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Abstract. We address in some detail the kinematics of bubble nucleation and percolation
in first-order cosinological phase transitions, with primary focus on first-order inflation.
We study how a first-order phase transition completes, describe measures of its progress,
and compute the distribution of bubble sizes. For example, we find that the typical bubble
size in a successful transition is of order 1% to 100% of the Hubble radius, and depends very
weakly on the energy scale of the transition. We derive very general conditions that must
be satisfied by I'/ H* to complete the phase transition (I' = bubble nucleation rate per unit
volume; H = expansion rate; physically, I'/ H* corresponds to the volume fraction of space
occupied by bubbles nucleated over a Hubble time). In particular, I'/ H* must exceed 9/4w
to successfully end inflation. To avoid the deleterious effects of bubbles nucleated early
during inflation on primordial nucleosynthesis and on the isotropy and spectrum of the
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cosmic microwave background radiation, during most of inflation I'/ H* must be less than
order 107* — 1072, Our constraints imply that in a successful model of first-order inflation
the phase transition must complete over a period of at-most aiféw Hubble times and all but
preclude individual bubbles from providing an interesting source of density perturbation.
We note though, that it is just possible for Poisson fluctuations in the number of moderately
large-size bubbles to lead to interesting isocurvatuse perturbatiohs, whose spectrum is not
scale invariant. Finally, we analyze in detail several recently proposed models of first-order
inflation.



I. Introduction

The Universe may well have undergone several first-order phase transitions and impor-
tant “fossils” of these phase transitions—including the isotropy and homogeneity of the
Universe, gravitational waves, and possibly even the baryon asymmetry of the Universe—
may exist today (see e.g., Refs. [1]). Of current interest are first-order inflationary models
[2] and first-order symmetry-breaking phase transitions (e.g., electroweak symmetry break-
ing [3]). During a first-order phase transition the Universe gets “hung up” in a metastable
(“false-vacuum”) state, and the transition to the new phase (“true vacuum”) proceeds
through the nucleation of bubbles of the new phase. Whether or not the Universe “re-
covers” from a first-order phase transition and any relics left behind depends upon the
kinematics of bubble nucleation and how the eventual transition to the new phase is ac-
complished. We focus here primarily on inflationary phase transitions, in which the Uni-
verse gets hung up for at least 60 or so Hubble times (to solve the horizon and flatness
problems). However, most of our results are also applicable to first-order cosmological
phase transitions that are completed after only a moderate degree of supercooling below
the critical temperature and proceed through the nucleation of thermal bubbles.

There are several requirements that must be satisfied in a successful inflationary tran-
sition: sufficient inflation, a “graceful exit,” density perturbations of an appropriate size,
the absence of unwanted relics such as magnetic monopoles, and so on {4]. Here we are
concerned with the graceful exit from the false-vacuum phase, during which the expan-
sion of the Universe is exponential (or at least accelerating), back to a very isotropic and
homogeneous radiation-dominated phase. (Based upon primordial nucleosynthesis we are
confident that the. Universe was isotropic and homogeneous and radiation dominated by
the time it was about 10™2 sec old.) In first-order inflation the transition proceeds via the
nucleation of true-vacuum bubbles, and whether or not the Universe successfully makes
this transition depends crucially upon the relationship between the expansion rate H and
the bubble-nucleation rate per unit volume I'. Roughly speaking, when I'/H* < 1 bubble
nucleation is rare and the Universe is trapped in the false vacuum; when I'/H* becomes
of order unity bubble nucleation quickly completes the phase transition [5]. (The physical
significance of this criterion will become clearer when we show that I'/H 4 corresponds to
the volume fraction of space occupied by bubbles nucleated over a Hubble time.) In “old
inflation”, the original example of first-order inflation, both I' and H were constant, and
thus it was impossible to both inflate (remain trapped in the false vacuum for at least 60
or so e-foldings of the scale factor) and gracefully exit [6].

In the more recent models of first-order inflation T' and/or H can vary significantly
during inflation, and thus it is possible for I'/H* to be small at early times and large at
late times. The variation of both T and H is frame dependent, as is discussed in Ref. [7);
for our purposes this fact is not important. While the variation of I and/or H allows for
both sufficient inflation and a graceful exit, a new worry arises: the production of bubbles
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relatively early during the inflationary phase which eventually reach astrophysically inter-
esting sizes. These bubbles have the potential to leave unwanted “scars” (e.g., distortions
of the microwave background or interference with primordial nucleosynthesis). We will
find that the suppression of big bubbles requires that at early times I'/ H* must be less
than about 10~* or so; on the other hand, successful completion of the phase transition
requires that T'/H* must be greater than about 9/4= at late times. As we shall discuss,
this poses a real challenge for those building models of first-order inflation.

The analysis of the most general model of first-order inflation—or of a first-order
cosmological phase transition—is a formidable task. The approach of this paper is to
begin with the most general considerations, and then to proceed to the specific. To wit,
in the next Section we discuss the history of a bubble of true vacuum from its nucleation
to the homogenization of the energy it releases. In Section III we address the adverse
effects of “big bubbles,” and show that cosmological considerations based upon primordial
nucleosynthesis and the cosmic microwave background radiation severely constrain their
number and thereby the ratio I'/H* during inflation. In Section IV we discuss bubble
kinematics and measures of the progress—and ultimate completion—of a first-order phase
transition, and in Section V we apply the results of Sections III and IV to specific models
of first-order inflation. We finish with a summary and concluding remarks in Section VI.

II. The History of a Bubble

In a strongly first-order cosmological phase transition the Universe gets hung up in
a metastable, false-vacuum state, and its eventual evolution to the true vacuum proceeds
through the quantum nucleation of true-vacuum bubbles. (By strongly first-order, we mean
a phase transition in which there is very significant supercooling; i.e., the temperature of the
Universe when the transition completes is much less than the critical temperature.) Once
nucleated, the evolution of true-vacuum bubbles is essentially classical; they expand and,
in a successful first-order transition, eventually fill all of space, completing the transition
from the old phase to the new phase. In the process entropy is produced; in first-order
inflation this entropy production accounts for all of the thermal energy in the Universe
today. Until we address the progress of a phase transition in detail in Section IV we will
be somewhat vague about precisely when a phase transition is completed; as we shall see,
in a successful phase transition the epoch can be fixed to within a few Hubble times. For
the moment, we simply denote the end of the phase transition by a subscript asterisk.

(In many cases of cosmological interest the true-vacuum and false-vacuum can be
identified with values of a scalar field ¢, with the former corresponding to the global
minimum of the scalar:field potential V(¢) and the latter to a higher-energy local minimum.
Although we will occasionally find it convenient to refer to such a scalar field, it is irrelevant
to our analysis whether or not the phase transition has anything to do with a fundamental
scalar field.) '

The decay of the false vacuum is a well understood problem in quantum field theory
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[8], and the details of quantum bubble nucleation need not concern us here. Our interest
is in bubble kinematics. To this end, it suffices to know that the quantum mechanical (i.e.,
nonthermal) bubble nucleation rate per unit volume is generally of the form

I'=Ce 4. (2.1)

The prefactor has units of energy to the fourth power and is expected to be of the order of
M?*, where M = M 14101 GeV is the energy scale that characterizes the phase transition.
For definiteness we define M to be the fourth root of the false-vacuum energy density
(i.e., pvac = M*%). In first-order inflation the tunneling action A can be time-dependent
because of its dependence upon the evolution of other scalar fields. Although a vacuum
bubble has a finite radius (= ro) at the time of its nucleation, its initial size can be
neglected for our purposes. Likewise, we assume that the speed of expansion of a vacuum
bubble is that of light, even though it only asymptotically approaches the speed of light,
Ububble = 1/4/1 + r2/t2. (If M is comparable to the Planck scale, mp; = 1.22 x 10'° GeV,
gravitational corrections to the bubble-nucleation rate and bubble-wall velocity can be
significant. We shall assume throuéhout that M < mpj, so that gravitational effects are
not important [9].)

At early times the interior of a bubble of true vacuum is empty; the false-vacuum energy
(“latent heat”) liberated by the bubble as it expands outward resides in the “kinetic energy”
of the bubble wall (in both spatial and temporal gradients of the scalar field); the surface-
energy density in the bubble wall o(t) ~ M*t/3. When two bubbles collide the kinetic
energy carried by their walls is converted into massive scalar particles which eventually
decay into relativistic particles that then thermalize [10]. The time scale 7 for both decay
and thermalization is set by the mass of the scalar field and its couplings to other fields:
Very roughly, we expect T ~ le ~ M1 ~ 10738 sec/ M14. Schematically, the flow of
the false-vacuum energy proceeds: false-vacuum energy — bubble-wall energy — scalar
particles — decay products — thermal energy.

(Some aspects of this picture must be modified for the case of thermal nucleation of
bubbles. First, the action in Eq. (2.1) is replaced E(T)/T, where E(T) is roughly the
energy of a critical bubble, and the bubble-nucleation rate is thus explicitly temperature
dependent. Second, thermal-bubble walls do not expand at the speed of light, but rather
at some temperature-dependent velocity, v(T) < 1. Finally, not all of the latent heat is
carried outward in the bubble walls; instead; some propagates into the bubble interior
where it is thermalized. So far as the kinematics of bubble nucleation is concerned the
only significant difference is the bubble-wall velocity.) :

As we shall discuss, in a successful first-order phase transition most of the bubbles are
nucleated and collide in a time interval comparable to or shorter than the Hubble time
H-!. After bubbles collide, their interiors, initially devoid of radiation, are rapidly filled
as thermal radiation diffuses in, and the distribution of energy in the Universe becomes
homogeneous. (Particle horizons play no role because the relevant bubbles are subhorizon
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size when they collide; moreover the Hubble radius is growing relative to them.) Any
potential scars that could result from the nucleation and percolation of bubbles are on the
scale of the Hubble radius at the end of inflation (or smaller), and this corresponds to a
comoving scale of only about 1072 Mpc/M,.

