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Abstract

A new procedure is developed which enabies one to start from the quark and lepton
mass and mixing data at the low scale and construct mass matrices which exhibit simple
SO(10) structure at the SUSY GUT scale. This approach is applied to the present data
involving quark and charged lepton masses, the CKM mixing matrix and the MSW
solar neutrino and atmospheric neutrino depletion effects. In terms of just 12 model
parameters suggested by the procedure for the 5 mass matrices, we can reproduce 15

masses and 8 mixing parameters remarkably consistent with the input starting values.
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The apparent success® of the minimal supersymmetric standard model to predict unifi-
cation of the gauge couplings at a scale of 10'® GeV has also spurred renewed interest in
supersymmetric grand unified models of quark and lepton mass matrices based on S0(10).
Various model constructions have been proposed® and explored in detail® which exhibit a
maximum number of texture zeros (zeros in the upper triangular parts of the up and down
quark mass matrices), since they may arise naturally from discrete symmetries present at
the SUSY GUT scale. Other models have been devised* based on a minimal number of
SO(10) Higgs representations, such as one 10 and one 128. Still others® propose that addi-
tional SO(10) representations be present due to higher-dimensional operators in the Yukawa

Lagrangian.

In this Letter, we propose yet another approach which involves the construction of mass
matrices from all the known or presumed-known low-energy data. Our procedure has the
desired feature that as more of the low-energy mass and mixing data becomes better pinned
down, the construction of the mass matrices can be repeated and the symmetry-breaking
character of the grand unified theory more clearly illuminated. For purposes of illustration,
we apply the general method to masses and mixings consistent with the observed MSW®
solar neuntrino and atmospheric neutrino depletion effects.”"® The model constructed has a
number of interesting features and is able to reproduce 15 mass and 8 mixing parameters

with just 12 model input parameters.

The new approach proposed for the construction of quark and lepton mass matrices

consists of the following steps:

o Start from the known and/or presumed-known quark and lepton masses, m,’s, m,’s

and m,’s; and quark and lepton mixing matrices, Vogar and Vigpr, at the low sceles.

s Evolve the masses and mixing matrices to the SUSY GUT scale using the appropriate
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renormalization group equations (RGEs) for the minimal supersymmetric standard

model (MSSM).

¢ Construct complex symmetric MY, MP, ME, and M¥+1+ matrices for the up and down
quarks, charged leptons and light neutrinos using a modified procedure of Kusenko?
described later. Two parameters z, and z; allow one to adjust the diagonal- off-

diagonal nature of the quark and lepton mass matrices.

e Vary z, and z, systematically over their support regions while searching for as many

pure 10 or pure 126 SO(10) contributions to the matrix elements as possible.

¢ For the “best” choice of z, and x;, construct a simple model of the mass matrices with

as many texture zeros as possible.

o Evolve the mass eigenvalues and mixing matrices determined from the model at the

SUSY GUT scale to the low scale and compare the results with the starting input data.

In order to illustrate this procedure with a concrete example, we shall apply it to the
reasonably well-known quark datal® and assume that the lepton data is best described by
the non-adiabatic MSW resonant oscillation depletion®~" of the solar electron-neutrino flux
and by the depletion of the atmospheric muon-neutrino fiux® through oscillation into tan-
neutrinos. To our knowledge, no SO(10) seesaw model has been constructed which explains

both observations with these interpretations.
With m?™* ~ 160 GeV, we adopt as starting input the following quark masses'®!
my(1GeV) = 5.1 MeV, mg(1GeV) = 8.9 MeV

mem,.) = 1.27 GeV, m,(1GeV) =175 MeV (la)
my(my) = 150 GeV, my(my) =~ 4.25 GeV
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which are evaluated at the 1 GeV scale for the light quarks and at the running scale for the

heavy quarks, together with the CKM mixing matrix'® at the weak scale

0.9753 0.2210 (—0.283 — 0.1264) x 103
Voxkm = —0.2206 0.9744 0.0430 (18)
0.0112 — 0.00127 —0.0412 -- 0.0003: 0.9991

For the leptons, we use the central values in the non-adiabatic MSW solar neutrino conversion
region:” émi, ~ 5 x 107% eV3, 5in?28,; ~ 8 x 10~>; as well as the central values singled out
in the muon-neutrino atmospheric depletion region:® §m3, ~ 2 x 10~? eV?, sin? 26;3 ~ 0.5.
Here we are assuming the “conventional” interpretation that solar electron-neutrinos undergo
resonant conversion into muon-neutrinos in the sun, while muon-neutrinos oscillate into tau-

neutrinos in traveling through the atmosphere. We then take for the lepton input

m,, =0.5x 10"% eV, m, = 0.511 MeV
m,, =0.224 x 10-7 &V, m, =105.3 MeV (2a)
m,, = 0.141eV, m, = 1777 GeV
and
0.9990 0.0447  (—0.690 — 0.310{) x 102
Vigpr = | —0.0381 —0.0010i  0.9233 0.3821 (2b)
0.0223 — 0.0030i  —0.3814 0.9241

We have simply assumed a value for the electron-neutrino mass and constructed the lepton
mixing matrix'? by making use of the unitarity conditions with the same phase in (1b) and
(2b).

