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Abstract 

A special set of quark -II matrices favored by the hadronic flavor-changing data 

and yielding a top quark maas near 135 GeV is used as input for the leptonic Dirac 

mass submatrices. A lower bound of si1?20~~ = 0.0193 emerges, which implies a 

signal less than 25 SNU in the nonadiabatic MSW region for the solar neutrino gallium 

experiments. By varying the heavy Majorana man8 input, we obtain allowed regions in 

the Am& vs. sina 2&a plot which favor a tau neutrino mass in the range 12-120 eV in a 

very narrow mixing-angle band at 0.0037 or 0.15-5 eV for the 0.004 6 sb? 26’2, & 0.13 

range. 
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In a series of papers,’ the author has pursued the subject of quark mass matrices in 

an effort to find a set which can simultaneously fit all the known data on flavor-changing 

processes. The data include information on the Cabibbo-Kobayashi-Maskawas (CKM) mix- 

ing matrix elements, the ratio /I’,,/&, entering charmless decays of B mesons, the J-value 

associated with CP-violation which is proportional to the area of one of the unitarity mixing 

triangles, & - & mixing, the K meson bag parameter BK which enters the theoretical ex- 

pression for the indirect CP-violation parameter EK, and the direct-to-indirect CP-violation. 

parameter ratio, e”/~. To achieve a good fit to all this data, it was found necessary to consider 

a more general set of quark mass matrices than that proposed by Fritzsch,3 but one can still 

maintain the spirit of hierarchical chiral symmetry breaking, to wit: 

0 A D 0 A’ D’ 

Mu= AEB IT MD = 

( 

A” E B’ 

D’ B C D,. B,. C’ 

with the relaxed hierarchies 

0 s I4 PI, IEI a PI -=x C 

0 S IA’J, ID’\, IE’\ < IB’l <<C’ 

(la) 

(lb) 

The top quark mass spectrum obtained through a search of the parameter space exhibits 

two peaks with the prominent one centered at 135 GeV, in good agreement with the top 

quark mass predicted by several authors’ on the basis of neutral-current radiative corrections. 

Moreover, one very special set of matrices was found’ which fits all the data remarkably well 

with only 6 real parameters 

M”=(i i i), MLJ=[!~ : z) (2) 

but only in the peak region from 130 - 135 GeV. In contrast, the Fritzsch matrices fail to fit 

all the data and, at best,’ yield a top quark mass S 100 GeV. 
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In this paper, we extend our analysis to the lepton mass matrices as suggested by grand 

unified modelse based on SO( lo), flipped SU(5) x U(l), and SU( Xi), for example. In doing 

so, we shall adopt the quark mass matrix forms in (2) a ove for the lepton Dirac submatrices; b 

the Majorana submatrices are specified below. We generalize Jarlskog’s projection operator 

technique7 to this situation in order to compute the squares of the mixing matrix elements 

with high accuracy. 

The appearance of Majorana contributions to the neutrino mass matrix requires that we 

deal with 6 x 6 matrices. It suffices’ to set the lefthanded Majorana neutrino entries equal 

to zero, since the standard model has no Higgs triplets, while the righthanded Majorana 

neutrino terms can arise from couplings to Higgs singlets or from bare mass terms in the 

fundamental Lagrangian; for simplicity we choose the submatrix to be diagonal. Thus in the 

bases EL = (Fir, (9;)~}, BR = ((v~)R, v;n) and likewise for the charged leptons, the mass 

matrices have the following forms 

MN= (;: ;L), Mz=(;; 7) 
for neutrinos and charged leptons, respectively. We shall identify the forms of the Dirac 

submatrices according to 

MN = Mu, Mr=Mn (4a) 

and take the righthanded Majorana matrix diagonal and equal to 

Dr.r = diag(Dr, Ds, 0s) (4b) 

The matrices in the weak basis in (3) are related to the diagonal forms in the mass basis by 

MM = ULDNUR, Mr. = UZD U’ z R (5a) 

in terms of the four unitary transformation matrices Uz, U,, CT; and VA, and the diagonal 
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mass matrices 

DN = diag(X1, As, &I, b, AS, h.), Dz = diag(& A;, A;) PI 

where the X, and Xi are the neutrino and charged lepton masses up to a sign. 

