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Abstract

In proton machines, potential-well distortion leads to small amount of bunch length-
ening with minimal head-tail asymmetry. Longitudinal mode-mixing instability occurs
at higher azimuthal modes. When the driving resonance is of broad-band, the thresh-
old corresponds to the Boussard-modified Keil-Schnell criterion for microwave instabil-
ity. [1] When the driving resonance is narrower than the bunch spectrum, the threshold
corresponds to a similar criterion derived before. [2] The thresholds are higher when
the machine operates below transition.

I. INTRODUCTION

Proton bunches are very much different from electron bunches. First, electron bunches
have a length roughly equal to or shorter than the radius of the beam pipe, whereas proton
bunches are usually very much longer. Second, the momentum spread of the electron bunches
is determined by the heavy synchrotron radiation. Protons do not radiate and behave quite
differently in the longitudinal phase space, with the bunch area conserved instead. These

differences lead to different results in potential-well distortion and mode mixing. [3]
II. DISTORTION ASYMMETRY

As an example, the bunches in the Fermilab Main Ring have a typical full length of
~ 60 cm or 71, ~ 2 ns. The spectrum has a half width of ~ 77! = 0.5 GHz. Therefore,
the static bunch profile is hardly affected by the resistive part of the broad-band impedance
which is centered at 1.5 ~ 4 GHz. As a result, the inductive part of the broad-band will
only lead to a symmetric broadening (shortening) of the bunch above (below) transition.
This conjecture can be tested by means of the Haissinski equation [4]. Strictly speaking, the
Haissinski equation does not apply to proton bunches where the bunch area is conserved and
the momentum spread is not a fixed Gaussian. Nevertheless, it should give us an idea of the
amount of asymmetric head-tail distortion. Adapting the Main Ring bunch at F = 150 GeV
to a longitudinal Gaussian profile, we take the bunch area as A = 670,00, = 0.15 eV-

sec, where o, and o, are the rms bunch length in time and rms energy spread. With a
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Fig. 1. An estimate of potential-well distortion of a Main Ring bunch from the solution of
Haissinski equation. Note that the head-tail asymmetry is very small.

revolution frequency of fo = wo/27 = 47.7 kHz, a phase-slip parameter of n = 0.0028, and

an unperturbed synchrotron tune of vy = ws/we = 0.00361, we obtain an unperturbed rms

bunch length of o, = ,/ﬁ = 0.37 ns or 11 ecm. This profile is plotted as dashes in
Fig. 1. At present, the Main Ring bunch has an intensity of N = 4.5 x 10'° protons and the
Main Injector under construction has a designed intensity of N = 6.0 x 10!°. The broad-band
impedance of the Main Ring is believed to be Z/n ~ 5 to 10 © and the cut-off frequency
is ~ 4 GHz, while the broad-band impedance of the Main Injector is Z/n S 1 Q. Here,
we take as illustration N(Z/n) = 60 x 10'® Q with the broad-band impedance centered at
2 GHz. The self-consistent Haissinski equation is then solved and the impedance-distorted
bunch profile is plotted as solid in Fig. 1. We can see that the asymmetry in the distortion

is indeed extremely small.
III. POTENTIAL-WELL LENGTHENING

When the small asymmetry in the potential-well distortion is neglected, we can considered
the driving impedance to be pure inductive. The wake potential is the derivative of the é-
function. For a parabolic bunch, the wake force will be linear and can be superimposed
onto the linearized rf force easily. The potential-well distorted bunch will therefore remain

parabolic. For this reason, the distribution in longitudinal phase space should be, [5]

(7, 8) = %wg—l( 1 5)2—m?, (3.1)

2TWs0TH K \wsp

where we have used as conjugate variables: 7, the time of arrival with respect to the syn-

chronous particle, and —né /wyo where 6 is the momentum spread. The independent “time”



variable is s, the distance along the ring. The original half length of the bunch 7y has been
lengthened to 7o/+/k, whereas the momentum spread 6 is shortened by \/k, so that the
bunch area remains the same. Throughout this paper, the particles are considered to be
ultra-relativistic, so that their longitudinal velocities are taken to be ¢, the velocity of light.
With the addition of the inductive wake potential, the Hamiltonian is modified to
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(3.3)
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The incoherent synchrotron angular frequency is therefore w, = wyo(1 — Dx/2)1/2. Since the

distribution (7, 6) must be a function of the Hamiltonian, to conform with Eq. (3.1), we

have

3ncN 5
et o =g (3.4)

