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DERIVATION OF PRISMATIC COUPLING COEFFICIENTS IN MAGNETOSTATIC
CODE-GFUN
Stanley C. Snowdon”
Fermi National Accelerator Laboratory, P.O. Box 500, Batavia IL 60510

Abstract
A new derivation of the analytical representation of coupling coefficients for prismatic
elements in the magnetostatic code GFUNBD1 is given. Although the numerical results
agree with the existing code the explicit derivation given below does not to my
knowledge exist in the open literature. In particular the derivation makes use of new

algebraic equivalences that simplify the presentation and rationalize the sign changes

needed in the subroutine TERMS.

[. Introduction.

It has been noted that in the magnetostatic code GFUN3D1 the AMPFAC(actual
excitation current divided by ideal iron excitation current for a given central field)
is larger than expected. Many refinements have been added to the code such as the
use of preconditioned matrices. Although the use of these matrices has removed
internal looping of the magnetization vector the AMPFAC is always too high.
It is possible that the limitation placed on the number of elements by the local
computing environment is responsible for the difficulty. However, since one must
live with the local environment, other conceivable sources of the difficulty were
explored. In particular, since the use of tetrahedral elements gave a lower AMPFAC
than the use of prismatic elements, it was thought desirable to derive the coupling

coefficients for the latter elements independently.
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II. General.
In Fig. 1 use h for prism axis and let T designate the vector from
P(field point) to Q(source point) on any of the plane faces of the prism shown

here as triangular for simplicity.

Thus:
T = i{(xq— Xp)+i(yq— ¥p)+k(hg— hp)
with
r=|r|
And
(d5 x K)dh (a,b,c..)
nda=4 Kdxdy (e)

-kdxdy ({)

In GFUN! the magnetization is taken to be constant throughout any one
element. For this element the contribution to the field at P is given by
AH(P) = w-M(Q),
where W is the solid angle tensor or dyadic
i-¢ ﬁqvp(ﬂ%;) dag .
The point Q is on the surface S of the element and P is taken to be the
centroid of any element if one is forming the set of equations from whick M
is to be found. Or, having found M, P is taken to be any point at which
the field is desired. The vector ng is the outward normal to the surface at
the point Q . Contraction of the dyadic gives the solid angle
Wp = f; Hq'vp(gi;) dag,

which 1s equal to 4x if P is inside the closed surface or zero if P is outside.

(1)

(2)

(3)

(4)

(5)

(6)



On executing the gradient the solid angle tensor in dyadic notation becomes
== nr
= d
W fs —rg a, (7)

where T is the outward normalat Q, T is the vector from P to Q and r is |r].

III. Contribution to @ from Sides (a,b,c..) of the Prism
AT = ffE B Ean - fan [fﬁd_s—ﬂg)—‘] (8)

From this the tensor components are

Ause = [ db f L& BT = fdhfc Xy dy, (9)
Busy = fdh § <5 F-(85 = BNET = fang Lydy, (10
Awyy = fdhj_gr(dsxnrﬂ fhdhf_-gdy, (11)
Awyx = [ dh 55 —-I—g[]'-(ds « )[F-i] = _fdhp: Xy dx, (12)
Awyy = fdh _(ﬁ LB EF = _-fdhfc Lo dx, (13)
Aoy = fdn § LG @<= —fhdn§ —ydx, (14)
B = fdb § L E@ D=0, (15)
Ay = fdh § L E-@E < DIET =0, (16)
Buz = fdb § = [F-(d5 xDIEH] =0, (")
where
X = Xq=Xp, ¥ = Ya= Yo h=hqhp, 1= /X F ¥ F (18)

Individual Side Expressions:

Awer = dh f Xy dy = Sabc- Aunx(side) (19)

Buns(side) = fdn [ Xydy = f xdy fa}?[iﬁi_y?%] dh . (20)



For side a let
y=C+ 5x, (21)
where q, the transverse part of the Q(variable) point relative to the
P(fixed) point, ranges from (x;,y,) to (x,¥,). Forside b, characterized
by a different C and S, (x,y) will range from (x,,y,) to (xg¥3); etc.

