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Abstract

We study a simple extension of Linde’s hybrid inflation model, with the
inflaton mass term replaced by the most general renormalizable potential
for ¢. The unprocessed power spectrum of density perturbations can have
two minima and one maximum, roughly corresponding to two steep regions
separated by a somewhat flat region in V(¢). In the examples studied here,
sufficient amount of inflation and normalization to COBE require a vacuum
scale of 106 GeV and a ¢ mass of 10'® GeV. Depending on the initial value
of 0. our model can give either less (~ n < 1) or more (~ n > 1) power
on small scales compared to the scale-invariant spectrum (n = 1), given the

normalization to COBE.
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I. Introduction

Q

Inflation has remained the most attractive solution to the problems of the standard
Cosmology. which are the smoothness problem. the flatness problem. and the formation
of structure problem. Up to date. there has been no definitive model of inflation which
solves all the old problems without creating new ones. The search for more appealing
models of inflation continues.

Recently. Linde proposed “hybrid inflation™ [1]. The effective potential of this model
1s given by

1 2 s, Mg 5
4/\(.\[ —Ao7) +—:'2'—O +—_é"00'. (1.1)

V(o.0)=

This model looks like a hybrid of chaotic inflation with an inflaton (o) mass term and
the usual theory with spontancous symmetry breaking with a Higgs field o. Inflation
usually ends by the final stage rapid rolling of the slow-rolling inflaton field ¢. or by a
first order phase transition. The important difference between the model of Eq.(1.1) and
other theories of this type [2] [3] [4] is: in hybrid inflation, inflation ends with the verv
rapid rolling of the scalar field o. which is triggered by the inflaton field 0. The Higgs
field ¢ remains a physical degree of freedom after the Higgs ceffect in an underlving gauge
theory with spontancous synunetry breaking: hence it acquires positive values only. which
removes the possibility of domain wall formation in this theory.

Hyvbrid inflation is very elegant and simple. It gives the appropriate amplitude of
density perturbations with reasonable parameter choices. However. the raw power spec-
trum has a minimum on a usually large scale. which means that there is likely less power
on the large scales relevant to observation. Tliere has alwavs been a lot of interest in
obtaining power spectra with more power on large scales [3]. We are interested in finding
a model of hivbrid inflation which gives a more complex behavior of the power spectrum.

with sufficient power on large scales,



In the spirit of simplicity. we consider the following effective potential:

2

Vig.0) = 1/\(.\12 — a?)? + fo(o) + % o’a?, (1.2)
where

folo) = Ao* /4 + B&* /3 + Co?/2. (1.3)
folo) is the most general renormalizable potential for o with fy(0) = 0. Note that

C = m? > 0 for a positive o mass term. Hodges et al. studied this potential in the
context of the usual slow-roll inflation [G]. where they looked for sets of parameters that
can strongly break the scale invariance and give a valley in the usual Zel'dovich spectrum.
In this work we study the potential in more details within the context of hybrid inflation.

and normalize the power spectrum using the COBE DMR results [7].

II. General properties of the inflaton potential

Consider the effective potential V(a,0) of Eq.(1.2). The effective mass of the o field is

, O0*V(o.0 . ” .
m3 = —(—;—) =3\a% + (420° — AL%). (2.1)
do?
For ¢ > o, = M/g. 0 = 0 is the only minimum of the effective potential in the o

direction.

In hybrid inflation, we are interested in potentials which have a much greater curva-
ture in the ¢ direction than in the o direction [1]. For sufficiently large o. this implies
A < g*/3. When thic condition is satisfied. the 4 621 rolls down to ~ = 0 initiallv. while
the o field can remain large for a much longer time.

