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Abstract

For a given source and lens pair, there is a thin on-axis tube volume behind
the lens in which the radiation flux is greatly increased due to gravitational
lensing. Any objects (such as dust grains) which pass through such a thin
tube will experience strong bursts of radiation, i.e., Extreme Gravitational
Lensing Events (EGLE). We study the physics and statistics of EGLE for the
case in which finite source size is more important than shear. EGLE may have

significant astrophysical effects.



_9_
1. Introduction

Gravitational lensing has been studied almost exclusively in the context of direct
observation of lensed sources from the Earth or spacecraft (Schneider et al. 1992). However,
every astrophysical object receives the light from sources lensed by intervening massive
objects. The most powerful gravitational lensing events occur when the source, lens, and
a target object are nearly on-axis. Such events are extreme in magnification, and rare in
occurrence for any given target. By considering arbitrarily located targets, we can study the
statistics of Extreme Gravitational Lensing Events (EGLE). EGLE can have a significant
effect on certain objects, especially fragile components of the interstella medium, such as

molecules or dust grains.

For a pair of source and lens, an EGLE occurs when a moving target object crosses
the source-lens line behind the lens. The maximum magnification of the source seen by the
target can be extremely large, limited only by the source size and the shear on the lens. As
the target moves away from the line connecting the source and the lens, the magnification
of the source decreases. The duration of an EGLE depends on the velocity of the target
and the size of the high flux region. A slowly moving target in the neighborhood of a pair
of small-size source and slightly-sheared lens can experience a strong burst of radiation due

to the lensing of the source, which may be sufficient to affect the target’s properties.

If the target moves a distance d away from the line connecting the source and the lens,
it is equivalent to the source moving an angular distance of y from the optical axis (the line
connecting the lens and the target). Measuring y in units of the angular Einstein radius,

we have

Dy\ d
~ 1
y ( Dy ) D.6g’ (1)

where Dgys, D, and Dy are angular diameter distances between the lens and source, target

and source, target and lens respectively. g = \/ZRstS/(DdDS) is the angular Einstein



-3 -

radius. Rs = 2GM is the Schwartzschild radius of the lens with mass M. Eq.(1) is valid for

sufficiently distant lens or source.

We can write 0g as

B M 1 Mpc\ Dgs
fg = 107° ( ) : 2
b= 1077 x J (5 x 106M@> Ds /) D, 2)
The dimensionless radius of a source with physical radius p is defined as
107° 1M
R=-L__ ( P ) ( PC) . (3)
DSHE 3.09 x 108 cm HE DS

For a given pair of lens and source, the shear v on the lens due to other lensing objects
near the line-of-sight is the same order of magnitude as the optical depth for microlensing,

T, the probability that the source is lensed. We find
3
7:\/5{(5) T~3.7T. (4)

¢ (z) is the Riemann zeta function. Not surprisingly, the statistics of EGLE is much more
complicated for sheared lenses than for isolated lenses (y = 0). Since 7 = QLzé/ll (QL

is the critical density fraction in lenses and zq is the redshift of small sources), the shear
7 is probably small in the low redshift Universe. (Turner 1980, Turner et al. 1984) For

v & 1, the caustic is a astroid shaped curve with four cusps. For a finite source with
dimensionless radius R which crosses the optical axis, Figure 1 shows the typical lightcurves
for v = 0 (solid line), R/2 (dotted line), R (short dashed line), 5R (long dashed line),
and 10R (dot-dashed line) respectively; Figure 2 shows the corresponding cross-sections of

magnification. Clearly, shear is not important for y < R < 1.

In this paper, we study the statistics of EGLE for sources with small dimensionless
radius R and isolated lenses (v = 0). We generally follow the notation and conventions of
Schneider et al. (1992). We will discuss the statistics of EGLE for lenses with small shear

7 elsewhere (Wang and Turner, in preparation).
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2. Basic statistics

In this section, we discuss mean and rms magnifications, as well as integrated excess

flux (IEF) seen by a target, for finite sources and isolated lenses (i.e. no shear).

The magnification of a source with dimensionless radius R is given by

L¢ (%) for y < 5R
pe(y, R) ~ (5)

_ (P+2) >
to(y) s fory 2 5R

where

((w) = %/01 dzz /07r Vw? + mz({l(—ﬁZwa: cos ¢ (6)

¢(0) =2, ((w > 0) can be easily integrated numerically.

