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1. Introduction

The calculation of cross sections for scattering processes is a basic tool in the analysis of data
and backgrounds at both hadron-hadron and electron-positron colliders. The most widely used
approach is that of Monte Carlo integration: one generates a set of momenta with a Lorentz-
invariant phase space distribution, rejects those sets that fail a set of cuts designed to mimic the
experimental cuts (for example, 2 minimum transverse energy cut in hadron-hadron collisions), and
evaluates the relevant matrix element on the remainder, thereby obtaining a numerical estimate of
the desired cross section.

The purpose of the present work is to present another algorithm for generating a Lorentz-
invariant phase space distribution. It is useful to distinguish two steps in such a process: one
typically generates a set of points in a hypercube, z € [0,1]“(")T and then maps the hypercube
to phase space (d(n) depends on both the number of final-state particles and on the mapping).
To calculate a cross section, one integrates over the hypercube a matrix element, multiplied by a
- weight factor (which in general depends on z). In the simplest approach, one simply generates a set
of pseudo-random points distributed uniformly in the hypercube; but more sophisticated adaptive
approaches, such as the VEGAS algorithm [1], are also available. I shall assume the use of such
an adaptive algorithm, and use the term ‘phase space generator’ to refer to the mapping from the
hypercube to phase space, along with a formula for the weight factor.

Most of the traditional literature on the subject [2,3] concerns itself with the general problem of
generating phase-space distributions for particles with arbitrary masses. In the context of present-
day (and planned) colliders, however, most of the ‘final-state’ particles (quarks and leptons) are
massless or nearly so, compared to the typical momentum transfers in processes of interest. This
was emphasized by Kleiss, Stirling, and Ellis [4], who presented a phase space generator, RAMBO,
intended for this regime.

The RAMBO generator first generates an isotropic set of massless four-momenta not satisfy-
ing energy-momentum conservation. Afterwards, it applies a Lorentz transformation to obtain a
momentum-conserving, and then a conformal transformation to obtain an energy and momentum-
conserving, set of massless four-momenta. (For phase space with massive particles, another scaling
of the momenta and recalculation of the energies yields a valid configuration.) In this way, the 3n—4
independent variables describing a final state with n massless particles are smeared smoothly over
3n variables (which are in turn mapped into a uniform distribution over 4n variables). This gener-

ator is both elegant and simple to program, which makes it an extremely useful as a check on more
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complicated generators such as the one I present below.

Unlike traditional generators, the RAMBO generator has a weight factor which (for the purely
massless case) is independent of the point in phase space; it contributes a factor dependent only
on the total center-of-mass energy in the process. Thus in a certain formal sense it has ‘maximal
efficiency’: a uniform weight over the integration region will yield the minimum error (for a given
amount of computational work) in a Monte Carlo integration procedure. Indeed, if we were simply
interested in calculating the volume of phase space, this generator would be unsurpassable in
efficiency. Practical applications differ in two respects: we wish to integrate a scattering matrix
element; and we wish to perform the integration over that part of phase space that survives certain
angle and energy cuts. For such practical applications, the efficiency of the RAMBO generator is

not maximal, and one can improve upon it.

2. Monte Carlo Integration

We are interested in calculating a cross section for the production of n final-state particles,

a'.(n) = dLIPSn(P; {Pi, m:}) Fs |-A-n+2(P; {pi'rm!'})lz (2°1)

phste space
with cuts

where A, ,; is the scattering amplitude, F' is the flux factor for the incoming particles and § the
symmetry factors for the final state, P is the sum of the four-momenta of the incoming particles
(with the convention that Ej .oming > 0}, and where LIPS is the Lorentz-invariant phase space

measure for n particles with four-momenta p; and masses m;:

dLIPS(P; {p;,m;}) = (27)*6* (P - > Pi) II d—q&zﬁ(lﬁ - m})8(p})

ionmt / iesimm 27N -
= (2r)*6* (p_ 3 p_) 10 _dp; '
icfinal : i€final (211’)321:7,-

I have suppressed any additional integrations that may arise (such as the integration over parton
distributions in the case of hadron-hadron collisions). We are particularly interested in the light (or
massless) particle case, where E; ~ |p;| for momenta surviving the cuts. A phase-space generator
provides us with a mapping from the hypercube to Lorentz-invariant phase space, p; = G;(z), and

the Jacobian of the transformation, W(z). The cross section of interest is then

wuim) = [ A OGN WIFS [Ansa(P{G(z),mi))f

= / dz M(z)
[0,1)%=)



where
if the set p; passes the cuts;

1

gcut({pi}) = (2.4)
0 otherwise.

