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Abhstract

We propose a model of extended inflation which makes use of the non-
linear realization of scale invariance involving the dilaton coupled to an in-
flaton field whose potential admits a metastable ground state. The resulting
theory resembles the Jordan—Brans-Dicke version of extended inflation. How-
ever, quantum effects, in the form of the conformal anomaly, generate a mass
for the dilaton, thus allowing our model to evade the problems of the original
version of extended inflation. We show that extended inflation can occur for
a wide range of inflaton potentials with no fine-tuning of dimensionless pa-
rameters required. Furthermore, we also find that it is quite natural for the
extended inflation period to be followed by an epoch of slow-rollover inflation

as the dilaton settles down to the minimum of its induced potential.
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L. INTRODUCTION

Until recently, the usual methods for implementing inflation involved either “new”! or

"3 models. In both models inflation occured during an epoch in which a scalar

“chaotic
field known as the “inflaton” slowly rolled down a flat potential. The problem with this
apptoach is that it typically involves fine tuning of microphysical parameters entering the
scalar potentials of the fields whose slow rolling drives the inflationary transition. Since
inflation is supposed to solve fine tuning problems, the advantages of these models are
not altogether clear in this respect.

Such considerations led La and Steinhardt? to return to the original version of inflation
proposed by Guth,* i.e., where inflation was driven by a first-order phase transition
in which a scalar field, initially trapped in a metastable vacuum, escapes via bubble
nucleation.

As is well known, the problem with first-order transitions for inflation is that values
of the bubble percolation parameter € = A/H* (where A is the bubble nucleation rate
per volume and H is the Hubble parameter during inflation) that allow for sufficient
inflation, do not allow for completion of the phase transition. That is to say, the true
vacuum never percolates.® La and Steinhardt were able to avoid this problem by using
a Jordan-Brans-Dicke® theory of gravity which allows power-law solutions for the scale
factor a(t) in & false-vacuum dominated epoch. This makes the percolation parameter ¢
a function of time, so that it can start small enough to allow for sufficient inflation, but
then grow large enough so that the true vacuum percolates. This version of inflation is
known as “extended” inflation.

Unfortunately, it was soon pointed out” that extended inflation also ran into problems.

The size distribution of the bubbles formed in extended inflation was found to be nearly

scale invariant. This gave rise to an overabundance of large bubbles which could not have



thermalized their wall energy by the time of nucleosynthesis or recombination unless the
Brans-Dicke parameter w (w — oo is the general relativity limit) was smaller than O(20).
Since experimentally® it is known that w 2 500, it is clear that there was a problem!

Many models of extended inflation have been constructed since;® some of them meet
all of the observational requirements. However, it is safe to say that none of them are
simple and natural. In particular, none of them are compelling from the point of view
of either particle physics or general relativity. For example, Brans—Dicke theory is not
regarded as a fundamental theory of itself, but rather, it is usually considered from the
point of view that it represents an approximation of some unified theory.

It is our aim in this work to provide a class of models of extended inflation that comes
closer than previous ones in achieving the goals of simplicity and motivation. We will use
the dilaton of hidden scale invariance to play the role of the Jordan-Brans-Dicke field.
The previous exploration of these models have been motivated by an attempt to solve the
cosmological constant problem?? or to construct models for slow-rollover inflation.}' Here
we take a different approach and see whether these models can lead to a natural extended
inflation scenario. We will be able to avoid the bounds on the (effective) w parameter
coming from the solar system experiments by using the conformal anomaly to give the
dilaton a mass. We will also show that under some (relatively generic) circumstances the
extended inflationary phase can set up initial conditions in the dilaton field and generate
a second phase of slow-roliover inflation! The number of e-folds in this second inflationary
phase can be controlled by varying the bounce action Sp for the “inflaton” field ¢ that
generates the extended inflationary phase.

In the next section, we discuss some basic facts about scale and Weyl invariance;
in particular, how to construct theories embodying these symmetries. We also discuss
the conformal anomaly and how it can be made to give the dilaton a mass. In Section

III we employ the non-linear realization of scale invariance, made possible by use of the



dilaton, to construct a scale-invariant theory containing an inflaton field whose potential
admits a metastable ground state (together with a stable one). We then show that this
theory naturally admits extended inflationary solutions, and find restrictions on the so-
called dilaton decay constant from the demands that there be no large bubble problem or
excessive density fluctuations. Section I'V addresses the question of whether the dilaton
itself can give rise to second round of inflation (slow rollover this time). We find that it
can and this can be used to change the density fluctuation spectrum in interesting ways.

We conclude in Section V., There are two technical appendices.

II. HIDDEN SCALE INVARIANCE

As pointed out by Buchmiiller and Dragon,’? the stan&ard model is almost scale invariant,
except for the mass parameter that determines the Higgs doublet expectation value.
This feature is also present in many unified theories. Thus, it may well profit us to
study unified theories like the standard model, but with a non-linear realization of scale
invariance added to the theory. It is this procedure that we describe in this section,
mostly for the sake of completeness of the exposition (see also Ref. [12]).

Recall the scaling transformation law for a scalar field ¢: under the transformation

Tz — €%z, ¢ transforms as

$(z) - e9(e2). (2.2)
If a is taken to be infinitesimal, this transformation becomes:

bs(¢] = all + = - 8)¢. (2.2)

Consider a monomial such as mj~9¢? that might appear in the potential Vo(@) for ¢.

Applying our transformation law to it we find:
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8s[mg™¢7] = (d - 4)mg™"¢" + 8, (z"mg~"¢"). (2.3)

Thus, the non-invariance of this monomial under scale transformations is clearly due to
the fact that the mass dimension of the coefficient mi~¢ of the monomial differs from 0,
which is no surprise. \

We may realize scale invariance in a non-linear fashion by making use of the dilaton
o, the Nambu-Goldstone boson of spontaneously broken scale invariance, to make the
monomial appear to have dimension 4. This is done by having o transform as follows

under a scale transformation:
éslo] = f +z - do. (2.4)

As is usual for Nambu-Goldstone bosons, this transformation law is inhomogeneous. The
parameter f is the dilaton “decay” constant, in analogy with the case of the pion. We

will take it to be near the Planck scale.