Define a dimeusiouless variable



where o is a constant with the dimension of mass. The potential of the o field can be

written as:

1(0.0) = Vo[l + bf(y)],

- fJ_i a3 3 4 93
f(y)—2+3y+4y- (2.3)
with
AVe Coj m2o}
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42 Yo Vo
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Note that f'(y) = y[1 + ay + 3y%, f'(y) = 1 + 2ay + 33y% The roots of f'(y) = 0 are

y =0. Yi = 2%3 [—a + m] . (2.4)
(f"(!/:) = _a_i_j—_-i_d [\/02 -43F a]) .

y = 01is always a minimum of f(y). If a2 < 43, y = 0 is the only extremum of fly). If
a? =43, y, = y- = —2/a is the inflection point of f(y). If a2 > 43, there are three
cases: (1) 3 < 0, y; < 0. y_ > 0, yz are maxima of f(y). y ( i.e. o) has to tunnel to
reach its vacuum if y > y_ initially: (ii) 3 > 0and a > 0, y_ < y, < 0, y_ is a second
vacuum aud y, is the maximum of f(y). there are no extremum for y > 0: (iii) 3 > 0
and a <0, y, > y_ > 0. y; is the false vacuum if a2 < 9.3/2. y = y, and y = 0 are
degenerate vacua if a? = 9.3/2. otherwise . is the true vacuum and a positive constant
term must be added to f(y) to vield zero cosmological constant.

It is desirable that we demand o = 0 is the only extremum (the global minimum)
of the o potential 17(0.0). which is the property of the original hyvbrid inflation model.
Tlis allows us to avoid complications (such as a false vacuum) not of interest to us here.
Hence we want either o> < 4.3, 0or 3 > 0 and a > 0.

The extrema of f'(y) roughly correspond to the extrema of the power spectrum.

although the power spectrum has an additional minimum (the only extremum in Linde's.
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model [1] for which f”(y) = 1). Different parameter choices give power spectra with

different features. The roots of f"(y) = 0 are

Y= oo = -Bl—j [—a T a2 —33]. (2.5)

Since f"(yas) = F2Va? = 33. for a® > 33. y, and y, are the maximum and minimum
of f'(y) respectively. a? = 33 gives the inflection point of f'(y). For a2 > 3.3. there
are three cases: (i) 3 < 0. yo > 0. y, < 0. but the conditions for o = 0 being the only
extremum of 1(0.0) are not satisfied: (i1) J >0 and a > 0, y, < y < 0: (iii) .2 > 0 and
a <0y >y, >0 Ifa? <33ora =3 =0 (which corresponds to Linde's model of
hybrid inflation). f”(y) = 0 has no roots: this and case (ii) of a® > 33 closely resemble
Linde’s model. which we will not discuss here.

We are interested in case (iii) of a2 > 3.3, for which
3> 0. a<0: 33 < a’ < 4. (2.6)
or
A >0 B<0: 34AC < B? < 44C, (2.7)

in terms of the constants A, B, and C from Eq.(1.3).

III. The equations of motion

Setting ¢ = 0. the equations of motion are

O'.

S=G .. ’
= V(o) + —} .

3
o+3Ho=-1"(0). (3.1)

H'l
2]

where 17(0) = 17(0.0) (sce Eq.(2.3)). Inflation occurs if H? > 47Go>.

Let us define dimensionless variables

H

H
e T = Ht. 2
Hy 0 (3.2)



where Hi = 87G15/3. The equations of motion can be written as

— 1 [dy\?
H =1+0fly)+= (iﬂ) .

2 \dr

Py Ly )

— +3H—=-bf(y).

d7? dr

where y = o/oy with oy = /3/(87) Mp. The slow-roll conditions [§] are
1 b f'(y) L bf"(y)
= - < 1, 9 = = | ——1. ) 1.
“ =8 [1 +0 fy) CT9 1+ f(y) o2l <

\When both conditions are satisfied. we have

H ~140f(y)

—d

3HEL ~ b f(y)
arT

The number of e-folds from the beginuing of inflation is

e 3w 140 f(y)
N(y) = /UH(I,_b/y Ay~

1 ro dy Y f(y)
= - e ly ——1.
3[b/y f’(y)+/y ”’f’(m]

After simple integration we find

. 1 ; 1
Ny)=3 [~ In (l) + -y yi.a.3) + vy y,. a. J”)J .
Y

b b
where
(g0, 3) = 1111 1+ay+ 3y a ot a + 23y,
(yiLa i) = < s - = larctan | ————
Hy-y 2 L +ay, + 3y; Vil =a? Vi3 —a?