In this Section and in the next Section we discuss at length the rare, very large bubbles
that were nucleated long before the end of inflation; these bubbles can grow to astrophys-
ically interesting sizes. Their story line is very different and covers a much longer period
of time; see Fig. 1. It is useful to characterize these bubbles by the epoch when they
were nucleated. Specifically, for exponential inflation we label a bubble by the number of
e-foldings N that the cosmic-scale factor R(t) grows from the time it is nucleated until
the end of inflation. The reason for this is simple: After a bubble is nucleated, it expands
at the speed of light (and grows in comoving size); about a Hubble time after nucleation
it crosses outside the “horizon” (more precisely, we mean that its physical size becomes
larger than the Hubble radius H~!). Thereafter it conformally stretches so that its phys-
ical size grows as the cosmic-scale factor R. At the end of inflation the radius of a “big
bubble”—up to factors of order unity—is e”V times the Hubble radius, which sets the scale
for the size of typical bubbles being nucleated as the phase transition is being completed.
(We will make these arguments more precise in Section IV.)

If inflation is not exponential, the Hubble parameter varies with time, so that the ratio
of the bubble size at the end of inflation to the Hubble radius at that time is not the same
as the increase in the scale factor over the bubble’s lifetime. For example, in power-law
inflation, where R(#) o< t* (p > 1 is required for superluminal expansion), the Hubble
parameter falls inversely with ¢. If we denote the value of the Hubble parameter at the end
of inflation by H,, then a bubble of size eV H! at the end of inflation would have had a
radius equal to the Hubble radius at a time ¢ when the scale factor was N' = Np/(p — 1)
e-foldings smaller than its value at the end of inflation (and would have been nucleated
shortly before that). Note that as the growth of the scale factor becomes more rapid, i.e.,
p—oo, NN > N.

Because a big bubble is superhorizon size at the end of inflation, it continues to be
conformally stretched and to grow as R(t); if it continued to grow conformally until today,
its present size D would be

D_ (MY H ™% Nomess (2.2)
lMpc 3K 1Mpc M14 ’ '

where ny4y = logM,;4 and we have assumed that the Universe enters the radiation-
dominated era with a temperature of order M. If the cosmic-scale factor is normalized to
be unity at the present, D is also the comoving size of the bubble.

Equally, if not more important, is the time when the bubble crosses back inside the
horizon (again, to be precise, we mean inside the Hubble radius); it is at this epoch that
it first becomes possible for light to cross the bubble—and thus for radiation to diffuse in,
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thereby allowing the bubble to become homogenized. The temperature of the Universe at
horizon crossing is related to D by

T 300eV
HOR D/ M p

~ et Ntma(300eV) D <137 2Mpe (or N S50+ nyy), (2.3a)

TaoRr ~ % ~ e -2N+2m14(1000eV) D 2 13h72Mpc (or N 2 50 + nyy);

- (2.3b)
where the present value of the Hubble parameter Hy = 100hkmsec™! Mpc™!, and the
comoving scale 13h~2 Mpc separates bubbles that cross back inside the Hubble radius
during the radiation-dominated epoch (Tior 2 10h%eV) and those that do so during the
matter-dominated epoch (Thor < 10h%eV).

We are now ready to discuss the story line for a big bubble. When the phase transition
ends via the rapid nucleation of Hubble-size (or smaller) bubbles, big bubbles are very
much superhorizon size: size of the of order eV H;!. The energy carried by the expanding
wall of a big bubble is thermalized through collisions with many Hubble-size bubbles. On
the face of it a collision between a big bubble and a Hubble-size bubble is very different
from that of two Hubble-size bubbles. However, when viewed in a frame that is Lorentz-
boosted along the axis that connects their centers (with Lorentz factor y;; = e 12} the
two colliding bubbles are of equal size. In the “equal-bubble” frame the conversion of
bubble-wall energy into particles proceeds as before and takes a time of order 7; seen in
the FRW frame (i.e., the rest frame of the Universe) it takes a factor of y;; longer. Since
7 is expected to be of order M~ (~ 10738 sec/M14) and for the largest bubbles ;g is at
most 10! or so, the time it takes to convert the kinetic energy of the expanding wall of
even the largest bubble into particles is still very short (~ 10727 sec/ M14).

If the particles produced in the equal-bubble frame are characterized by energy M,
in the FRW frame they have energy migM and move in the original direction of the
motion of the big-bubble wall, thereby comprising a rapidly expanding, thin shell of very
energetic particles. As these particles interact with the thermal bath of particles in the
Universe their energies are quickly degraded. Even though the process of converting the
false-vacuum energy to thermal radiation proceeds relatively quickly, the interior of a big
bubble remains empty for a long time: On the basis of causality alone the interior cannot be
filled with thermal radiation until the bubble crosses back inside the horizon. Therein lies
the fundamental danger of big bubbles: They represent highly inhomogeneous regions—a
relatively empty region of space, surrounded by a region of higher energy density—that
cannot be homogenized until a relatively late epoch, cf. Eq. (2.3) [11].

Before going on to discuss the perils associated with big bubbles and the constraints to
I’/ H* that follow, let us relate the volume fraction occupied by big bubbles to the bubble
nucleation rate I' and expansion rate H. After a big bubble is nucleated and has grown
to a size of about a Hubble radius, its size simply conformally stretches as the Universe
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expands. From that point on, the volume fraction of the Universe that it occupies remains
constant. Thus the volume fraction occupied by the bubbles nucleated in the time interval
t to £+ H ™! is roughly the volume of such a bubble when it begins conformally stretching,
about H~3(t), times the number of such bubbles nucleated per unit volume, I'(¢) H(t)™".
Noting that the bubbles nucleated over a Hubble time span roughly one e-folding in size,
it follows that the volume fraction occupied per logarithmic interval in bubble size is

dy (T

ImD ~ (—Iﬁ) v (2.4)
where the subscript N indicates that I'/H* is to be evaluated at the time such bubbles
were nucleated. Recall, e? is the size of a big bubble at the end of inflation relative to
the Hubble radius, while /¥ " is the increase in the scale factor from the time the bubble
was nucleated until the end of inflation. If the scale factor increases exponentially during
inflation, N' = N; if it increases as a power, R « t?, then N' = pN/(p —1). In any
case, D and N are related by Eq. (2.2). Equation (2.4) makes the physical significance of
(T'/H*)N manifest: It is the volume fraction of space occupied by bubbles nucléated over
a Hubble time at a given epoch. We will derive a more precise version of this relationship
in Section IV.

III. Big Bubbles are Bad!

As a number of authors [12,13] have emphasized, big bubbles are a potentially dan-
gerous relic of first-order inflation. The absence of scars in the post-inflationary Universe
associated with big bubbles can be used to sharply constrain the value of I'/H 4 at various
times during the inflationary epoch well before the end of inflation. The fact that I'/H 4
must exceed 9/47 to successfully end inflation (derived in Section IV), together with our
big-bubble constraints imply that '/ H 4 must be very small for most of inflation, and then
rapidly increase at the end of inflation. As we discuss in Sections V and VI, this provides
a considerable challenge for building models of first-order inflation.

Although some [14] have expressed the hope that the production of a few astrophysical-
size bubbles might actually play a beneficial role—e.g., accounting for the voids seen in the
distribution of galaxies—the big-bubble constraints derived here dash that hope. However,
as we discuss at the very end of this Section, it may still be possible that isocurvature
density perturbations arising from Poisson fluctuations in the number of bubbles within a
given volume could be of some relevance for the formation of structure in the Universe.

(a) Primordial nucleosynthesis
The standard scenario of primordial nucleosynthesis is remarkably successful, account-
ing for the primeval abundances of D, *He, *He, and "Li, provided that the baryon-to-
photon ratio 7 lies in the narrow interval 3 x 107'% to 5 x 107'% and the effective number
of relativistic degrees of freedom at the time of nucleosynthesis corresponds to the equiva-
lent of at most 3.4 light neutrino species [15]. Moreover, attempts to construct alternative
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scenarios for primordial nucleosynthesis have been remarkably unsuccessful. Consider for
example nucleosynthesis in a model universe with large fluctuations in the local baryon-
to-photon ratio that could have resulted, e.g., from a strongly first-order quark/hadron
transition. When the assumed level of inhomogeneity in the baryon-to-photon ratio is
raised to the point that it actually significantly affects the yields of nucleosynthesis, it
is no longer possible to obtain agreement between the predicted and observed primordial
abundances for any set of parameters [16]. With this fact in mind we use primordial nu-
cleosynthesis to constrain deviations from homogeneity at this early epoch (T ~ 1MeV
and t ~ 1sec).

The basic idea underlying this constraint is that bubbles that are Hubble-size or larger
at the epoch of nucleosynthesis are not yet homogenized and therefore have the potential
to upset the successful predictions of nucleosynthesis. While we can be certain that nucle-
osynthesis in unhomogenized regions proceeds radically differently, precise statements are
beyond the scope of the present work. The potential to overproduce D, *He, or "Li is great,
since these light isotopes are produced in very small quantities in the standard scenario: a
few parts in 10° for 3He and D, and a few parts in 10'° for "Li. (In fact, in the aforemen-
tioned scenarios of inhomogeneous nucleosynthesis overproduction of all three of these light
isotopes is a problem.) To be absolutely “TLi-safe” one would have to require that fraction
of space filled by superhorizon-size bubbles at the time of nucleosynthesis (= fBBN) be less
than about 10~1%. Then, even if in a big bubble region the "Li production were 100%,
after such bubbles homogenized and their nucleosynthetic yields were mixed with those of
the rest of the Universe, ’Li would necessarily be diluted to an acceptable level. For *He
and D, the corresponding “absolutely safe limit” would be fpan < 103,

No doubt fean < 1072 or even fgpy < 107° is unnecessarily stringent. In the absence
of a more detailed analysis, one might prudently require fgan S 10~ or so, which is the
constraint that we adopt. This leads to the bound

60+niq r
fBBN & / dN (-},ﬁ-) < 1073, (3.1(1)
39+4ny4 N
Here the lower limit corresponds to bubbles that are Hubble size when nucleosynthesis
commences (Tppy ~ 1 MeV), while the upper limit corresponds to bubbles that are Hubble
size today (since there are clearly no bubbles larger than this in our past light cone, they
cannot be relevant for observational bounds). In models leading to successful transitions
(T/H*)n is generally a decreasing function of N, and the integral in Eq. (3.1) is dominated
by the contribution from the lower end of the integration range, so that this bound is

essentially a constraint to (T'/H*)3g4n,,:

r -
(’}ﬁ') S Cq X 10 3a (31b)
N=39+n14

where ¢, is of order unity.