We may now use the dilaton to make mi~?¢¢ scale invariant. Consider the quantity

exp(a/f). Under a scale transformation, we have

bslexp(a/f)] = (1 + z - 8) exp(c/f). (2.5)

Thus exp(o/ f) transforms as a field of scaling dimension 1, i.e., as a regular scalar field. It

is now easy to sce that m§~9¢4 exp[(4 —d)o/ f] is scale invariant (up to a total derivative):
Ssimi™*¢ exp{(4 — d)o/f}] = (4+=.0){m§ ¢ exp[(4 — d)o/f]}
= & {e*mi ¢! exp((4 - d)o/f]} . (2:8)

We see then that if V4{¢) is a polynomial potential for ¢, a scale-invariant potential
Vsi1(#,c) can be constructed from it by taking every parameter of non-zero mass dimen-

sion d, and multiplying it by exp[de/f]. This is equivalent to the potential

Vs1(é,0) = exp(4a/f) Volexp(~c/f)4). (2.7)
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We define a new scalar field ¢ = exp(—c/f)¢ with scaling dimension zero such that the

scale-invariant potential can be written as

Vsi($, ) = exp(da/ f) Vo(#). (2.8)

In order to construct a scale-invariant theory, we must also deal with the kinetic term
of ¢, as well as that of the dilaton. It is easy to see that the canonical ¢ kinetic term,
proportional to (8,4)%, is scale invariant as it stands (formally, this may be seen from the
transformation law: §5{8,¢] = (2+ =+ 8)(0,.4), which can be easily be proven). However,
since the scale-invariant version of the potential for ¢ naturally involves ¢, one can ask
if there is a kinetic term for ¢ that also involves ¢. Such a term does in fact exist and is
associated with Weyl transformations.

If we embed our theory in a background spacetime described by a metric g, we
can demand that the resulting theory be invariant under local rescalings of the metric:
9uv —* gy = exp[27(2)] gu. In order that the potential term /—g Vsr(c, #) be invariant,

we demand that ¢ and ¢ transform as

¢ = exp[—v(z)] ¢

o’ o — fy(=z). (2.9)

The ¢ kinetic term is not Weyl invariant. However, if we make use of 8,(c/f) as a gauge

field for Weyl symmetry we can write down a covariant derivative for ¢:
Dy =8,¢-8u(a/f)e. (2.10)

This equation can also be written as exp(c/f)8,¢-

It is clear that D,¢ transforms covariantly under a Weyl transformation:
D¢’ = exp(~v)D,¢. (2.11)

Thus, the kinetic term



fua = 3V 39 Du$Dd (2.12)

is manifestly Weyl invariant and clearly involves ¢ only in the combination ¢. This is
the term used by Buchmiiller and Dragon!? in their work. Therefore we may make the
choice of two scalar fields, ¢ and ¢, for the dynamical degree of freedom. Both choices
reduce to the original theory in the limit that & — oo. The Lagrangians for the two

possibilities are

£ = V=5 {95 cxp(20/1)0,50,8 - explda/ £)Ve(P)}
Lo = V=5 {930:60.6 - expldo/ PVelexp(~o/ NP} . (2.13)

It

Although these Lagrangians in general describe different dynamics, either choice will
result in the same cosmological model for extended inflation as we show in Appendix
A. In the following we use L as it more closely resembles previous models of extended
inflation. The form of V5(¢) we use will be discussed below.

So far, we have concentrated on making the ¢ sector scale invariant. It is not clear,
however, that the dilaton sector of the theory or the gravitational sector of the theory
need also be scale invariant. It could well be that the scale invariance is an “accidental”
symmetry of the matter part of the action but not of the full action. If we were to choose

a scale-invariant kinetic term for the dilaton and for gravity, it would take the form

e =75 { = expl-231 ) gy - 7 D oexplot lalexa(ol )] - 210

In Appendix B we show that this choice of a scale-invariant Looavity Wwill not lead to
extended inflation.

It turns out that our purposes are better suited by the choice of a non-scale-invariant
dilaton kinetic term, as well as a non-scale-invariant coupling to gravity. The combined

gravity-dilaton part of the Lagrangian will therefore read:



‘ R 1
Corier = V=9 {_161rGN T -2-9"‘"3“0-6,.0'} ' (2.15)

The total Lagrangian Ly = L',; + Lgavity can be rewritten via a Weyl rescaling of the
metric to yield a Jordan-Brans-Dicke model.

We should note the possibility that quantum corrections from the non-scale-invariant
sector could feed in to the scale invariant matter sector, breaking the scale invariance
explicitly. This can, however, be avoided by keeping both the dilaton and the gravity
sectors as classical backrounds, thus preventing their quantum effects from being felt
by the matter sector. In order to do this, we must restrict our use of this description
of scale invariance to scales far below the Planck scale (we thank D. Kosower for this
observation).

This is all very well for a classically scale-invariant theory. However, it is well known!3
that quantum effects break scale invariance by the explicit use of some form of a regulator
mass. The effect of this anomaly is to induce a mass for the dilaton, in much the same
way as QCD instanton effects together with the chiral anomaly induce a mass for the
axion.

In order to calculate the dilaton mass generated by quantum effects, we will construct
a Jocal term involving ¢, and o, whose scale variation yields the conformal anomaly. We
concern ourselves only with the non-derivative part of the anomaly, partly since these
are the terms that induce a potential for o and partly since the other terms consist of
higher derivative and/or curvature terms that are irrelevant to our discussion.

Let us compute the one-loop effective potential for ¢ coupled to the dilaton. As is
usual in theories involving non-linear realizations of broken symmetries, we treat the
Nambu-Goldstone boson field as a classical background in any computation involving
loops of other fields. Now in order to compute the one-loop efféctive potential for ¢,

we must compute the determinant of the second functional derivative of the action with



respect to ¢:1*

_ _&Sl4,e)
oY) = meey)
= |-+ empltalf) Vel %z - ) (2.16)

Note that this operator is the same regardless of which kinetic term (Weyl or just scale
invariant) is chosen. This is because the dilaton field is being taken as a constant back-
groﬁnd field here. Note that we are also only considering a flat background, since the
terms involving the curvature tensor contain only higher derivatives.