— arctan (—iﬂl—l—)}
(yi = y) (33 —a?)
243 12.52
(a? - 1.3) s ( 1+ay+ J_z/?)

vy yi.a.3) = B3y +y) +2a]) + Jy g, a)

1252 1+ ay, + 397



At o < o, = M/g. the phase transition with svmmetry breaking occurs. The mini-

mum of the o field changes to

M3 o)

; with M (o) = ¢*(0? - 0?). (3.9)

ay(0) =

The effective mass of 0 at 0 = gy is m2(0y) = 8*1 (0. 0)/90% = 2\1%(0). When o drops
below o. ¢ rolls down to gy within At ~ H™Vif m2(ay) > H?. If the slow-roll conditions

are satisfied. this gives

< A
bf'(y.) g%

where y. = o./oy = /87 /(34%) (M /). o oscillates around og(0) and loses energy due

to the expansion of the Universe. o cannot simply relax. because 17(o. o) has a non-

3 2
¢ = (§) Ye [1 40 f(ye)] (3.10)

8

zero slope in the o direction at ¢ = ao(@). o rolls down to © = 0 within At ~ H-! if

O’V (0.0)/00% > H? near o = ¢.. which can be written as
¢ < 1. (3.11)

The relicating in our model can proceed via the standard wav of coherent oscillations [8].

The amplitude of density perturbations produced during inflation is [9]

IHHOR

é C, H?
L = [1+(27 = 1)e+ 4], (3.12)
P iri=k 270 \pir=t

where C, = —=G/5. —4/3 depending on when the density perturbations re-enter the hori-

zon (during matter-dominated or radiation-dominated era). R is the scale factor. & is

the wavenumber. 5 =2 - In2 - 7' ~ 0.7296 with ~’ denoting Euler’s constant. and

€= —— =~ 3¢, b= — =~ —3¢,. (3.13)

where we have used the slow-roll conditions in relating € and é to ¢; aud 5. Eq.(3.12)is a
second order expression for the unprocessed power spectrum. with € and & characterizing

corrections to the usual first order expression (e = & = 0). Ref.[10] shows that these
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corrections may he important in relating spectral indices to tensor and scalar amplitudes
in inflation.

In terms of our dimensionless parameters.
HOR -

¢ 6
il =Py (—f) = P, (—2) [1+ (25 = 1)e + 4] (3.14)
Pl rir=k PJ. P/
where
3|Cp|’12> 2 -
Py=| ———=)y.. 3.15
0 (47\/X Ye ( )
roughly sets the amplitude of density fluctuations. while
8p H  [L+bf)P?
— | = ~ = F(y). 3.16
(n)o 3|z b71y) y (3.10)

determines the shape of the power spectrum.

There are four independent parameters in our model, (A, m, a, 3) or (y.. b. a. 3).

Fitting two physical observations. the minimum amount of inflation and the anisotropy

on large scales from COBE DMR observations, we arc left with two free parameters (see

Sec. V7). It turns out most convenient for us to choose y, and b to be the free parameters.
IV. Power spectrum shape function F(y)

The function F(y) determines the shape of the raw power spectrum. To study the roots
of F'(y) = 0 analyvtically, let us define

l
r = \/Fy. . -

1)0 = —.
\

We can write

~1



Since F'(y) = 117{x)/by. the roots of F'(y) = 0 are related to the roots of 11"(x) = 0 as

follows
Y123 = -1‘1.2.3/\/F- (4.3)

We can choose I\ such that one of the roots (1,,) of uw”’(r) = 0 is 1. This gives us a

relation between ay and Jg:
33 +2ap+1=0. (4.4)

Let us choose xr, = L. i.c.. we scale the o field with its value at the minimum of w'(x).

This gives us (see Sec.II)

1 5
Iy, = ?3—,3— [|00| + vaj — 330] =1.
V]

N = [|a|—\/a'3—33]2= (QIil'_\)?. (4.3)

wlhere we have defined A = ay + 2. Hence

3= [1— (ﬁ:i)] (46)

Now we have

1 .
3—2a

1
0< A<l 3 < 3y < 1. for v, = =1. (4.7)

where the upper bound on A comes about because r, < r,. and we have chosen z, = 1.
A = 0 correspouds to the inflection point of w{x). and A = 1 the inflection point of
(). W) is determined by A and by. Fig.l shows w(r) = L f(y) for A = 0.1 and
0.5. Fig.2 shows the corresponding W) = (b/\/K:)F(y) for by = 0.1. 1. and 10.