If we choose Nyc¢ peints in our Monte Carlo, with probability density P(z), the estimate of

the cross section is given by [1]

1 M(z
oMC = Noro Z,,: P((z)) (2.5)

and the fractional error estimate is given (for large Nyg) by

e= MO (ome)’ (2.6)
oMC Nmc -1

o = 2 (g((:)))z (2.7)

In the simplest implementation, the probability distribution would be uniform (P(z) = 1); more

where

sophisticated approaches, such as the VEGAS algorithm, attempt to choose the probability distri-
bution so as to minimize the error.

In performing calculations, we wish to minimize the amount of work required to obtain a
specified accuracy in our calculations; or equivatlently, to maximize the accuracy obtained for a
given amount of work. In numerical calculations, this translates into the ideal of minimizing the
amount of computer time required to obtain an answer to a specified degree of accuracy. In Monte
Carlo calculations, the computer time is proportional to the number of points taken; and the error
(in the limit of large number of points) decreases in proportion to the square root of the number
of points. The most hard-nosed measure of efficiency is thus a quantity like 1/(computer time x
(relative error)?), which I shall term the practical efficiency. In the limit of a large number of
Monte Carlo points, the practical efficiency approaches a constant for any given calculation.

However, this constant depends on the details of the hardware and software system. It is
therefore perhaps preferrable to think about the ordinary efficiency, which I define

1

€ = —
NMc€2

(2.8)

where Npyc is the number of Monte Carlo points used, and ¢ is the fractional error in the answer
(as estimated, for example by VEGAS). In addition, it will be helpful to define a hit rate h, the
fraction of points thrown down by VEGAS that survive the quasi-experimental cuts.

A hit rate close to unity is desirable; in that case, the phase space generator spends most of
its time generating useful points, rather than points to be discarded. One might assume that the

amount of time spent generating phase-space configurations is in any event negligible compared to
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the amount of time spent evaluating the matrix element for a scattering process. This assumption is
incorrect for two reasons: first, for some background processes, such as multijet production, there
numerically reasonable approximations [5], which are also reasonably efficient computationally;
second, the volume of phase space which survives the cuts typically decreases factorially with in-
creasing number of final-state particles’, whereas the approximations to scattering matrix elements
can often be cast in forms where the amount of computational work increases only polynomially [6].
In such a case, if the hit rate is proportional to the fractional volume of phase space that survives
the cuts, then the computation time for large number of final-state particles is dominated by the
phase-space generator, even if it is much faster to generate a single configuration than to evaluate
a scattering matrix element.

VEGAS will attempt to increase the hit rate by performing changes of variables numerically,
and thereby adjusting the distribution P(z), but it will be able to do so only in cases where the
cuts are approximately parallel to the axes of the hypercube. RAMBO, however, effectively smears
the Lorentz-invariant phase space over the hypercube in such a way that the cuts depend non-
trivially on all the variables. VEGAS is then unable to improve the hit rate much by re-mapping
the coordinates of its hypercube; indeed, when driving RAMBO from VEGAS, one typically sees a
~ hit rate roughly equal to the fractional volume of phase space that survives the cuts.

The above considerations are in some ways a special case? of the general observation [1] that in
an importance-sampled Monte Carlo integration, one obtains an optimal choice for the distribution

of points by taking
|M(z)|
Jdz |[M(z)|

VEGAS attempts to make this choice by changing variables numerically. If we can find a phase-

P(z) = (2.9)

space mapping that allows VEGAS to choose the probability disiribution more effectively, we will
improve our efficiency.