Converting the ¢ derivatives to ¢ ones, the operator O(z,y) becomes:
O(z,y) = [0, + exp(20/f) V;($)] 8= — v). (2.17)

From this, the one-loop correction to the potential can be read off:14

Aisould, o) = explao/ ) { FEEL 1o WO 2], 2HOEEA (o5

where p is a regulator mass scale. In order to complete our calculation of the effective

potential, various renormalization conditions must be imposed on the parameters of the

potential. We will assume that this has been done in the sequel so that all parameters

are the renormalized ones. With the following definitions:

A(¢) = [2/(Br)|[Vy()

V(@) = Vo@) + AV, o = 0), (2.19)
the potential including the relevant part from the anomaly reads
P(6.0) = exalsal) V(@) + 8@F] +4, (2.20)

where A will be adjusted to give ¥ = 0 at the true minimum of the potential. Note that

V(4) is simply the 1-loop potential ignoring the dilaton.



As we are interested in a potential for first-order phase transitions, we will assume
that there are two extrema for this potential, a false-vacuum value assumed to be ¢ = 0,
and a true vacuum value, denoted as (¢). Given the potential of Eq. (2.20) for o, it is
easy to compute the dilaton vacuum expectation value (o}, mass m,, and A.!° Defining

m% = V((¢)), we have then:

WD) _g L, gy L _tm

do o={r) 4 A((a))
BV, o 2 !'
_‘(i.(;i)_) v =m) = m!=exp [—1 - 4pr/A((¢))] rym 3f2
(@) =0 = A= exp[-1 - 4or/A(H)] s (2.21)

where we have used the fact that A({¢)) = 2m4/(8r)?, and we have defined pr = V().

We will be interested in the potential at three stages. The first stage is during
extended inflation, when ¢ is anchored in the false vacuum, ¢ = 0, and V($ = 0) = py.
In this stage the potential is

mi
¢
12873

(0,0) = exp(4o ) |ov + sV (O3 | +exp [-1 — 4or/ A(B)] et 2:22)

The next era is when the § field tunnels from its false-vacuum value to ¢ = (¢). We
will assume that during this era o is constant but has not reached its true-vacuum value.
The final epoch in our analysis will be after the phase transition has completed but o
is still evolving to its ground state. This can be an epoch of slow-rollover inflation. The

relevant potential during this period is

mil

Va(e) = V(@)=

[4exp[4"/f+4pr/A( (@) + ](f A&Tn)ﬂ]- (2:23)

We now turn to the study of the two periods of inflation examining the extended

exp [—1 — 4p7/A((3))]

inflation phase in Section III, and then turning to the slow-rollover phase in Section IV.
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II1. THE EXTENDED INFLATION ERA

Consider the epoch of extended inflation when ¢ is anchored in its false-vacuum value

# =0, and o is evolving. Recall that the action for the theory is

R
6rGN

Slg, 4’: o] = fd"'z v—-g { + %g“”ﬂ,_,a'aya + ;—exp(za'/f)g"" uaava

— exp(4a/f) [vca) ; A(&)}'—] - exp (-1 - 402/ (@) T } (3.1)

We will now show that this action can give rise to extended inflation.

The cosmological equations of motion coming from this action can be written as

(§) +& = 250+ Lew2oing + 7o)
$+3§¢+2%$ = —exp(—20/f)—=— 6V(¢>,a)

#4320 = 2{ew(a/n —4V(¢,a)~exp(4a/fm($)}. (3.2)

We take the initial state to be such that ¢ is trapped in the metastable minimum at
# = 0. It can be checked that the high temperature corrections will allow this.'®* Then

¢ = =0 and V(0,c) is as given in Eq. (2.22). Then our equations of motion reduce to

(E)z + % = 8WSN {2 +exp(4c/f) [Pv + A(o)f] + A}
s+32s = ~Lentao/n) o+ a0 [ +3]}. 63)

Now, these equations with A(0) = A = 0 will give rise to extended inflationary

solutions!? for k = 0:
e(t) = a(0)1+ Bt)"
ot) = ao— %In(l + Bt)

I 8 PV
B® = mﬂp(‘io‘o/)’)'ﬁ (3.4)
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where we have defined f = f/Mp, where Mp is the Planck mass. Thus, we see that as
long as
a
A(0)=! < pv
‘ ( )f
|AQQ)] < 4pv
A 4
Inf— || < |4=}.
(Pv) f

we will have extended inflation with the above solutions. Since A(0) is the result of

(3.5)

the one-loop potential, it is naturally supressed by a factor 327? relative to tree-level
quantities such as py. Therefore the necessary inequalities are expected to be satisfied
naturally. |

Given that our theory can induce an extended inflationary epoch, we must now check
that (i} this epoch lasts long enough to solve the cosmological problems, (ii) that the
large-bubble problem is avoided, and (iii) that there be no excessive density fluctuations.?®
Since the results obtained in Refs. (7, 18) were presented in terms of an effective Jordan—
Brans-Dicke theory, we convert our theory into such a model. The main result we will
need is that the effective JBD w parameter in our theory is given by: w.g = 2x f* — 3/2.
The constraints on our model can be written either in terms of w.g or f .

First, we demand that the theory actually inflate. This then requires that é/a > 0,
which in turn implies that xf? > 1. We will defer to later the enforcement of the
constraint of having sufficient inflation. In order to solve the large bubbles problem, the
analysis of Ref. (7) requires that we take w.g < 20, or 2 < 10. The density fluctuations
analysis of Ref. (18) demands that if these density fluctuations have anything to do with
galaxy formation, and that there be no excessive density fluctuations, then w.g 2 10, or
7% 2 6. This constraint may actually be weaker than it seems, since if the second slow
roll over period of inflation (to be discussed in the next section) occurs, these density

fluctuations may be inflated away. It may also be weaker if p},/" /Mp is smaller than typical
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GUT scales of 10-%. However, since this need not occur, we include the constraint here.

To get sufficient inflation, we must find the time ¢.,4 at which inflation can be said to
be over. In the extended inflation scenario, inflation ends when the percolation parameter
€ = A/H* attains its critical value, which we take to be of order unity (see Ref. (5) for a

more careful assessment of this value). Using the results in Ref. (17}, we find that

(t) = exp(4ao/ f)(1 + Bt)?, : (3.6)

o
(xFBy*
where A, is the bubble nucleation rate computed when o = const = 0. The above equation
needs some explanation. In Ref. (17), we calculated the nucleation rate assuming that
the tunnelling happened only in the ¢ direction, i.e., ¢ = const. We have also assumed
this here. However, here we are not taking the Brans-Dicke theory to be the fundamental
one. Thus, this assumption cannot be justified by use of the approximations of Ref. (17).
There, the Brans-Dicke kinetic term could be neglected along with the Ricci scalar term
since both terms were proportional to 1/Gy and thus decoupled from the action in the
zero-gravity limit. Here we must also take the limit f — oo. With the rescaling & = o/,
the dilaton kinetic term becomes f¢#*8,50,7, which decouples from the action in the
f — oo limit. It is in this limit that the dilaton will remain constant during tunnelling.
This approximation is necessary as the two-field tunnelling problem is currently beyond
our capabilities to solve.