We have chosen 17(o) = 1y[1 + byw(r)] to increase monotonically with o. ie.. w(x)

increases withh r. Since 1/«’(r) has a minimum at o, = 1/(3 — 22) and a maximun at



2y = 1. we expect 117(2) to have a minimum at 0 < @y < r,. a maximum at ry 2 1, and

a second minimum at ry > .ra. Note that

1+ byuw()]/?

2[w'(1))?
1+ bore(2)]!/?
- [w!(x2))?

') = [ {8bo[w(2)? = 20" (2)[1 + bow(x)]} - (4.8)

()

{Qbou"(l')u‘"(l') — QU,(E)(I){I + bou‘(l‘)]} \

at 7 (2) = 0.

17" (x) = 0 can be solved numerically for given A and byg. Fig.3 shows the three roots
rp < Iy < ryas functions of by for A = 0.1. 0.5. and 0.9.
To understand thie behavior of .y 23(bg) qualitatively. let us solve 1”(x) = 0 in various

limits. 117(r) = 0 can be written as 3bg[w'(x)]? = 2uw”(x)[1 + bow(x)) = 0, or
12(1 + 2002 + 3302%) = bp2? (933" + 1800307 + 53(2a3 + 38)22 + 20agx + 12].(4.9)
For by > 1. vy < 1. We can drop all except the last term on the right hand side of

Eq.(4.9). which gives

by+(1 -2 +23-2
by — 3+ 22 '

For by < 1. we can drop all the terms on the right hand side of Eq.(4.9). which gives

1
PN = 1, raox 1, by < 1. (4.11)

Iy

Let 9 =14 r with r < 1. we can expand all terms in Eq.(4.9) to second order in r. We

find
el 2y [VI+ 222 - 1] __ Gbylbg +4(3 = 21)] 10
T T 124 (14 22)(1 = A Y E T b2 )P( = ap M)

Eq.(4.12) applies quite well for all by, with A not far from the inflection point A = 0

(say. 0 < A\ £ 0.5).



I17(x) = 0 can be written as
(2= 1) {12[x(3 = 23) = 1] = bpa?[(x) = 20(6a” = 13 + 10)A — 422(x = 2)2%)}
= 220 - 3)2A% (4.13)
where (1) = 903 —=2722 4281 —12. For by — oc and A = 0. the above equation becomes
(r—1)(x) =0, (4.14)

which has the exact solution r = 1 and r = x. = 1.53447884 [6]. To order \. the sccond

minimum of () is

[ 2(642 = 150, + 10)A ( A) .
I3~ . ~r. 1+ —. by — x. :
e T Sy, 1 28 } =V 0T (3.13)

For by large and to order A,

o r1 LA 525 — 2.76A
B T Y T (4 + 23158) - 6.7+ 2.767 |

bo > 1. (4.16)

For-by <« 1. xr3 > 1. Keeping the highest power in x terms from each side in Eq.(4.9).

we find

12 " b o<1 i}
.13_|:m} \ o < L. (-l].l)

V. Sufficient inflation and normalization to COBE

The minimum amount of inflation required to solve the smoothness problem is (8]

i 2 - 1 i .
Niin = 60.6 + 3 my-+InH(y,) + 3 In (W) ) {3.1)

y, and y. are the scaled o field at the beginning and end of inflation respectively. Tyy is
the relieating temperature.
During inflation. the comoving scale A which crosses outside the horizon when o = yoq

is given by

ot
to

A
T i~y = - -\. -\' ot T -\'nnn . -
l“(h—l.\lpc) 8 (y) + (N ) {

10



wliere N(y) is the number of e-folds of expansion since the beginning of inflation. and
Nt denotes the total amount of inflation.
We can choose y; > y3. or y2 > y; > y;. such that a valley appears in the power

spectrum at an interesting scale. At the end of inflation
N(yeib.a.3) = N, (3.3)

For given (a..3) and N, this gives y. in terms of b.

