
dk Fermi National Accelerator Laboratory 

FERMILAB-CONF-92/14-T 

Wash. U. HEP/92-31 

BNL-45101 

LATTICE APPROACH TO SEMI-LEPTONIC DECAYS OF CHARM MESONS’ 

Claude W. Bernard 

D~psrtn*nt of Phvric*, Werhin*ton LTniverrity, SL. Loui,. MO #S*J(I 

Aids X. El-Khadra 

Theo- Gnv, Femi Notional Accrlrdor Lnbontory, P.O. DO+ 600, i?da~ia, IL do610 

Amarjit Soni 

Dew-tmmt of Phvaice. Brookhanm National Ldovdwy, Crpton, NY 11973 

L.ltisc cffotis to sompa8e m.ldr clement, rclc..rd to l mt-leptomis lorn, titan M rmicred The em.pb..t. t. OP 
D 4 rr* rhem the t-0 @Toup. seem lo liad .pprcd.bl, diRC~ remdta for A,(O)/&(O). L.,ttco lne”urm~~, ., 

the end-point redon for both the O- and the I- ti.t ,,.te, .r, m,p,,..iud. ,Ut the t.rtic. rr,llt. ,eem 10 ,.“m, 

tht for D. D. deea,. LO I- Sri... ,,., e,, ,he dl lam frctor .t the andpoint t. .tr.,, &,a to wit,. We m&e tlut tb. 

FNAL upedzmcnt E601 does mot l $rec with lattice rev&a Ior A, at the endpoints in dditton il tenda to q 

with our rmhe for &(O)/&(O). 

1. Introduction 

The aim of these efforts is to calculate ma- 

trix elemcntr of the form A - Bev where A 

is e. pseudoscalar and B may be a pseudoscalar 

or a vector. The primary focus in this talk will 

be on D - K’ aa there are interesting develop 

ments on thin mode both in the theoretical and 

in the experimental sector. The basic technique 

is very similea in all such charge current transi- 

tiara: K + rev, D - w(p)ev etc. All of these 

involve matrix elements of the form (AlJIB) 

which arc amenable to lattice methods. As is 

well known, these matrix elements can be used 

to deduce Cabibbo-Kobaycubi-Makawa (CKM) 

mixing angles from the experimental data and to 

test phenomenological models. Since the mixing 

snglu rehvant to chum decayn, i.e., V,. and V., 

are constrained by the Standard Model and three 

generations [l], lattice calculationr at this point 

do not have an impact on further improvements 

in the determination of V.. and V.d . Lattice 

efforts may well, however, lead to au improved 

understanding of phenomenological mod& and 

thereby have an impact on the dcterminrtion of 
Var . Of conne, attempts will also be made to 
study semi-leptonic B decays directly bysoing 

to high p with a propagating b quark and/or by 
the use of static or nonrelativistic heavy quarks. 

The heavy quark symmetries can help in simpti- 

tying such computations. 

Lattice studies of semi-leptonic decays have 

been in progress since 1987. Recent develop 

ments by the two groups are documented in [2,3]. 
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2. The Status at LAT’SO 

Lubicz el al. (ELC) [4,5] reported AZ(O) = 

0.06 i 0.40 in very good agreement with the ex- 

perimental results of E691 [6] and in sharp con- 

trast with all the continuum models. We [7] re- 

ported our preliminary results on A1 and em- 

phasised the usefulness of examining the ratio 

AZ/AI, in view of the poor quality of the signal 

in AZ. 

In the past year both groups have made pro- 

gress on these issues. Lubicz et al. have doubled 

their statistics from 15 to 30 configurations [3]. 

Their new value for AZ(O) = 0.1910.21, is com- 

pletely consistent with their earlier result. We 

[Z] find Az(0)/A1(O) = 0.70 f 0.16?~:$?, signifi- 

cantly different from zero. This is in conflict with 

the findings of ELC, but still consistent with the 

E691 experiment within the large (experimental 

and lattice) uncertainties. Meantime, the Fermi- 

lab experiment E653 [6] haa completed its ana- 

lysis finding Az(0)/A1(O) = 0.62~~:$~iO.11, not 

inconsistent with E691 within the large uncer- 

tainties, apparently in some disagreement with 

ELC, and in good agreement with our results. 

Although quantitatively the results of Lubicz 

et al. and ours are different by only 1 to 2 o, 

qualitatively their implications are significantly 

different. Lubics et al.% result implies a seri- 

ous problem with various continuum models of 

semi-leptonic form factors since all of them have 

A,(O)/A,(O) of O(l), whereas our results do not 

suggest any such serious problem. 

