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Abstract 

A systematic study of potential long-baseline (distances >300 km) neutrino 
oscillation experiments performed with vr and ijp beams from the new Fer- 
milab Main Injector (<E,>= lo-20 GeV) is presented. The effects of matter 
enhancement are included if the oscillation is into the electron neutrino channel. 
We fmd that there are three key variables for such an experiment, the length 
of the baseline, the charged lepton energy threshold and the minimum measur- 
able oscillation probability. An advantage in one of these variables can easily 
be negated by a disadvantage in one of the others. Finally, for any long-baseline 
experiment at these energies to conclusively co&inn or refute the interpretation 
of the atmospheric neutrino deficit as neutrino oscillations it must have a low 
energy threshold and a low minimum measurable oscillation probability. 

1 Introduction 

The recent indications of & deficit in the v* flux of atmospheric neutrinos and the 
long-standing solar neutrino problem have motivated new searches for neutrino os- 
cillations with small neutrino Am” (< leV’).t’l The neutrino beams available from 

the Fermilab Main Injecto# will provide a unique laboratory for the study of such 
effects. They will be intense, well-understood beams with neutrino energies from 
lo-50 GeV and by constructing experiments at large distances (hundreds of kilome- 
ters) the experiments can probe regions of parameter space relevant to these puzzles. 
One feature of such experiments is that the neutrino beams would pass through the 
Earth’s crust, permitting matter-enhancement to a.fTect the oscillations. This paper 
addresses the physics accessible at such experiments and many details and references 
can be found in ref.[3]. 
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2 Review of Oscillation Phenomenology 

2.1 Review of Neutrino Oscillations in Vacuum 

The time evolution of an ultra-relativistic plane wave neutrino state propagating in 
vacuum with momentum K in the mass eigenstate basis is given by the trivial relation: 

b(t)) = 4(t) I4 + 44 14). (2.1) 

The Dirac equation for this state reduces to the following Schrodinger-like equation: 

.a 4 
% v1” = ( ) ( JK10+ g&$ (2.2) 

In the ultra-relativistic limit we can use the approximation that 

4s = (K+mf+/i) + + a($) 
where Ami e rni - rn: and the minus (plus) sign is for the 1 (2) eigenstate. Notice 

that in this expression (K + “:,krnc) is common to both mass eigenstates and can 
be removed by changing the overall phase of the neutrino state by an amount 

exp( i(K + 

After this change of phase the time evolution is governed by 

i$($)=;(-~ G)(Z). (2.5) 

In general the vacuum mass eigenstates are not identical to the flavor eigenstates 
but are related by 

($)=(S: f$)(;), (2.6) 

where 80 is the vacuum mixing angle. In this flavor basis the time evolution is 

i;( ;) =;( -$;;f;; $f;‘,;) (;). (2.7) 

From Eqs. 2.5 and 2.6 it is easy to calculate the probability of producing one 
flavor of neutrino V. at the source, letting the neutrino propagate to the detector, 



a distance L away, and then detecting the neutrino as a different flavor vb. This 
transition probability is 

Pas = sin’2Bo sin’ (,.,7A2 “) 

where Am& K and L are measured in eVs, GeV, and kilometers respectively (we 
use these units throughout). The experiments measure this probability and either 
measure a finite value for Pob or assign a limit Pd < Pm;,,; the value of P,,,i,,, the 
energy spectrum of detected neutrinos and the source-detector distance then define a 
region in the (sin’2&,, Am:) plane for each experiment. This Pm+., is the minimum 
measurable oscillation probability for the experiment in a given analysis mode. 

The size of P,,,i,,, or the limit in our ability to measure P,,b, arises from four sources 
(assuming the statistical errors are small compared to the systematic uncertainties): 
(1) the contamination of the beam with other neutrino species, (2) the fractional 
uncertainty in the neutrino flux calculations, (3) the knowledge of the experimental 
acceptance for the different neutrino species, and (4) backgrounds to the vb signal. 
Then for large Ami an experiment can explore any 

sina 2& 1 2 P,;,. (2.9) 

The factor of two comes from averaging the sin’ (1.27AmzLIK) term in Eq. 2.8. 