Another comment that needs to be made here concerns the choice of the kinetic term
for the ¢ field. Since we again must compute various functional determinants of operators
involving this kinetic term, it would seem that it might make a difference which one (scale
or Weyl invariant) was used. However, we have already assumed that tunnelling proceeds
only in the ¢ direction, i.e., that the dilaton field is taken to be constant during tunneling,.
Thus exp(o/ f)aJs = 8¢ in this limit. Therefore, there is no difference between the two

kinetic terms in the Euclidean bounce; the nucleation rates will be the same.
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Setting €(tena) =~ O(1), we find:

Fa
1 + Btpa = 8x? exp(20¢/ f) (31}.{ — 1) Auler}. (3.7)

This immediately yields the number of e-folds in extended inflation:

_ atema) ) _ gnlf? n Sg 200
Na.-m—ln( a(ﬂ) ) —Wja [ln (m) +21n ("M";) +'§'+T (3.8)

where we have written py = u* (1 is the mass scale of the inflaton), and Ap =~ py exp(—Sg).

A plot of the number of e-folds of inflation during the extended inflation era is shown in
Fig. 1 as a fanction of Sp + 400/f for f = 1/2, 1, and 2. We can see that it depends
linearly on Sp + 409/ f, and approximately quadratically on f .

The sufficient inflation constraint can be written as:
(1 + Btena)™" 2 €. (3.9)
Taking the log of this yields the relation

Fig gg In(877) — In(37% — f-7) + 2? +1n (Fﬁ%@')] . (3.10)

Given the bounds on f and initial values for &, this gives a relation between the vacuum
energy density and the bounce action Sg, which can be satisfied without fine tuning.
We see then, that under the assumption that the anomaly term can be neglected
during this epoch, extended inflation can occur for x f? in the range from 6 to 10, This
implies that f must be almost equal to Mp (actually, slightly larger). We do not take this
as evidence of a fine-tuning problem for the following reason. The theory we have written
down is an effective theory incorporating the effects of the breaking of scale invariance
by use of the dilaton. The correct theory will have a particular value of f. If it is in
the appropriate range, extended inflation will occur; if not it won’t. Since we do not
know how to construct the more detailed theory our model is supposed to represent, we

content ourselves with finding the conditions under which extended inflation can occur.
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For éompleteness sake, and for use in the next section, we will restate the results
from Ref. (18) concerning the adiabatic density perturbations generated by fluctuations
in the dilaton field during extended inflation. The density perturbations generated from
bubbles are assumed to be small, since most bubbles are nucleated near the end of
extended inflation. The slow-roll approximation is also used. In Ref. (18), it was stated
that this approximation is valid in the large w limit. However, since weg = 272 — 3/2,
and f can be as small as 1/2, we must be more precise. We can check to see when
the slow-roll conditions are satisfied in extended inflation. These are & <« 3&é/a and
63/2 €« V. Using the Eqs. (3.4) for ¢, a, and B, we find that these conditions become
15/(366/a)] = 1/(37 ) < 1 and |(6%/2)/(pv exp(d0/f))| = 1/(3x/* = 1) < 1. The
smallest f can be is the minimal amount which is needed for inflation to occur: = >l
Using f‘ = 1/m, we see that the slow-roll conditions are only marginally satisfied. For
f 2 1, however, they are clearly satisfied.

Assuming that the slow-roll conditions do hold, we can calculate the density pertur-
bations generated. As it has already been done in Ref. (18), we will only outline the

relevant calculations. At horizon crossing, the density contrast is!®

2

b _HY (3.11)

p o
Using the slow-roll equations of motion, 3H& = —V' and H? = 87GyV/3, we can rewrite
this as

3/3
8 V)3/3
o _g(lr ) O (3.12)
P IM} |4

Using the fact that the extended inflation potential is V = py exp(4¢/f), and using the

expressions for a(t) and o from Eqs. (3.4), we find that

bp _ 3 (ga_r)”’ f( b )’exp(zao/f)

P a\3 Mp) "(1+Bt)

(3.13)
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We would like to relate the time that a scale crosses outside the horizon with its co-
moving size A. The distance to the horizon is about H~!. In addition, the physical size
of a scale increases linearly with the scale factor of the universe. Since the physical size of
a scale grows much faster than H !, a scale A leaves the horizon when A a(t)/a(0) ~ H-1.
Using the expression for a(t), the horizon-crossing for a scale A occurs when (1 + Bt) ~ -
(Bx f’z\)"/ (=f-1), Putting this into our expression for §p/p, we thus find the expression

for the density perturbation as a function of the co-moving scale A:

(‘-sﬁ) x AVP-1) (3.14)
PJa

where the proportionality constant depends on f. We will use this result in the next

section.

IV. EVOLUTION OF THE DILATON IN THE
POST-EXTENDED-INFLATION ERA

After extended inflation is over, the dilaton field will in general be displaced from its
ground state at (o)/f = —1/4 — pr/A((¢)). In fact, we can compute the value of the
dilaton at the end of the extended inflationary period. Recall that during extended

inflation o has the following time dependence:
o(t) =09 — -)2:111(1 + Bt). (4.1)

Thus, we can use our result for 1 + Bt.,q derived in the previous section to compute

0{teng). Doing this yields

— (x f2)-? 1/2
o{tend) = % [m (9--(8:—)) +ln ("“—p;"-@)] , (4.2)

15



where, a-ga.in, Ap is the nucleation rate when ¢ = 0. Note that o(t.nq) is independent of the
initial value of o prior to the onset of extended inflation. It is very interesting to estimate
a value for o(tend). Clearly the argument of the logarithm of the first term in Eq. (4.2) is
of order unity and can probably be igrored. If we choose a mass scale u for the inflaton,
then py ~ ut, Ao ~ putexp(—Sg), and o(tena)/f ~ —1.09 + In(Mp/p) — Sp/4. Now if
we make the traditional assumption that g ~ 104GeV, then o(temq)/f ~ 10.4 — Sg/4.
Picking a value for Sp is a much riskier enterprise than guessing a value for u. Since Sp
is positive, clearly o(¢.na)/f cannot be too large 2 positive number. While in principle it
could be a very large negative number, it would be just as reasonable to pick Sg = ©(20)
which would result in o(teaa/f) = O(+5).