The processed power spectrum is

o7 |dute) ! op £ 271 1. .
P(I\JO)_("W)3 [WJ (P)uoR TRk (o)

<

T(k) is the transfer function. For cold dark matter, we use [11]

_In(1+2.34¢)

1/4
T(q) = 331

[1+3.89¢+ (16.1) + (5.46¢)° + (6.729)") .

o
o

where ¢ = k/(Qo/®Npc™!). We take Qg = 1. h = 0.5, the standard CD\ model.
Cosmic anisotropy produces an excess variance a';’k_\. in the AT maps produced by
the Differential Microwave Radiometer (DMR) on COBE that is over and above the
iustrument noise. After smoothing to an cffective resolution of 10°. this excess, o, (10°).
provides an estimate for the amplitude of the primordial density perturbation power

spectrum with a cosmic uncertainty of only 12% [7]. Following the notation of Ref.[12].

we write
2100 2A+1 2 2 -
UT(IO ) - Z 1ir <|”Iml ) (‘X])["—[(l + 1)9()] (DO)
lZ-) 4
where 8, = 0.125fpn gy = 1277 1. the Caussian angle corresponding to thie autenna

beam and additional smearing of the raw data. o7(10°) is directly related to the power
spectrum P(k). For the anisotropy in the cosmic microwave background radiation on

large angular scales. the Sachs-Wolfe effect dominates. For adiabatic perturbations

: H} = ‘, "
<|{l/'lllz> = _(L / (“‘ ,"—-P(l‘y./1'(]"/.1‘0(). (

2=

Ut

11



where j; is a spherical Bessel function and 7. =~ 2Hy ! is our comoving distance from
the surface of recombination.

Based on the latest results of COBE DMR [7]. we take 07(10°) = (1.25£0.2) x 10~°
[13]. For given (a..3). this enables us to normalize the power spectrum P(k). thus
determine b.

Let us take A = 0.1 to study the properties of our model. Fig.4 shows the number of
e-folds N'(y) since the beginning of inflation. for (i) a = =2, y; = y» — 0.2: (ii) a = =2.
yi = y3+3: (iii) a = —0.8., y; = y3 + 3. The o field rolls slowly if it starts in the not too
steep region of the potential. i.e.. between the first and second minimum of the power
spectrum shape function F(y). y; < y; = 0,/0p < y3 (see Fig.2). For large o; (y; > u3).
o rolls more slowly in the astrophysically relevant region (N(y) < 20) for smaller |a].
Sufficient inflation can be obtained for initial values of y = ¢/@q greater than the first
minimum y; of the power spectrum shape function F(y) (see Fig.2).

Fig.5 shows (ép/p). = Po“l(ép//))”on (sce Eq.(3.14)) corresponding to the parameter
choices of Fig.4. to the first (dash line) and second order (solid line) in slow roll approx-
imation. The deviation of the first order curve from the second order curve increases as
o rolls faster.

Fig.G gives four examples of the power spectrum P(k) with A = 0.1. For a = -2,
yi = y2 — 0.2 (short dash line), y2 4 0.1 (dot line). and y3 + 3 (long dash line) respectively.
For a = —0.8. y; = y3 + 3 (dot - long dash line). The solid line is CDM with n = 1. We
have used the second order formula for ép/p in calculating P(k). If o starts by rolling
over the peak in the power spectrum shape function F(y). our model gives somewhat
more power ou small scales thau the standard CDM with n = 1. If o starts by rolling
down one of the valleys in the power spectrum shape function F(y). our model gives less
power on small scales than the standard CDM with n = 1. o rolling down the steeper

valley in F(y) at y > y3 leads to more dramatic reduction of power on small scales. For

12



given A and (y;, — y3) > 0. larger |a| seems to lead to less power on small scales. But
the slow-roll conditions (see Eq.(3.4)) may break down near y = y;. hence it may not
be appropriate to use Eq.(3.12) in the calculation of ép/p. For ja| 2 10 (with A = 0.1
and y, = y3 + 3). the slow-roil parameter ¢, > 1 near y = y3. The proper mapping of
the entire allowed parameter range and the discussion of the tensor contribution to the
CMBR anisotropy will be presented elsewhere [14].

