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I. INTRODUCTION

Almost every large gravitational lens consists of many small clumps of matter that
are distributed within the large lens in a more or less random fashion. Each such clump
acts as a gravitational lens on its own right. If it happens that such a clump is on the
way of the rays forming one of the macroimages, than it should amplify its brightness.
Such an amplification may be observed as a sudden change in brightness of this image.
On the other hand, one needs to know what is a likely difference of the brightness be-
tween macroimages due to the microlensing. Such information is necessary to properly

reconstruct the distribution of matter in the large lens.

It is clear that any theory of microlensing must be statistical in nature, since the most
one can hope for is to know the statistical distribution of matter in the large lens. One
would like to find a direct relation between the statistical properties of the matfer distri-
bution and the distribution of images. So far two approaches to this problem have been
tried. First, one can do Monte Carlo simulation of the matter distribution and compute
the illumination of the observer plane by numerically integrating the ray equation sufficient
number of times (Paczyniski and Wambsganss 89, Wambsganss, Paczynski and Katz 89).
This approach is very straightforward and gives the only chance to check the details of the
distribution of images, but it requires a rather {ormidable numerical work. Also, to use it
effectively, one would like to have some statistical measures of the resulting distribution
of images. The second approach is based on the ides of treating the microlensing as a

multiple scattering problem. (Katz, Bnlbus and Paczyriski 86, Deguchi and Watson 88).

In this paper I would like to present the third method. This method leads to a very
direct relation between the statistical measures of the matter distribution and the statistical
properties of the images. The two required assumptions are that the matter is distributed
in a random way and the lens is far away, so that the paraxial optics applies. The method
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is hardly new - it was developed some thirty years ago by Longuet - Higgins (Longuet -
Higgins 56,58,59,60a,b,c) for the problem of the statistical distribution of the reflexions
of the sunlight from the surface of water. The present paper relies very heavily on his
work, in fact it would have been unnecessary to write this paper, if people interested in
the gra.vit‘ational lensing had been aware of the Longuet Higgins work. In the paper, I do

not give detailed references to his work, but one should be aware that most of these results

are his.



II. FERMAT PRINCIPLE AND THE SURFACE OF TIME DELAY

It is a rather easy exercise to derive the lens equation for a thin lens using Fermat
principle. (Blandford and Narayan 86, Schneider 84, Blandford and Kochanek 87). The
geometrical relations are shown in the Fig. 1. The time required for a light ray to travel
from the source to the observer through the point £ in the lens plane can be written as a

sum of two terms. The first is the geometrical length of the path

cigeo =

(14+22)Dos,. 2
A- T ALl e 1

and the second is due to the gravitational time delay

ctgray = —2(1+21)7 [ de(s), (2.2)

where ¢(s) is the newtonian potentiel along the ray, zg is the redshift of the lens. Assuming
that the lens is thin and projecting matter density on the plane of the lens, one can write

Clgrav 88

ctgrar = ~4(1 + 21)5 [ o'2(e" loglz - 7). (2.3)

- - - :
It 15 convenient to introduce * = r%%‘%g;(ctseo + clgrav) and Loy = ZR;D%%BE' Zerit

is the uniform surface density required to focus rays on the observer. Now I introduce

% = £/8.t, and the surface of the time delay 7 is

(&7 = LF P -1 / 22! (=) log(15 — ). (2.4)

Now, I define $(£) = L f d%2'£(z')log(|5 — #']). Since Alog(z) = 2§(2}(z), the potential
1) satisfies two dimensional Poisson equation

£9(3) = 25(3). | (2.5)

Finally, it is convenient to rescale the coordinates in the lens plane by the characteristic
size of the macrolens L, and introduce % = %/L%. Now the equation of the surface of time
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delay is
##,7) = §(Z - % - (@), (2.6)
where all variables are dimensionless. Since now I drop the tilde to simplify notation. One

can make the notation even simpler by introducing z' = # — 7. I do that, and drop the

prime.

The Fermat principle says that the images are formed at the critical points of the

surface (7, 7)

Ver(£,7) =0, or Vy(z)=12. (2.7}

The intensity of the images depends on the external curvature of the surface 7(Z,7) at the
critical point. The intensity is highest when a caustic is formed, that is when the hessian
at the critical point vanishes. In other words, the determinant of the tensor of external
curvature vanishes. Consequently, one would like to know the statistical distribution of

the critical points of 7(Z,7) and the distribution of the curvature { at these points.