— = 0
2MWe0T KW

(7, 6)

with the constraint

k2 =1—Dr%?. (3.5)

Again, consider a 150 GeV Main Ring bunch with N =4.5x10'° of bunch area 0.15 eV-sec
and an inductive impedance of Z/nling &~ 20 x 10 Ohms. Then D = 0.204, indicating that

the bunch has been lengthened by x~'/2

= 1.05 and the momentum spread flattened by
5%. This implies that we cannot infer the momentum spread naively through the relation
6 = wso7r/n by measuring the bunch length and the synchrotron frequency, because the
answer will be ~ 10% too large, giving a wrong idea about the amount of Landau damping.
Instead, the momentum spread should be measured from Schottky signals or inferred through

dispersion from the measurement of the transverse profile of the bunch using a flying wire.
IV. MODE-MIXING

The coherent bunch modes will be shifted by the impedance of the vacuum chamber.
As the current increases, two modes will collide to give an instability. It was illustrated in
Sec. II that the potential-well distortion has very little head-tail asymmetry, indicating that
radial modes will not be important and will be neglected. However, we do want to keep the
effect of the potential-well modification; therefore, the perturbed w, will be used in below.

In fact, going from the coordinates (7,6) to the polar coordinates (r, ¢), where
T = 1coso,

. (4.1)

——0 = rsing,

the potential-well lengthening of the bunch discussed in Sec. III has been included already.



The shifts of the synchrotron side-bands can be derived using Vlasov equation. Here,
we follow the Sacherer’s approach. [6] The bunch profile of the i-th coherent mode can be

written as

pO(r) =3 alA(r) (4.2)

where Az(7) denotes a set of normalized orthogonal profile functions with k& nodes between
—%TL and —I-%TL, with 77, denoting the total length of the bunch. It can be shown that (see
Appendix) o satisfies the equations

SO — mw, )6k — Mol (4.3)
k
for all m’s. In other words, (ozgi), oz(;), -+ +) is the i-th eigenvector corresponding to the eigen-

value Q = Q). In the above, the coupling matrix is given by

IV iwswoly m_ Y k(W) Z() [
mhk = 3B3hVr cos o, m + 1 >on P (W)

(4.4)

where W' = nwy 4+ Q, Vr is the potential-well modified rf voltage, which is related to the
unperturbed tf voltage Vo by Vr/Vh = (ws/wso)?, @s is the synchronous phase, & is the rf
harmonic, [, is the average bunch current, By = 71 fo is the bunching factor, and h,x(w’) =
j\fn (w’)j\k(w’) are the overlap of the spectral functions X, (w'), which are Fourier transforms
of the profile functions A, (7) introduced in Eq. (4.2).

The profile functions A, (7) should be eigenstates for each corresponding azimuthal mode
m, when the bunch intensity is small and no mixing occurs. Here, we choose them as the

sinusoidal densities introduced by Sacherer. [7]

T (m+ 1)rr

— COS ——MMM@M@M@M8 m even
2TL TL
Am(T) = (4.5)
1
o (mADar o odd
2TL TL

The spectral functions are therefore

mm+1  coswa/2
? m even
27 a2 —(m 4+ 1)?

() = (4.6)

Z,mm—l—l sin 7w /2 o odd
27 a2 —(m 4+ 1)?

where a dimensionless frequency parameter © = w7, /7 has been introduced, so that, with
the exception of m = 0, the spectrum for the mth mode peaks at * &~ m + 1 and has a full
width of Az & 2, as illustrated in Fig. 2. The revolution angular frequency is therefore given

by xg = wor /7. We also introduce a dimensionless current parameter

]bRS/TLT

_ 4.7
3B3hVycos o, (4.7)
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Fig. 2. Some of the power spectra A, (z) of the sinusoidal modes introduced by Sacherer.

which is positive above transition. Unlike the first factor on the right-hand side of Eq. (4.4),
€ 1s proportional to Iy R, linearly, where R, is the shunt impedance of the driving resonant
impedance centered at n, fy or at x, = 2n, fo7r.