Even if we can do this, however, adaptive algorithms often have trouble handling singular
or sharply-peaked behavior in the integrand. If possible, it is preferrable to absorb singularities
(or even cut-off singularities) into the probability distribution analytically. In the case of interest,
scattering amplitudes for massless particles typically exhibit two sorts of singularities. The matrix
element will diverge as the any outgoing particle becomes soft; and as any two outgoing particles
become collinear. As we shall see, one can absorb the former singularity into the probability

distribution, thereby smoothing out the integrand, and improving the efficiency of our integration.

! This is typical of the dimension dependence of the ratio of volumes of a regular solid embedded in another of
different shape.

! The considerations are not precisely the same, because the computer time for evaluating configurations which
do or don’t survive the cuts is different.



A generator which increases the hit rate over that obtainable with RAMBO, and absorbs some

of the singularities of the matrix element, is given in the next few sections. I call it OCTOPUS.

3. Massless Phase Space With Cuts

Let us begin by focussing attention on the case of a phase space generator for massless
particles; we shall consider the more general case of light particles in section 4. What are the
sorts of simulated experimental cuts one may wish to apply? In electron-positron colliders, the lab
frame and center-of-mass frame are the same, and so the appropriate cuts are minimum energy
cuts Epi, (to eliminate soft junk), minimum angle cuts €y;, between outgoing particles, and a
minimum angle cut fpeam with respect to the beam direction (to exclude debris travelling down
the beam pipe). In hadron-hadron colliders, collisions involve partons of varying energies, and so
the center-of-mass frames of different collisions are smeared along the beam direction; in this case,
a transverse energy cut £t min is appropriate. (The transverse energy is defined as the projection
of the energy onto the plane transverse to the beam; for a massless particle, it is the same as the
transverse momentum.) In addition, experimenters impose cuts on the pseudo-rapidities of jets
~ and on the cone angle AR between jets. We shall mimic these in the conventional manner with
limits on the maximum pseudo-rapidities, 7 = —In(tan#/2) (which for massless particles is the
same as the rapidity y = In[(E + p;)/(E — p))]/2), of the outgoing partons, and with limits on the

minimum AR,

AR = /(An)? + (Ag)? (3.1)

between outgoing partons (I shall assume below that ARpnin < m/2). Of course, these sorts of
cuts are also necessary in a theoretical calculation in order to cut off the infrared divergences of
scattering amplitudes.

To simplify the presentation, I will consider only cuts that treat all particles symmetrically; this
is in fact true of the cuts imposed in one physically important situation, the calculation of multijet
cross sections. It is however possible to generalize the equations presented below to different cuts
for different outgoing particles, so long as the cuts are of the same general types given above. When
using the RAMBO algorithm, the cuts are applied after to each momentum set generated. The event
is rejected if the set fails the cuts. I shall assume a similar check is applied to the output of the
generator described below, so that we may (if desired) apply a weaker set of constraints within the
generator. That will not cause us to generate sets of momenta that fail the desired cuts, but will
only reduce the efficiency. Thus we need not solve the constraints implied by the cuts exactly, but

only approximately.



One can write an iterative formula for the phase-space measure [2],

d4°
dLIPSn(PtoH {Pi}?:l) = (—27}-)-3% dLIPSﬂ—l(PlOI - P {Pi}?zz) (3°2)

which I shall use as the basis for the algorithm.
For massless particles, equation (3.2) becomes

: 1
dLIPS (Pios; {pi}izy) = mEldEl d¢1d cos by dLIPS, 1 (Pioy — p15{pi}ics) (3.3)

where it will be convenient to take &; and ¢; as the polar and azimuthal angle, respectively, of the
i-th particle with respect to the beam axis. I will utilize a hypercube of dimension d{n) = 3n — 4
(in contrast to the RAMBO’s d{n) = 4n), with the following correspondences for the first n — 2

momenta,
T3 « E;

L3i-] +* 9" (34)

T3 > P
with each z € [0,1).