3. Experiments and Phenomenology 

For D - K , in the helicity representation, 

there are two form factors, j+ and jo (see [9,10] 

for definitions and notation). Contribution of jo 

to the rate is proportional to the lepton msss and 

therefore is very small for w and pv transitions. 

Yote that the q’ distribution in the limit of zero 

lepton mass is given by: 

dl- 
dq2= 

Gg /vI’x3’2 
1g2*3 If+(s2)12 

where XI X(mA,mrr,q’) = +3, - m:, - qy - 

4mf+qa. Thus a precise knowledge of the form 

factor at a single value of q2, in conjunction with 

an experimental measurement of the differential 

rate at the same value of q2, can lead to a model 

independent determination of the relevant mix- 

ing angle. 

For D - K* , in the limit of zero lepton mass, 

there are three contributing form factors. Using 

pole dominance the rate can be related to the 

form factors at q’ = 0: 

r(A - Blv) = ~V,,l’[C,A,*(O) (2) 

+ G-h’(O) - GA(O)A#.J) 

+ C”V2(0)l 

Notice that knowledge ofjust the integrated rate 

does not give a model independent determina- 

tion of the mixing angle as three unknown form 

factors are involved. 

There are now four experimental results on 

this process. E691 and the more recent E653, 

both extract A1(O)/A,(O) and V(O)/A,(O) us- 

ing pole dominance and a two parameter maxi- 

mum likelihood fit (in four phase space variables) 

to the differential decay rate. E691 then usu 

the branching ratio for D - K’ to extract a 

(pole) model dependent value for Al(O) through 

eqn (2). Mark III [ll] at SLAC and WA62 at 

CERN [12] examine the angular distribution to 

extract rt/r~ (which is the ratio for longitudi- 

nal to transverse K’ polarization) 

The experimental resulta, along with the the- 

oretical ones are summarized in Table 1. 
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The form hcton for D - K’ from various cxperimcnts and model cdcdations 

4. Lattice Methodology and Differences in 

Implementation 

In Table 2 we describe the lattice parameters 

and the key differences. In particular, we note for 

the discussions to follow that the size of the lat- 

tice used by Lubicz et al. is substantially smaller 

than ours. Another important difference is the 

use of the conserved (non-local) vector current 

by Lubics et al., whereas the local vector cur- 

rent is used by our group. 

Lubicz et aI. obtain the form factors as a func- 

tion of 9’ (in practice for B few values of q’) for 

a fixed set of a’s. They then assume pole dom- 

inance and obtain the form factors at q2 = 0 

for those S’S, extrapolating or interpolating in 

the K’S to deduce the form factors at qz = 0 fool 

physical mesons. In addition to the above proce- 

dure (which we call method II), we use another 

method (I): from the lattice we obtain the form 

factors for a fixed set of injected momenta for 

several different light n’s, We then extrapolate 

or interpolate the form factors in the hopping 

parameters to the set of physical q’ that corre- 

spends to the set of injected momenta. Finally, 

pole dominance is used to deduce the form fac- 

tors at q’ = 0. 

For D - K’ we also extract the form factors 

from the Green’s functions in two different ways 

(see eqnr. (9)-(11) in [2]). The values of the form 

factors that we quote are an average of these four 

(2 x 2) methods and the spread in the methods 

is included in our estimate of systematic errors. 

In our recent work we have also used a new 

normalization [17] for the fermion field as indi- 

cated in Table 2, rather than the conventional 

normalization used by Lubicz et al. With this 

new normalization, the lattice quark propagator, 

in free field theory, for both am > 1 (i.e., 6 - 0) 

as well as for am < 1 (lc - ICC 1s correctly nor- 

malized. 

For the 0- to 0- case EL,’ ;lO] uses * nice 

trick, namely injecting a minimum unit of (non- 

zero) momentum to the kaon when they apply 

the source method to it. This has the advantage 

that they are able to cover a wide range of ql. 

We [9] exploit the symmetry of the situation for 

the D - K case and apply the source method 

4 times: to K (at time slice &ll, with the weak 

operator sitting at t = 0 in the middle of the 

lattice and the kaon always taken to be on the 

opposite half with respect to the D) and to D 

(again at t = ill). Averaging over the 4 sets of 

data helps to improve our statistics appreciably. 



gucditiy Lubicz et al. Barnard rt al. 