ITI. MODELS OF THE SURFACE DENSITY

The only essential requirement that E(z) must satisfy is that it is random. It also
must vanish for z >> 1 quickly enough so that the integral of X over the entire lens plane
is finite. The simplest possibility iz to assume that T is a superposition of plane waves

with random phases
2(e) = o j d*ka{jk) sin(k - 5+ €), (3.1)

where ¢ is selected from the interval (0, 2x) with a uniform probability. I assume that a(k)
depends on the lengtih of the wave vector only. This assumption is not necessary, but it

simplifies the algebra very much.

The more realistic assumption is to take I(r) = ¥, f(r — ra), where f is a function
that specifies the density profile of the micro lense and {4} is a set of random positions.
Instead of trying to write all formulae in the most general fashion, I take f to be a gaussian

function, so that
M

2
[~ r—-r
(r) = —-*26"2 R ) 282") (3.2)
n=1

Now I can take both oy and r, to be random variables, but to make things even simpler
I assume that all on are the same. I also assume that 7, heve random directions, selected
in an isotropic way, while the magnitude of r, is chosen according to a given probability
distribution A(r). The function A(r) should be chosen in such a way, that the density

profile of the macrolens is reproduced, and is normalized so that 2x fol drrh(r) = 1.

Having decided what the surface density is one can immediately write the corresponding

expression for the potential 1, since it is related to £ by the Poisson equation. So I have

/d2 a(k —Lsin(k 7+ €), (3.3)



for the superposition of plane waves, and

oM k6 .
P(r) = > Z /dzk—kz— cos(k - (7 — 7). (3.4)
n=1

for the superposition of gaussian fluctuations. -If the distribution of gaussian peaks is
uniform in the plane of the macrolens, then A = 1/x. It is more realistic to assume that
the gaussian peaks are distributed uniformly within three dimensional, spherical matter

distribution, so that for the projected density of gaussian peaks I have h(r) = 25; (1-r2).

In many situations one may be interested in the lensing due to & surface density T that
can be written as a sum of a regular, smooth component £, and a random E,. Since the
Poisson equation is linear, one can write ¢ = Y&+ ¥r and redefine the vector # — #+ Vs,
so that only stochastic part ¥, plays any role in the analysis of the statistical properties

of the images.



IV. STATISTICS OF THE CRITICAL POINTS

In this section I want to derive the formula for the number density of the critical points
and the their total number. The crucial ingredient in this calculation is the fact, that ¥(z)
is a sum of many stochastic terms. According to the central Limit theorem, the distribution
of all quantities formed from (z) by linear operations is normal. I denote & =z 10,9,
o=y 10y, & = 82,9, &4 = %9, &5 = 82,3). The distribution of £; is

Bl

e L (41)

where A = det@, 9;; = ({;{;), aud M@ = 1. So I have to calculate the required correla-
tions ({;¢;)- The calculation is very simple, in particular for the first model of the surface

density. One gets
m

—1
S (4.2)

11 [ a?(k)
(€1€1) = ;55;/0 dk—— =
(£282) = %}l, and (£1£9) = 0. The correlations between the first and second derivatives of
+ all vanish. Next
3 [= 2
(esta) = gz [ akka’(®) = my, (43)
0
1
and (€4€4) = m1, (€ss) = (€s€a) = §my. For a(k) = o(k6)™2e~2* the moment m; =
3(m + 1)lo2 /(87 62).

The structure of the correlations matrix is the identical for the second model of the

surface density, but the expressions for the moments m_; and m; are different

GIM2E (o o~k
m_y= 2N fu a1k, (4.4
34‘.’!'21‘42 0 —k253
my = 222 /0 dkke=* I(k), (4.5)
where
1 2
I(k) = [2#/ rdrh(r)Jo(kr)] . (4.6)
0
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(Jo(z) is the Bessel function.)