What are the integration limits on these variables? Let us assume that we have generated
momenta for particles 1,..., (i — 1), and define the remaining four-momentum, P = P,,, — ;;11 Pi-
We must ensure that after generating a momentum for the first remaining particle, we will be able
to satisfy the energy-momentum conservation constraint for the other remaining particles. Now,
the sum of any number of four-momenta with positive energies is a positive-mass four-momentum,

s0 we must require that

(P-p)?20 (3.5)

This constraint is also clearly sufficient to satisfy energy-momentum conservation, since one can

always write a positive mass® four-momentum in terms of two massless four-momenta (setting the
rest to 0).
Thus

2E; (P° - |P|cos6;p) < (P°)” - |P|? (3.6)

where #;p is the angle between p; and P, so that defining the dimensionless quantities
e; = E;/P°
v =|P|/P°

€T min — ETmin/Po

€min — Emin/Pcl

(3.7)
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we have the constraints

1
€ < ;U
2e; + 02 — 1 (3-8)
cosbip > —— = L;p
2e;v

(The kinematic limit on e; ensures that L;p < 1.) As detailed in appendix I, the latter constraint

implies the following constraints on cos §; and ¢,

cosf; ¢ [c‘,cﬂ

(3.9)
¢’|‘ € [¢'H!¢+]
where
¢~ = ~1 1
¢t =1
/ Lip < -1
¢ =gp-—T
¢+ = ¢P + T )
*1, L,'p _<_ *COSGP
cT = (3-10)
L, otherwise
1, Lip < cosfp
et = > Lip > -1
L}p,  otherwise
¢ =¢p— Ly
¢t =¢p + Ly J
and where 6p is the polar angle of P, and
LE, = Lipcosfp + \/(1 - L) (1 - cos? fp)
(3.11)

L. — acos Lip — cos8; cosfp
* v/ (1 —cos?8;) (1 — cos? fp)

For the electron-positron case we also have the constraints ¢; > e, and €088y < cosbppam. We

must in addition leave sufficient energy for the minimums of the remaining particles, and thus

1+v

e; < min ( 1-(n- i)emin) (3.12)

In the hadron-hadron case, we can translate the constraint |7;] < 7max into a constraint

| cos8;| < cosOhesm (3.13)
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by defining cos fyeam = tanh ny,ex. Every particle must have an energy greater than or equal to the

minimum transverse energy, so we have the upper bound

14 %

¢; < min ( y1—{n—1er min) = €max (3.14)

The transverse energy constraint e; sinf; > ey min itself imposes the additional constraint on cos 6;,

|cos8;] < /1 ~ (C—Tﬂ)z (3.15)

€

(given that e; > et min, of course). To ensure that this has a non-trivial overlap with the interval

[e™,ct] given in equation {3.10), we must demand that
€ i 2
1 - ( Tmm) S e
€y
2
. 1_(3Tmin) < et
€;

Although it is in principle possible to impose these constraints exactly, the non-trivial cases turn

(3.16)

out to involve the solutions to a quartic equation. As discussed in appendix II, it is therefore

preferrable to impose a slightly weaker set of constraints,

€; 2 €T min

1-v? (3.17)

€ 2 LET, if €T min > m and 4Qe%min + ﬁz(l — 1)2) C032 QP 2 0

where
a =sin’fp — (1 — v?) cos? Op

B =+1-2vicosfp ~ vsinbp (3.18)
1 v (ﬂ sinfp + \/406'2I‘min + 3%(1 - v¥) cos? Gp)

Lgr = -
ET 2+ 2

(The prerequisites on e m;, are nearly always true in practice for those situations where the second

constraint is more severe than the first.)

We also want to ensure that the choice of energy for p; still allows us to satisfy the transverse
energy constraint for the following n - ¢ momenta. That constraint, combined with the requirement
of energy-momentum conservation, implies that there is a maximum longitudinel momentum that
the following momenta can have; and thus, we must not allow the present p; to increase the existing

longitudinal momentum too much. That is, we must demand

n
max Y |p;L] > Py - pi (3.19)
J=i41



Wlth _ 7 2 _ A2 9 2
w=1-v'cos’Op — (n—1) ek in + €T min

€% min(l — v? cos? Op)

x=1 2 (3.20)
Lli?L = d {1 vjcosfp|\/X)
2(1 — v? cos? 6p)
this constraint, as shown in appendix III, translates into the requirement that
e < L;L X > 0
’ (3.21)
e; < \‘.:.’/2, X < 1]
so long as
e?r min + V7 cos? Op > efm,
(3.22)

Lzp < max(w/2, e min, LeT) or x <0
These prerequisites on et i, are again nearly always true in practice. (One would omit the con-
straints of equation (3.21) if they were not.)