For a broad-band impedance the argument w’ = nwy+ Q in the coupling matrix M, can
be replaced by w = nwg. Then Z(w) and Ao (w) possess definite symmetries. It is easy to see
that all matrix elements are real. We can also see that modes m and k are coupled through
Re Z when m — k is odd, and through Zm Z when m — k is even. For each individual
mode m, the shift in coherent frequency is due to the diagonal element M,,,, driven by
Im Z. Above transition (n > 0 or cos ¢, < 0), the inductive impedance shifts the frequency
upward, while the capacitive impedance shifts the frequency downward. These shifts can
cause two modes to cross each other, but produce no instability because the shifts are real.
Instability is contributed by the non-diagonal elements. For two adjacent modes to merge
into one and produce instability, the driving force is the real part of the impedance.

Let us continue with the example of the Fermilab Main Ring which has a broad-band
impedance centered at x, = 7.5 or f, ~ 1.88 GHz and quality factor () & 1. The eigen fre-
quencies obtained from solving Eq. (4.3) are plotted in Fig. 3 versus the current parameter
e. We find mode 6 peaks at the inductive part of the resonant impedance and is therefore
shifted upward. Mode 7 peaks at the capacitive part of the impedance and is shifted down-
ward. The real part of the resonant peak merges the two modes into one at € = 0.94, after
which the bunch becomes unstable. Note that the ordinate of Fig. 3 is normalized with
respect to the unperturbed synchrotron frequency wyg, and an adjustment for the incoherent

tune shift
iwsojb(z/n)ind
272 BEhVj cos

has been made. This correction pushes all coherent modes downward. When the current is

(4.8)

Ws — Ws0 =
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Fig. 3. Coupling of modes m = 6 and 7 in the presence of a resonance
at z, = 7.5 and Q = 1 above transition.

small, the rigid dipole mode m =1 is not shifted at all. This is to be expected because the
center of the rigid bunch cannot see any modification of the rf potential due to the bunch
itself.

We vary ) and compute the threshold €, in each case. The result is plotted in Fig. 4
versus z = Af. 1, = x,/4Q), where Af, = f,/2Q) is the HWHM of the resonance. Physically z
denotes the ratio of the FWHM of the resonance to roughly the full width of the spectrum of
the bunch. Also plotted are threshold curves for resonances centered at different frequencies
from z, = 3.5 to 10.5. Note that all the threshold curves fall roughly on top of each other,
and approach a minimum threshold of €3 ~ 0.92 when z reaches ~ 0.6. The latter has
the physical meaning of the resonance peak just wide enough to cover only two coupling
modes. A smaller z implies that the resonance peak is too narrow and interacts with only
parts of the two mode spectra, thus giving a higher instability threshold. A larger z means
that the resonance will cover more than two mode spectra. For z, = 7.5 say, modes 6 and
7 will then be pulled and pushed also by the other modes as well so that some cancellation
will occur, and one may expect the threshold for their collision to be higher also. However,
Eq. (4.4) reveals that the coupling comes in not through Re Z(w) but through Re Z(w)/w,
whose peak value becomes larger and the peak frequency smaller when the quality factor )
is small, although the zero of Zm Z(w)/w remains unchanged. Figure 5 shows such a plot
with #, = 7.5 and @ = 0.2, where the peak of Re Z(w)/w increases from ~ 1 to 2.6 and
the position of the peak shifts to « = 1.6. Figure 6 shows the enhancement of Re Z(w)/w
and its frequency position as the quality factor decreases from 100 to 0.001. For this reason,
when () is small enough, the lower modes start to collide first. For the case of the resonant
broad-band centered at x, = 7.5 and ) = 0.2 (or z = 9.4), Fig. 7 shows that modes 1 and



2 start to merge first. Thus, the threshold for large z remains small, which is very much

different from what Sacherer stated in his paper.

6 J‘\\\\ T T 17T

M
-
=

Q)
-
j=n

Instability Threshold
w
T 1T T 7 ‘ T T T ‘ T T T ‘ T T T 7T ‘ T T T ‘ T T T

O 1 ‘ I | ‘ 1 ‘ I | ‘
0.01 005 0.10 050  1.00

o
o
S

Relative Width of Resonance z = Af7y
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Fig. 5. Comparison of Re Z/n and Zm Z/n centered at z, = 7.5 for ¢ = 1 (dots)
and @ = 0.2 (solid). Note that when the resonance becomes broader,
the contributions of Z/n move towards lower frequencies.
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Fig. 7. Mode coupling starts at the lowest modes when the driving resonance is much
wider than the bunch spectrum. Here z. = 7.5, ) = 0.2, 77, = 2 ns, or z = 9.4.