The ¢ vacuum scale M and the © mass m can be expressed as

2 2% A 2
A 3y m 27 ( I) . (5.8)

v Ver e e Vay \on

For A =0.1 and a = =2, M ~ 10'® GeV. m ~ 10" GeV". For given a and (y; — y3) > 0.

P(k) is not sensitive to A: the scales M and m vary less than an order of magnitude as

we change A from 0.1 to 0.9 (recall that 0 < A < 1). Larger |a] seems to lead to smaller

M oand m (M £ 10" GeV, m < 10'2 GeV). We have taken the dimensionless coupling
coustants A and ¢ to be of order 1.

Let us now examine the conditions for successful hybrid inflation. For inflation to

occur. we want ¢ to roll down to o = 0 initially while o remains large. which requires

4 < ¢%/3 (see Scc.Il). This can be expressed as

Mp
a<Ky (i) . (5.9)

m
The above condition is always satisfied since AMp > m. The fast-roll conditions Eqs.(3.10)
and (3.11) are automatically satisfied, because y. < 1 in our model. Typically ¢, < 1073
This means that both ¢ and @ roll down to their true vacuum states almost instantly at
the time of the phase transition (0 = o. = M/g). thus putting an abrupt end to inflation
{see Sec.III).

To sum up. the requirement of sufficient inflation and normalization to COBE give
us two constraints on the four parameters (b. y., a. 3) in our model. (a. 3) roughly

determine the shape of the unprocessed power spectrum. For given (a. .3). we can find

13



(b. yc) or (m. M) which satisfy the physical constraints. The same choice of parameters
also guarantees successful hybrid inflation. The typical values of the vacuum scale M/
and the o mass m are: M < 10'6 GeV', m < 10'3 GeV. The dimensionless constants a
and J3 in the scaled o potential f(y) (see Eq.(2.3)) are usually of order 1. The constants
in the original form of the o potential (see Eq.(1.2)) are: A ~ (m/Mp)2. B ~ m?/\Mp.

C = m?: X and ¢ can be taken to be of order 1.

VI. Remarks

The model we have presented lere has a very simple potential. It involves only one
extra term, the cubic o self-coupling term. compared to previous theories of its type {1]
[3]. Inflation can eud abruptly in our model. Sufficient inflation is easily obtained. The
power spectrum shape function F(y) x (8p/p)uor has two valleys and one peak, while
the original hyvbrid inflation model gives only one valley. When normalized to COBE,
O = yoq starting on a slope in F(y) and going down either of the valleys in F(y) (see
Fig.2) lcads to less power on small scales (~ n < 1), while o starting between the peak
and the second valley in F(y) (see Fig.2) leads to more power on small scales (~ n > 1).
compared to the standard CDM with n = 1. Our model obtains interesting power spectra

quite naturally.
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Figure Captions

Fig.l. w(r) = I f(y) for A = 0.1 and 0.5 (dash line). f(y) is the scaled o potential.

Fig.2.-1W(x) = (b/VK)F(y) for A = 0.1 and 0.5 (dash line), with by = 0.1, 1. and

10. F(y) x (ép/p)uor is the power spectrum shape function.

Fig.3. The three roots of ' (x) = 0, rj 93 = \/FyLm. as functions of by for A = 0.1

(solid line). 0.5 (dash line) and 0.9 (dot line). Note that r; < ry < r3 for a given A\.

Fig.4. The number of e-folds N (y) since the beginning of inflation with A = 0.1. for

(Ma==2.y=yp-02(1)a==-2.y,=y3+3: (ili)a=-0.8, y; = y3 + 5.

Fig.5. (ép/p). with A = 0.1, to the first (dash line) and second order (solid line) in

slow roll approximation. for (i) a = =2, y; = y» — 0.2: (ii) a = =2, y; = y3 + 5 (1i1)
a==08y, =y + 3.
Fig.6. Four examples of the power spectrum P(h) with A = 0.1. For a = -2,

y: = y2 — 0.2 (short dash line). y»+ 0.1 (dot line), and y3+ 5 (long dash line) respectively.

For a = —=0.8. 4, = y3 + 5 (dot-long dash line). The solid line is CDM with n = 1.
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