Now the natural question that arises at this point is how quickly does the dilaton
field reach its minimum value? If it does so quickly enough and radiates its potential
energy efficiently enough, then nothing of ary cosmological significance takes place due
to dilaton evolution. However, there is also the possibility that the dilaton slowly rolls
to its minimum, allowing for a second inflationary era. It is this possibility that we wish
to explore here.

What conditions must be satisfied for the dilaton to induce this second epoch of
inflation? First, the dilaton potential energy demsity must exceed that of the sur-
rounding radiation field generated by bubble collisions at the end of extended infia-

tion. Since bubble collisions may be rather efficient at reheating the Universe, we expect
that pg ~ exp(4c(tea)/flpv. Thus, our first condition for slow roll to begin is that
Vea(o(t)) > exp(40(tena}/ flpv(a(tena)/a(t))* where V.g(o) was defined in Eq. (2.23).
Numerical integrations of the equations of motion show that if radiation has this form,
it only dominates for a small amount of time.

Our second constraint is that the slow-roll conditions?® must also obtain. In general,
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these read:

wlo)| | ux
Vg M}
(o V487
?L ) T (4.3)

Applied to our potential as given in Eq. (2.23), we arrive at the following conditions:

14+25/f .:E’_rfl
exp(—1-42/f) +43/f 4
1+ 40/ s
ap—i_aa ) raaf| < GO (4.4)

where we have shifted the dilaton field to &/f = o/f + pr/A({(¢)). When one of the
these conditions is not satisfied, slow-rollover inflation ends. A graph of V.g(c) is shown
in Fig. 2, and the regions where the slow-roll approximations are not valid are indicated.
Note that if & slowly rolls on the flat side of the potential (i.e., & < (o)), an excessive
number of e-folds of slow-rollover inflation results, erasing any memory of the extended
inflation era.

Given all of the above information, we can compute all of the relevant quantities for
the slow-rollover inflationary era, such as the number of e-folds, the density fluctuation
spectrum, and the reheating temperature.

The number of e-folds is given by

o __ 8x 2 Via(5)
Naow-rat = f.i dH(t) =~ /;.. @ 3
. _o.p [, 4z +exp(-1 —4z)
= T T e

(4.5)

where z = #/f. Here &; and &; are the values of the dilaton field at the beginning and the
end of the slow-roll phase. In order to actually calculate Nyow—ron, We need some more
information. The problem is that #; depends on quantities such as the bounce action,
pv, pr/A((8)) and f. Let us assume some values for some of these quantities. We take

F =1and pr = 0 as an example. Then & = ¢. We can find numerically the value of
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o/ f for which the slow-rollover conditions break down. This yields z; = o/f ~ —0.38
for o/f < 0, and z; >~ +0.025 for ¢/f > 0. The value for z; = 0;/f may also be found:
z; = —1.09+1In(Mp/p)— S /4. Taking u ~ 101 GeV, say, we find that z; ~ 10.4— Sp /4.
As an example, if we take Sg = 20, we find that Njow—ran = 30. Thus, by varying the
bounce action we can obtain differing amounts of e-folds during this phase. A graph of
Now-ron versus Sg for the above choices of 4 and pr, and for f = 1 and 2 appears as
solid lines in Fig. 3. Also shown as solid dots are the number of e-folds of inflation found
by the result of numerical integration of the equations of motion. We should note that if
this slow-roll phase occurs, the constraint that we have at least 65 e-folds during eztended
inflation is obviated.

Next, we compute the density fluctuation spectrum for this phase. The density con-
trast at horizon crossing is given in Eq. (3.11). Using the slow-roll equation of motion

for o and the relation between H? and V.q as in Eq. (3.12), we may write this as

(), - ()

3M3E Vi

I

m-

= 7\ () expl-1/2 - 202/ A(@)) exslator - (o))

x [4{ox — (0))/ f — 1 + exp|—4(ax — (a-))/f]]“”
(ox = o))/ f )

where we have used the expression for Ver in Eq. (2.23), and the fact that (o)/f =

(4.6)

—1/4 — pr/A(($)). Here, o) tefers to the value of o at the time the physical scale A
crossed outside the horizon, as discussed in Section III. We see that the scale for the
density contrast is set by the quantity

(%), xespl-1/z - 2o/ at@nery (7). (1)

We see then that for p7 2 0, and taking mg o 10 GeV, these fluctuations are rather
small. However, their magnitude can be enhanced in theories where pr < 0. In fact this

can be used to place a constraint on how large (and negative) pr can be.
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In the previous section we found that (8p/p)x o AVCF-1) or that log(5p/p)y =
const+ 1/(xf* —1)log A in extended inflation [Eq. (3.14)]. It will also be true in slow-roll
inflation that log(6p/p)s = const + 1/(xf* — 1)log A, with a different additive constant
but with the same slope, 1/(xf* — 1). The reason for this is the following: the slow-roll
potential, V(¢), is proportional to [sexp(4c/f)], rather than to [exp(4dc/f)] as in ex-
tended inflation — the new feature here being the multiplicative factor ¢. From Eq. (4.6),
V3V « [0} exp(20/f)] during slow-roll inflation. But {exp(2c/f)] is an exponen-
tially steeper function than [¢!/3]. Thus we are justified in ignoring the time-dependence
of [¢1/?] relative to [exp(20/f)] in calculating the slope for log(§p/p)x versus log(}) in
slow-roll inflation. Thus the power of the scale A will be very nearly the same in extended
inflation and slow-roll inflation. Numerical integrations confirm this, as can be seen in
Fig. 4.

We must now calculate the relative magnitude of the ratio of adiabatic density fluctu-
ations formed during extended inflation and those formed during slow-roll inflation. First
we define A; to be the co-moving scale which defines the end of extended inflation and the
beginning of slow-roll inflation. Assuming that the slow-roll conditions hold continuousl'y
during extended and slow-roll inflation, we can calculate §p/p evaluated at A, for both
of these inflationary periods.