V. MICROWAVE INSTABILITY DRIVEN BY BROAD RESONANCES

Microwave instability can occur when the resonance is much wider than the bunch spec-
trum. When this happens, many coherent modes are excited. We see that modes 6 and 7
merge first in Fig. 3 when () = 1 but modes 1 and 2 merge first in Fig. 7 when ¢ = 0.2.
In between, when ) ~ 0.45, we find that modes 2 and 3, 4 and 5, 6 and 7 start to merge
at nearly the same threshold of €, ~ 0.75. Therefore, we can conclude that the threshold



at the z > 1 end is the threshold of microwave instability. This threshold condition can
be easily rewritten in terms of the energy spread (AE)pwnm = %(AE)qu and bunch peak
current I, = w1, /(27 fo) of the sinusoidal profile as
R, 27 n(F/e) (AE)2
s _ 2, = 7
h 1, E Jrwam

n, 16
which is the familiar Boussard-modified Keil-Schnell criterion [1] of microwave instability

(5.1)

driven by a broad resonance. The form factor for this type of cosine bunch shape should be
close to unity, which is close to %qh = 1.3 obtained here. The equivalence of mode-coupling
and microwave instability had been pointed out by Sacherer [6] and Laclare. [8]

The threshold e, can also be estimated. When the resonant impedance Re 7 is just wide
enough to cover two adjacent modes m and m’ = m + 1, and the excitation is one with
e =1

these two modes. The coupling matrix of Eq. (4.5) can be rewritten as

(m 4+ 3) nodes along the bunch, the coupling matrix can be truncated to include only

Mmm/ == EAmm/ 5 (52)
or )
> hmm (1)
where 2(71) = Z(n)/Rs. In above, the factor o as well as the difference between w, and
wso have been neglected. The eigen equation (4.3) now becomes
w& —m — eAm eAm
=0, (5.4)
614m’m W&QO — m’ — GAm’m’
from which we obtain, with A, A, = —|Amim |2,
Q — %WSO [(l/m —I' l/m’) Zi: \/(l/m/ - l/m)2 — 462|Amm’|2] R (55)
where vy = k + €¢Ag, k = m or m’. The threshold of instability ¢, is therefore given by
|6thAmm’| = %|6th(Am’m’ - Amm) + 1| . (56)

The matrix elements A,,,,, A, and A, have been computed numerically for any two
adjacent m, m’, with the resonance peak centered at z, = %(m + 3). The result is actually
very close to €, = 0.92 and depends on m very weakly. It can also be estimated easily. We
first neglect A,,,, and A1, and get |e Appi| & % We can approximate the resonance
Re Z(x)/x by a rectangular box of height R,/x, and width wide enough to contain the two
coupling adjacent spectra, as illustrated in Fig. 8. Each spectral function S\m(:zj) can also
be approximated by a rectangular box of total width Az = 2. Since the two spectra are
adjacent, the overlap is Az = 1. Therefore, we obtain |}, S\fn(n)j\m/(nﬂ D S\jn(n)j\m(n)
or |Aym| ~ %; thus €, =~ 1. We can now include A,,,, and A,,/,,» by further approximating
Im Z(x)/x by Rs/x, when @ < x, and —R,/x, when x > x,. We obtain A,,,, ® — A ~ %,
which is an overestimate, and ¢;, = % Therefore, % < ey < 1.



| | | |
5 6 7 8 9 10
Frequency Parameter x

Fig. 8. An estimate of the nondiagonal coupling matrix elements by
rectangularizing Re Z and the adjacent coupling spectral modes.

VI. MICROWAVE INSTABILITY DRIVEN BY NARROW RESONANCES

When the resonance is much narrower than the width of the bunch spectrum, we have

z < 1. Then, the summation over frequency in Eq. (3.2) can be approximated by

TZ sYr Y Y
52 ) 2 T A, (6.1)

n

Since the area under the narrow resonance is concerned here, a new dimensionless current

parameter

o 20(RQ)
3B2hV cos ¢

is required. This new threshold €}, is now plotted versus z in Fig. 4. For small z, we

(6.2)

obtain €}, ~ 0.75 which is almost independent of x,. Again, this threshold can be computed
numerically using the truncated 2 x 2 coupling matrix, or estimated by approximating the

spectral functions by rectangular curves. When it is cast into the form

R, 27, n(E]e) (AE 2 (6.3)

Q 167 Iy B )FWHM 7

it is just the criterion of microwave instability driven by an impedance resonance that is
narrower than the bunch spectrum. [2] The form factor is 0.41, which agrees very well with
%d&h ~ 0.40. This may be a more appropriate microwave instability threshold for electron
machines, since electron bunches are short.