Using Eq.(1), we can define the half-widths of observables in the source plane. Let
us define the half-width of the light curve seen by the target to be yji\;, the source’s
distance to the optical axis when its magnification goes down to 1/2 its maximum gmax-

It’s straightforward to find:

2
Hmax = E; yﬁvM = y(,u =05 ,u'max) ~ 1.145R. (7)

The mean, root mean square, and root variance maginifications are given by

(4) (v < yim) ~ 1'5]283, (A%) (y < yi) ~ %,
(A= (A7) (v < o) =~ o 0

We are also interested in the integrated excess flux F' seen by a moving target. Let
us define ¢ = 0 to be the moment when the moving target crosses the line connecting the

source and lens. For a target moving at constant velocity v, its distance from the line
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connecting the source and lens is d = vt. Using Eq.(1), we have

F(t) = /Ot dt [e(t, R) — 1]

Dy Dby

= Da v /Oydy [we(y, R) — 1] =

Dy DOy
Dds v

F(y). (9)
Using Eqgs.(5), we find
Fiotal = /oo dy [pe(y,R) — 1] ~1.27 —In R, (10)
0

for R < 0.05. We define the half-width of the integrated excess flux (IEF) to be yjp, the
source’s distance from the optical axis when the IEF seen by the target is half the total
IEF, i.e., F(yfr) = Fiota/2. We find

yo(R) ~ 0.287VR. (11)

The corresponding mean, root mean square, and root variance maginifications are

(A) (y < ylep) =~ %, VvV (42) (v < ywr) 2424;8 1n<1j%6>,
oy 498 [ (02
(A (A (v < e) = S22 ( ﬁ). (12)

It is useful to consider only the y < 1 regime, the half-width of microlensing events.

The corresponding mean, root mean square, and root variance maginifications are

(A) (y < 1)~ 2.236 — 0.06 R, (A7) (y <1)~4/2 In (75%)
(A= @P) <=2 (757). (13)
Qenerally, for y > 5R, we have
) (sg) = YLD DR
(A4%) (<y)~1+ ;—2 lln (10‘;135) I (@)] . (14)
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For y — oo, (A)=1, as required by flux conservation, and (A?*)=1. However, it is not
physical to average over y from 0 to infinity. For a given source, there is a natural cut-off
Ymax Which is given by the source’s distance to the nearest lens, i.e., Ymax ~ 1/4/7, where T

is the optical depth.

3. EGLE volume statistics for a point source

Let us consider a point source S with luminosity Lg, being lensed by a lens L with
Schwartzschild radius Rg (mass M) at a distance Dgs. Let @ denote the magnification or
flux of the source seen by the target. In a narrow tube-shaped volume Vg, behind the lens,
which extends from the lens and tapers off to infinity, () exceeds some value q. The cross
section of the tube is

o(g)=nd’ == [(5;)2 DSHE] y*(q), (15)

where we have used Eq.(1). y(q) is the source’s dimensionless distance from the optical axis

when @ equals q. Hence
Dq(q)

Ver(q) = /0 dDy o(q). (16)

Summing over S gives the total volume V4, in which @ exceeds ¢ for a given lens L; further
summing over L gives the total volume Viot(> q). We use Dy = D4 + Dgs for simplicity in

our calculations.

Let us consider the volume Vgi,(f) behind the lens in which the flux from the source
exceeds f. In the absence of magnification, the flux from the source is fo = Ls/(47D?).

The magnified flux f = pfo. Since we are only interested in high magnification events, we

use y(f) ~ 1/u = fo/f in calculating the cross-section o(f) of VsrL(f). We find

o(f,Da) = (17)

27T'Rs Dd Ls 2
Dds Dg 4:7Tf ‘
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o(f, Da) is maximum at Dgq = Dgs/2. We find

87T'Rs Ls ?
max — . 1
5 = e () (18)
We can define 03'**(f) to be the characteristic cross section of the high-flux (> f) tube.

The lens which is closest to the source has the thicknest high-flux tube behind it.

Using Eq.(17), we obtain

e () ) - s, () (19)

where ng is the number density of sources, and D, is the size of the system, in effect the

maximum distance between a lens and a source.

Let FL(f) be the volume fraction of space in which the flux from the source exceeds f
due to gravitational lensing. Fr(f) should be compared with the volume fraction of space

Fs(f) in which the flux from the source exceeds f due to being close to the source. We have

fL(f)ZnLVL(f):§7N5< f_ >_27 fs(f)ZNS< ! >_3/27

fmin
Fulf) 8 (SN
ZGRE (fm) ’ (20)

where 7 is the optical depth, Ng is the total number of sources, and fmin = Ls/(47D?).