Lattice sine 103 x 20 (gauge) 242 x 40 (g.uge) 

1oa x 20 x 40 (qY”k) 24’ x 39 (quark) 

spatid vol. 1.9h’ 13.3h’ 
,pt. length 1.0 fm 1.4 h 
6.. 0.1569(3) 0.15, 
Q*..m 0.135 0.135.0.118 - 0.129 for ch- 

=,i+t 0.1515. 0.1530. 0.1515 0.152, 0.154, 0.155 
a-’ 2.25 GcV 2.0 * 0.4 GcV 

IPI (O,il.+2)n/lOo (0, *1, h/5 +2)*/m 
,y*tcmaic, Not Given Due to finite ,ke. .FdC 

breaking, extr*polalion~ C~C included. 

current non-local vector. local tid locd Yec‘or and asA 

pe*‘. rcnom. zp - 0.8, z== - o.77,zp - 0.70 

field renorm. $CO”’ = Jj&ia,, *mt = -$‘.a*’ 

mo=h 1+&-h 

htticc parmmctcn ad other comparisons 

For D - K* , ELC apply the source method 

mee to the D, whereas we apply it twice (at 

t = +ll) again in an effort to improve statistics. 

5. Res”lts 

The latest results of the two groups are given 

in [2,9] and [3]. The ELC result on D -+ K [3,10] 

is in better agreement with experiment than ours 

[9] Our number appears too high but is within 

(the rather big) lo of the systematic error. We 

also note that although the ELC group does not 
quote II systematic error it is unlikely to be sig- 

nificantly smaller than ours. 

Table 1 shows a summary of the results for 

D + K’ In particular, our result for the ratio 

Az(O)/AI(O) tends to disagree with the experi- 

ment E691 and with ELC and is in good agree- 

ment with the experiment E653 and also with 

the continuum models. 

In an effort to understand the origin of the 

different results for AI (or AI/AI) that the two 

groups have reported, we show in Figure 1 the 

ratio AZ/AI. The direct lattice calculation of thia 

ratio (U we do) has significant advantages over 

constructing the ratio out of the lattice calcu- 

lated values ofA and AZ: Systematic errors due 

to scale breaking effects are considerably less on 

the ratios of form factors than on the form fac- 

tors themselves. Also, the statistical fluctuations 

in the ratio tend to cancel leading to an apprc- 

ciably reduced jacknife error. Furthermore, the 

ratio is free of the error in the the normalize- 

tion of the quark field and the uncertainty due to 

the nonperturbative renormalization of the axial 

current is very likely reduced. Finally, the r&- 

tio has the advantage of being independent of pa 

sc. long as AZ and AI have the same q’ depen- 

dence. In particular such is of course the case for 

the pole dominance model. Indeed, the data in 

Figure 1 do not show any significant q’ dcpen- 

deuce irrespective of the 15 used for the different 

data sets. Note that ELC has not directly cul- 

c&ted the ratio A2/A1. For the comparison in 

Figure 1 we have therefore taken their data for 
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Fig. 1. The ratio AZ/AI Y*. 9’ in comparison 

AI and AZ and constructed the ratio with errors 

QI primarily arising from AI alone. Clearly, this 

tends to overestimate the errors on their results 

for AZ/A,. 

Note that the data to the left of q’ = 0 is 

such that the chiral limit is to the left whereas 

for the data on the right of qz = 0 the chiral 

limit is to the right. While, for a heavy “K’“, 

As/Al for the two groups tend to agree, there 

is an apparent disagreement about the value of 

Az(O)/A,(O) in the chiral limit. Note that both 

sets of ELC data points show that the central 

value of Ax/Al decreases in the chiral limit, al- 

though the error bars, especially for the lightest 

of the three light kappas, are very large. We show 

three sets of our data points in the Figure. Two 

of these three sets show 8 A,(O)/A,(O) that in- 

creaser mildly in the chiral limit; whereas one of 

our data sets shows a decrease of A,(O)/A,(O) in 

the chisel limit. It would be useful to find out if 

the difference between the two calculations are 

physical (i.e., a finite volume effect, especially in 

view of the significant difference in the spatial 

volume of the two lattices) For that purpose it 

would be better to compare our AZ/AI with a 

direct calculation of that ratio by ELC since we 

clearly must have overestimated their errors by 

constructing it from their A, and A1. 