Given e;, we also obtain an additional constraint on cos §;,

cosb; € veosfp — /(1 - Z.-)’ ~(n - i)ze?rmin, veosfp + /(1 — ee,-)’ ~(n—1i)%ed . . (3.23)
i i

Equations (3.14), (3.17), and (3.21) together give upper and lower limits ¢; and e, on the

energy fraction of the particle. To generate an energy from the corresponding z, we could set
E,‘ = PG(’.':g,'_z(eu - e;) -+ e;) (3-24)

with an associated jacobian e, — e;. However, as noted in the previous section, massless-particle
amplitudes have soft singularities of the form M(z) ~ 1/£?, while the measure in equation (3.3)
only has one power of the energy. In order to absorb the remaining singularity (and thereby

introduce another power of the energy into the measure), we instead should set
E; = P’ exp(In(eu/e;) 23i-2]; (3.25)

the associated jacobian is then

J!E = E;In(e,/e;). {3.26)

For some purposes (for example, computing the correlation between different amplitudes), one may
desire an even larger explicit power of E in the measure. To obtain a net power of Ef“, we should

set
€y

(el — (ed — ef )zas~2)1/9

E;=P¢ (3.27)
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The associated jacobian in that case would be

q _ o1
JE — p9ti en €

] gréi_®# L 3.28
Given the value of e;, equations (3.10), (3.13), (3.15), and {3.23) together give upper and lower

bounds ¢, and ¢; on cos@;. We can then set
cos; = (ey — €1)2ai-1 + €. (3.29)

The associated jacobian is
J? = (cu - a)/2. (3.30)

Before turning to the question of satisfying the interparton angle constraints themselves, we
may note that the very existence of such constraints forces the minimum invariant mass of a pair

of final-state particles to be greater than some minimum,
(pl' + p.}‘)2 Z 2‘E'%l.'l‘l.ll\(l — €Oos ARmin) = mznir (3'31)

(This formula holds for the case of hadron-hadron scattering; there is of course a similar one for

" the electron-positron case.) This allows us to replace equation {3.5) with a stronger constraint,

n—t}n—1—-1
(P - pi)z 2 NP!il‘lm;uir = ( )( 9 )mfuir (3‘32)

With l-‘;.m = Np.i,.mg.h/(P“)’, the maximum energy fraction is then reduced a bit,

. 1+vw lu'glin

- 3.33
=Ty 2(1 - v) (3.33)
and the relative cosine limit becomes a bit tighter for given energy fraction,
2e; + v -1+ ,uf“i“ ;
cosb;p > =Lip (3.34)

Ze;v
Equation (3.10) continues to hold, with L;p — L!,. However, since this modification makes
the cosine constraint stronger, we can continue to use the {weaker) constraints following from
equation (3.16); they will not (improperly) eliminate any configurations which would survive the
cuts.

Let us now examine the question of satisfying the cone angle constraints, AR;; > ARunin-
(Although I shall not discuss it in detail, the method of satisfying the angular separation constraints
in an electron-positron environment is similar in many ways.} It is convenient to do this by ignoring
any potential constraints on 8;, and imposing constraints only on ¢;. This will result in a less-than-

maximal hit rate, but in a hadron-hadron environment this choice is acceptable, since the with the
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usual definition of AR, the cones are wider in the azimuthal angle than the polar one. We wish to
exclude all angles ¢; for which AR;; < ARpin for any j < i. The remaining angles in general form

a disjoint set of intervals. How should we attack this problem?

The method I shall describe is of course not the only possible one, but it is convenient. The
idea is to subdivide the circle [0, 27] into some number of wedges, and to iterate a marking process
over all j < 1. For any given j, one marks as excluded all wedges which lie entirely within ARy,
of the j-th particle. One then generates an angle uniformly within the unmarked wedges; the
associated weight factor is simply the number of unmarked wedges divided by the total number of
wedges.