For sina 260 = 1 the limit on the mass difference squared is 

Ama > d?iiK 
O-1.27L’ 

(2.10) 

assuming P,,,in << 1. Note the momentum factor in the numerator as this will be im- 
portant to us later. For smaller sin’ 280 a good approtimation to the probability con- 
tour is a straight line with slope -l/2 in a log-log plot in the (sin’ 28,,, Am:) plane 
until this line intersects the vertical line from Eq. 2.9. In Fig. la this region is shown 
for a neutrino momentum of 30 GeV with L = 6000 km and P,,,;, = 3%. 

2.2 Neutrino Oscillations in Matter 

The effect of matter on the neutrino evolution is seen easily in the flavor basis. The 
electron neutrino can elastically forward scatter off the electrons in the matter through 
the charged current interactioni whereas the muon neutrinos cannot. The term that 
must be added to the top diagonal element of the evolution matrix in Eq. 2.7 isr5] 

+ 4 GF Ne. (2.11) 

Once again it is convenient to make the diagonal elements of the evolution matrix 
equal in magnitude but opposite in sign by changing the overall phase of the neutrino 



AmP(eVe) 

10-Z 10-l 100 10-Z 10-l 100 10-Z 10-l 100 

sin2 ae sin’ ZB sin= 28 

Figure 1: For a 30 GeV neutrino beam the solid curve represents the parameter 
range accessible for a 6000 km experiment with Pmi, = 3%. Part (a) is the vac- 
uum experiment using the variables (sin’28 0, Am:) or the matter experiment in 
the variables (sins MN, Am&) . Fig. (b) is the matter experiment in the variables 
(sins 280, Am;) and (c) is the same as (b) but for an antineutrino beam. The dotted 
curve is explained in the text. 

state by 

Then the neutrino evolution equation becomes 

-$$-cos2eo + JZG~N. +$sin 28a 

$&in 2& ~cos2e0 - fiGF~. 
(2.13) 

If N. is a constant or simple function this evolution equation can be solved analyti- 
cally; otherwise it must be integrated numerically. 

For uniform matter the matter mass eigenstates are the natural basis. They are 
obtained by finding Am& and e, such that 

Am& 
- cos 28N = 

Am” 
2K 

-2 ~0~28~ - ~32~~. 
2K 

A& 
N sin2eN = +i 

2K 2K 
sin26c , (2.14) 



where 6’~ is the matter mixing angle that determines the matter mass eigenstates in 
terms of the flavor eigenstates: 

($)=(-y:;: :::)(;$ (2.15) 

The resonance density is the density which makes the diagonai elements of Eq. 2.13 
zero and hence maximally mixes the two neutrino species, 

and 

N 
e 

= Am: COS 28. 

2KfiGF 

The time evolution in terms of these mass eigenstates is: 

g$)=;(-F G)(S). 

(2.17) 

(2.18) 

From Eqs. 2.15 and 2.18 it is easy to see that the form of the transition probability is 
the same as before (Eq. 2.8), but with the matter angles and matter mass difference 
squared replacing their vacuum values: 

p.,b = 8ina28N Sin’(1.27 
“2 5. 

In terms of these matter parameters, (sins 28~, Am&) the limits on the experi- 
ment are the same as before: 

sin” 28, 2 2 P,i,i,, (2.20) 

and 

Am:, 2 dEZK 
1.27i;’ 

(2.21) 

In terms of the (sins 280, Am;) plane we have to use Eq. 2.14 to make the transfor- 
mation between the two. This is straightforward except in the case that cos2BN is 
negative. This occurs when the number density of electrons is larger than the res- 
onance density of Eq. 2.17. Fig. lb is what happens to the region of Fig. la if we 
assume v,, ++ V. oscillations using an average Y.p = 1.9 gem-s and L = 6000 km. 
Starting at the top of the figure using cos 20 N > 0 then the points 1 thru 4 in 
Figs. la map into the corresponding points in Fig. lb. Similarly the points 4 to 2 in 



Fig. la with cos 28N < 0 map out the lower section labelled 4 to 2 in Fig. lb. The 
dotted line in these figures is the condition Am1 cos 28 = 2K ~~GFN.. 

If we fix the detector distance L and the minimum measurable probability P,,,in 
but vary the momentum K the plot is scaled up or down without any change in shape. 
This is because the bulge on the left of the plot is caused by the mass difference being 
close to the value needed for resonance 

Aml = 2K ~GFN. 
0 cos2eo . 

(2.22) 

This Ami scales with momentum in exactly the same way as does the minimum Ami 
of Eq. 2.10. The size of the bulge is determined by the distance between the source 
and the detector and the number density of electrons in the mantle of the Earth. 