Note that the volume weighted rms flux due to lensing diverges logarithmically.

The average flux from the general population of sources is ngD.Lg. Let us define

relative flux

b
P = Dis (21)

Let Fi(f') and Fs(f') be the volume fractions of space in which the relative flux from the
source exceeds f' due to lensing and due to being close to a source respectively. We have

T

Fu(f',p=0) =nVL(f,p=0) = 6N f2’

Fu(f',e=0) _ T (3 Y2 1—-1/2
Fs(f) 2 (Ns) 7 (22)
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4. EGLE volume statistics for a finite source

Now let us consider a source S with physical radius p and luminosity Lg, being lensed
by a lens L with Schwartzschild radius Rs (mass M) at a distance Dgs. The tube-shaped
volume Vs,(f, p) behind the lens in which the flux from the source exceeds f has finite

length DP(f, p), because of the finite size of the source.

For a finite source with dimensionless radius R, fimax = 2/R. Let us define a parameter

go(f) which measures the maximum magnification of the source relative to the flux f,

_ 8RsD. [ Ls \’

The tube volume Vi(f, p) has the cross-section o(f, p, Da) which vanishes at Dgq = 0,
D%. To calculate the cross-section o(f, p), we need to know y(f) (see Eq.(15)), which can

be found by inverting u(y) = f/fo numerically. o(f, p) can be written as
o(f,p,Da) = mp* x d*/p* = mp* T(qo, Da), (24)

for given Dgs. Figure 3 shows the cross-section o( f, p, Da) with go(f) = 4, for Dgs = 0.2 D,
(solid line), 0.5 D. (long dashed line). The lens which is closest to the source has the

thickest tube of high flux behind it, as in the point source case.

To simplify the calculation for the volume fractions, let us make the approximation

po(y) for g < pmax
pe(y, R) =~ (25)

Umax €lsewhere

where up(y) is the point source magnification, and pimax = 2/R. Eq.(25) is reasonably good
for p < 1/R. Figure 3 shows the approximate cross-sections obtained by using Eq.(25) for
Dg4s = 0.2 D, (short dashed line), 0.5 D (dot-dashed line). The dotted lines indicate DF.
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This approximate cross-section always under-estimates the true cross-section; the difference

increases with decreasing go( f) (large p or f), but it is negligible for our purpose.

Now let us derive the length of the tube-volume Vs(f, p). Note that f = ufo < pmaxfo-
Let f = pimaxfo at Da(f) = DT(f), i.e., the flux is equal to f on the line SL connecting the
source and lens. For given Dy, the flux decreases away from line SL, hence the volume in
which the flux exceeds f converges to a point at Da(f) = DJ(f). For Dg > D7, the volume
in which the flux exceeds f is zero. For a given pair of source and lens, DT (f) gives the

length of the tube volume in which the flux exceeds f. To find DJ(f), we write f = tmaxfo

as
Dy /Dy Dd5)3 8RsDas [ Ls \° (Dds)
= = ) 26
5 (5" D, @ \a0if) ~ P \D, 29
The above equation can be solved analytically for DT (f). Let us define
Dds o Zz
We find
DR(f) _ 1 [lwu(@)* | N1 By 3 _
D=3 ot L@l pulw) - S =gw@),  (28)
where
_ 2/3
3 1 ' 3w (1 1 4
=—|b —+1 bw)=—|= - — : 2
uw) =g [ @)+ 5y ] ’ W=7 13 tyat (3w) ] (29)

9(w) = DP(f)/Das is shown in Figure 4. Given the separation between the source and the
lens, ¢ = Dgs/ D, the length of the tube volume behind the lens in which the flux exceeds
f is given by D3(f)/D. = z g(w), where w = a:qo_l/s. The tube length is of order D, for g

of order 1.

The function g(w) has the following asymptotic behavior:

(30)

w3 forw > 1
9(w) =

w3t forw< 1
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Thus we have

m 1112 or 1/3 T
DR(f) {qom/ for g/ < -

[qo(f)2]"/* for ¢5* > =

Substitution of Eq.(28) into Eq.(16) gives Vsn(f, p). Using Eq.(25) and pp(y) ~ 1/y

(for high magnification events) in computing o(f, p), we find

VL(f, ,0) = 4:7T2nsRsDC (%) I(qo), (32)
where
g/ dw
I{q0) = (1,/3 —_—. 33
(@) = ot [ TETITm] (33)

For high flux, ¢o(f) < 1, I(g0) = 0.3583 qcl,/?’. Note that I(g0) = VL(f, p)/VL(f,p =0). In
the point source limit, go > 1, I(go) = 1. We show I(go) in Figure 5.

