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Effects of Transverse Coupling on Transverse Beam size, 
Simulation and Measurements 

AibedMikeHalling 
Fami National Accekxatm Momtotyt 
P.O. Box 500, Batavia, IL 60510-0500 

ABSTIWT 
The qnations of motion for particles in an accelerator 

lattice show that a larger physical apcxtme is required to hold a 
beam of constant invatiant emittattce if there is transverse 
coopiittg of the Nnes. Tbe results of 8 backing simttlation of 
particle motion in the Fmnilab acctmmlaturing are disxwd. 
and results are shown from beam tests carried out in dte 
accumulator to demonsnate this cfftct 

I. INTRODUCTION 
It is well known thst uanavers.5 coupling in an acceleratot 

lattice can cause the transfer of Matron motion from one 
transverse plane to another. Thii effect is easy to demonstrate 
with modem day beam position monitor (BPM) measurements 
by injecting heam with a large transverse bctab’on motion in 
one dimension. Our present instrumentation does not. 
however. shed full light on the motion of particles injected 
with initial transverse motion in both planes. 

The operating pints of most accelerators arc close to the 
coupling resonance, so it is imponaot to understand the 
behavior of coupled beams. This repott contaios a discussion 
of three metho& of exploring this problem. and will show that 
choosing an operating point without coupling can lead to a 
smaller physical beam size than a coupled operating point. 
Fiit, I will summarize an analytical solution to this problem 
found in the literature. Second, I will show the results of a 
tracking simulation of this effect. Third. I will show 
measurements of the heam size wilh and without coupling in 
the accumulator storage ring. 

II. ANALYTICAL DISCUSSION OF COUPLED 
MO-I-ION 

There have been many discussions in the literature of 
coupled panicle motion in accelerator lattices. One of dte 
simplest is that of PJ. Bryaot[*], from which I will quote 
several results below. In Reference 1 the author derives an 
approximate solution to the equations of motion: 

x” + (Qn,R)& = bz’ - kz 
f + (Q.JR)~z = bx’ - kx 

WhC2-C: 
Q,isthemneinx 
Qz is the tune in z. 
KX=QX/R 
KZ=QZ/R 
k = WBpM~d~)o = -W~W?/dz)o 

t Operated by the Universities Research Association, Inc 
under conuact with tie U.S. Department of Energy. 

S=(Qx-43/R 
K=@x+Q31~ 
?, = ((k,K)2 + tb2)‘n 

ltt the limit that the coupling strength k=O the motion of 
particks ia described by the following two quadow 

x = Ae iv 
z=Bei%s 

For this study we are interested in coupling &om skew 
multipole fields, so for the quations below I have set t=O, 
i.e. no velocity coupling. In the liiit that the coupling fields 
arc mail wr.t the notmsi focusing fields, i.e. when k/x is 
muchlessrhanl.andwhenrhedifferenceintuoesSis~ 
small, an approximate. solution for the motion of the particle 
is given by Equations 10 aod 11 from Reference 1. These 
quatioos are reprcduced bebw for the special case what the 
motion of the particle becomes 100% coupled, i.e. as the 
fractional coupling sfmgtb kk becomes much lsrgu than the 
ftaxiotlaidiffermminNnm6. 

Let’s consider a particle in an accelerator with zem 
coupling described by the above two quations. At time s=O 
we fmn 00 the coupling folds to a strength when5 ti motion 
is 100% coupled. This is similar to injecting * beam of 
particles into a coupled lattice. Initially the moth must still 
be desaibed by the above equations. In thii case qwions 10 
and 11 from Refennce 1 can be written as shown below. 
wh I have chasm the new constants A’ and B’ tu match the 
ixnmdmy cotKuti00 at s=o. 

x = e&S [(A+B)e+(iR)(@b - (B-A)e - tiinx~+s)~ 
z e e iv [(B-A)e - (flMq-@s + (,h.+B)c+~tixw@s~ 

The ahove quarions describe a particle moving with a fast 
sinusoidal bemuon motion, and with amplitude modulated by 
rhc. siowa ftuwions X and Z de.saiM by eqwiotu 13 and 14 
ftotnrefuwtosIafta comxing far a sign emr. 

IX9 = [IAl + lB12 - (lA12+S12-2AB’)cos(~s)~ 
El2 = [IAl + lB12 + (lA12+lB12-2AB’~~(rIs)yl 

It is cleat from the above equations that the amplitude of the 
coupled motion in general has large excursions in each 
dime&m than the origioal uncwpled motion. This means the 
physical size of the beam is larger in rhe ptesencc of coupling. 

III. SrMULATI~~&~A TRACKING 

To study this effect I pcrfotmed a tracking calculation 
using the latriee design program DIMAD. Tbii model inchtdc.~ 
ail dipoles. quadtxpoles, and sex~poles, as welI as an accmate 



description of tbc fringe felds from the dipoles. llte values of 
the s.extuples were adjusted to give cbmmaticities close to our 
meaSund valuez., and the tones wen adjusted to be 6.612 and 
8.612 on tbc central orbit. To add coupling to this model I 
added two skew quadrapoles with a strength equal their 
operating point when used to remove coupling during normal 
OperauotlS. 

