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ABSTRACT

One of the crucial aspects of densi-t,y perturbations that are produced by the standard
inflation scen;u'io is that they are Gaussian. The three point correlation function of the
temperature anisotropy of the cosmic microwave background radiation (CBR) provides a
sensitive test of this aspect of the primordial density field. In this paper, i:his function is
calculated in the general context of allowed non-Gaussian mO(iel_s. The amplitude of the
correlation is found to depend logarithmically upon the beam width used in the experiment;
the angular dependence of the function is found to be sensitive to the power law index n
of the power spectrum. Thus an analysis of the correlation function would lead to a new
constraint on n. These predictions can be tested by COBE and the forthcoming South
Pole and Balloon CBR anisotropy data.
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‘Testing for the Gaussianity of the primordial fluctuation spectrum is of critical im-
portance to many cosmological models. In particuliar, cosmic inflation {1-3] specifically
predicts a Gaussian density fluctuation spectrum. The quantum fluctuations generated
during the inflationary epoch are expected to serve as the primordial density perturba-
tions which develop into the large scale structures we observe today [4-7]. Alternative
scenarios, such as topological defects (strings, textures, domain walls, etc.), tend to pro-
duce non-Gaussian seeds on scales that were within the horizon at recombination. The
anisotropy of the cosmic microwave background radiation (CBR) provides a new test of

Gaussianity as we will discuss here.

After two years of operation, COBE has already provided an invaluable testing ground
for cosmic structure formation theories. Two key, interesting pieces of information have
been obtained from COBE anisotropy measurements {8-9]. One is the detection of rms
temperature anisotropy (AT )rms = 30uK. That is a temperature fluctuation AT/T ~
1.1 x 107° at 6 ~ 10° angular scale. The second is the related measurement of a two-point
temperature correlation function for primordial fluctuations. Temperature fluctuations can

be related to density perturbations through the Sachs-Wolfe effect {10]:

3T ¢
=3 -
where ¢ is the gravitational potential at the last scattering surface. The two-point tem-

perature correlation function is:

Cr(i, 1) =< %,ji(m)——(n) >= 3 C2l + )Py - &), 2)
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where the multipole coeflicient ¢; is related to the power spectrum of density perturbation

P(k) through [11]: e, dk
Ci=v! —W A P(k)j{ (ko). (3)

COBE measurements show that the observed power spectrum of the primordial density
perturbatlons is consistent with the scale invariant spectrum predicted by inflation, P(k) ~

k. More spec:ﬁca.lly, COBE found for a power spectrum, P(k) = Ak", that n = 12192

-Competing models for structure formation, including cosmological topological defects
(12,13] and non-standard inflation. models [14,15), will also generate a scale invariant (or

nearly ‘scale invariant) power spectrum for density perturbations. Thus, the two-point
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temperature correlation function is not sufficient to discriminate among these models.
However, as we noted before [16], the three point temperature correlation provides a sensi-
tive test of the Gaussian nature of density perturbation. We will use the standard inflation
paradigm as our Gaussian archetype. It may be possible that a three point temperature
correlation is generated via a cubic self-interaction of the inflating field {17]. But generally,
the coupling constant for the cubic interaction is negligible in inflationary cosmology. From
a theoretical point of view, the Lagrangian with cubic self-interaction is not bounded below
so that the ground state is not well defined [18]. Based on these considerations, we adopt
a vanishing three point temperature correlation function for the simple one field inflation
models considered by [4]. Furthermore, if the observed CBR a.nisbtropy is produced mainly

by the gravity wave {19], the three point temperature correlation function will also vanish.

Once the primordial density perturbation is generated by inflation, the temperature
fluctuations of the CBR are related to the density perturbations through the Sachs-Wolfe

formula in Eq.(1). The three-point temperature correlation function is given by [16]