Formulas will be given only for side a. The others may be obtained by induction. Thus

A9 h=h
: 1 2
Aw,(side) = hS [ —Fp=dx | . (22)
";; XtV T dhah,
Let
R =12=C24 h2 4 2CSx + (1 + S2)x?, (23)
And following G&R?2 2.252 also let
t=x 4+ T-%g? . (24)
Then Eq.(22) becomes
Aw, (side) = h5 f ok 1 X
‘[(ITSTIT + t2
{T+5%)2
. _ 8 h=h,
157 dt . (25)
Let: :
x=X, th=h,
Aw,(side) = (1, +1,) , (26)
x=X, 'h=h,
where I, is the integral associated with CSf(1452) in the numerator and
I, is the integral associated with t in the numerator. For I, G&R22.252
suggests the transformation
V= - ¢ . (27)

If a parameter r. is defined as

[ 2
w=] 24y - (28)



Appendix A indicates that

v-.-——SIgn[x+-1-g—§-2-] =S sgnb .

Application of Eq(27) to the I, part of Eq.(25) yields

1
Il = - 052 1 f 02 dV .

masye + 7
Then utilizing G&R22.124 and Eq.(29)

1 = —sgnb Fow
h|C| |C|r

Since only the principle value of the multivalued function is desired,

the arctangent function has the sign of its argument, thus permitting the
absolute value signs around h and C to be removed.

Hence

I, = —sgnbl%égtan'l E‘%

For I,, the t—term in Eq.(25), an expression in Appendix A indicates that

r?2 _ C?2 4+ (145%)h?
=T (Tt

would be a useful transformation.

Thus

L=3rre S | fr-mm) o= -3rw i ()

However [r+h/(r—h)] = [{r+h)2/(12-h2)]. But, since r>-h? does not contain h,

Eq.(26) indicates that it may be dropped.

Hence I, = —I%S.Z In(r+h).
Summarizing:
Aw, (side) = [— sgnb I%;T tan”! %

S Q=q2 h..—_h2
_T_S'Il r+h ] 1 .
+ n( ) =9, h=hl

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)



Next

= fdh gi Ly dy = Zabrc Buyy(side)
Auwy(side) = fdh f Ly dy
=fydy fag[if}tiﬂ%] dh .

Utilizing Eq.(21)
h=h
(side) = hsf —ijr—g%dx !h h”.
=

And following G&R2 2.252 use Eq.(24) to give

. hS 1
Aw, (side) = f x
Xy 4
[I+57)3 SER + 2

C
St —
I+3 dt

h=h,

FCTET T 357 VRS
| i v e
Hence
= h=h
A, fside) = (— &1, q2| !
Q=ql h=hl
Or
Aw, (side) = [sgnb T—SFS'I tan™ %
' h=h
g2 % 2
~ ln(r-{-h)]l l .
T+52 a=q, lh=h,
Next

Aw,, = fhdh § lErdy = Ta,bye.- Aw,,(side)

w (side) = fdyf—gdh_—fdyfah—[ ] dh .

Utilizing Eq.(21)

. %21
Aw, (side) = -5 f =dx

4

h=h,
h=h,

h=h,

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)



Then, from Eq.(23), and G&R?2 2.261

: S
Aw,(side) = — In [2 FI+57 0 + 2(1+82) x + QCS] ,
+

taken between the above limits. Replace {145%) x + CS by expression found in
Appendix A and suppress the factor 2 /T+57 in the argument since it is

independent of x and h to give

Q= h:h
Buglside) = (1) | |
C!=ql h:hl
where
Ij =~ S In{ r +sgnbr_).
+
Or
=4,  h=h
Aw,(side) = — —5In(r+sgnbr. )| | .
¥ 9=q, h=h,
Next

Since (xdx + ydy)/r® is integrable, subtracting Eq.(12) from Eq.(10) gives
Awy,(side) = Aw,,(side)

Next
Awyy = — f dh f Lo dx = Saybyc Auwyy(side)
Awy(side) = — fdh f Ly dx

_ df 1 h
=— ydx fag[ﬁx = ?] dh .
Utilizing Eq.(21)

h=h,
h=h,

. % 1
Aw, (side) = — hj;‘1 %‘r}%?dx

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)



Hence

q=q, Ih=h2

. 1 _
A, (side) = ( gl -1 ) | h=hl’

Q=q|
Or, comparing with Eq.(41),
. i h )
Aw, (side) = [—-— sgub T}_-s-gta.n ! +r d
g G9=9, h=h2
+ oy In(r+h ] ] I
+ ( ) qqu
Next
By, = —fhdh § 1y dx = BapeAuy,(side)

Awyz(side)_—.—fdxflr‘-gdh:fdxfa‘?[%] dh .
Utilizing Eq.(21)

Aw,,(side) = f

a

h=h2
h=h 1,

qhl—dx I

I

which on comparing with Eq.(45) gives
Aw,,(side) = -é- Aw, (side) .