Witb the skew quads honed on I launched test particles 
from a nominally dispersionless location in the lattice with a 
small amount of dp/p = 0.02% an energy where the coupling 
in the lattice is essentially 100%. Figure 1 shows Ihe x and y 
position of the test particle every other revolution around the 
machine for particles launched with ao initial displacement itt 
x. The motion in the model is very similar to the motion 
actually measured by the BPM system shown in Figure 2. 
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Figure 1. Simulation of horizontal and vertical motion of 
a particle launched with initial horizontal displacemenr 
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Figure 2. Measured horizontal and vertical motion of a 
particle injected with initial hmimntal displacement 

IV. TRACKING “TrArI”cKX ENSEMBLES OF 

Several ensembles of particles with gaussian distributions 
in betatmn phase space wen generated and tracked for 400 
turns in the above model. The generated beams had a 95% 
emittance of 4x in each dimension. roughly equal to the 
expected size of pbars from the debttncher during normal 
sucking operations. The easemblw were sacked both with 
and without coupling to ensue that coupling was indeed the 
cause of the increased beam sizes. 

On each turn the betatrot? amplitude of each particle was 
calculated using the known lattice parameters and the position 
and angle given by the tracking program. The maximum 
betauon amplitude for mch particle was saved and entered into 

a histogram after 400 tttms. see Figures 3 and 4. Each 
figure shows two distributions, one for ao uncoupled lattice 
and one for a coupled lattice. The curves arc Sth order 
polynomials meant to guide the eye. The arrows on each 
distribution show the 90% pint of the tail. ‘llte effcctivc 
beam size of coupled beams is roughly twice that of the 
uncoupled beam, and the disnibutiotts appear to be hollow in 
phase space. 
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Figure 3. Density of particles as a function of maximum 
vertical betatmn motion with 41r gaussian input beam. 
The two curves shown are for coupled and uncoupled 
lattices. The arrows point to the appmximatc point that 
congim 90% of the beam. 
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Figure 4. Density of panicles as a function of maximum 
horizontal betatron motion with 4~ gaussian input beam. 
‘Ihe two curves shown are for coupled and tmcoapled 
lattices. The arrows point to the approximate point that 
comains 90% of the beam. 

V. MEASUREMENTS WITHBEAM 
To confirm this effect measurements were ma& with 8 

GeVk protons injected into the accumulator storage ring. 
Pmams were fmt injected directly onto the closed orbit and the 
scraper was used to detetmioe the location of closed orbit. as is 
shown in Figure 5. The closed orbit location with the skew 



quad on is a little difficult to determine from this small 
reproduction due to tbe low density of panicles witb zem 
betanon amplitude, but is shown by the arrow in the figure. 
lien is very good agnxmem on the closed orbit lccatioo with 
and without coupling, showing that the skew quad does not 
steer the beam. 

Scraper position (mm) 

Figwc. 5. Log(imeasity) as a function of scraper lccation.. 
The two cones shown are for coupled and uncoupled 
lattices. The arrow poinu to the end of the coupled 
disnibution. The closed orbit location is the same with 
and without coupling, showing that the skew quad does 
not steer the beam. 

Pmtons were then injected into the accumulator with 
deliberate injection oscilktioos in both x and y dimensions. 
This ensured that the cmiuaoce of the beam in the accumulator 
was uniform from pulse to pulse tather than beiig determined 
by factors outside of our control, and made the input 
emittames huge enough for an accurate measlnemem with the 
scraper. Figure 6 shows the beam intensity on a linear scale as 
s function of scraper location for coupled and uncoupled lattice 
configurations. The armws in the figure point to the point 
where 50% of the beam remains for each caseThe beam size is 
clearly larga in a coupled lattice. 

To make a quantitative measm-emem we determined the 
point where SO% of the beam was scraped away. which is 
much better determined than the 90% point. We tben made a 
number of measurements summarized in Table I of the 
maximum betatmn amplitude in both dimensions with and 
without coupling. In all cases the maximum betauon 
amplitude mcasurcd without coupling is smaller than that 
measured with coupling. giving clear confirmation of the effect 
described above. 

VI. CONCLUSION 
This paper has presented both analytical and experimental 

evidence that beams in a coupled lattice have a larger physical 

size than expxed fmm theit invariant emittance. In a machine 
where aperture resuictioas are impcrtaot decoupling the tuoes 
can make a signiticam improvement. The increased effective 
beam size may also limit the luminosity of colliding beams. 
On the other hand, incmased beam size may be a benefit in 
some conditions. for example when ion trapping instabilities 
are limiting the performance as in the PEAR source. The 
addition of coupling to tbe accumulator lattice ha? been used 
for most of the last year as one of the more reproducibk twls 
for commlling imtabiities caused by ion instabilities. 

TABLE I 
Mcawred maximum betwmn amplitudes for coupled and 
tmwuokd lattice. The numkrs aiven are the maximum 
ampliiude in *-mm-mr that cot&tts SO% of the beam. 

UoEUpkd Coupled 
Ex EY EX EY 

1 .ll 1.44 2.80 2.44 
2.06 1.38 2.77 
l.S9 1.22 2.60 
1.86 

Average = 1.82 1.35 2.12 2.44 

Scraper position (mm) 

F : - - 
Couplet 

Figure 6. Beam intensity as a function of scraper 
location.. The two curves shown are for coupled and 
uncoupled lattices 
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