We now evolve the low energy data to the SUSY GUT scale, Asgur = 1.2 x 1019 GeV,
using numbers taken from the work of Naculich.’® For this purpose and in most cases the
one-loop RGEs will suffice, so one can use analytic expressions for the running va.ria.bl&:

We adjust my and tan 8 = v,/vq, the ratio of the up quark to the down quark VEVs, so
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that complete Yukawa unification is achieved at Asgyr, i.e., ™, = 7y = @,/ tand. This
is accomplished by choosing tmp(ms) = 4.09 GeV at the running b quark mass scale!* and

tan 8 = 48.9. The evolved masses at Asgyr are then found to be

ﬁu = 1:098 Mev, —J = 2-127 MCV
m. = 0.314 GeV, m, =42.02 MeV
m; = 120.3 GeV, My = 2.464 GeV
(3a)
y, = 0.581 x 107% eV, h, = 0.543 MeV
My, = 0.260x10°? eV, T, = 111.9 MeV
Th,, = 0.164 eV, My = 2.464 GeV
The following Vexar and Vigpr mixing matrix elements also evolve to
Vi = (—0.2163 — 0.0963{) x 1073, Vi3 = (—0.634 — 0.285i) x 10~?
Vs =0.0329 Vas = 0.3508
cb 23 (35)
Vi¢ = 0.0086 — 0.0009¢ Va1 = 0.0205 — 0.00283
V., = —0.0315 — 0.0002: Vaz = —0.3502

while the other mixing matrix elements receive smaller corrections which can be neglected.

In order to construct the quark mass matrices at the SUSY GUT scale from the above
information, we use a procedure due to Kusenko® modified for our purposes. One expresses
the unitary CKM mixing matrix in terms of one Hermitian generator by writing Voxar =
ULU} = exp(iaH), where

iz Voxa —vil)
iga(ve — )

3
iaH = (log i)
k=1

and the v; are the cigenvalues of the unitary mixing matrix. The transformation matrices

from the weak to the mass bases are given by

Uz = exp(iaHz,), U = exp [iaH(zq — 1)]
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where for z; = 0 the up quark mass matrix is diagonal, while for z;, = 1 the down quark

mass matrix is diagonal. Finally, the complex-symmetric mass matrices are determined by
MY =UpDVUupT, MP =u}DPU}"

where DV and D? are the diagonal matrices in the mass bases with entries taken from (3a).
It suffices to expand Voxpy, U and U to third order in a in order {o obtain accurate
expressions for the mass matrices. The lepton mass matrices, M* for the charged leptons
and M¥et1 for the light neutrinos, are constructed in a similar fashion with the parameter

z4 replaced by z,.
The 50(10) Yukawa interaction Lagrangian for the non-supersymmetric fermions is given
by

Ly = — 2 1‘5‘(15) Flao(18) g(10:) _ Z 1‘l',ctlﬁl flaae)yyie) $02%) 4 h.c. {4a)
i i

where the f’s represent Yukawa coupling matrices and we assume just 10 and 128 contri-

butions which are symmetric.}® The mass matrices are given by

MY =3, fMly, + T, f0w,,;

MP =3 f1%vy + 3; fO)wy
MN.Dﬂ'v-l — Zt' f(loi')”u‘. -_— 3 EJ f(lzef)wu’-

ME = Ei f(ln‘)’l)d,‘ - 323 f“"f)wd,'

(4b)

where v,; and w,,; are the 10 and 126 VEV contributions to the up quark and Dirac neutrino
matrices, and similarly for the down quark and charged lepton contributions. The equations
in (4b) can be inverted to determine the sum of the 10 and sum of the 128 contributions
separately. At this stage we do not know how many 10 and 126 representations of each type

are necessary.

By varying the z, and z, parameters over the unit square support region and by allowing
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all possible signs to appear in the diagonal matrix entries of DY, DP, DF and D¥1s, we
can search for a set of mass matrices which have the simplest 10 - 128 structure for as many
matrix elements as possible. Such a preferred choice is found with 2z, = 0 and z,; = 0.88,
where the observed structure for MY is diagonal and
10,126 10,126 10
D M®~ 10,126 126 10 (5a)
10 10 10
with ME, M5 and ME anomalously small. We shall assume these elements, in fact, exhibit
texture zeros and also assume that the same 10 and 126 contribute, respectively, to the 33

and 22 diagonal elements of MY and MP. Hence
MY ~ MNpires . diag(10,126; 126; 10) (5b)

If we require as simple a structure as possible for the 11 elements of the four matrices, we

are led numerically to the following choices for the Yukawa coupling matrices at Asgur

169 = diag(0, 0, f57), 010 = dieg( £}, 75, 0)

f(m' go ) go’) 0 f[ﬂG ) 0 (6)
f(lo') - 1(;0') 0 ;;0') . f(l?ﬁ') = 1(;_251') 0 0

MR - R 0 o 0

The model requires two 10’s and two 126’s of SO(10) with 10’ and 128’ having no VEVs in
the up direction. There are four texture zeros in the MUV and MP matrices taken together.