(b) CMBR distortions

The decoupling of (baryonic) matter and radiation occurs at a temperature of order
0.3eV (provided that the Universe is not subsequently reionized, in which case final de-
coupling could occur as late as red shift z ~ 60). Needless to say the presence of a large,
unhomogenized bubble near the last scattering surface would lead to a massive distortion
of the temperature of the cosmic microwave background radiation (CMBR) [17). The
CMBR temperature is spatially uniform to almost a part in 10° on angular scales from
less than 1° to 90° (aside from the dipole anisotropy, which is presumably due to our
motion with respect to the cosmic rest frame) [18], and the CMBR spectrum is consistent
with that of a black body at temperature 2.74 + 0.01 K over almost three and one-half
decades in wavelength (A ~ 100 cm — 0.03 cm) [19]. The horizon scale at decoupling cor-
responds to an angular scale of about 1° and a comoving length of about 100A~! Mpec. (If
decoupling occurred much later, say at red shift zp, the decoupling horizon corresponds
to 0.9°4/1000/zp.) Thus bubbles of comoving size D 2 100h~! Mpc remain unhomog-
enized at decoupling; moreover, if such a bubble lay on the last scattering surface it
would produce an order unity fluctuation in the CMBR temperature on an angular scale
(D/100h~! Mpc)®, in clear conflict with current observations.

Based upon the absence of massive distortions in the CMBR temperature we can be
certain that there could have been no bubble of size 100A~! Mpc — 10*h~! Mpc (angular
size 1° to 90°) on the last scattering surface [18,19]. Recall that the fraction of space
occupied by bubbles in a unit logarithmic interval of size is about (I'/H*)x and that the
size of a bubble on the microwave sky is (D/100kh~! Mpc)? square degrees, where D and
N are related by Eq. (2.2). The entire sky contains of order 30,000 square degrees; thus
the number of bubbles in a unit logarithmic interval around size D expected on the sky is
30,000 (100~=! Mpc/D)*(T'/H*)n. If we very conservatively assume that there could be
no more than 10 or so large bubbles on the last scattering surface, we obtain the bound

T - - - —
(-IF)N <3x107*(D/100R7? Mpc)? 100~ Mpc < D < 10%471 Mpc;  (3.2a)

which is most stringent on the scale 100A~! Mpc:

r -
N=53+n14

This is in essence the original big-bubble constraint derived in Ref. [12].

Next, consider spectral distortions of the CMBR. These are usually referred to as
p-distortions, because the CMBR is characterized by a Bose-Einstein distribution with
nonzero chemical potential pT,

1
exp(p +p/T) - 1’
10

n(p) = (3.3)



rather than a simple Planck distribution, n(p) = 1/[exp(p/T) — 1] [20]. The chemical
potential 4 can be either positive or negative; if it is negative, the form of n(p) must be
modified for p < uT.

Ordinarily one assumes that the chemical potential of the photon is zero. If there is
nonthermal energy release in the Universe this will only be true provided photon-number
changing processes are occurring rapidly compared to the expansion rate of the Universe,
When the temperature of the Universe drops below about 1keV, photon-number changing
processes, e.g., the double-Compton process e~ + v « ¢~ + v + 4, become ineffective, and
any energy injected after this epoch leads to a photon distribution with  # 0. COBE and
" COBRA observations constrain |u| to be less than about 10~3 [19].

Bubbles that are still unhomogenized at a temperature of about 1keV will inevitably
lead to a u-distortion as they homogenize. Again, a precise calculation of the size of such
a distortion is beyond the scope of this paper. If we suppose that the u-distortion within a
Hubble-size bubble at this epoch is order unity, a reasonable estimate for the p-distortion
after such bubbles have been homogenized is the fraction of our Hubble volume occupied
by such bubbles, or (I'/H*)y. Requiring that p < 10~3 results in the bound

/60+n14 F 3 ‘

dN (—) <1073, (3.4a)
47+n14 . H4 N
where as before the lower limit corresponds to bubbles that were Hubble size when photon-
number changing processes became ineffective, while the upper limit corresponds to bub-

bles that are Hubble size today. As with constraint (3.1), we expect the integral to be
dominated by the region near the lower limit, so that Eq. (3.4) is essentially a constraint

to (P/H4)N:47+n14: r
(_4) < e x 1073, | (3.48)
H N'Z47+ﬂ14

with ¢; of order unity.

(¢) Isocurvature perturbations from finite bubble number

In slow-rollover inflation curvature (“true” density) perturbations arise from quantum
fluctuations in the inflaton field. In first-order inflation the field that supplies the vacuum
energy that drives inflation (the scalar field responsible for the phase transition) is anchored
in the false vacuum and is not free to fluctuate; however, there is always another field that
can fluctuate and produce curvature perturbations [21]. For example, in extended inflation
it is the Brans-Dicke field; in two-field inflation, it is the “trigger field” [2].

In addition to the perturbations associated with quantum fluctuations, one also expects
perturbations to arise from the random distribution of bubbles. We have just considered
the adverse consequences of individual large bubbles; we now consider the perturbations
that arise due to Poisson fluctuations in the number of bubbles nucleated within a specified
volume. To wit, we focus on a comoving scale A: Different regions in the Universe of volume
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A? once contained different numbers of bubbles (of various sizes), and one would expect
Poisson fluctuations in the number of bubbles to give rise to density perturbations. As we
shall see, bubble-number fluctuations lead to isocurvature perturbations, whose amplitudes
we now estimate.

To illustrate why bubble-number fluctuations result in isocurvature—rather than
curvature—perturbations we briefly review how curvature perturbations arise in inflation.
As a given scale A crosses outside the Hubble radius during inflation, fluctuations in the -
local energy density lead to fluctuations in the local curvature. These curvature fluctu-
ations are characterized by a dimensionless, gauge-invariant quantity ¢ whose amplitude
remains constant while they are outside the horizon; when a given scale re-enters the hori-
zon during the postinflation epoch the amplitude of the resulting density perturbation is
(6p/p)uor ~ (. The gauge-invariant quantity ¢ is given by

(=2,
. pt+p
here §p is the magnitude of the density perturbation, p and p are the (mean) density and
pressure, and ( is to be evaluated as the scale crossed outside the Hubble radius [23]. Note
that curvature perturbations only arise if there are density perturbations [24].

Now turn to the bubble-produced perturbations. As a point of reference, we should
keep in mind that in a successful model of first-order inflation the conversion of the bulk of
the vacuum energy into radiation occurs through the nucleation of bubbles during the final
few Hubble times of inflation and that these bubbles have comoving sizes that are very tiny
by astrophysical standards, of the order of 10~2! Mpc/M 4. The number of such bubbles
within any interesting astrophysical volume is enormous, and so their Poisson fluctuations
are completely negligible. Again, we are interested in the rarer bubbles that nucleated well
before the end of inflation.

Consider the perturbations on the scale A that arise from the Poisson fluctuations in

(3.5)

the number of bubbles of comoving size D (necessarily smaller than \) that are nucleated in
a comoving volume A3. Noting that larger scales cross outside the horizon earlier (and re-
enter the horizon later) and recalling that bubbles simply conformally stretch from about
a Hubble time after nucleation, we see that bubbles of size D must have been nucleated
after the comoving scale A has crossed outside the Hubble radius.

Since the quantity ( that describes the evolution of a curvature perturbation remains
constant afier the scale A crosses outside the Hubble radius, the nucleation of bubbles of
size D < A cannot give rise to curvature perturbations on the scale ). Instead, the fluctu-
ation in the number of bubbles within a volume A3 gives rise to isocurvature or pressure
perturbations; such perturbations have been discussed in some detail in Refs. [25]. Here we
just state the key result: After the scale A has re-entered the horizon and the Universe has
become matter dominated, the pressure perturbation will become a density perturbation
of the same magnitude. (The underlying physics is straightforward to understand: The
pressure fluctuation will move matter around resulting in a density perturbation.)
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Within a single large bubble which went outside the horizon before its interior was
homogenized the pressure contrast relative to the average is of order unity. The perturba-
tion resulting from the Poisson fluctuations in the number of such bubbles nucleated in a
volume A3 is then simple to estimate:

§p (éNp D\*” ( r\*

23 (@), &9
Here Np is the mean number of bubbles of size D (per unit logarithmic interval) within
a volume A3, §Np = /Np, and fp = pp/ptor is the fraction of the energy density of
the Universe that resulted from the nucleation of these bubbles (which is just the volume
fraction of the Universe which they occupy). And of course, this estimate is only valid if
Np 2 1. The quantities fp and Np are related: Np ~ fp(A\/D)3. From Eq. (2.4), fp =
(T/H*)p dIn D, where as usual the subscript indicates that T /H* is to be evaluated at the
time when bubbles of size D were nucleated. (From our previous arguments concerning
the disastrous effects of big bubbles, we can be confident that big bubbles fill only a small
fraction of space, and expect that (I'/H*)p is at most of order 1073.)

For bubble sizes D where the number of bubbles of expected within a volume A? is
less than order unity, Poisson statistics do not apply. Bubbles of such size lead to rare
perturbations (on the scale A) of amplitude (D/)3, which is just the relative contribution
of a single bubble of size D to the energy in a region of size )\; the probability that a given
A3 volume has such a perturbation is roughly Np. In the previous Subsection we discussed
the potentially deleterious effects of such rare bubbles.

We now consider separately perturbations in the matter and in the radiation that result
from isocurvature bubble fluctuations. Perturbations in the matter density on scales that
re-enter the horizon before matter-radiation equality, A < AEQ = 13h~2 Mpc, re-enter the
horizon with amplitude 6pm/pm ~ &p/p [26]; however, these matter perturbations do not
begin growing until the Universe becomes matter dominated, after which they grow as the
scale factor R(t). Perturbations in the matter density on scales that re-enter the horizon
after matter-radiation equality, A 2 13A~2 Mpc, also re-enter the horizon with amplitude
6pm/pm ~ 6p/p, and immediately start growing, again as R(t). Bringing this all together,
the spectrum of matter perturbations at epoch of matter-radiation equality is given by

2 3 '
(fﬁfz) ~ / (P_) (%) dlnD A <13k~ Mpc; (3.7a)

6Pm 2 A _2/ D 3 r Y
o e — < =2 > :
( Pm )EQ (13h"2 Mpc) A ), dinD AZ 13h™°*Mpc;  (3.7b)

where we have summed the contributions from bubbles of all sizes (in quadrature) and

the integration only runs over bubble sizes D characterized by Np 2 1; i.e., bubble sizes
D such that (A\/D)*(T/H*)p 2 1. (For scales larger than Agq, the (A/Aeq) ™2 factor
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takes into account the fact that the amplitudes of these perturbations are being specified
before they re-enter the horizon: Because they grow from matter-radiation equality until
they re-enter the horizon by a factor of precisely (A\/Agq)?, they re-enter the horizon with
amplitude dp/p, as noted above.)