Since we have asssumed that ¢ is constant during tunneling and reheating, we can
calculate this quantity as in Ref. (18). Taking as an example pr = 0 and o 3> f/4, we

then have

(S0l st~ 1 (s-sﬁ,a:)m (A((é))exp(m, UTA) .

.\
(80/P)s, exten—ing = f3 (3;4}) (exp(4as,/ flov)'2. (4.8)

t

4
Using Eq. (4.2) for the expression for o{temd), and substituting in Aq = py exp(—5z) =

ptexp(—5Sg), oz, becomes:
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‘ 1 81‘!‘2P f 55
O’A.= —Eln(m) --ln(M—P) —T. (4.9)

Taking f =~ 1 in the weak dependence of the log term in the above expression for Txyy

and using the fact that A({¢)) = 2m%/ (87)?, we finally end up with

(8p/P)rs exren-ing  _ 8v2r(u/mz)?
(62/0)2 dow—ra | - 2.19 — 4ln(p/Mp) — Sp|*/*

(4.10)

Thus we see that we can have more power on large scales by setting the above ratio
greater than 1. Using only the constraint that Sp > 0, this is easy to satisfy.

In Fig. 4, we plot the density perturbation spectrum for the case of B~ 101GeV,
m;/p. = 2.86, f = 1.5 and Sp = 25; the above ratio equals 1 in this special case. We
can see from the plot that the beginning of the slow-roll period of inflation does not
satisfy the slow-roll conditions exactly—the curve attains a constant slope only after a
few e-folds. But the density perturbations formed during the initial onslaught of slow-roll
inflation are expected to be heavily dependent on the effecis of reheating from bubble
collisions, which we have ignored anyway. We thus cannot be too sure at present about
the dependence of ép/p on A at the beginning of slow-roll inflation.

Extrapolating the constant slope part of the slow-roll density fluctuations back to
A = A; gives us (89/p)a, exten—ina. In addition, 8p(A;)/p is defined as the value of §p/p at
the beginning of slow-roll inflation, which depends on the effects of reheating as we have
already discussed in the previous paragraph. The squiggly line is drawn in to represent
the presently uncalculated density perturbations generated from bubble collisions on the
scale A;. In the most general case of Sg and mz/p, the two curves will be displaced from
each other at A, (neglecting the initial slow-roll behavior), even though they will have
the same slope of 1/(x f* — 1).

Thus we have seen that the larger scales leave the horizon during extended inflation,

while the smaller scales leave during siow-roll inflation. Futhermore, even though the
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perturbation spectrum for each inflationary period is roughly scale invariant, the mag-
nitude of the fluctuations can be very different for each. This leads to the natural idea
that we can have more power on large scales. We must be careful, however, not to put
too much power on these scales so as not to come into conflict with measurements of
the temperature fluctuations in the microwave backround at large angular separations.
We see then that the combination of the two inflationary phases lead to natural “double
inflationary” spectra studied earlier.®

Finally, we compute the reheating temperature of the Universe due to the decay of
the dilaton. First, we note that the dilaton can couple to a maséive Higgs scalar (such
as the colored Higgs triplet of GUT models) or to fermions with dare mass terms. The
reason the fermions must have a bare mass is that Yukawa couplings between fermion
and bosons are automatically scale invariant. Thus the dilaton would not couple to such
fermions. We will consider the bosonic case here for concreteness. If x denotes the Higgs

boson under consideration, and m, its mass, then the dilaton will couple to x as follows:

Lo = 2’ exp(20/f) = TFEX . (4.12)

Thus, the dilaton can decay into two x's as long as the this decay is kinematically
allowed, i.e., m; > 2m,. For mz in the GUT range, this requires that m, be less than
about 10! to 10'? GeV. This is not a very stringent requirement, even if x represents a
color triplet that can mediate proton decay (and hence baryogenesis, depending on CP
violation parameters).??

What must be checked now is whether the reheating process is fast or slow. The

decay rate for the dilaton is given by

_1me |, dmy
 8x fim, '\ mi

Using m, =2 10" GeV, m, =~ 10''GeV, we find that [, /H =~ 10~% « 1 so that reheating

T,

(4.12)

proceeds slowly here and the reheating temperature is approximately equal to?3
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Trn =~ /T, Mp =~ 10°GeV. (4.13)

Although this temperature seems low, one can still generate a baryon asymmetry via the

“way out” of equilibrium decays of the dilaton into Higgs colored triplets.

V. CONCLUSIONS

From our calculations above, we see that theories with scale invariance realized in the non-
linear mode can be used to construct a large class of theories which can undergo “safe”
extended inflation. Little if any fine tuning required to solve the standard cosmological
problems or the problems associated with extended inflationary models. Furthermore, as
we saw in the previous section, extended inflation via hidden scale invariance can be used
to set up initial conditions for a second phase of slow-rollover inflation. The combination
of the two inflationary phases might be able to give rise to “designer” density fluctuation
spectra, but in a far more natural way than has been done previously.?®

The only “fly in the cintment” that we see with this class of models is that we
do not know how to construct the larger theory (with the spontaneously broken scale
invariance restored) of which our models are effective parametrizations. It would be nice
to know if there is some class of scale-invariant theories that can give rise to & non-scale-
invariant gravitational Lagrangian such as the one we appear to need in order to make
our scenarios work. However, we expect that this will only be accomplished once we
have a more detailed understanding of gravity at short distance scales. What we can
say however, is that if we want to construct inflationary models that perform the jasks
they were constructed to perform without any extreme fine-tuning, then we should take

models with hidden scale invariance very seriously.
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To conclude then, we have constructed a large class of models that realize extended
inflation in an extremely natural fashion. As long as there is a field in the theory with a
suitable potential, i.e., with a metastable false vacuum state, extended inflation will occur
with none of the problemé usually associated with inflationary models. These models are

proof positive that the inflationary paradigm can actually be realized in practice.
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APPENDIX A

In this appendix, we will show that the extended inflationary equations of motion derived
from either inflaton Lagrangian in Eq. (2.13) are the same. This is an important result
since, a priori, there is no reason to choose either one.