In practice, we might as well subdivide the interval [¢~, ¢*] rather than the whole circle into,
say, B bins, numbered 0,...,B8 — 1. (It is most convenient to choose B to be a multiple of the
number of bits in a computer word, and to let each flag for a wedge be represented by a single bit.
For practical purposes, B = 96 and B = 128 are good choices.) Shifting all angles by ¢p simplifies

matters somewhat; define

ri; = ARL, — (i — ;)

tpj-‘: = (¢; — ¢p £ /T ;) mod 27
by = [M} (3.35)
3L,
b, = l(‘#}r +1Ls)B 1J
2Ly

where ‘mod 27’ means shifting into the interval (—m,»] by adding or subtracting an appropriate
multiple of 27. (The increment of —1 in the b, is intended to ensure that the entire bin falls within

the excluded region.) Note that the assumed limit on A Rp;s implies that r; ; < w2/4,

All bins are initially marked as allowed. We must iterate the following steps for each j < i for

which r; ; > 0,

if p; < t,oj", Mark bins b;...5, as excluded
(3.36)
if ; > ¢}, Mark bins b;...B — 1 and bins 0...5, as excluded

(It should be understood that ‘marking’ a bin with number less than zero or greater than B —1 has
no effect, and that the sequence a; ...az is empty if a; > a. The inequality on the cpji, rather than
the more obvious one on the &; ., ensures that we do not exclude a bin if the entire excluded region

falls within the bin.) This will leave us with a set of B, allowed bins, which we label 4;,...,b5,.
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(If none of the bins are allowed, reject the configuration.) The angle ¢; is then given by

k¢. = LBBJ:;;,;J
by = be,
(3.37)
(54, = Baﬂ:gi - kqg,
by + &
¢i:¢P—L¢+2L¢¢ i
The jacobian associated with generated of ¢; is
Ls B
JE=222 3.38
1 T B ( )

The astute reader will note that this part of the algorithm has a running time which scales
quadratically with the number of outgoing particles, rather than linearly as do the remaining pieces.
This may seem bad in contrast to RAMBO, whose running time scales linearly with the number of
particles, but in fact this difference is somewhat of an illusion, because the running time to check
whether an event passes the cuts also scales quadratically with the number of particles.

Thus far the discussion has concerned the first n — 2 final-state four-momenta. For the last
- two, we must do things a bit differently, because we have only two independent variables in total,

rather than three per particle. The phase space measure for these two particles is

dE,._, , dcoséy,_;

T (=)

dpr_1 (3.39)

I shall choose as the independent variables the cosine of the polar angle of the (n — 1)-th particle,
and the azimuthal angle of this particle, both with respect to the sum of the (n — 1)-th and n-th
momenta. This azimuthal angle is then unaffected by energy-momentum conservation constraints,
and is constrained only by the additional sorts of constraints considered above.

Thus [ define a new coordinate system, with

é]_ = f’

A Ex P ) . .

e = — = —sIn ¢px + cos ¢py (3.40)
Zx P

& =& X & = (&~ cos#pP)/sinbp

(At this point, P = Py — E;‘;f pi-) For the two last particles, we take #,_; and ., to be the polar
angles with respect to the &, axis, and ¢,_;, ¢, to be the azimuthal angles in the é;-é; plane
{with ¢ = 0 in the &; direction). It will be convenient to define a unit vector in the direction (or

opposite to the direction) of the projection of &; into the orig.ina.l z-y plane,

&y — sinfpé; — cosfpéy (3.41)
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The minimum energy constraints immediately imply the following range for e,,_;:

l-v . 14+7v
€n_1 E [e; = max (E’rmin, *——é——) ,€, = min (1 — €T mins —2——-)J (3.42}

for hadron-hadron scattering, with analogous limits in the electron-positron case.