For our present purpose the isocurvature matter perturbations are not of interest; they
will be discussed in elsewhere [27]. However, we mention some salient points: (i) Their
spectrum is determined by the evolution of I'/ H* and thus in general is not scale invariant;
(ii) if we suppose that I'/ H* only varies slowly with scale D, we see that the contribution
t0 8pm/pm on the scale A increases with D, achieving its maximum value, roughly I'/ H*,
at the cutoff, i.e., where Np ~ 1, which occurs for D ~ (T'/H*)}/3); (iii) because the
dominant contribution to (6§pm/pm ) comes from bubbles for which Np ~ 1, the statistics
of these isocurvature matter fluctuations should be nongaussian; and (iv) since our previous
big-bubble bounds, as well as the new bounds we derive below, only constrain T J/H* to
be less than order 10™* — 1072 or so and (6pm/pm)r ~ (T/H*) p(r/m4)1/2, isocurvature
bubble perturbations could possibly be a novel—if not important—mechanism for the
origin of the fluctuations needed to initiate structure formation.

Now on to our main interest here, temperature fluctuations that arise from isocurva-
ture perturbations. The horizon at decoupling corresponds to angular scale of about 1°.
Because patches on the sky of size greater than 1° were out of causal contact at decoupling
temperature fluctuations on these scales are simple to estimate. (This is not true for scales
smaller than 1°, where the finite thickness of the last-scattering surface, photon diffusion,
and the interaction of the radiation with baryons are all very important; see [28].) The
temperature fluctuations on scales greater than about 100h~! Mpc are up to factors of
order unity equal to the initial pressure perturbation, cf. Eq. (3.6), which implies that

5T D\*/ T M2
5 ~ ZY) (=) dwmbp| |, (3.8
(T )0~(A/100h-1 Mpc)® [/ </\> (H4)D ] )

where again the integral over bubble sizes only extends over bubble sizes for which Np 2 1,
ie, D S(T/HHV/3A

These must be consistent with the observed isotropy of the CMBR. If for simplicity
we summarize the current isotropy limits by the statement that (6T/T), is a factor of a
few smaller than 10~ for # 2 1°, and insist that each logarithmic interval in bubble size
satisfy this bound we obtain the constraint

(;%)D <1078 (%)3; (3.9)

valid for D/A < (I'/H*)'/? (bubble sizes for which Np 2 1) and A ~ 100~~1 Mpc —
10*h~! Mpc (corresponding to 6 ~ 1° — 90°). Constraint (3.9) is illustrated in Fig. 2.
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We see for a given angular scale 6 that Eq. (3.9) provides the most stringent constraint
on the largest bubbles, i.e., D ~ (I/H%)'/3);

)
— <1074, 3.10
(H4 D=22.05\ ( )

valid for-A ~ 100A~! Mpc — 10*A~! Mpc. (This result can also be obtained by assuming
that (T/H*)p is slowly varying compared to D? and then approximately evaluating the
integral, which is dominated by the upper end of the integration range. We will see that
this assumption is valid in examples that just barely satisfy the big bubble constraints.)
Based upon the observed isotropy on angular scales from 1° to 90° we obtain the bound

r

(F) <1074, (3.11)
504+n14,SNS54+n14
(d) Epilogue

The quantity (I'/H*)xy corresponds to the fraction of space filled by bubbles (in a unit
logarithmic interval of bubble size) that were a factor e/ larger than the Hubble radius
at the end of inflation. Our constraints apply to the value of I'/H* when these bubbles
were nucleated. In exponential inflation such bubbles were nucleated when the value of the
cosmic-scale factor was eV times smaller than its value at the end of inflation; for power-
law inflation (R o tP), such bubbles were nucleated when the value of the cosmic-scale
factor was e’ was smaller than its value at the end of inflation, where N' = pN/(p — 1).
Moreover, our constraints are actually integral constraints to (I'/H*)y, though in most
cases we expect the integral over (I'/H*)y to be dominated by the contribution near the
lower end of the integration. .

With these caveats stated, let us summarize the prescribed behaviour of I'/H* in a
successful model of first-order inflation: (I'/H*)y must be of order unity at the end of
inflation (more precisely > 9/4w; see Section IV), less than about 103 for N = 39 + nia
(primordial nucleosynthesis), less than about 1073 for N = 47 + n;4 (u-distortion), less
than a few times 107* for N = 53 + ny4 (CMBR temperature), and less than about 10~*
for N = 50 + ny4 to 54 + ny4 (CMBR isotropy). These constraints are illustrated in
Fig. 3. As we shall see in the next two Sections these conditions on I'/ H* are not easy to
satisfy. Furthermore, if we understood the physics of the early Universe at temperatures
well above that of primordial nucleosynthesis, e.g., the electroweak phase transition (which
corresponds to IV ~ 27+ n,4), baryogenesis (N ~ ny4 ??), and so on, we could in principle
place constraints on (I'/H*)y even closer to the end of inflation, which would prove even
more challenging to model builders.

We have primarily focussed on the adverse cosmological consequences of large bubbles;
let us now discuss possible favorable consequences, e.g., accounting for large voids or
seeding structure formation. In this regard it is an unfortunate fact the constraints just
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derived imply that the fraction of space occupied by bubbles of astrophysically interesting
size—say greater than of order 1 Mpc—is less than order 104 —10~3. To be more specific,
consider the number of big bubbles of comoving size of order 30h~! Mpc expected within
100~ Mpc of the Milky Way (a volume about the size of the CfA, red-shift survey
[29]): The expected number is only about 3 x 107! Thus it seems very unlikely that large,
individual bubbles produced by first-order inflation have anything to do with the “bubbly”
structure observed today on scales of order 30~h~! Mpc (large voids, walls, and so on)—and
even if they could be abundant enough, it is not clear that they could produce the desired
structures [11]. On the other hand, it remains to be seen whether or not such structures
need explanation beyond what inflation-produced curvature perturbations can account for.
Finally, it is still possible that isocurvature fluctuations arising from Poisson fluctuations
in the number of bubbles nucleated in different regions of space could be interesting; these
fluctuations will be discussed further elsewhere [27].

IV. The Development of a First-order Phase Transition: Measures of Progress

Several quantities provide useful measures of the progress of a first-order transition.
The most fundamental of these is p(t), the probability that a given peint in space remains
in the false vacuum at time ¢. While p(t) measures the conversion of false-vacuum regions
to true vacuum, it does not directly track the conversion of the latent heat of the transition
into thermal energy. The crucial step here is the disappearance of the bubble walls, where
the latent heat is initially stored, through collisions between bubbles. This leads us to
examine a quantity Fg(t), which is the fraction of uncollided bubble wall, weighted by
surface energy density. Although both of these quantities should approach zero as the
transition is completed, we know from the example of old inflation that this is not a
sufficient condition for successful transition [6]. We therefore also look at the physical
volume in the false vacuum, Vpuys(t) ox R%(t) p(t). For a successful transition this quantity
must eventually approach zero, and we define a time ¢, to be the time when Vphys begins
to decrease.

It is straightforward to show that

p(t) = 719, (4.1)

where I(t) is the expected volume of true-vacuum bubbles per unit volume of space at
time ¢ [30]. In calculating I(t) the regions in bubble overlaps are counted twice, and the
“virtual bubbles” which would have nucleated had their point of nucleation not already
been in a true-vacuum region are also included; the exponentiation of I corrects for these
effects. If r(¢,t') is the coordinate radius at time ¢ of a bubble that was nucleated at ¢/,

then .
I(t)=4?7r /t dt' T(t" )R (')r3(¢, 1), (4.2)
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where tg is the time when the phase transition begins. If we make the approximation, valid
in most cases of interest, of neglecting the bubble size at nucleation,

r(f,t')== /t it}—z%,;)—), ; (4.3)

where v(t) is the velocity at which the bubble walls are expanding. For bubbles nucleated at
temperatures far below the critical temperature (i.e., vacuum-bubble transitions), as is the
case in most scenarios for first-order inflation, v can generally be taken to be unity; as noted
previously, this cannot be done for transitions which are completed at high temperature
(thermal-bubble transitions).

It is instructive to view I"' and H as functions of the scale factor R rather than of ¢,
and to rewrite Eq. (4.2) as '

_an (RO ) [ RO a() | |

0

In most case of interest to us I' and H™! are increasing functions of time, so that the
integrals in this expression are dominated by the upper end of the integration range. In
such cases, it is clear that the integral over y is essentially an integral over I'/ H*%, and that
I'(¢)/H*(¢) sets the natural size for I(t).

With this fact in mind, it is simple to see that, up to a numerical factor, (I'/H*)y
measures the fraction of space occupied by bubbles larger than those of size eV times the
Hubble radius at the end of inflation (in accord with our assertion at the end of Section
IT). First note that 1 — p(¢x) is precisely the fraction of space filled by these large bubbles
(ty is the time that a bubble whose size is ¢/ times that of the Hubble radius at the end
of inflation was nucleated). Provided that this fraction is small, as it will be in all cases of
interest, 1 — p(t§) =~ I(tn), which as discussed above should just be a numerical of order
unity factor times (T'/H*)y. ’

Note that we have used a Robertson-Walker scale factor R(t) in these formulas even
though the Universe ceases to be homogeneous and isotropic once bubbles begin to form.
For low-temperature transitions where the bubbles expand at the speed of light, this is
justified because the false-vacuum regions, not being in the light cone of any bubbles,
have the same curvature as they would in the absence of bubble nucleation. Inside the
bubbles the geometry is of course different from that outside (indeed, there does not even
seem to be a naturally preferred way of continuing the hypersurfaces of constant ¢ through
the bubble walls), but we do not need the details of this geometry in order to follow the
disappearance of the false-vacuum regions.