The equations of motion derived from the lagrangian Ly are given in Section III. We

will now derive the equations of motion obtained from L4, where

Lo = =3 {9 50,80.8 — explto/ NValexp(~o/ NP} . (a)

In Section III, we found extended inflationary solutions to the equations of motions
when we assumed that the vacuum energy density py was the dominant form of energy,
and nglected the anomaly and cosmological constant terms. We also set ¢ = 0. This
we did by setting the metastable minimum for the potential at ¢ = 0 and seeing that
high temperature effects could allow for this. Thus it is important here to determine the
potential (with l-loop corrections) so that we may find its value of & in its metastable
minimum. Fortunately, the potentials are equivalent, and thus both minima occur at
¢ = exp(—o/f)¢ = 0! We can see this by evaluating the operator from Eq. (2.16) which
determines the 1-loop corrections. Since the dilaton o, is being taken as a constant
background field, we end up with the same operator and thus the same 1-loop correc-
tions. Thus, the metastable minimum for our potential, V(exp(—o/f)¢,0) = exp(4c/
) V(exp(~a/£)8) + Alexp(—c/£)$)a/ f] + A, occuts for exp(—a/f) = 0.

Let us write down the entire action, again letting scale invariance be & symmetry only

of the inflaton sector as we did in sections III and IV. It is

Slg:¢,0] = fd"‘/__g{“wfcﬂ

~exp(s ) |V(exp(=o/116) + Alexpl~e/ )’

+ 59 Bu08,5 + 59 B,
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2f2 A((exp(~-o/f)¢})

We thus find the equations of motion to be

(é)z X - 8Cy [lc'r' + lq'b" + !7]

_(Sw)’A((exP(“O'/f)qb))exp (_1_ T 4pr )} (A.2)

a al? 3 2
- @ - BV Ao
b+3%h = —exptao/n) [ 2% + 52
a+ 35& = ? [—4V — exp{4o/f)A
— exp(4/) (‘W + 5 ;)] (A3)

where we have left out the functional dependences: V = V(exp(—o/f)é,0), V =
V(exp(—c/f)$) and A = A(exp(~c/f)4). Using the fact that ¢ = exp(c/F)(d+ 35/ f)
and § = exp(c/f)(é + 265/ f + #(¢/ ) + #5/F), we change variables from ¢ to § in our
above equations of motion. Then since we are trapped in the false vacuum state, we set

exp(~c/f)$ = ¢ = 0. We end up with

(E): + Ld = BrGy [—a‘ + 1 exp(20'/f)$z + 17(0,0-)]

e al 3 2 2
3+3E$ = —2f¢—exp( 20/1‘)%10)
5 +3§& = 3 [-—4V(0 o) - exp(40/£)A(0)], (A.4)

where we have used the fact that 8V/8c = —¢V’/f, the prime indicating the derivative
with respect to §. It is clear that since q—b =0 and :5 = 0 are solutions to our equations of
motion (as they should be in extended inflation!), we end up with the same equations of
motion as we had previously using Ly (see Eqs. (3.3)). Thus, our cosmological extended-
inflation solutions will be the same if we use either the Weyl or non-Weyl-invariant ¢ or

$ kinetic terms.

25



APPENDIX B
In this appendix we would like to show that if all sectors of the theory are scale
invariant (except for the anomaly term from the 1-loop corrections to the potential which
explicitly breaks the scale invariance of the theory), we do not have extended inflation.

The action, which has been considered previously in different contexts, is

Stodrol = [doyTg {-2BENE R ot exp o/ ) buexp (o)

+%g““’ exp(20/£)8,$8,¢ — exp(4c/f) [V(‘?_S) + A(a)%]

- exp (~1 - 4pr/A(E)) 7 } (B.1)

We refer the reader to Section II for the derivation of the above action. We can see that
this action is almost that of the Brans-Dicke theory by making the following redefinition

of the dilaton field o in terms of the Jordan-Brans-Dicke (JBD) field $. Setting

= T5n cxp (2¢/ 1), (B.2)

we can rewrite the action as

J,88.% 1 _—
Sle@.x] = [dzv/=3 {—@wa L 4 S(167GN @)g 8,50.5

~(16xGy®)? [V(9) + A(#)In(167Gy 2)/?]

- exp (1. 402/ 5() T2 } . (B.3)
where now w = 2x(f/Mp)?. Except for the fact that the inflaton potential is now coupled
to the JBD field, we see that we end up with a Brans-Dicke action. However it is precisely
this coupling that prevents extended inflation.

Upon working out the equations of motion in this frame (the so-called Jordan con-

formal frame), we find that they do not lead to sensible analytical solutions. Thus in

search of simple analytical solutions, we perform a conformal transformation Q7. = G
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R = Q%R — 60304, into the Einstein frame. We then find that Q7 = (167Gy®)~! =

exp(~2¢/f), so that the action becomes

S8 = [devTF [

167G N
+39°0,30.5 - [V(®) + 30@18/%0]

- 1
R+ 7% 0,90,

4
— exp(—29/tho) exp (—1 — 4pv/A(($))) m—f] , (B-4)
where
Y = %aln(162GN2) = [(3 + 2w)/16xGx]/* In(167Cx )
= (1+(3MR)/(4n f*)) 0. (B.5)
Since we are assuming that the false vacuum energy py dominates the energy density in
the metastable vacuum at ¢ = 0, we will take V() = py, and A(0) = A = 0. We then
find that 5 = c?: = 0 is a solution to the equation of motion for &; we are indeed “stuck”

in the false vacuum as required. We are left with the equations governing the evolution

of the scale factor and the dilaton. They are

(2 +5 = T2 +n]
123+3§¢? = 0. (B.6)

Clearly 4 = const is not a viable solution, as the JBD field is then constant and we are
led to Guth’s “old” exponential inflation and the “graceful exit problem.”