HS < 6k, Oy bky—ky = K 0Ty i $y-(niTg — T,
R e e I

It is also possible that the density fluctuations are generated through a cosmic vacuum
phase transition [20]. In this case, the temperature fluctuations are related to the density

perturbation [21,22] through
&T %

By making the following anastz [23]
8k, ) = 6(k)fu(n), - (6)

the three point temperature correlation is given by
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In the realistic model where the den51ty perturbatlons are generated by a phase transition,

fr(n) 1s a step functlon and the time derivative is a §- functlon fi(n) = &8(n — 1), where
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Bz = no/v1 + z is the conformal time when the phase transition occurs. The three point

temperature correlation function reduces to:

vy (3HE) Okibtab—rioky > ik (o —ma)y’ ik (it —rits)n’
fr’ = - (21:36 ki dks kf}i?%l;cl +1k2|22 et gtk L)

where ' = 9 — 1, = no(l — Tll-f?) ~ 19 when z > 1. The expression for the three

point temperature correlation function in which the density perturbations are generated
at a late-time phase transition is identical to Eq. (4) except that the amplitude is 6 times
larger (after the amplitude of power spectrum being properly normalized). Potentially,
this result can be used to tell whether the density perturbation is generated primordially

or through some physical processes at late time (after decoupling) [24].

From the discussion above, it is clear that the three point temperature correlation
function is directly related to the bispectrum of the density perturbations. For a large
variety of physical models that generate non-Gaussian density perturbations, the density

perturbation § is well modeled by
5= ¢ +a(¢? - 1), (10)

where ¢ is a random Gaussian field with a variance of unity, 8 is the amplitude, and
a is a constant. In the limit when o <« 1, this model reduces to the two-field inflation
model [25] which is a prototype for non-Gaussian adiabatic perturbations; when a A>>
1, the model reduces to the O(N) ¢ model [26] which is a prototype for non-Gaussian
isocurvature perturbations. It is worthwhile to note that the skewness K, which is defined
as K =< & >, h;,sq different scaling relations with respect to the variance < §* > in
different limiting cases [16]. In the case, when a < 1, < §* >~ o < 6% >2, which is the
same as the skewness generated by gravitational evolution [27). On other hand, a > 1,
<8 >~ 0® < d? >3 <6 >~ a? < ¢? >%. Thus, < 6% > / < 62 >3/~ const..

The analysis of IRAS galaxy survey [28] shows that the observed skewness scales
quadratically with the variance in both the linear regimes and non-linear regime, which
suggests that either the primordial density perturbations are Gaussian or if they are non-
Gaussian, the coefficient « in Eq. (5) must be small. In the following discussion of

non-Gaussian perturbations, we concetrate only on this latter case.
The bispectrum P({lkl, k2)} for the non-Gaussian density fields which is described by Eq.
4



(10) is given by:
P(ky, ko) = 2a[P(ky)P(k2) + P(ky)P(lky + k2{) + P(k2) P{[ky + k2{)]. (11)

Putting this expression into the Eq. (4), we obtain the formula for the three point corre-
lation function: '

€5V 2aH3 /‘dsk P1y [EEDP(k2) + Pky)P(lk1 + ko) + P(k2)P(Ry + ko)
ér T (@n) k2k2|ky + k2|2

Xet'k-i'(fﬁ*"?a)no ] el'k;'(fﬁ'z—ﬂi's)l?o_ (12)

As shown in the Appendix, this integral can be evaluated analytically for a power-law
power spectrum: P{k) = Ak". The result is that the three point temperature correlation
function can expand into a Legendre polynomial in the same manner as the two-point
correlation function (as shown in Eq. (2)) except that the argument for the Legendre
function and the multipole coefficients is more complicated. In the limit when the beam
width is small,-a & 1, the observed three point temperature correlation function is given

by following expression:
Er(ring, g, hs) = D (21 + 1)Ci(y - 1ha, iz - 1i2s) exp(—1.5(! + 0.5)20?)
!
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and . ‘
a;(kl, kz) = }-/ d.’L'P;( )(k2 + kz — 2k1k2$)(2 . (15)

The formula above is far too complicated to be of any intuitive use. In the following

discussions, we use the leading order of ), which reads as

2a(Ho)4t2n A2
(4m)t
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where
7 [(3 —2n)T[(21 + 2r ~ 1)/2]

Fn,1) = fo 2Dl a)s = e e Tl 75— 2m)/2] (16)

Discussion:

(1) The amplitude of the three point correlation function depends on the Gaussian-
ity of the density perturbation. A Gaussian density field gives a vanishiﬁg three point
temperature correlation function and the correlation function deviates linearly from zero
with the skewness of the primordial density perturbations (non-linear effects can generate
a non-vanishing three point temperature correlation function for the Guassian primordial
density perturbation, but it is negligible compared with the case we are studying when
skewness « > 0.01). Furthurmore, the correlation function depends upon the beam width
o used in the experiment as well as the epoch when the density perturbations are generated
(before or after photon decoupling). Thus, it is helpful to analyze data with a different
angular resolution. The three point correlation function will be enhanced as the beam
width decreases. In particular, by comparing the three point temperature correlation done
with COBE, where the data is smeared over ~ 10° and the correlation function that might
- be obtained with a full sky map done with an instrument that can get the resolution down
to 1°,‘one might be able to tell whether the temperature fluctuations on different angular
scales are generated by gravitational potential at the last scattering surface (Sachs-Wolfe
effect, which is the dominant effect for adiabatic perturbation generated by inflation) or
by the change of the gravitational potential along the photon path (modified Rees-Sciama
effects, which are the dominant effect for isocurvature perturbation generated by topolog-
ical défects or by a late-time phase transition). The correlation a.mplitlide on a 1° scale
will be one order of magnitude larger if the perturabtions on that scale age generated by
causal processes that occurred after decoupling. This is one of the unique properties of

the three point correlation function and should be testable by future CBR experiments.

{2) We consider a special case when th; — /3 and iy — rh; are unit vectors. This is

true when 1My - hy = Mg - /i3 = 0.5. In this case, é7 is a function of ;- 2 only:

Er = Z C;(?l + 1)P,(Th . ﬁ)e—1.5(£+0.5)%2’
1

where Cy ~ 5747 for n = 1 H-Z power spectrum. This function is plotted in Fig. (1) as a
function of 8, where cos(8) = i - 2, with monopole, dipole and quadrupole removed. The

shape is similar to the two point correlation function with proper normatlization.
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(3) Generally, the angular dependence of ¢ is:

my-MMa —Thy -y —1mp -ma + 1

s s fy — gD L P
T~ (|m msa|-jm Ty T - 5 c ¥
£ (f 1 3' ] 2 I) ( |m1 —m3|-|m2“m3]

The shape of the three point temperatu.re correlation function is plotted in Fig (2) for
another interesting special case [17] when the three beams have the same angle with respect
to each other, e.g., My - iy = rhg - 3 = 7ha - h; = cos(f), as a function of 4, with two

different power spectral indices: n=1 (Harrison-Zeldovich spectrum) and n=0.7.

As mentioned earlier, the COBE DMR experiment has put a constraint on the power
spectra index [9]. Since the two point correlation function has a weak dependence on the
power spectrum, there still exists a large range of parameters that can fit the DMR data.
However, as shown in Fig. (2), the three point temperature correlation function has a
stronger dependence on n. Thus, it is hoped that an analysis of the three point correlation

function can put a more stringent limit on n.

In conclusion, we have shown the importance of testing the :predictions of inflation
by a three point temperature correlation function. Valuable informa.ti.on, including the
Gaussinality of the density perturbation and the power spectra index can be obtained
from this analysis. Furthermore, the existing COBE data should be sufficient to carry out

an initial significant exploration of this test.
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Appendix
In this appendix, we present the mathematical details on deriving Eq. (13).

First, we can expand the cross term in the denominator in Eq. (12) by the Legendre

polynomial:
k1 + Faf™ = > (20 + 1)Cul(kn, ko) Pr(hy - ka),
{

then, by using the following expansion for the plane wave:

5T = Z (21 + g kr) Pi(cos §),
i

and the sum rule of the spherical harmonics,

{

S Vi) Yin(R)

Pi(rir-n) =
2+1 -

=-]

The integration over solid angle of k, and k; gives the anglar dependence on the beam

directions:

(y — ) - (1 — M)
ms|

The integration over the k; and k; gives the multipole coefficients and the angular depen-

Yi(krnolry — ) ji(kanolng — masl).

dence.
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FIGUERE CAPTIONS

Fig.1: The three point correlation as a function of the angle between two beams. The
dotted line is the two point temperature correlation function with monopole, dipole and

quadrupole terms removed. The power spectrum is assumed to be H-Z (n=1).

Fig.2: The dependence of the three point correlation function on the power law index n.

The dotted line is for n = 0.7, while the solid line is for n = 1.
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