The situation is of course more complex for high-temperature transitions with v < 1.
However, we will see that for such transitions most of the bubbles are nucleated over a
period much less than a Hubble time, so that the effects of the cosmic expansion are small.
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The conversion of latent heat to thermal energy can be tracked by examining the
fraction of bubble wall that remains uncollided at a given time. To that end, let us consider
a reference bubble that was nucleated at time ¢ and ask what fraction of its wall remains
uncollided at some later time ¢. This is equivalent to asking what fraction of the points on
the outer surface of the bubble remain in the false vacuum. At first thought, one might
take this to be p(t) = e~/(Y), However, this is not quite right, since a point on the bubble
wall is not a random point. The existence of the reference bubble precludes the nucleation
of “younger” bubbles (nucleated at times after tz) in the interior of the reference bubble;
however, these bubbles would never reach the surface of the reference bubble, and thus
they have no effect on the calculation. Since the reference bubble must have nucleated
in a false-vacuum region, its existence also precludes the existence of “older” bubbles in
the past light cone of the point of nucleation. Because these excluded bubbles would have
contained all of the points on the surface of the reference bubble, I(¢) must be corrected to
reflect their absence. Of the bubbles nucleated at a time #' < tg, those nucleated within a
sphere of coordinate radius r(¢,t') would have reached a given point on the surface of the
reference bubble by time ¢. Within this sphere, a region of coordinate radius r(tg,t') is
excluded by the above considerations. Thus, the contribution of bubbles nucleated at time
t' must be reduced by a factor of [r(tr,t')/r(t,t')]? relative to their contribution to I(t).
It follows that the fraction of the reference bubble wall left uncovered is e ~f(*tr) where
t

f(t tr) = I(t) — ‘-*31 " d D) R )ty );

= I(t) — I(tgr).

(At nucleation the fraction of the reference bubble’s surface that is collided must of course
vanish, which provides a heuristic argument that f(¢,tgr) = I(t) — I(tg). One can also
derive Eq. (4.5) by explicitly considering bubble nucleation in the vicinity of the reference
bubble and computing the fraction of its surface that is covered by both younger and older
bubbles.)

It is now a simple matter to compute the fraction F(t) of uncollided bubble wall at
time £. The number of bubbles nucleated at time tg is proportional to I'(¢tg)R3(tr)p(tr);
the area of each of these is 47r(t,tg)%. Hence,

(4.5)

[, dtr R¥(tr)r?(t, tr)T(tr)eT(tR) o= F(titr)

[y, dtr R3(tR)r*(t, tr)T(tR)e~10tR)
710 [ dtp R¥(tp)r(t,tr)T(tR)
ftto dtp R3(tR)r2(t, tR)F(tR)e-I(tn)

.7'-(t) =

(4.6)

This calculation does not take into account the fact that the surface energy density of
a bubble wall increases as the bubble expands. Because the false-vacuum energy liberated
by a bubble is proportional to its volume and is, until collisions take place, stored entirely
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within the bubble walls, this surface energy density is proportional to the bubble radius [31].
By inserting factors of r(t,tr)/3 into the integrals in both the numerator and denominator
of Eq. (4.6) we obtain the energy-weighted fraction

e 1 I(t)

Fe(t) = ; .
(4/3) [, dtr R3(tr)r3(t,rr)T(tR)e~1(tm)

(4.7)

This expression suggests that the energy-weighted fraction of uncollided bubble wall de-
creases exponentially with I(t). To obtain a explicit upper bound to Fg(t) we need a lower
bound to the denominator. To this end we note that

4n [t*
I(tg) < —31 / dt' R} (t")r3 (¢, tT(t') = J(tg,t). (4.8)
to
Thus the integrand in the denominator must be greater than
R¥(tr)r(t, tr)D(tr)e= "m0 = — 3 [ D o=tz (4.9)
’ ‘ 47 | Oz r=tn ’
which is easily integrated to show that the denominator must be greater than 1 — e~ 1(¥),
This gives the interesting upper bound
I(t)e~1® 1 - I(t)/2 I(t) < 1
<=L ’
Felt) S 770507 ™ L 1()e- 10, I(t) > 1 (4.10)

To summarize, at time ¢ a fraction p(t) of the latent heat remains as vacuum energy
in the false-vacuum regions, while a fraction [1 — p(¢)]Fg(¢) is in uncollided bubble walls.
Finally, a fraction

[1—p®][1 - Fe()] 21— [1+ (). (411)

of the total energy has been released through the dissolution of bubble walls. We see that
this last fraction approaches unity exponentially as I(t) becomes large.

We recall that p(t) is a misleading measure of progress in old inflation, since it tends
to zero at large times even though the transition is never completed [6]. The bound of
Eq. (4.10) shows that Fp is no better in this regard [32]. We therefore turn our attention to
the actual physical volume in the false vacuum, Vpnys(t) o< R*(t)p(t), and, more specifically,
to the time ¢, when

dVpn
-1 phys
Vo gy

= (3H — dI/dt) (4.12)

becomes negative. At this epoch the fraction of physical space still remaining in the false
vacuum begins to decrease. ‘
In an inflationary transition a bubble “outruns” the general cosmic expansion only
during the first Hubble time after nucleation. Our expectation therefore is that Vpnys
can decrease in such a transition only if the nucleation rate is greater than one bubble
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per Hubble volume per Hubble time. We can make this more precise by examining the
right-hand side of Eq. (4.12). For v =1 the quantity dI/dt is given by

t t
% =4nr | d¢'T(¢")R3(t')r?(t, t')-éat—r(t,t') =4 / dt' TR} (t)R(t)r?(¢,¢'). (4.13)
to to

By changing the integration variable from ¢ to R, we can rewrite this expression as

ar _, (% . T | [*_d ’
% =4 /R(to) dy RH(y) [/y zzH(z)} . (4.14)

An upper bound to dI/dt can be obtained by replacing I'(y) by the maximum value that
the nucleation rate achieves during the interval ¢ to ¢ and by replacing H(y) and H(z)
by the minimum value of H during this interval. The integrals are then easily evaluated.
In almost any scenario for first-order inflation the nucleation rate will be an increasing
function of time. We also expect H to be either constant or a decreasing function of time.
If we therefore assume that the maximum of I' and the minimum of H are both reached
at the upper end of the range of integration, we obtain the bound

d[ _4r (T R\’ _4n (T

bl il [ -2 <

& =3 (H“) (1 R ) =3 (H?')t’ (4.15)
where Ry = R(?) and all other quantities are to be evaluated at time ¢. Combining this
with the condition I'(t.) = 3H, we obtain the lower bound

(%)t > 19;. (4.16)

(Following a similar line of reasoning, but with the less stringent requirement that I'(t)/H3
is monotonic one can obtain the slightly weaker bound (I'/H*),, > 3/8r.)

While ¢, defines one “milestone” which must be reached in the course of the transition,
it is not the only one. One cannot reasonably say that a transition has completed until
p(t), the fraction of comoving volume remaining in the false vacuum, has become small.
This suggests that we define another milestone t., by the condition that

plte) = e, (4.17)

where M is some suitably large number. Defined in this manner, this would be a some-
what misleading criteria in old inflation, where p(t) becomes arbitrarily small without the
transition ever being completed [6]. However, for transitions that do in fact complete p(t)
will generally become small near the time of completion. We can deal with the exceptional
cases where this is not so by noting that it is only the bubbles nucleated during the last
60 or so e-foldings of inflation which are of relevance for us. Any bubbles produced earlier
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would correspond to regions larger than the currently observed Universe. Such bubbles
were evidently not nucleated in our past light cone, and so could not have contributed to
the completion of the transition in this portion of the Universe. We therefore append to
the definition of ¢, the proviso that only bubbles nucleated during the last 60 e-foldings
are to be included in the calculation of p(t). Similarly, we define a quantity é¢, which
measures the duration of the transition, as the time that it takes this restricted p(t) to
go from being nearly unity to being nearly zero. To be specific, we take §t = te — tm,
where p(t;,) = e™™ with m some appropriately small number. If, for example, we choose
m = 0.01 and M =5, then 4t will be the time over which the Universe goes from 1% true
vacuum to 99% true vacuum.

Depending on the speed of the transition, either ¢, or ¢, can come first. For a rapid
transition t, < ., as can be seen by noting that during the course of a sufficiently rapid
transition the expansion of the Universe can be neglected, in which case Vphys declines
from the very onset of the transition. On the other hand, if the transition is slow enough
ts« < t.. Again, this can be seen by referring to the limiting case, old inflation, where t,
is never reached. By considering these limiting cases, we see that neither of these times
gives a definition of the “end” of the transition that is adequate for all situations; since the
conditions associated with both are necessary for completion, we will always choose the
later of the two. We will find that for transitions that meet the big-bubble constraints of
the previous section |t, — .| is never much more than a few Hubble times. As a result, the
eventual constraints that big-bubble considerations place on the parameters of the theory
are rather insensitive to which time we use as the end of inflation.

Another milestone that is often discussed is the percolation of the low-temperature
phase. This is clearly necessary for the homogeneous completion of the transition. Indeed,
proving the absence of percolation was the crucial step in demonstrating the failure of old
inflation. However, since percolation by itself is not sufficient for a successful transition,
the onset of percolation is of less interest for us here [33].

Also of interest is the distribution of bubble sizes. Bubbles that have a physical radius
p at time ¢ were nucleated at a time t, determined by the relation

p=R(Or(toty) = Ry [ T, (4.18)

P
The number density of such bubbles is determined by the nucleation rate I'(t,) at that
time, and by the fraction p(t,) of space still in the false vacuum at that time. Taking into
account the expansion of the Universe between ¢, and t, the number of bubbles per unit
physical volume with physical radius p is given by

AN _pe ) (B i e
% = F(tp) ( R(t) ) P(tp) dp )

- 1(,) (%{;})3@»
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A related quantity of interest is the size distribution of the bubbles which have collided
with a given “reference bubble” by a time ¢. Let us assume that the reference bubble was
nucleated at time ¢ at position r = 0, so that its physical size at time ¢ is pg = R(t)r(t,tg).
In order that a second bubble of size p (and hence nucleated at time ¢,) could have collided
with the reference bubble, two conditions must hold. First, it must have been nucleated
close enough for it and the reference bubble to have reached each other. In other words,
its nucleation must have occurred at a point whose coordinate distance r¢ from the origin
obeys

R(t)rc < pr+ p. (4.20a)

Second, since the younger of the two bubbles cannot have nucleated within the older
bubble,
R(t)rc > |pr — p|. (4.205)

Thus, the center of the colliding bubble must lie in a spherical shell of physical volume

V(er,p) = 4n(pp< +p%)s (4.21)

where we have defined p and p< to be the greater and lesser of pr and p.