Since ¢ = $(0)(a(t)/a(0))™®, the solution for k = 0 is

a(t) ‘ YH0) . (e
20 = cosh (\/241anpv t)+ 1+—§;;—a1nh( 247Gy pv t) (B.7)

while the Hubble parameter is

24‘!’G~'pv'
3

y [sinh(\/my_p;? t) + /1 + $3(0)/(2pv) cosh(\/22xCrpy t)
cosh(yZTrCrpy t)+1/1+$3(0)/(2pv) sinh(vZExCrpy ¢)
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Thus, ex‘poncntial growth is achieved for large ¢. It is found numerically that even letting
the arbitrary parameters vary, exponential inflation with ¢ = constant (or & = constant)
is achieved after c_mly a few e-folds. However, since constant 1 leads to a constant Hubble
parameter, we are driven to an old inflation type of scenario suffering as usual from the
graceful exit problem. This result also holds when a more careful accounting of the time

dependence of the bubble nucleation rate is done.?®

REFERENCES

1. A.D. Linde, Phys. Lett. 108B, 389 (1982); A. Albrecht and P. J. Steinhardt, Phys.
Rev. Lett. 48, 1220 (1982).

2. A. D. Linde, Phys. Lett. 129B, 177 (1983).

3. D. La and P. J. Steinhardt, Phys. Rev. Lett. 62, 376 (1989); Phys. Lett. 220B, 375
(1989).

=

. A. H. Guth, Phys. Rev. D 23, 347 (1981).
5. A. H. Guth and E. J. Weinberg, Nucl. Phys. B212, 321 (1983).

6. P. Jordan, Zeit. Phys. 187, 112 (1959); C. Brans and C. H. Dicke, Phys. Rev. 24,
925 (1961).

7. D. La, P. J. Steinhardt, and E. Bertschinger, Phys. Leit. 231B, 231 (1989); E. J.
Weinberg, Phys. Rev. D 40, 3950 (1989).

8. R. D. Reasenberg, et al., Astrophys. J. 234, 1219 (1979).

28



10.

11.

12,

13.

14.

135.

16.

17.

18.

19.

20

. F.S. Accetta and J. J. Trester, Phys. Rev. D 39, 2854 (1989); P. J. Steinhardt and

F. S. Accetta, Phys. Rev. Leit. 84, 2740 (1990); R. Holman, E. W. Kolb, and Y.
Wang, Phys. Rev. Lett. 65, 17 {(1990).

W. Buchmiiller and N. Dragon, Phys. Lett. 195B, 417 (1987); R. D. Peccei, J. Sola,
and C. Wetterich, Phys. Lett. 185B, 183 (1987).

B. Gradwohl and G. Kilbermann, Phys. Lett. 208B, 198 (1988).
S. Coleman, Aspects of Symmetry (Cambridge University Press, Cambridge, 1985).

J. H. Lowenstein, Phys. Rev. D4, 2281 (1971); R. Crewther, Phys. Rev. Leit. 28,
1421 (1972); M. S. Chanowitz and J. Ellis, Phys. Lett. 40B, 397 (1972).

P. Ramond, Field Theory, a Modern Primer (Benjamin/Cummings, New York,
1981).

N. D. Birrell and P. C. W. Davies, Quantumn Fields in Curved Space (Cambridge
University Press, Cambridge, 1982). -

W. Buchmiiller and D. Wyler, Phys. Leit. B249, 281 (1990).

R. Holman, E. W. Kolb, S. L. Vadas, Y. Wang, and E. J. Weinberg, Phys. Lett.
237B, 37 (1990).

E. W. Kolb, D. S. Salopek, and M. S. Turner, Fermilab preprint FERMILAB-PUB-
90-116-A, Phys. Rev. D (to be published).

A. Guth and S.-Y. Pi, Phys. Rev. Lett. 49, 1110 (1982); S. W. Hawking Phys. Lett.
1188, 295 (1982); J. Bardeen, P. J. Steinhardt, and M. S. Turner, Phys. Rev. D
28, 679 (1983); A. A. Starobinski, Phys. Lett. 117B, 175 (1982).

P. Steinhardt and M. 5. Turner, Phys. Rev. D 29, 2162 (1984).

29



21. J. Silk and M. S. Turner, Phys. Rev. D 35, 419 (1987).

22. G. D. Coughlan, et al., Phys. Lett. 158B, 401(1985); G. D. Coughlan, et al., Phys.
Lett. 180B, 249(1985).

23. E. W. Kolb and M. S. Turner, The Early Universe, (Addison-Wesley, Redwood
City, Ca., 1990).

24. A. Albrecht, P. J. Steinhardt, M. S. Turner, and F. Wilczek, Phys. Rev. Lett. 48,
1437 (1982); L. Abbott, E. Farhi, and M. Wise, Phys. Leit. 117B, 29 (1982); A.
Dolgov and A. D. Linde, Phys. Lett. 118B, 329 (1982).

25. D. 8. Salopek, J. R. Bond, and J. M. Bardeen, Phys. Rev. D 40, 1753 (1989); L.
A. Kofman and A. D. Linde, Nucl. Phys. B282, 555 (1987); H. M. Hodges, G. R.
Blumenthal, L. A. Kofman, and J. R. Primack, Nucl. Phys. B335 197 (1990).

26. R. Holman, E.W. Kolb, S.L. Vadas, and Y. Wang, Phys. Lett. 2508, 24 (1990).

30



FIGURE CAPTIONS

Fig. 1: The number of e-folds in eztended inflation versus Sg+40¢/ f for three values
of f. Here, Sp is the bounce action and f is the dilaton decay constant. The energy
scale of extended inflation is choosen to be that typical of GUT scales. Note that a wide

range of parameters give a number of e-folds in the range 30 to 65.

Fig. 2: The dilaton potential during slow-roll inflation for pr = 0. Bars indicate

regions where the slow-roll approximations break down for the indicated values of f.

Fig. 3: The number of e-folds in slow-roll inflation versus the bounce action Sg for
different values of f. The curves are calculations using the slow-roll approximations,
while the dots are the results from numerical integrations of the full equations of motion.
There is no inflation for Sp = 42 because this corresponds to the dilaton starting from
the minimum of its potential. If Sp > 42, the dilaton started rollover inflation on the

flat side of the potential, and many e-folds of inflation result.

Fig. 4: An example of the spectrum of density fluctuations for f = 1.5Mp and S =
25. The fluctuations have a slope §p/p o A¥(*7-1) for both the extended and slow-roll
inflationary periods. The squiggly line indicates the length scale of the transition between
the two epochs, Fluctuations formed from bubble collisions and reheating should appear
around this scale. The density fluctuations from both epochs are shown with the same
amplitude if extrapolated to the same scale. The relative amplitude actually depends
upon m;/py‘. The scale A, depends upon the number of e-folds of slow-roll inflation:

Ay ~ exp(Naow-ront — 45) Mpc. In this example Niow-ron = 48, and A, ~ 20 Mpc.
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