The matrix of correlations has a block diagonal form, sc the probability distribution

factors

p(&1---€5) = p(€1,2)P(£3, €4, E5), (4.7)
2 2,2
pler, ) = Y e (S TVG) (4.8)
Zrm_3 2Zm_
and
1

p(€3,£4,65) = @A exp — g M;;€it;. (4.9)

where i,j = 3,4,5, A = ;ym}, and

3 (3 -10
M=—{-1 3 o
8mi\ o o0 8

Now I am interested in the number of points with a specified values of £ and £3 in the

cell dzdy. It is given by the expression

n =p(61,62) [ dhsdtedbon(én,ato)

=p(€1s€2) 1 1
lzyl (2x)%2 VA

The next step is to evaluate this integral. There are two quadratic forms present in this

3(51’52) '
a(z! )

(4.10)
jdfad&dfs ](fa —1)(¢ — 1) — €3] exp ~ 3 Mij8:¢;

integral. It is possible to make a linear change of variables {; = a;;%;, such that both forms

are diagonalized \
M;i&it; =nt +n} +n}

, \ (4.11)
Qijéils = €aba — €3 =lini + lam] + Lam3,
where the numbers [; are the roots of the equation
det() — IM) = 0. (4.12)
They are [; = m1(§, -—%, —%) The roots satisfy the following relations
hilgly = %A,
Lh+la+1l3=0, (4.13)

Wil +l3ls + I3y = -%m% = "“%H&
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and |8(¢;)/8(n;)} = Al/2. One cen also prove that
(63~ )& ~1) = & = D_1(n +5), (414)
J

where in general
aaj + 043'
yj — ——-Ei;.—_- )

but in the isotropic case y; = —;—}- and yo = y3 = 0. Therefore
1

. o ® P o
n= Izylp(t‘l,fz)(z’r)m f / _/ __ dnudnzdng ;[J(nj-{-yj) 7, (4.15)

One can check that without the modulus sign, the integral over ; gives 1; adding such an

integral to both sides of the equation above and integrating over dzdy I get

2 -39
N+l =(_27)'575/ / ./ dmydnydny Y 1i(n; +y;)7e 27, (4.16)
j

where the integral now is over the region in the 5 space, such that the expression under
the sum is positive. One can easily seec that this region can be parametrized by
viim +tyn) =7, —oo<r<+too,

-|12]q2 =rsinfcosg, Q<< %'ﬂ',

|l3ln3 = rsinfsing, 0 < ¢ < 2w

The integration is now straightforward and the result is

4my 1
N=14 — _— 417
Inserting the moment m; of the superposition of plane waves, one gets
1.2 2
N=1+ (m+1)le 4ré (4.18)

2362 P T 3(m+1)e?
In the Fig.2 and Fig. 3 I plot N as a function of oM for several values of §, both for
the uniform distribution of gaussian fuctuation in the plane of the macrolense and in the
sphere of the macrolensing object. The number of images decreases when § increases. This
seems cc;rrcct: when & is small the potential 4 changes on smaller scales and the chance

of finding a critical point increases.
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V. DISTRIBUTION OF THE CURVATURE

There are two measures of the curvature of the surface T
J(r) = Vir = k1 + K2,
(s.1)
2(7) = Hess(1) = K12,
where x; are the two principal radii of the curvature of the surface 7. One can easily check,

that Q(t) = 1 — J{¢¥) + Q). I J(¢) end Q(¢) are not correlated, I can compute their

distribution separately.
J{(¥) is a sum of two random variables, so its distribution is normal.
(7% = §m
§0

3 3J2
*my P 16m;

PJ) =3 (5.2)

Since the gradient of ¥ are not correlated with the second derivatives, p(J) gives the correct

distribution of J at the critical points.

The distribution of (1) is more difficult, since there are no reasons to expect that
this distribution is normal. The trick is to use the characteristic function (Fourier trans-

formation)
o0 3
#(t) = / p(f1)eMMda. (5.3)
-0
Now, I can use the variables 7); defined in the previous section

p(()) = p(lan} + land + l3n3). (54)

The 7n's are independent stochastic variables, so the probability of their sum is a product

of probability for each n;

p(lin? + Ian + i3n8) = p1(m)p2(n2)p3(n3), (5.5)
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where
1 )

P:’(Th') = \/z—we—gn‘

The corresponding distribution for the variable x; = Ilrff is

1{x<0

p(x1) = {

and the expressions for the probability distribution of x5 and x3 are similar. Now I can
easily compute the characteristic function of p{x;)
[+ ] i1t
ait) = [ str)entan
'°°1 (5.7}
V=2t

and the characteristic function of the p{Q) is the product of ¢;

1
V1 3HE2 + 2iAt8

o(t) = (5.8)

Defining A = 2A/(3H)%2 and w = 01/+/3H I can write find the probability distribution of

curvature as

+ioc0 a—aw
(2(y)) = AE T
=———f(w,)l).

v3H

The function f(w,)} cannot, in a general, be calculated ansalytically. However, in the
present case the two negative roots of the the expression under the square root coincide

and the calculation is very easy

fw<0

@) —=f*"{eﬁc (V3E). itu>o (s10

f(w) has & very sharp peak at w = 0 and is not symmetric around the maximum.