Naively, we would just multiply this volume by dN/dp to obtain the expected number
of colliding bubbles of a given size. This is not quite right. The difficulty lies in the factor
of p(tp) in Eq. (4.19). This is the probability that a random point is still in the false
vacuum at time ¢,. However, the points in the region we are considering are not random,
since the existence of the reference bubble precludes the nucleation of any bubbles in the
past light cone of its point of nucleation. This is essentially the same problem as we
encountered in the calculation of F and Fg, but the correction needed here, while going
in the same direction (i.e., increasing the effective p(t,)) is somewhat more complicated to
calculate. In any case, the correction only becomes important for bubbles nucleating late
in the transition, after p(¢) has begun to deviate significantly from unity. In fact, since
the correction arises from the absence of potential bubbles which would have nucleated
before both the reference bubble and the colliding bubble, we may write the distribution
of colliding bubble sizes as

dZC V(PR'P) [1+0(1 = p(tp5))]- (4.22)

- We will go on shortly to evaluate the various quantities defined above for several specific
models. Before doing so, we point out a useful approximation that can be applied in any
inflationary transition. In such a transition, the integral in Eq. (4.3) for r(t,t') remains
finite as ¢ — oo, and is dominated by a time interval of order H~! at the lower end of
the integration range. As we have discussed previously, this corresponds to the fact that a
bubble expands freely at the speed of light for a time of order H~! after which it simply
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conformally stretches as the Universe expands. This suggests that for (¢ —t') > H~! the
coordinate size of the bubble is simply
' —17,0y B(2) o "
r(t,t')=kH™(t )W)— (for inflationary transitions), (4.23)
with k& of order unity. Explicit evaluation of the integral gives ¥ = 1 for exponential
expansion and k¥ = pf(p — 1) for R(t) ~ t? with p > 1. Using this approximation in
Eq. (4.2) for I(t) and then differentiating gives

(TIPI) ~ 297-‘_- (for inflationary transitions), (4.24)
te

suggesting that the lower bound of Eq. (4.16) is actually reached in inflationary transitions.
Furthermore, using this approximation and setting v = 1 in Eq. (4.19) leads to

o pz (-ﬁ%)t (valid for p > H™Y), (4.25)
where t, is the time at which bubbles that have physical size p at time ¢ were nucleated.
Thus, as was asserted at the end of Section II, the volume fraction occupied by large
bubbles in a unit logarithmic interval of bubble size is essentially equal to the value of
I'/H* at the time of their nucleation.

Comparing Eqs. (4.24) and (4.25), we see that within this approximation the big-
bubble constraints of Section III are simply lower bounds to the net increase in I'/ H* from
tn to t. and are thus insensitive to the behavior of I' and H at intermediate times.

V. Specific Examples
(a) Model 1: Ezponentially growing nucleation rate in a static Universe [34]

In this Section we apply the general formulas of Section IV to some specific examples.
As a first example, we consider a transition where the bubble-nucleation rate I' increases
very rapidly near the time of completion, with essentially all of the bubbles being nucle-
ated within much less than a Hubble time, so that the expansion of the Universe can be
neglected. Such a transition could be an inflationary transition completing at essentially
zero temperature, or it could be a noninflationary first-order transition taking place at
some finite temperature [35]. While the bubble-wall velocity v can be set equal to unity
in the former case, this will not in general be true for the latter. However, since we expect
v to be determined by the temperature, which by our assumptions changes little over the
time that the bubbles are nucleated, we will take v to be a constant.

Because the nucleation rate is typically the exponential of some action, we again write
it as

T'=Ce 4, (5.1)
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with C assumed to be of the order of M*, where M is the mass scale characterizing the
transition. In order that the usual treatment of bubble nucleation be valid, the tunneling
action A(%) must be greater than order unity. (If the tunneling action is of order unity
or smaller, the phase transition proceeds via spinodal decomposition—formation of very
irregularly shaped fluctuation regions—rather than via the nucleation of true-vacuum bub-
bles.) We expand A(t) about time t., which we take here to be the time that the phase
transition completes,

At) = A, =Bt —t) +---, (5:2)

and keep only the first two terms in the expansion. Here A4, = A(t,) and 8 = —(dA/dt),, >
0. We will find that the functional form of our results is independent of both 8 and v,
which only serve to set the scales of time and distance. For our assumption of a “fast”
transition to be valid, # must be large compared to the H; we will discuss the magnitude
of # further at the end of our calculation.

With the cosmic expansion neglected, the factors of R cancel in the evaluation of
Eq. (4.2) for I(t). We can with little error set tp = —oo to obtain

8mvd
L
Exponentiating this gives p(t), which is shown in Fig. 4. In the same figure we have also
plotted Fg(t); note that it traces p(t) rather closely, but with a time lag of about 0.06 3-1.
The time scale for the completion of the transition is of order 8~1; specifically, the time

for p(t) to decrease from e™™ to e~M is

I(t) = T(t,)ePtt) = I(¢,)ef (%), (5.3)

ft=t,—tm=In (%) gL (5.4)
m

To obtain the distribution of bubble sizes we note that a bubble which has a radius p
at time ¢ must have been nucleated at a time ¢, = ¢t — p/v. From Egs. (4.1) and (4.19),
the bubble distribution at time ¢ is then

(ﬂ) =T(t — pfv)e~1¢t—#/2),
t

dp
= - —Bofv o CF _
Y- exp{ [I(t)e + ” lnI(t)] } .
This distribution of bubble sizes, shown in Fig. 5, achieves its maximum at
_ v :
pt) = ZInI() (5.6)

and has a width of order v/8. Note that as t increases the shape of this distribution is
unchanged, aside from from an overall shift to larger p (simply due to the expansion of
each bubble).

24



Since B plays a crucial role in determining the typical size of bubbles at the time the
transition is completed, let us examine it a bit more closely. First, consider the case where
the time-dependence of T is due solely to the variation of temperature with time, so that

dA T dA
A== (75) " (Zﬁ) .. Al (5.7)

= v(T,)A.H.

where we have defined T, = T(t,), H, = H(T.), and used the fact that T/T = —H.

The first factor on the right-hand side is a dimensionless quantity which is defined in
such a way as to be at most weakly dependent on the mass scale of the transition. Except
for a possible divergence near the critical temperature (in a region where A(T) would be
too large for significant nucleation in any case) v(T') is of order unity for most plausible
estimates of the nucleation rate. (For a further discussion of this point see Ref. [34].) To
estimate the second factor, we note that Eq. (5.3) implies that

p pM
L'(t,) = WI(t*) =3 (5.8)
Inserting Eqs. (5.1) and (5.7) then gives
8mv? C
A* + 4111 A* = ln [WFE] . (59)

The logarithm on the right-hand side is controlled by the only factors that are not of order
unity, namely C ~ M* and H, ~ M?/mp,. Hence

A x4l (%’l . (5.10)

As long as M is at least one or two orders of magnitude below the Planck scale, this is
large enough for the standard nucleation picture to be valid and implies that SH =1 is large
enough to justify our neglect of the cosmic expansion. On the other hand, A, cannot be
too large. Even for M as low as 100 MeV, A, is only of the order of 200. Hence, the
characteristic bubble size at the end of the transition lies roughly between 1% and 100%
of the Hubble radius, and we see that the bubble size is not set by M ™!, as one might
naively have guessed, but rather by H~! which, by determining T, fixes the rate of change
of the nucleation rate. Similarly, the value of I'/H* at ¢, is not arbitrary, but rather must
be of the order of A2 ~ [ln(mp)/ M)]*.

We will also be interested in cases where the time-variation of the nucleation rate arises
from the effects of some slowly varying scalar field 1 (other than the scalar field that is
involved in the phase transition). Eq. (5.7) is then replaced by

- (22) (3 » .
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As before, the first factor is in general of order unity, while A, can be determined with the
aid of Eq. (5.3). The second factor depends upon the time evolution of the field 1 which,
through its equation of motion, depends upon the expansion rate H. As before, we can
anticipate that the value of § will be determined by H. We will discuss this case further
when we consider two-field inflation.

(b) Model 2: Ezponentially growing nucleation rate with ezponential cosmic ezpansion

We now extend the previous model to include the cosmic expansion. For simplicity,
we take the expansion to be exponential, R(t) = Ryef?, with constant H. Also, since we
expect the effects of the expansion to be significant only for the low-temperature bubbles
produced in an inflationary transition, we set v = 1 throughout. As before, we approximate
A(t) by a linear function:

A(t) = A, — g(t —ts), (5.12)

where t is the greater of ¢, and ¢., and A, = A(ts). For large a the nucleation rate
grows slowly, and the completion of the transition takes many Hubble times; we will use
the big-bubble constraints of Section III to place an upper limit to a (of order 6). On the
other hand, for small a the transition completes in much less than a Hubble time, and this
model reduces to the previous one, with 8 = H/a.

It is now straightforward to evaluate I(t) for times not very different from ¢-,. Asin the
-previous example, we set the lower limit of the integration to —oco. (In doing so, we need
not worry about excluding bubbles produced before the last 60 e-foldings of inflation since
the contribution from these is negligible for all values of a consistent with the big-bubble
constraints.) Evaluation of the integral in Eq. (4.2) for I(t) then yields

8rat I'(t)

It) = (1+ a)(1 + 2a)(1 + 3a) H:®

(5.13)

Differentiating this equation reveals that dI/dt = HI/a. From the definition of t., it
follows that
I(t.) = 3a. (5.14)

Since I(t) increases monotonically, we see that ¢. is later than ¢, if I increases sufficiently
slowly, a > M/3 ~ O(1), in accordance with our previous remarks. More specifically,
Eq. (5.13) gives the time needed for I(t) to vary between two given values. Thus,

te—t.=aH 'ln (g—i—) ; (5.15)

while ét, the time interval over which I increases from m to M, is

§t=aH 'ln (M) . (5.16)
m
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To obtain the distribution of bubble sizes, we note that with constant Hubble parameter
Eq. (4.18) takes the form ;

p=H" {exp[H(t - t,)] - 1}. (5.17)

Using this relation, as well as Eqs.(4.19), (5.12), and (5.13), the distribution of bubble
sizes at time ¢t is found to be

(%IPX), T+ 51(:;4+1/a exp ["H‘_‘_—Ig})?)?ﬁ;].- (5.18)

It achieves its ma.xixﬁum at
- _ I(t) \“
— 1 ——————— —
p(t) = H [(40: 1) 1] . (5.19)

For I(t) < 4a + 1, p is negative, corresponding to a distribution of bubble sizes which is
monotonically decreasing for all p > 0.
For large « (i.e., a relatively slow transition) Eqs. (5.13) and (5.14) lead to

r 9 11
(E;)te—z;(l-i-e—aﬂi-“'), , (5.20)

which should be compared with the approximation (4.24), (T/H*);, =~ 9/4nr. The big-
bubble constraints are bounds to

(%) - o~ N/a (E%) . (5.21)

Using Eq. (5.20) to evaluate the right-hand side, and taking M = 10'* GeV, we find that
the bounds of Section III give an upper limit o < amax = 5 ~ 6.