The charged-current interactions involve just the lefthanded neutrinos and charged lep- 

tons in the weak basis, so in terms of the mass eigenbasis, the counterpart of the quark CKM 

mixing matrix is 6 x 3: 

(VCCKM)oj = (uZ)cai( G+)ijv a=l-6; i, j = 1,2,3 (6) 

In order to calculate the squares of the mixing matrix elements, we generalize the projection 

operator technique of Jarlskogr and find 

I( Vc~M)aj12 = Tr [P-P;] = (Prr)kl(Pjl)Ik (74) 

where 

(Pa)kl = ( udkf3(PD)d UZh, 

Pm = n (X-,1 - MN)/ n (Jb - A,) Vb) 
72” 6#- 

P,! = ITJ;~P'~U; = n(X;I - Mz)/ n(A; - A;) (74 
k#j l#j 

and PD and P'D are the diagonal projection operators. In writing these expressions, we 

have explicitly made use of the fact that our matrices MN and Mz are Hermitian, so that 

we can take U, = UZ and Uk = UL to diagonallee the matrices. The trace expressions 

are calculated analytically through use of MACSYMA and then evaluated numerically in a 

FORTRAN program. To achieve sufficient accuracy (1 part in lOs), we have used quadru- 

ple precision on a VAX computer to calculate the mass eigenvalues X, and Xi from the 

characteristic equations. 
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We begin our search by determining the charged lepton parameters uniquely to be 

A', = 0.007576, B; = 0.4181, CL = 1.686GeV @a) 

from the known charged lepton masses and the invariant properties of the traces and deter- 

minant relative to the weak and mass eigenbases. For the special set of quark mass matrices 

in (2) above with mt = 133 GeV for the best fit to the flavor-changing data, the 6 parameters 

in Mo and MD are determined at 1 GeV to be 

Arr = 0.0755, Bu = 17.54, CIJ = 213.6 GeV 
(8b) 

AL = 0.0274, BLJ = 0.6782, CL = 5.214 GeV 

If we neglect the small running effect of the Yukawa couplings, the charged lepton and down 

quark parameters are scaled by 

AL/AI, = 3.62, Bb/B; = 1.62, c#2; = 3.09 (‘34 

As a starting point, we then note that the neutrino parameters scaled in the same fashion 

are given by 

AN = 0.0209, BN = 10.83, CN = 69.13 (84 

The diagonal Majorana entries in DM remain completely undetermined; however, the 

well-known seesaw effects for the neutrino mass matrix MN implies that if all entries in MN 

are increased by a factor of 10 and the diagonal entries in DM are increased by a factor of 

100, the light neutrino masses remain unchanged. Moreover, the mixing matrix elements V-j 

are unchanged. Thus in our search of solutions for the masses and mixing angles, we have 

the freedom to fix CN = 69.13 as in (Ed) above and to vary only AN, BN and all three Di. 

Our first important observation is that the mixing element VI, G V.,, is totally insensitive 

to the choice of the Di's over an extremely large range. Contours in the AN vs. BN plane 

thus correspond to lixed VI,. In fact, we find a minimum value of VI, such that 

sins 2&s N 4Vlt 2 0.0193 (9) 
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In Fig. 1 we have plotted Am!, vs. sins 2&s/ cos 2&s in the Mikheyev, Smirnov and 

Wolfenstein’e (MSW) region, superimposed the solar neutrino capture rate contours” or 

“isoSNU’s” for gallium, and imposed the constraint in (9). The interesting conclusion is 

that the maximum capture rate in the nonadiabatic MSW region is expected to be smaller 

than 25 SNU. The preliminary data from the SAGE experiment’s are quite consistent with 

this observation. 

Let us now fix V,i N sin’ 6’1s = 0.00485 and adjust Am:, G m: - m2, so that the point 

lies in the narrow allowed nonadiabatic MSW band corresponding toI3 

A& sins Bts = 1.0 x IO-’ eVs (10) 

i.e., Am:, _ N 2.06 x 10-s eV’. If we do this by taking all Di comparable while moving along 

the fixed VA = 0.00485 contour in the AN vs. BN plane, we traverse the solid curve in the 

Am:, vs. sins28ss plane in Fig. 2a. On the other hand, the point (V;l, = 0.05, Am:, = 

2.0 x 10-r eVs) in the nonadiabatic MSW region corresponds to the dashed curve in Fig. 2a. 

Actually, only the points to the right of the short vertical dotted line at sins 2&s = 0.0055 

satisfy the hierarchy condition BN/CN < 0.20. Thus the region of interest in Fig. 2a is 

essentially bounded by the solid, dashed and dotted curves, where the closely-spaced dotted 

curves represent bounds on the excluded region from the ES31 experiment” at Fermilab and 

CDHSW’s at CERN. By choosing the parameters AN, BN and CN equal to those in (Ed) 

for which Vta = 0.00488 and again adjusting the comparable heavy neutrino masses.Di’s SO 

that the point lies in the nonadiabatic MSW band with Am& = 2.05 x 10-s eVs, we obtain 

the point indicated by the cross in Fig. 1, as well as the corresponding point in Fig. 2a. 