The four matrices assume the simple textures
U = 10y, 4 0300y, = diag(F', E', C") (7a)
MNpise = f00)y, . 37(138)y,, = digg(—3F', —3E', C') (75)

D _ f00),, | p(130),, | (1000 o (1380



-7- FERMILAB-Pub-93/316-T

09 A D
=14 E B (7c)
D B C
ME = §O0),, _350138)y,, 4 f(lﬂ').,,; -3 f(lﬂﬂ‘)u,;
F 0o D
=|0 -3F B (7d)
D B ¢

with only D complex and the following relations holding

C'IC = v,/v4, E'JE =w,/wy
N, =~ we = iF, 3, = F (Te)
2% =3 = {4

from which we obtain the constraint, 4F'/F = —E'/E.

With F' = -m,,, B' =", C'=1h,

¢ = 24607, 50 vy/vd =tand = 48.9

E = —0.3830 x 107, hence w,/wa = —8.20 ®)
F = -0.5357 x 1073, B =0.8500 x 10!

A = -0.9700 x 10~%, D ={0.4200 + 0.4285:) x 10~?

the masses and mixing matrices are calculated at Aggyur by use of the projection operator

technique of Jarlskog!® and then evolved to the low scales. The following low-scale results

emerge for the quarks:

mu{1GeV) = 5.10 MeV, ma(1GeV) =9.33 MeV
me(m:) = 1.27 GeV, m,(1GeV) = 181 MeV (9a)

mg(mg) = 150 GeV, mp,(m;,) = 4.09 GeV
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0.9753 0.2210 (0.2089 — 0.2242¢) x 102
Vexau = —~0.2209 0.9747 0.0444 (95)
\ 0.0078 — 0.0022i —0.0438 — 0.0005¢ 0.9994 /

These results are in excellent agreement with the input in (1a,b), aside from the unknown

CP phasc, with0-11 IV%/le = 0.069 and m,/md = 19.4.

For the leptons we observe that the heavy righthanded Majorana neutrino mass matrix

can be computed at Asgyr from the approximate seesaw mass formula!”
M-R = _MNDirlc(MNfl,f)‘lMNDiru (loa)

and numerically can be approximated by the nearly geometric form

F" __,_;_‘ [FuREn —%‘JF_'"C—"BMD"
MR = —3/F"E¥ E" ~3/EnrCrgidan (105)

—1/FiCueidpn  _1,\/EiCHeiosn ol
where B = 3./F"C" and ¢gn = —¢pn/3; moreover, the structure in (10b) can be separated
into two parts with coefficients 2/3 and 1/3 which suggests they may arise again from two

different 1268 contributions. Such geometric textures have been studied at some length by

Lemke.?®

With C” = 0.6077 x 10'®, F" = 0.1745 x 10'® and ¢p« = 45°, MR is reproduced
exceedingly well at Asgyr with the resulting heavy Majorana neutrino masses Mz, = 0.249 %

10* GeV, Mz, = 0.451 x 10'? GeV and Mg, = 0.608 x 10!* GeV. At the low scales we find

m,, = 0.534 x 1075 &V, m, = 0.504 MeV

m,,

m,, = 0.135 eV, m, = 1777 GeV

= 0.181 x 102 &V, m, = 1052 MeV (1la)
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and
0.9990 0.0451 (—0.029 — 0.2273) x 10-2
Vigpr = —0.0422 0.9361 0.3803 (118)
0.0174 — 0.0024¢ —0.3799 — 0.0001¢ 0.9371

The agreement with our starting input is remarkably good, especially since only 12 model
parameters have been introduced in order to explain 15 masses and 8 effective mixing pa-
rameters. Although we need two 10 and two 126 Higgs representations for the up, down,
charged lepton and Dirac neutrino matrices with one or two additional 128’s for the Majo-
rana matrix, pairs of irreducible representations more naturally emerge in the superstring
framework than do single Higgs representations. We have thus demonstrated by the model
constructed that all quark and lepton mess and mixing data (as assumed herein) can be well

understood in the framework of & simple SUSY GUT model based on SO(10) symmetry.

While we have gone into some detail about the model which has been constructed based
on the low energy data involving the solar neutrino and atmospheric neutrino depletions, we
wish to emphasize that the same approach can be carried out for other starting points. In a
paper? to be published elsewhere, we shall elaborate on the numerical details leading to the

solution presented here and consider alternative scenarios for the lepton masses and mixing

matrix.
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