From Eq. (5.14) it follows that p(t.) = e™3?, indicating that for o 2 O(1) all but a
small fraction of space is converted to true vacuum before Vpnys begins to decrease. This is
reminiscent of old inflation, and indeed the bubble distribution bears some resemblance to
that of old inflation. Small bubbles dominate numerically: dN/dp decreases monotonically
from p = 0 and falls to half of its peak value by p = H =1, On the other hand, large bubbles
are responsible for the bulk of the volume. The volume-weighted bubble distribution at t.,

v\ _T()  (Ho 3
(P3 -d——hT;) . = g1t (1 + HP)4+1/0 exp [_—(1_+ Hp)l/o’] ) (5.22)

achieves its maximum at

Ppeak ~ (3a)* H1, (5.23)

and as a function of In p has a width of order ay/e. Because the interior of a large bub-
ble is not homogenized until it comes back within the horizon, a relatively homogeneous
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radiation-dominated Universe cannot be established until the temperature has fallen to
about M/(H ppeax); for a = 6 this is about eight orders of magnitude below the critical
temperature.

To illustrate the development of the transition at the ragged edge of the big-bubble
constraint, we show p(t), Fg(t), and the distribution of bubble sizes for @ = 6 in Figs. 6
and 7.

We can also recover the case of a rapid transition by taking the limit &« < 1. The
end of the transition is now signalled by t¢,, rather than t,, with the duration §t of the
transition becoming much less than a Hubble time. As expected, in this limit the various
formulas go over into the corresponding results for Model 1, with 3 = H/a and v = 1.

(c) Model 8: Power-law nucleation rate with power-law ezpansion

For our third model we take
r
R(t) =R, 5 =7t". | (5.24)

- (Note that this implies I' = 4p*¢9~%.) This form is motivated in particular by Brans-Dicke
extended inflation [2] and generalizations [36] of this model involving dilaton fields. We
require p > 1, so that the expansion be inflationary, and ¢ > 0, so that the transition
eventually complete; moreover, we only require that these functional forms be good ap-
proximations near the end of inflation. Again, we set v = 1 because we expect this model
to apply primarily to inflationary transitions.

Evaluation of Eq. (4.2), with the lower limit , set equal to zero, gives

_ 8wp* r
10 = G r—Da 2 -+ 3 -3) (H_) (5.25)

Differentiating this reveals that

It.) = §q£. (5.26)

Eq. (5.25) shows that times of interest duﬁng the course of the transition are related by
ty (I(tl)) e
— = . 5.27
(23 I (tz) ( )

In particular, for a fast transition, where ¢ > p > 1,

1/q
t=t, —tym =1t [1 - (M) ] ~Tln (M) , (5.28)
m m

where 7 = ¢/t, is the characteristic time scale for the variation of I'/H* at the end of the
transition. Since 7 = (dInT'/dt):, this reproduces the corresponding result for Model 1,
cf. Eq. (5.4), as should be expected.
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The physical radius of a bubble that was nucleated at time ¢, at time ¢ is

p=m|(2) 1], (529

po = ?I'l(T) (5{—1) - (5.30)

where

Using this, one finds that

(%)t =T(t) (pupi p)4+q/(p—1) exp [—I(t) (pop:_ p)a/(p—l)] | a1

This formula is the same as Eq. (5.18) if we make the replacements

(p—1)/q— o

5.32
po—1 — H. ( )

Thus, the qualitative features of the bubble distribution at the end of the transition are the
same as in Model 2 (see Fig. 6). In a slow transition small bubbles predominate numerically,
but most of the volume is in large bubbles, with p® dN/d1n p peaking at p = (3p/q)?/9p,.
In a fast transition the bubble distribution is sharply peaked about p = 7 1In M.

To apply the big-bubble constraints we note that for a slow transition, where p > ¢ > 0,
Egs. (5.25) and (5.26) imply that

r _ 9 11¢ — 18
(E) . = I (1 + T + ) . (5.33)

The bounds are to be applied to bubbles with radius e?(1 —1/p)po at the end of inflation.
From Eq. (5.29) we see that these were nucleated at a time t, = t.[p/(p — 1)]*/(P~1

e~N/(p—1) 50 that
TY _-avie-n (_P_ /o Iy (5.34)
H4 N pP- 1 H* t.

Comparing this with Eq. (5.21) for Model 2, we see that the bounds for the two models
are related by

-1 ’
(‘L—) & Gmax ~ 5 — 6. (5.35)
q max

In Brans-Dicke extended inflation ¢ = 4 and p = w + 1/2. This upper bound then
translates into w < 20 — 25, which is essentially the bound of Ref. [12]. There is also a
lower bound to w from the requirement of sufficient inflation. The effective Planck mass
in this theory is given by the square root of the Brans-Dicke field ®, and grows linearly
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with time during inflation, reaching essentially its present value of 10'® GeV at the end of
inflation. In order that quantum gravity effects be negligible, v/® must be larger than the
mass scale M of the transition throughout the inflationary period. For any given degree
of inflation, this upper limit to the growth of @ places a lower limit to w. To obtain 60
e-foldings of inflation, w 2 5 if M = 10'* GeV; as the amount of inflation desired rises, so
does the lower limit to w.

Related models involving dilaton fields have also been proposed [36]. For these, our
bounds agree with those obtained by Wang [37]. In these models, also, the big-bubble
constraints and the requirement of sufficient inflation work in opposite directions.

(d) Two-field inflation and related models

Two-field models of first-order inflation contain an inflaton field o, which is trapped
in a false-vacuum state with ¢ = o5 (and is the field responsible for the phase transition),
and a trigger field ¥, which slowly evolves toward the minimum of its potential. The
coupling between these fields is arranged to make the tunneling action A for the inflaton
field decrease as 1 evolves. When 1 reaches a critical value A is sufficiently small that
bubbles are rapidly nucleated and the transition completes; for our purposes we define this
critical value to be ¥. = ¥(t.).

In order that this be first-order inflation, rather than slow-rollover inflation, the evo-
lution of ¥ must have little effect on the vacuum energy, which can therefore be viewed as
arising from the o field alone. (A consequence of this is that H may be treated as constant
during inflation.) Hence, [0V (0,%)/0%]|s, must be small. This is also needed in order
that the trigger field be a “slow roller”, with equation of motion

_v
™ =
where V! = 0V/dy. (Here, and henceforth, V and its derivatives are assumed to be
evaluated with o = oy.)

The amount of inflation is determined by the time it takes 1 to evolve from its initial
value ¥; to 1.. In a successful model this must be long enough to ensure at least 60 or so
e-foldings of the scale factor:

(5.36)

Ve
N(Wi,¥e) = / Hdt = —3H? c‘l;[: 2 60. (5.37)
Vi
With the aid of Eq. (5.36), this may be rewritten as
3H*p.
N (i, ¥ - ¥i, ¥e) R 60, 5.38
() = sy Fnte) 2 (5.38)
where we have defined the dimensionless quantity
idy [V'(ve)l
irPe) = —_— 5.39
s = [N (5.39)
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Typically f is expected to be of order unity. For example, if V() can be approximated
by the form a % b%y?,
¢'z)
*In =2
(we P

F(%iyve) = p-2 (5.40)
i_l_[l-(ﬂe.) ] bt 2

(Note that for the upper (lower) choice of sign 1; is greater (less) than 1,.)

We must also require that the big-bubble constraints be satisfied. If the tunneling
action is approximated by a linear function of time, as in Eq. (5.12), these constraints
place an upper bound to a = H/A(t.). Defining

dA
we may write
A e V' e
o™t = gA(t)H™ (‘z‘) 4 (21)1‘2 ¢E"’ Iy (5.42)

where the second equality is obtained with the aid of Eq. (5.36). Comparing this with
Eq. (5.38), we obtain _
N (i, ¥e) -1
= VWi Ve) o b)) g 5.43
A) Wives (5.43)

Arguments similar to those leading to Eq. (5.9) show that A(t.) = 4In(mp/ M) = 46 +
4n,4. Using the bound (5.38) on N, we may write the constraint a@ < amax ~ 5 — 6 as

N 1 € .
Tt be) fyip)g 556 (5.44)

Since g, like f, will typically be of order unity, while AV is bounded from below by 60 or so,
we see that the generic two-field model will always be close to the edge when it comes to
satisfying the big-bubble constraints. Furthermore, since o increases with A" and, in the
spirit of inflation, there is no reason for N to be close to60 or so, satisfying this constraint
is likely to be very difficult indeed.

A successful model must also be such that the density perturbations arising from
quantum fluctuations in the ¢ field during its slow roll phase are not too great [38]. The
amplitude of these density perturbations at the post-inflationary horizon crossing is easy to
estimate using the fact that while a given mode is outside the horizon the gauge-invariant
quantity ( = ép/(p+p) remains constant. The inflaton field makes no contribution to p+p
(since py+ps = 0) or to 8p (o-field fluctuations are suppressed because in the false-vacuum
state m2 > H?). For the ¢ field, py + py = ¥ and §p = Ay|V'| ~ H|V'|/2r. From this

it follows that
_5_p ~ :_3!{_3 (5.45)
p/uor V' '
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where as usual the right-hand side of the equation is to be evaluated when the scale of
interest crossed outside the horizon during inflation. For astrophysically interesting scales,
which went outside the horizon 40-60 e-foldings before the end of inflation, this quantity
can be at most O(3 x 1075).