We have computed the mode-mixing for our former Main Ring bunch when the driving

resonant impedance is narrow with a () = 100. The result in Fig. 9 gives a threshold of

10
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Fig. 9. Coupling of modes m = 6 and 7 in the presence of a narrow resonance

at z, = 7.5 and ¢) = 100 above transition.

&, = 10.0 (or €}, = 0.75), which is much larger than that for the broad-band impedance.
This increase in threshold has been explained in Sec. IV, and is a result of the fact that
the narrow resonance interacts with only a small part of the overlapping spectra. We also
see that, as ¢ increases, the coherent frequencies here do not shift so much lower than the
situations in Figs. 3 and 7. This is because the resonances there are rather broad and their

contributions move towards lower frequencies (Fig. 5).
VII. GOING BELOW TRANSITION

Figure 3 shows that the coherent frequencies tend to cluster together when the current
e increases. This is because we are above transition, cos s, < 0. Looking into the diagonal
elements of Eq. (4.4), modes with m < x, — 1 (> x, — 1) sample the inductive (capacitive)
part of the impedance and are shifted upward (downward). Below transition, the shifts will
be in the opposite direction; i.e., diverging outward with increasing |¢|. Mathematically,
(Vmr — v )? inside the square root of Eq. (5.5) becomes larger. However, this does not mean
that there will be no instability. This is because the off-diagonal elements €A,,,,; that are
responsible for mode merging contribute as squares and therefore do not change sign. In
fact, from Eq. (5.5), we obtain the threshold

1
= 7.1
|6th| 2|Amm’| - |Am’m’ - Amm| ( )
below transition, and
1
i (7.2)

- 2|Amm’| + |Am’m’ - Amm|

11



above transition. It is now clear why the threshold below transition is much higher than the
threshold above transition. We tried to reverse the sign of cosp, in the example of Fig. 3
to obtain Fig. 10 and found |e;,| actually increases from 0.94 to 1.88. This is also true for
narrow resonances; Fig. 9 becomes Fig. 11 below transition with |e},| increases from 0.75 to
1.8. This conclusion is in sharp contradiction to the statement of Laclare [8] that “below
transition mode coupling cannot lead to instability.”

The above discussion leads to the conjecture that a bunch in a machine with a negative
momentum-compaction factor [9] will be more stable. This idea had been pointed out by

Fang et al [10] in obtaining shorter electron bunches for colliders.
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Fig. 10. The situation of Fig. 3 below transition. Note the increase in threshold |e;].
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VIII. CONCLUSIONS

We have explored the effects of potential-well distortion and mode mixing for proton
bunches. Applications have been made to the Main Ring bunches and the future Main
Injector bunches. Due to the long length of a proton bunch, the spectrum of its profile
sees mostly only the inductive part of the broad-band coupling impedance. As a result,
potential-well distortion only amounts to the lengthening of the bunch with very little head-
tail asymmetry. A Main Ring bunch will be lengthened by ~ 5%. The higher-order modes,
however, can see the peak of the real part of the impedance, which will drive adjacent modes
to merge together to produce instability. When the resonant impedance is much wider than
the spectrum of the bunch, this mode-mixing threshold is equivalent to the threshold of
the Boussard-modified Keil-Schnell criterion of microwave instability. When the resonant
impedance is much narrower than the spectrum of the bunch, such as in electron machines,
the mode-mixing threshold is equivalent to the threshold of microwave instability driven by
narrow resonances. For short electron bunches, usually it is modes 1 and 2 that collide first
as the bunch intensity increases. For proton bunches, however, higher modes start to collide
first unless the impedance is extremely broad. This is because the proton bunch usually has
a length equal to many cut-off wavelengths of the vacuum chamber. We have also discussed
the situation when the machine operates below transition and found that the threshold will
be pushed to a larger value and thus becoming more stable.