Given I(qo) = Aqg, with FL(f) and Fs(f) denoting the volume fractions of space in
which the flux from the source exceeds f due to lensing and due to being close to the source

respectively, we find

FUF ) = gy msma R 131 (24100 Lo e,
Fu(f,p) 3m/224 1+a 71/242a p—(1/2+42a) Hl-3a —2a
Fs(f) ~ 7 glta ny Rg™ Lg f D™ p ™ (34)

5. Possible astrophysical effects

For a population of sources (with number density ng) lensed by a population of lenses
(with number density nr,), the physical picture for EGLE is a complex network of thin
high-flux tubes, at each knot sits a lens, and each tube line points away from a source. In
other words, a given lens has one high-flux tube coming out of it because of each source,

and a given source induces one high-flux tube behind each lens.
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To roughly survey possible astrophysical effects of EGLE, we construct tables of
possible source and lens populations. Table 1 lists a few types of small sources with high
luminosity. Note that the space density n, associated with transient sources such as vy-ray
bursts and supernovae includes the finite lifetime factor; in other words, it is the density of

sources shining at a particular moment. Table 2 gives two possible lens populations.

In astrophysical units, we write

L M,
log(go) = —5.62+ 0.8mpa + 2 log (i) + log (M—;> — 2 log (}%)
D
31 <
3 log <1kpc> (35)

where the minimum flux f is measured by my.. For Galactic supernovae lensed

by stars, log(go) = 5.38 + 0.8 mpe. For QSO’s (X-ray) lensed by giant black holes,
log(go) = 4 + 0.8 mp0. For gamma-ray bursts, log(go) = 26 + 0.8 mpo (lensed by stars),
and log(go) = 34 + 0.8 mpo (lensed by giant black holes). go measures the maximum
magnification of the source relative to the flux f [see Eq.(23)]. Fig.6 shows go versus mpo
for lensing by stars, the sources are gamma-ray bursts (solid line), QSO (X-ray) (dotted
line), QSO (UV-opt) (short dashed line), Galactic supernovae (long dashed line), neutron
stars (dot-short dashed line), hot O stars (dot-long dashed line), and hot B stars (short

dash-long dashed line) respectively.

First, let us consider the physical dimensions of the tube volume behind the lens in

which the flux exceeds f (measured by mpe). Using Eq.(28), we find

cm

Dy Das
log (_d) = 21.49 + log (ﬁ) + log g(w), (36)

where w = (DdS/DC)qo_l/S. g9(w) is shown in Fig.4. For g0 < 1, w > 1 at a given Dy,

3, i.e., the length of the tube volume decreases sharply for small go. In Fig.7(a),

9(w) ~ w™
we show DT versus mpo for the same lenses and sources as in Fig.6 (with the same line

types), for Dgs = D./2.
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Since the cross-section of the tube volume for a finite source does not deviate
significantly from that of a point source (see Fig.3), let us define the characteristic thickness

a of the tube volume to be the maximum thickness (along the optical axis) for a point

source (see Eq.(17)). We find

a Lg My, 3 Dgs
log | — | = 4mpe + 1 —lo — =1 :
og (Cm) 7.38 4+ 0.4 mpe + log (L@> + 5 log (M@> 5 log (kpc) (37)

In Fig.7(b), we show a versus my, for the same lenses and sources as in Fig.6 (with the

same line types), for Dgqs = D./2.

Next, we compute the volume fractions in which the flux from the source exceeds
f (measured by mbol) for the sources and lenses in Tables 1 and 2. For go < 1,
I(gqo) = 0.3583 q0 , we find

8 Ls M mni, ns
l = -1 —1 —lo l l
og F1, 055—|—3 og <L®>—|—3 g<M®>—|— og <1pc—3>+ Og(lpc—3>
——1 1.067my,
3 og (R@> + Mol
fL 7 Ls 4 ML nL
| — ] = —11.32 4+ 0.467m, | —1 — |
Og(}—s) " el ¥ 08 <L®>+3 ¢ <M®>+ Og<1PC_3>

——log L
3 Rg

7 Ls M
— —17.88 4 0.467mpe + — log +logQp + = log —L
6 Lo 3

My
—§1Og <R®> + 210g h100

7 Ls ML 2 P
_ _3.88 4 0.46Tmuy + —1 Ly e [ Lo
+ 0801k + °g<1012L@>+3 °g (M@> 31°8 (R@>

+ 10g QL + 2 10g thO (38)