This is the familiar formula for the amplitude of inflation-produced density pertur-
bations, though there are some important differences. First, we should remember that
the vacuum energy that fixes the value of H is determined by the o field rather than by
the ¢ field. This increases the value of (6p/p)y relative to that expected for the case
of slow-rollover inflation driven by the t-field. Second, inflation ends when the o field
makes the transition to the true vacuum, and not when the 3 field leaves the slow-rolling
regime. Hence, there is no need for the denominator on the right hand side of Eq. (5.45)
to be increasing near the end of inflation. This too works in the direction of increasing the
density fluctuations. In pure slow-rollover inflation the issue of density perturbations is a
difficult one; in two-field models it is even more so.

Another interesting relation follows from the consideration of density perturbations.
Eq. (5.45) relates the density perturbations to the value of V'(3) at times 40 to 60 e-
foldings before the end of inflation, while Eq. (5.42) involves the same quantity at the time
the transition is completed. As remarked above, in ordinary slow-rollover inflation V' is
significantly larger at the later time, since the end of inflation occurs as the inflaton field
leaves the flat part of the potential. There is no reason to expect this to be true in two-field
first-order inflation, since the value of 1 needed to trigger the transition is not related to
any special property of V or its derivatives. Instead, one might plausibly guess that the
values of V' entering Egs. (5.42) and (5.45) are roughly the same. Assuming this to be the
case, we obtain the relation

1L () %

Given the magnitude of the density fluctuations, this translates the upper bound on «
to an upper bound on t.. For example, if we take (6p/p)nor =~ 3 x 10~° and choose
M =10 GeV, so that A(t.) ~ 46, we find that 1. < 3 x 10'® GeV; it cannot be much
less than this value, or else N will be too small.

A specific realization of two-field inflation is provided by the “ramp-potential” model
of Ref. [22]. In this model the coupling of the inflaton and trigger fields is such that the
energy dlfference between the true and false vacua is of the form

e = eo(1 +ny®/9l). (5.47)

In the thin-wall approximation the tunneling action varies as ¢~3. Using this approxima-
tion, the authors of Ref. [22] write
Ao
T
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Substitution of this form into Eq. (5.41) yields

9n

Unless the value of Ao is just such that the Universe is on the verge of nucleating bubbles
long before ¢ reaches ¢, 1 cannot be too small nor can the initial value of 3 be close to
Ye (ie., ¥; € ). Furthermore, since we do not want the variation of the trigger field to
affect the energy density significantly, » should be at most of order unity. Together, these
two considerations suggest that the value of 5 should be 0.1 — 1 (which is what the authors
of Ref. [22] also conclude), and hence that g is in the range 0.8 — 5. (Actually, when the
thin-wall approximation is valid the tunneling action tends to be much larger than the
value we have deduced for A(f.). We therefore expect the transition to complete after ¢
has become too big to justify the thin-wall approximation. The dependence of A upon ¢
is then expected to be milder, which will tend to exacerbate the problem of satisfying the
big-bubble constraint.)

In this model, when the o field is at its false-vacuum value the trigger field “feels” a
linear potential

V(%) = V(o) — F(% — to). (5.50)
This gives
f('(/"iv ¢e) = %ﬁa (551)

so that the amount of inflation is given by

3H? 3H?*y,

N (i, e) = 5 (e —di) ~ 7 (5.52)
The constraint (5.44) can be rewritten as

N(@iy¥e) (e =i\ (147

i, (50) (fart) 53-8 (553)

Since we expect the initial value of the trigger field to be much smaller than its final value
¥e, we conclude that unless the value of NV is close to the minimum required to solve the
horizon and flatness problems, the big-bubble constraints cannot be satisfied. Put another
way, the ramp model can, at best, marginally satisfy the big-bubble constraints.

VI. Concluding Remarks

We have studied the kinematics of bubble nucleation in first-order inflation and other
cosmological phase transitions. In particular we have identified several measures that track
the progress of a phase transition—the probability that a point in space remains in the false
vacuum, the volume of physical space in the false vacuum, and the fraction of uncollided
bubble wall—and we have discussed the distribution of bubble sizes and the duration of
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the transition. In a successful phase transition the end of the transition as determined by
our three different measures of progress agree to within a few Hubble times. In general,
the characteristic bubble size and duration of the phase transition are determined by a
characteristic time 7 = (dInT'/dt)~!, which for a very wide class of models is of the order
of 1% to 100% of the Hubble time, depending only logarithmically on the energy scale of
the phase transition. A

In any first-order phase transition the crucial quantity that determines essentially all
aspects of the transition is I'/H*, the number of bubbles nucleated per Hubble time per
Hubble volume. The value of I'/H* at time ¢ determines the fraction of space occupied by
bubbles nucleated between ¢ and ¢+H~!. In a successful model of first-order inflation I'/ H'*
must ultimately exceed 9/4 in order that the volume of physical space remaining in the
false vacuum decreases. It must also be quite small only a short time earlier: In first-order
inflation bubbles nucleated well before the end of inflation grow to astrophysical size and
remain as unhomogenized regions until late in the history of the Universe. Such big bubbles
can leave scars on the Universe by interfering with primordial nucleosynthesis, by distorting
the spectrum of the CMBR, or by leading to large anisotropies in the temperature of the
CMBR. The empirical requirement that big-bubbles be suppressed constrains the value of
I'/H* to be less than 10~* — 10~ at the time that such bubbles were nucleated, which for
exponential inflation is between about 39 and 54 e-foldings in the scale factor before the end
of inflation. That dashes the hope [14] that individual bubbles have anything to do with
the apparent bubbly nature of the distribution of galaxies [29], although the possibility
remains that Poisson fluctuations in the number of moderate-size bubbles nucleated within
a given volume could give rise to isocurvature perturbations that are of interest for structure
formation and whose spectrum is not scale invariant.

In all the models of first-order inflation that we have considered we have seen that there
is a conflict between having sufficient inflation and adequately suppressing big bubbles.
To achieve the former one wants I'/ H* to increase slowly, while to satisfy the latter one
wants I'/H* to increase rapidly (see Fig. 3). In models where I'/ H* varies smoothly the
“window” defined by these constraints is narrow; e.g., in Brans-Dicke extended inflation w
must exceed 5 to achieve sufficient inflation, while suppression of big-bubbles requires that
w be less than about 20. There is, of course, nothing that forbids models in which I'/H*
changes from varying slowly to varying rapidly. However, such models lose one of the
attractive features of the first successful model of first-order inflation (extended inflation),
in that the critical value of the “spectator field” (Brans-Dicke field, dilaton, or trigger field)
which brings I'/ H* above unity must be correlated with a mass scale set by the spectator
dynamics. ' .

The big-bubble constraints can be even more difficult to satisfy in more exotic models.
For example, some authors have proposed a model in which a period of first-order inflation
is followed by a second period of slow-rollover inflation [39]. The big-bubble constraints
that we have discussed place limits on the value of I'/H* when the value of the cosmic
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scale was a specified number of e-foldings smaller than at the end of inflation (about 39 to
54); if we assume that the second period of inflation lasts P e-foldings, then the big-bubble
constraints place limits to I'/ H* of 107* — 102 at 39 — P to 54 — P e-foldings before the
end of the first epoch of inflation, and of course to successfully terminate the first period
of inflation I'/H* must exceed 9/4w. (For simplicity, we have set n;4 = 0 and assumed
both epochs of inflation were exponential.) This means that I'/H 4 must grow from order
10~* — 10~ to order unity in a shorter time than in the absence of the second inflationary
epoch, and tightens the constraints to the rate of change of I'/H 4 e.g., to a in Model 2,
or to (p — 1)/1 in Model 3.

Finally, in our discussions of the deleterious effects of big bubbles, we have focused
on large bubbles that are homogenized at the time of nucleosynthesis or later. We have
seen that the suppression of such bubbles to an acceptably low level is a rather nontrivial
constraint on model building. It is therefore interesting to consider the possibility that
the density of these bubbles is in fact close to the bounds we have derived. If this is the
case, one might expect to find significant effects from regions that homogenize at times
just before nucleosynthesis. One place to look for such effects might be the electroweak
phase transition. The presence of large, unhomogenized regions would imply a departure
from thermal equilibrium, one of the necessary conditions for baryogenesis to proceed, and
a condition that seems to be at best marginally satisfied in the standard scenario of the
electroweak phase transition [3]. Perhaps big bubbles could have good effects too.
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part by the NASA through grant NAGW-2381 (at Fermilab), by the DOE (at Fermilab,
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Figure Captions

Fig. 1: The evolution of the physical size of a vacuum bubble from its nucleation to the
time it re-enters the horizon and for reference that of the comoving scale that corresponds
to the current Hubble radius. For a time of order a Hubble time after its nucleation the
comoving size of a bubble grows; thereafter the size of a bubble simply stretches with the
expansion.

Fig. 2: Contours of the contribution to (67/T)(x/100n~1 Mpc)> from Poisson fluctuations
in the number of bubbles of size D per A? volume as a function of (I'/H*)p and D/A.
The hatched region is forbidden because the contribution of a unit logarithmic interval
of bubble sizes around D to 6T/T exceeds 10™%, which is a generous upper limit to the
measured isotropy on angular scales greater than 1°.

Fig. 3: Summary of the big-bubble constraints to (T/H*)n. Here (I'/H*)n refers to the
value of I'/ H* when bubbles whose size at the end of inflation is e times the Hubble radius
were nucleated and ny4 = In(M/10'* GeV). The cross-hatched region indicates that such
a value for (I'/ H*) could lead to astrophysically interesting isocurvature fluctuations due
to Poisson fluctuations in bubble number.

Fig. 4: The evolution of p(t) (lower curve) and Fg(t) (upper curve) for Model 1. Time
is measured in units of A1, which is the inverse of the rate of change of the tunneling
action at the completion of the phase transition. Time zero corresponds to the time that
p(t) = —1In10.

Fig. 5: Distribution of bubble sizes (units of ") in Model 1 as a function of bubble radius
p at time ¢ minus the mean bubble radius < p >=v1nI(t)/B (v is the speed at which the
bubble wall expands).

Fig. 6: The volume-weighted distribution of bubble sizes, p*dN/dIn p, for Model 2 with
& = 6 ~ amayx (solid curve) and a = 3 (broken curve). Note that the distribution peaks at
a bubble radius of order ppeax ~ (3a)* and that for p > ppea; p3dN/dIn p only decreases

as p~t/e,

Fig. 7: For Model 2 and a = 6 & omax, p(t) (lower curve) and Fg(t) (upper curve). The
zero of time corresponds to t.; i.e., the epoch when the volume of physical space in the
false vacuum begins to decrease.
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