6. Remarks on the Pole-Dominance IModel and 

on the End-point Region 

Although in lattice calculations we should, in 

principle, be able to deduce the shape of the 

form factors by injecting different values of the 3- 

momenta, in practice numerical limitations have 

not allowed either groups to do that so far with 

B great deal of success. Only very few values of 

momenta can be injected without losing the sig- 

nal altogether. Thus the quality of the data, from 

either groups, has not allowed a meaningful test 

of the pole dominance model . Indeed, the pole 

dominance model has simply been assumed to 

extract the form factors at q2 = 0. 

For O- to l- the form factors at q’ x 0 can 

be deduced without extrapolation since in these 

lattice calculations (see e.g. Figure 1) that value 

of q’ is available. However, q’ z 0 is not so 

useful experimentally as lepton detection there 

can be a problem. The end-point region where 

9’ i3 qk, (with qL the maximum lepton mu- 

mentum) may be more useful experimentally. 

Clearly, the end-point region is the most suitable 

for lattice calculations as well since the initial 

and the final mesons then are both at rest and 

no momentum is being injected. The differential 

decay rate for the O- - l- transition takes on 

a very simple form for qa near q&.: 

cfr _ @ pqacw 
zp - F 64@ q’(w + ms)‘IA,(q’)l’ (3) 

A computation of the form factor at qi, to- 

gether with an experimental determination of 



the differential rate near q$, would thus im- 

mediately give 8 determination of the relevant 

mixing angle. 

Figure 2 shows the form factor AI for sew 

eral different combination of the relevant s’s at 

q’ = q& for a subset of our data. From the Fig- 

ure we see that A,(qk,) shows little dependence 

on the n’s and always seems to be close to unity 

(within about 20%). Indeed, all of our data show 

this feature; for D - K’ we find: 

A,(q;,) = 1.26 i 0.17 f 0.43 (4) 

It is interesting that Al(qL,) is coming out to 

be close to unity. We note that for a transition 

from one heavy quark Q to another, say Q’, via 

the charged weak current, the Al form factor 

at the end point should be approximately one 

[16]. It is rather curious that this aspect of the 

heavy quark symmetry becomes operational so 

Yprecoacioualy” since the initial and final quark 

massea involved in these simulations (sl.5 GeV) 

are not particularly heavy. 

In passing we also note that a preliminary ex- 

amination of the ELC data (by us, from Table 5 

in [3]) shows that their value for Al(q,$,,,) is also 

rather close to one: 

A,(q;,) = 1.10 f 0.15 (5) 

In contrast, the result of the experiment E691 

for A,(O) implies using pole dominance [6]: 

A,(qku) = 0.54 + 0.06 f 0.06 (6) 

At this point there appears to be some disagree- 

ment between the experiment E691 and the lat- 

tice calculations on this issue. Indeed, this is par- 

ticularly noteworthy as both lattice groups are in 

very good agreement on this quantity. Equally 

noteworthy is the fact that the quoted errors by 

E691 on A1 are much smaller than on AZ. We 

hope that E691, E653 and other experiments will 

try to directly deduce the form factor Al(q’) in 

1.5 I,,, ,,,, ,,/, ,,,, ,,,, 

0.5 

L 

243x39. 8 = 6.0. 8 conf*gs 

0.0 
0.0 0.1 0.2 0.3 0.4 0.5 

q2/m2 

Fig. 2. A, (q’ = q&) h .horn. Point. on the left UC for 

+z’.hin = 0.139, those on the right far II , c .*_ = O.llL 

ht. shown is lot SU(3) dcSmu.tc lighl .q.aAr.. The 

non-degenerate data show a very similu b&a&r 

the endpoint region from the differential decay 

rate. This could provide an important check on 

this unambiguous prediction of the lattice. 

7. Conclusions and Summary 

The two lattice calculations tend to disagree 

on As(O)/A,(O). ELC finds Al(O) vanishingly 

small in agreement with experiment E691 and 

in disagreement with experiment E653, with 

phenomenological models, and with our result 

for A~(O)/AI(O). To make progress on thin is- 

sue comparison of the directly calculated ratio 

dz(O)/A1(0) should be done. 

The two lattice calculations arc in very good 

agreement on the important quantity A,(qk,), 

i.e., the only form factor that one needs to know 

near the end-point for the D + K’ transition. 

Experiment E691 seems to disagree with lattice 
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calculations of this crucial form factor. 

It is clear that lattice calculations of semi- 

leptonic form factors arc already giving impor- 

tant feedback to experiment and phenomenology. 

Given the difficulties in the experimental deter- 

mination of some of these form factors, this is an 

area in which careful lattice calculations could 

predict the form factors ahead of experiments, 

thereby giving us and the non-lattice community 

additional confidence in lattice results. 
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