Alternatively, we can explore the dependence of Am:, and sin’ 282s on the parameters 

D;. For this purpose, we set V,, - s - 0.00485 at its minimum value again with Am:, = 

2.06 x lo-* eVs. We then run through the appropriate contour in the AN vs. BN plane for 
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the cases 

(1) D, = lOaD = 1O’Ds (upper dot - dashed curve) 

(2) D1 = 1ODs = 1OsDs (upper dashed curve) 

(3) DI - Da - 03 (solid curve) (11) 

(4) 1OsDr = 1ODs = Da (lower dashed curve) 

(5) 10’01 = lOaDz = 03 (lower dot - dashed curve) 

where the description for each case pertains to the curves in Fig. 2b. The dotted curve again 

gives the loci of points interpolating the 5 cases above for which BN/CN = 0.20, whereas 

the closely-spaced dotted curves again represent the present experimental bounds from E531 

and CDHSW. The regions of interest in Fig. 2b then lie between these two sets of dotted 

curves. There is a very narrow allowed band lying along sin’ 26’1s = 0.0037 with tau neutrino 

masses in the range 12 s m, s 120 eV. The considerably larger allowed region occurs with 

0.15 g m, s 5 eV, and 0.004 & sins 2&s s 0.13. 

We close with the following observations: 

1) Although the charged-current CKM mixing matrix for leptons is 6 x 3, for all practical 

purposes it is a unitary 3 x 3 matrix as the small entries coupling the heavy Majorana neu- 

trinos to the charged leptons are at the level of 10-s or smaller. 

2) The VI, element is basically dependent upon the ratios BN/CN and AN/CN and is inde- 

pendent of the heavy Majorana entries Di. We find a lower bound on sins 201s leading to an 

upper bound on the solar neutrino capture rate in gallium of 25 SNU in the nonadiabatic 

MSW region. On the other hand, V& does depend on the values of D,, Dz and Ds, especially 

for the situation where D1 << Dz << Da, For D1 - 1)~ - 03 or the inverted hierarchy, the 

mixing matrix is essentially determined by the 3 x 3 Dirac submatrices MN and Mr. 

3) A relatively “large” 30 - 100 eV tau neutrino mass responsible for closing the universe 

can only exist if the heavy Majorana mass hierarchy is inverted with D1 X 3001 X 10000s. 

The probability for a solution in this region is relatively smsll, however. 

4) The 0.15 s mv, ,sG 5 eV mass range is much more likely. The median heavy Majorana 
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mass lies in the range (1 - 5) x 1012 GeV. The range for my+ in the nonadiabatic MSW 

region of interest is (1 - 14) X lo-’ eV, while my, ranges over lo-‘s - lo-’ eV. 

5) It is apparent from Fig. 2 that great effort should be made to extend the excluded exper- 

imental region by one order of magnitude with an upgraded version of E531, for the chances 

of discovery of neutrino oscillations are large. Such is not the case for the Am& vs. sins 281s 

plot which is not shown. 

6) Of course our precise results rely on the simple form of the matrices in (2), but they 

provide a good representative picture of the situation. We stress that these matrices explain 

all the hadronic flavor-changing data remarkably well with a top mass in the most probable 

range of 130 - 135 GeV, in good agreement with the neutral-current radiative corrections. 

The heretofore-preferred Fritssch matrices, on the other hand, fail badly even though they 

have two extra parameters which can be adjusted. 

The author benefitted from several useful conversations with Stephen Parke and thanks 

him for supplying his updated solar neutrino capture rate contours for gallium. The author 

also acknowledges the kind hospitality of the Fermilab Theoretical Physics Department. 
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Figure Captions 

Figure 1: IsoSNU contours calculated by Parke and Walker for the gallium experiments 

superimposed on the allowed MSW region indicated by the closely-spaced dotted 

points. The vertical dotted line marks the lower bound on sin’ 2fl11 found in our 

model. The cross indicates the point obtained by the parameter set (8d) when 

constrained to the nonadiabatic MSW region by an appropriate choice:ofheavy 

Majorana masses. 

Figure 2: Contours m the Am:, vs. sin” 26’1s plane for fixed Am& and sin’ 2&s in the 

nonadiabatic MSW region, with the ratios AN/CN and BN/CN and the heavy 

Majorana masses varying along the curves. In (a) the Majorana masses are 

taken nearly equal and the solid curve refers to Am& = 2.06 x 10-s eV1 and 

sina2811 = 0.0193, while the dashed curve refers to Am:, = 2.0 x 10m7 eVs 

and sin’81a = 0.05. In (b) the Majorana masses are scaled according to the 

convention given in (11) with the first choice of points in (a). The dotted curves 

represent lower bounds for a reasonable hierarchy of parameters (BN/CN < 

0.2). The closely-spaced dotted curves represent the upper bounds from the 

E531 and CDHSW experiments. 
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