2.3 Anti-Neutrino Oscillation Experiments in Matter 

For anti-neutrinos propagating through matter, the situation is the same as for neu- 
trinos but with 

d5GF N. ---+ -JZGFNe. (2.23) 

Fig. lc is the same as Fig. lb except for anti-neutrinos instead of neutrinos where 
cos 28N is always greater than zero. We have implicitly assumed Ami is positive; if 
it is negative then the roles of neutrinos and anti-neutrinos are reversed. 

3 Results and Conclusions 

A detailed evaluation of the systematic errors in long-baseline oscillation experiments 
is beyond the scope of this paper. Our approach has been to assume a minimum 
measurable oscillation probability, P,,,i,, and calculate the attainable limits. P,,,;, 
will vary within the same experiment depending on the method used to determine if 
oscillations are present, from disappearance to appearance experiments in the same 
detector and between detectors. 

We have calculated the limits with Y,, and D,, spectra given in ref.[2]. The neutrinos 
and anti-neutrinos then produced charged leptons through charged-current interac- 
tions using the appropriate y-distribution for deep-inelastic scattering.171 

The acceptance for charged leptons is a complicated and experiment-dependent 
quantity. We modeled it with a e-function; if the charged lepton energy was less 
than 5, 10, or 20 GeV (each of three cases) the charged lepton was considered lost; 
for energies greater than the appropriate value the acceptance was assumed perfect. 
For this analysis the hadron shower was assumed to be unobservable. The neutrinos 
oscillated according to Eq. 2.13 and a grid of probabilities was then calculated, leading 



to the contours. We have included the effects of the varying density of the Earth@] 
by integrating this equation over the chords of interest; Ap/p < 15% and the effects 
are small when compared with the constant density approximation. 

We first present the results for vr +-+ v7 oscillations. Since these oscillations 
are unaffected by matter-enhancement, the contours scale in a simple way. We plot 
v,, t+ V, contours at 600 and 6000 km for P,,,;, = l%, 3%, and 10% in Figs. 2 and 
3 for neutrinos and anti-neutrinos respectively. These figures are very similar but 
differ slightly due to different spectra and y-distributions for the neutrinos and anti- 
neutrinos. 

*in* 20 s/n2 20 sin2 28 

Figure 2: The excluded region in the (sin’ 28 0, Am:) plane for v,, ++ V, for L = 600 
and 6000 km with Pmi,, = 1,3 and 10% and muon-detection thresholds as shown. 

The results for v,, t+ V. oscillations at 600 and 6000 km are shown in Fig. 4 for 
neutrinos and Fig. 5 for anti-neutrinos. We see immediately that for a given exper- 
iment the region of sensitivity is enlarged due to matter enhancement for neutrinos 
and reduced by matter enhancement for anti-neutrinos. Both of these effects could be 
investigated in an appropriate experiment. However, the statistics of an anti-neutrino 
run would suffer from the smaller cross-section (uP/ay E 0.5) and from a less intense 
fi,, beam; hence an anti-neutrino experiment would need to run for six times as long 
as its neutrino counterpart to achieve the same statistical power. 

There are a number of proposals[8] t o d o a long baseline search using a new neu- 
trino beam from the Fermilab new main injector. Any of these experiments would 
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Figure 3: The excluded region in the (sin’ 28 o, Am;) plane for P,, t-t & for L = 600 
and 6000 km with P,,,i, = 1,3 and 10% and muon-detection thresholds as shown. 
This plot is marginally different from Fig. 2 because of the different y-distributions 
and spectra for neutrinos and anti-neutrinos. 

clearly confirm or refute the neutrino oscillation hypothesis as the cause of the atmo- 
spheric neutrino result. The region favored by this hypothesis is Am; - 0.03 eV’ 

with a large mixing ax~gle,[~] well within the sensitive regions discussed here. 
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Figure 4: The exclusion region in the (sin’ 28 0, Am;) plane for v,, +-+ v, oscillations 
in the Earth for L = 600 and 6000 km with I’m<, = 1,3, and 10% and muon-detection 
thresholds as shown. 
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Figure 5: The exclusion region in the (sin’ 20 0, Am:) plane for fiP ts tie oscillations 
in the Earth for L = 600 and 6000 km with P,,,in = 1,3, and 10% and muon-detection 
thresholds as shown. 
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