ig'0y7%/24+ O(8%) € UQ)y .
Expanding the U-matrix in (B1), we obtain

(B2)

§U =
, | BG-em) - ih) (cm—im 6 (om ot im)w + (0} - i) (i + wms)
Zcosm
? 63 (my + ima)w + (6} +i03)(6 —wms) 63 (—i— wms) + (0} +1i6}) (—my + im)uw
g (=i + wms3)by w(—m, +ix,)0y
4+ =cosT
w(my +im,)0y (i +wms)by
(B3)
where w = ("' and all notations (including ( ) are defined in (3.9).
By differential variation of U with respect to the w°-field, we obtain
. —i‘5i+i(77&i'5i+ 6m,) 7 (im, +E2)i'5i+(i5£1 + ém,)
sU < oI
T | n(im — 1) % 67 + (ibmy — 8my)  — & 6F — i (nma - 6F + 6ms)
(B4)
where ) ,
7l'i = ﬁ (7|'1 F 2:7!'2) ’ 7!'Z =73 . (B5)

Equating the two expressions for §U in (B3) and (B4), we derive the BRST transfor-
mations for 7#* and 7% given in (3.8). The BRST transformations for the gauge fields
[cf. (3.8)] are the same as in the SM.

After setting up the BRST transformations (3.8), we can write down the complete R,-
gauge Faddeev-Popov term for the EWCL from (3.10). Since Scheme-IV is particularly
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useful for Landau gauge, we give only the Landau gauge Faddeev-Popov term. From (3.10)
and (3.8), we obtain, in Landau gauge,

Lep = —&H8Pct +2rid® e (WFch — Auct) + gou (Wic? — Zuct)]
—& & — & id* [e (Wit — Aue™) + gow (Wic? = Zuc™)]
~0CF +igentZOr (Wit — Wie]

—gABPcA + iechOH [Wrct — Wie]

(BS6)

Finally, we remark that, although the Faddeev-Popov term in ’t Hooft-Feynman gauge is
much more complicated than in Landau gauge, it is still useful due to the simplicity of the
gauge boson propagators. The main advantage of the new Scheme-IV is its applicability
to all Re-gauges including both Landau and 't Hooft-Feynman gauges.

Appendix C. Analytic Expressions for the One-Loop Integrals

Finally, we give the complete analytic expressions for the one-loop integrals (I; ’s) used
in section 4.2 [cf. (4.9)] for explicit calculations. For simplicity of notation, we define

2= c—ytin(m?) . 1)

Then, we have

L(a?) = /

—a = 161r2

E —lna® + 1] . (C2)

Lk d% ) =

W / (p*—a)[(p+k)= b]

%
= 16”2 [E bl ln(ab) + 2 +

—b
k2

2
In i Ino(K?; a2, b’)]

( VAB -A+V-B
k3 ln Iy g \f—_B (B <(e-8),

Tk a2, B9) 2v ‘AB arcta.n\/- ((a—bP <B<(a+b)?),

‘/,c_[ BrA (R

.

+

(C3)
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where A=k*>—(a+b)® and B=k*—(a—b)? .

I§(k; a®, b%)
I3(k2; 0,2, b2)

Im(kz; az, bz)

I (k; 0'21 bz)

I41(k2; 0.2, b2) =

2 : a_
+ (%- —(a® + bz)_+ z

1

142(’62; d.z, bz) =

i

1672 4

pu

R ey g

" 1672 2

lna®? -2+

= k"‘Ig(kz; a?, bz) ,

2
"—[3—130(1&2 a2 b’)] ,

(Cc4)
P —a? 1 2b% (a.2 - bz) b?
k + 1 + F - _k4 111 ;
2 _ 327 _
z 2 b ] Lo(k?*; a2, b?) .
Pp

- ¥

1

—a)(p+ k)* - ¥

) 24 b2 L —k’
2/ \“ 3) 718

= g“uLu(kz;az,bz)+k"kv143(k2;02,b2) ’

2___b22
(0.2+b2)—(a 3k2 ) k2

111
16723

( b2)3
————ké—— ln ; - lna.

—+

b2)3 ) k2 AB 2. 2
3k4 )ln—-—(a +b° — 3 Ina? +3k2I20(k a?, b?)

a? -5 (a® —b?)? ¥, b0¥(a® —b%)
T B 1+3k= M

k?

(1 it C = bz)z) Tao( k% a? b’)]

(C8)
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