QOr, from Eq.(49)

Q=q2 h:h2

h=h,

1

Aw,,(side) = In{ r + sgnbr_)

Q=q1

This completes the evaluation of contributions from the sides of the prism.

IV. Contributions to @ from the Ends (e,f) of the Prism .
&= ff 15K dxdy [+ sign for (e), —sign for (£)].

Since the contribution from (e) and from (f) are to be added the following notation

includes both ends.

AT(ends) = [ ff L& dxdy] "

h=h,

(54)

(55)

(56)

(67)

(58)

(59)

(60)

(61)

(62)



The individual components are

Aw, (ends) =0, Aw, (ends) =0, Aw, (ends) =0,
Aw, (ends) =0, Aw, (ends) =0, Aw,(ends) =0,

a h h
Buents) = [ ff Fpaway | | *= = [far f2fe] o] |}

} i 1

i k h
Bupyfends) = | ff Lydxdy ] h2 - [ fax f Bg[%] dy] hz,

1

Aw, (ends) = hff %3 dxdy ] :2.

Equation (67) is the only contribution to w,, and will be obtained from the

from the solid angle; hence it need not be evaluated here.

Comparing Eq.(65) with Eq.(45) and Eq.(49) shows that

Q=q2 h:h2
Aw,_ (ends) = — In( r 4 sgnbr_) I .
Q=ql hzhl
Similarly, comparing Eq.(66) with Eq.(57) and Eq.(60) shows that
Q=q2 h=h2
Aw, (ends) = In{ r + sgnbr_ ) ‘ .
L3‘l=CIl h::-..h1

This completes the evaluation of the contributions from the ends of the prism.

V. Summary

a) Composition of tensor.

£ll

XX Xy XZ
=) yx yy yz | +
0 0

ashicyes sides

0 0 0
0 0 0O .
ends

ZX 7y 2%
b) Symmetry of tensor.

wyx = wxy ’ ZX Xz ? Y yz '

(63)
(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)
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c) Irreducible components in order used in GFUN.
(h(].) = wxx ? ""(2) = wxy ) 43) = wxz 1
w(4) = wyy Wf5) = wy, .

d) Solid Angle{trace of matrix).

Afb) = w,, = ["‘ Wyx — Wyy + 47 P inside element]
- %mm T | — .

Wy — Wy P outside element

e) Terms in TERMS

Let

=44 h=h2

ofi) = O(i) .

(i=1:5)
=9

And
T,:sgnbta.n”'[h +1_ r‘:],
To=In(r+h),
Ty=In(r+sgnbr ),

G= —1 .

dfi:FS?
Then
O(1)=—82G2T,~ §G2T,,
O(2)= S$G2T,—$2G2T,,
0(3)= —SGT,,
O(4)= —G2T,+ SG2T,,
06)= GT,.

(72)

(73)

(74)

(75)
(76)
(77)
(78)

(79)
(80)
(81)
(82)
(83)



V1. Appendix A. Algebraic Equivalences.

All equivalences relate to points (x,y) on the line specified by

y=C+5x.
From Eq.(23)
= (159 s+ $E 4 008+ (03— el |
— 2 CS 1?7, C24(145)h?
Or = (57| | x+ gz | + 15T |

Concerning Eq.(28):

[ (o
— 2 .
rc—j x2 + ¥ 57

Note that x2 + y2 is the square of the distance from the origin to a point

on the line. Note also that C2f(1+82) is the square of the perpendicular

distance to the line. Thus, geometrically

02
x2+y22m2-.

The utility of r, becomes evident from the following observation:

(1+52) r2 = (14+5%)(x? + y2) — (y — 5x)?

= (x + Sy)2.

But

x+ 8y = (1452 x + C5 = g [ (1+52) y ~ C ] .
Hence, defining a and b for convenience,

b=(1+5%)x + CS, az=(145%) y-C.
From Eq.(A5)

{14+52) 12 = (x+5y)2 = b2.
Or

b=i‘/mzrc, a=23b.

11
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The ambiguous sign is to be resolved by computing the sign of b in Eq.(A7) or
its equivalent the sign of x + Sy in Eq.(A6). Thus

sgnb = sign(b) = sign(x+Sy). (A9)
Hence
Cs e
X+ = sgnb , (A10)
557
and
Sr
C c
y— = sgnb . (A11)
T+ T

All slopes § that are either infinite or zero must be replaced by finite numbers
such as 10*8 or 106 {o avoid numerical difficulties. The new FORTRAN

subroutine TERMS 1is available on request.
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