The complete equivalence of mode-coupling instability and microwave instability has
not been established here. For example, we have not addressed the microwave instability
driven by a pure space-charge impedance above transition. If we carry out an analysis
similar to that in Sec. V, we find that coupling occurs only between modes m and m’ with
|m —m'| =2, 4, ---. Then, a coupling element and its conjugate gives A, m/ Apim = |Apiml|?
instead, or the discriminant in Eq. (5.5) will be positive definite. In other words, there will
not be any instability, contrary to the negative-mass instability observed just after transition.

This and other issues will be examined further and reported elsewhere.

13



APPENDIX

In this Appendix, we derive the equation for coupled bunch modes of (4.3). The Vlasov

Equation with canonical variables

¢ =r
(A.1)
{ P = _%5 )
is given by 8¢ 8¢ 8¢

where the ‘prime’ denotes derivative with respect to s, the distance along the ring. The
distribution function v is written as unperturbed part 1y plus a perturbed part 1 having a

coherent frequency €):
77/)(7“, ¢) = ¢0(T) + 77/)1(7“, ¢)6_ZQS/C ) (Ag)
where the polar coordinates defined in Eq. (4.1) has been used. When the effect of the wake

potential is included, the Hamiltonian equations are

q = —%r sin ¢ , (A4)

and

Vg zwa’—i sfc
p = —Ercosqb—l— 5 RE Zpl fsfe (A.5)

where w' = nwy +  and the spectrum of the perturbed linear distribution is defined as
1 .
Pi(w) = Q—/drd(se—wwl(r, 5) . (A.6)
s

The perturbed distribution is now expanded into azimuthal harmonics in the longitudinal

phase space

= Z:oszm(r)em(‘S ) (A7)
Multiplying by e=*"¢ and integrating over ¢, the Vlasov equation becomes
iy g4 2()
Q — mws)a, R, (r) = ) A.
( e )a f (T) 2nREv, r Zn: ) w! ( 8)

where ) = dipg/dr. Changing the variables from (7,6) to (r, ¢) and substituting Eq. (A.7),
the perturbed spectrum of Eq. (A.6) can be simplified to

= Zozmj\m(w) , (A.9)

where

) (wr) (A.10)

14



is the Fourier transform of the perturbed bunch linear density corresponding to azimuthal
harmonic m. At low bunch intensity, for each m, the various radial modes can be denoted
by Ryq(r) with ¢ = 1,2,--- . Since we are going to neglect radial modes, we only include
the “most coherent” one with ¢ = m. Then, S\m(w) peaks at w ~ (m + 1)x /7, and the
corresponding perturbed linear density A,,(7) has m nodes. Relation (A.10) can also be

inverted to read

Ron(r) = ZZ" | dowdno)dfor) (A1)

Using Eq. (A.10), the Vlasov equation can be transformed from Eq. (A.8) to

~—
P
*
—~
€
~
~—

0 2 ’
Q_ s m/ d m 2r — Zme 77 ( A12
(@ = mia [ dr B P = =SS ) T (A12)

Substituting the harmonic expansion of p;, we arrive at the eigen-equation
) .
2,2 Z )‘k A (@)

vmen
(Q — mws)ay, = g 5k — - ag (A.13)
; R

0

0

which is of the same form as Eq. (4.3).
Finally, we need to compute the integral in the denominator of Eq. (A.13). We can write

=) [T el (A1)

where (r/1() denotes some characteristic value of r/t¢§. Since 1 is normalized to nN/w,

/OOO dr | R (1)

and depends on 75, only, we must have

r wsTff

—) o — :
G > TN
The integral on the right side of Eq. (A.14) can now be performed with the aid of Eq. (A.11)

to give

(A.15)

/0 drrlBa () =5 /Oodwu (W)[? . (A.16)

We next make use of the fact the \,, (w) has definite symmetry and peaks at w ~ (m—+1)x /7.

Then,
| el e b DTe0 S s e (A.17)

2TL

n=—0oo

Combining Eqgs. (A.14) to (A.17), eigen-equation (A.13) takes the form

rmdywgwg w
Q — mw,)a,, = —F
( ) Zk: 3(m + 1)BghVr cos ¢ > Ak(w)?
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where F'is a form factor which is of O(1), depending on the form of the unperturbed
distribution to(r). For example, if we choose

m@gzg%”rcﬁ—rﬂ : (A.19)

TwsTE \ 4
so that . 6
Yo _ i (A.20)
r TWsTr

is no longer r-dependent, we obtain F' = 96/7* = 0.986.
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