For o > 1, I(qo) ~ 1, we find

Lg M,
logF, = —8.23+2log (L@> + log (M@> + log (1:; 3) + log (1::_3)

+1 D 0.8
og Tkpe + 0.8mpe
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Ls D
= —14.79 + 0.8mpe + 2log (L ) + log Q1. + log (1:: 3> + log <1kpc>
®

+2log h100

fL 1 Ls M mni,
log| —) = —9. 2mpol + =1 1 1
> (]:5) OO DA+ 2% <L®> e <M®> e <1PC_3>

Lg D.
= —15. 56‘|‘02mb01‘|‘_10g (L ) —I_lOgQL—I_lOg(]_kp ) —|—2]_Ogh100
O}

Lg D,
= —3.56 + O.Zmbol + 5 10g (WT) + lo og (]_G ) + 10g QL + 210g thO

(39)

The volume fraction of space in which the flux from the source exceeds f has a
bolometric magnitude less than mye. In Fig.8(a), we plot log(Fr/Fs) for lensing by stars
again, for the same sources as in Figure 6 (with the same line types). Fig.8(b) shows the
corresponding log F1,. Fig.9(a) and (b) show the log(F/Fs) and log(FL) for lensing by
giant black holes for the same sources as in Figures 6-9 (with the same line types). Only
rough order of magnitude properties are used for the sources and lenses in Fig.9. The largest

effect comes from gamma-ray bursts lensed by stars in our simple model (zero shear).

We can convert the flux from the source into the local effective blackbody temperature,

T = (f/40)'*, where o is the Stefan-Boltzmann constant. my,) is related to T by

Mpol — —10 10g ( (40)

0.56K) '

Temperatures as low as a few hundred degrees will have dramatic effects on some dust grain

populations, for example.

Finally, we note that although the volume fractions of high flux due to lensing are
small, the corresponding absolute volumes can be large. Further, since materials move

across the high flux tubes constantly, the fraction of material affected by EGLE is much
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higher than the static volume fractions.

A thorough investigation of the astrophysical effects of EGLE will require far more

detailed and elaborate calculations which are beyond the scope of the present paper.

Y.W. is supported by the DOE and NASA under Grant NAG5-2788. E.L.T. gratefully
acknowledges support from NSF grant AST94-19400.
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Table 1: List of possible EGLE sources

p LS Dc ns
QSO (X-ray) 103cm 102 L, 1 Gpc 3x107* (Mpc)™®
QSO (UV-opt) 10*°cm 108 L, 1 Gpc 3x107* (Mpc)™®
gamma-ray bursts || 10%-10'%m 1018-20L, 1 Gpc 10~* (Gpc)™3
Galactic supernovae 10° Ry, 10*°Lg 10kpc 107° (kpc)™®
10° L (X-ray)
neutron stars 10%cm 10pc-1kpce 1 (kpc)™®
10° L, (radio)
O 10 Ry 105 Lg 1078 pc3
hot stars lkpc
B 4 R@ 103 L@ 10_4 ]_:)C_3
Table 2: List of possible EGLE lenses
ML mni,
giant black holes || 10578 M, 103 /(Mpc)?
stars || 0.1-1 Mg 0.1/(pc)?
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Fig. 1.— Typical lightcurves for R < 1, and 4 = 0 (solid line), R/2 (dotted line), R (short
dashed line), 5R (long dashed line), and 10R (dot-dashed line).

Fig. 2.— Cross-sections of magnification for lightcurves in Figure 1.

Fig. 3.— Cross-section o(f, p, D4) with go(f) = 4, for Dgs = 0.2 D, (solid line), 0.5 D, (long
dashed line).

Fig. 4.— g(w) = D(f)/Das as a function of w = Dgs/ D qo_l/e’(f).
Fig. 5.— I(q0) = VL (f, p)/VL(f, p = 0).
Fig. 6.— go versus my,) of lensing by stars for various sources.

Fig. 7.— For the same lens and sources as in Fig.6 (with the same line types), (a) D} versus

Miol; (b) a versus mpol.

Fig. 8.— Lensing by stars of the same sources as in Fig.6 (with the same line types), (a)
log(F1/Fs); (b) log F1, corresponding to (a).

Fig. 9.— Lensing by giant black holes of the same sources as in Figure 6 (with the same line

types), (a) log(FL/Fs); (b) log(Fw).