If J(¥) and (%) are correlated it is necessary to compute Q(7) directly. Besides,
such a calculation should be useful in any case and is not much more difficult than the
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computation of the distribution of f2(y). Using the 7; variables and restricting myself to

the case of an isotropic matter distribution, I can write
~1/2
Q(r) = ti(ny = 17/%)? + Iynd + lynd. (5.11)

So now the variable x; = {;(ny — 11— 1 2)2 and the characteristic function of its distribution
is

it
¢1(t) = e‘f\l;—l(%—[—-'z'z—%)'

Consequently, the probability distribution of £2{7) is

(5.12)

oo exp '—"'2_3_-“ — it
PUT)) = o f (1 o8 ) . (5.13)
25 J_oo  Vi-2iht  1-2ilyt

This integral can be evaluated analytically for w < 0. I write, as before, p(§}(7)) =

V%E_fg(w,H), where the function fy(w,H), for w €0, is

fu(w,H) = exp (\/_ -ﬁ)-

In the Fig. 4 I plotted fg(w, H) for several values of H. When H — oo, fy(w,H) — f(w),
as defined before.

The next step is to find the probability distribution of curvature at the critical point of
7. This turns out to be rather straightforward. The probability of finding a critical point
in the cell dzdy is

ndzdy = p(€1, &)dedy / disdEadgsp(Es, ba,E5) =TI, (5.19)

where the triple integral is exactly the same as one that I evaluated in the section IV.

Therefore, the distribution of §;, ¢ = 3,4,5 at the critical point is

P(ES)&4!E5)|QI.

P (€3,64,65) = N

13
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Now, integrating over all {;, i = 3,4,5 between £ and 2 + dQ2 I can get the probability

distribution of  at the critical point

14-d0)
p*(0(r))d = j; P*(£3, €4, €5)dE3dl ds
1 Q440

=% J P(€s, 64, €5) 90 dbsdlqdEs,

but between the Limits of integration 1 is approximately constant, so

pra)da =% pa(ryan

o}

P((r)) =22 5w, B)

-

(5.16)

(5.17)

Finally, since the amplification is proportional to the inverse of [Q(r)]| it is interesting to

find the distribution of |¥| = 1/[Q] (¥ = 1/w). An elementary derivation gives

v3H

P(|¥)eY = =5 fu(w, H) + fg(-w,H)| = g(4, H)dy.

N3

The function g(+, H) is plotted in the Fig.5 for several values of H.
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VI. CONCLUSIONS

The formalism presented here allows one to derive explicit formulas for the average
number of images and the distribution of curvature at the critical points. It provides
a direct relation between the statistical distribution of matter and that of images. It
is interesting that both the number of the images and the distribution of curvature are
governed by the same statistical measure of of matter distribution, namely by the ml.
moment. It would be interesting to find the observable features of the images that depend

on the other moments.

The results obtained here can be - and will be extended to the more complicated
situation. First of all, one can consider time dependence of the microlensig by allowing for
the time dependence of the matter distribution. The only new difficulty that should be
expected in such case is due to the fact that the random field becomes three dimensional

and the corresponding integrals become more difficulit.
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FIGURE CAPTIONS

Fig. 1 The geometry of the lens.

Fig. 2 The number of images as a function of the surface density o, for § = 0.05, 0.10,
0.15, 0.20, 0.25, 0.30. The smallest value of § corresponds to the largest number of images.

Uniform distribution of gaussian fluctuations on the lens plane is assumed.

Fig. 3 The number of images as a function of the surface deasity o, for § = 0.05, 0.10,
0.15, 0.20, 0.25, 0.30. The smallest value of § corresponds to the largest number of images.

Uniform distribution of gaussian fluctuations in a sphere containing the lens is assumed.

Fig.4 Function fg(w,H) for H = 0.01, 1., 10., 100. The hightest value of H corre-

sponds to the curve with the highest peak at w = 0.

Fig.5 Function g(w,H) for H = 0.1, 1., 10,, 100. The curve with the highest peak

corresponds to the smallest value of H.
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