We can solve for the cosines of the angles in terms of the energy fractions of the particles:

e . —e? +u?
cos@, _, = pik sl ST
n-l 2eﬂ_lv
_ v2 + 28,-._1 ~1
- 2e,_17
. 37 . (3.43)
cosd, = fn " fno1 TV
n 2e v
_ v} -2e,_; +1
2(1 —epy)v
and thereby arrive at limits for cosé,,_,
2 '
c;‘—"ma.x(—l,_"*“'“——v +2'e‘ 1)
2ev
3 , (3.44)
¢ —minf1. O t2u—1
v T 2elv
To generate cos #._1, we set
cosy,1 = (¢, — c})z3n_p + €} (3.45)
with the corresponding jacobian,
2e?
9 —1
S G (3.46)

where we have put the factors from the measure into the jacobian for convenience. The two energy

fractions and the other cosine are then

1 —v?

2(1 - vcoslp_y)
1-2vcosf,_; + v?
- =1-e,_ 3.47
en 2(1 —vcosf,_;) €n-t ( )
2v — (1 + v?) cosf,_;

1—2vcosf,_; + v?

€n-1 =

cosf, =

The transverse energy fractions of the particles are

€T n_1 = (Pn_1 'é2)2 +{Pn_1- “34)2

el_, [sin2 n_1 cos® 1 + {cosf,_, sinfp — sind, ., sin¢,_, cosfp )2
(3.48)

el [sin2 On-1 + (cos? 0n_y — sin® @, sin? ¢, ) sin? Op

—2cos8,_; 5inf,_, sinfp cos fp sin ¢, - |
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The transverse energy constraint is then

sin? 8,,..; sin? @p sin® ¢,,_; + 2 cosb,,_; sinb,_, sinfp cosfp sin d,,_;

N2 (3.49)
— sin® @p_y — cos® B, sin®fp + (eT mm) <0
€n_1
or
sing,_, € [s;_l,si_l] (3.50)
where
+  —cosfpcosh; £ /1~ eT! min/e?
ot = _ ' (3.51)
sinfp sind;
Now, sin ¢, = —sin¢,_,, so we obtain another restriction,

singn.; € [-8}, —s7] (3.52)

Combining the two and defining

s = max(—1,-s}t,s7_;)

(3.53)
3y = min(1,s}_,, —s;)
we obtain
S ¢n—1 € [max(-1,—a7,s,_,),min(1,s}_;, —s7)] (3.54)
It will be helpful to define
4; = asin s,
(3.55)

A, = asin s,

For the AR constraints involving the final two particles, one could in principle proceed along
the same lines as above; but in this case, the rapidity and azimuthal angle (in the lab frame) of the
particles are non-polynomial functions of sin@,-;, and thus implementing that constraint would
require solving many equations numerically, which is likely to be rather expensive. Instead, it is
easier to implement the somewhat weaker constraint excluding not the full circle, but only the
circumscribed square |An| < ARmin/v2, |Ad| < ARpmin/v2. The remaining cuts will then be
applied after phase space generation, as usual. Denote by #%_, and ¢£_, the polar and azimuthal

angles of (n — 1)-th particle in the lab coordinate system (%, #, 2). Then

cos 0,{’_1 = cosf,_, cosfp + sinb,,_; sin fp sin ¢, _,
sin@%_, sin¢%_, = cos,_, sinfp sin ¢p + sinb,_; cos Pn_1cosgp —sinf,_; sin@,_, cosfp singp

sin@X_ cos qﬁ,{’_l = cosly,_ sinfp cos dp — sinb,_| cos d,_; sin dp — sin b, _; sing,._, cosfp cos ¢p.
(3.56)
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Equation (3.54) specifies two regions in ¢,_;, where the sin ¢,,_; satisfies the given constraint, and
where cos ¢,_; is either positive (R, ) or negative (R_). Divide these regions into bins. For each
i < n =1, we may form an allowed set in ¢,.,, consisting of those bins which satisfy one of the

following equations
atanhcos 0% | > n; + ARmi,/\/i

atanhcos 8L, < m; — ARpin/V?2
¢5_y — ¢i > ARmin/V?2
L | — i < —ARmin/V?2

as well as one of the corresponding equations with n -~ 1 ~» n. As shown in appendix IV, these

(3.57)

equations translate into the equations

il
[An'— bt

5
U A"n"fl'i] ) cos¢p > 0
bnr e {77 (3.58)
U {rr - Ai‘fl‘i,w - Aftll—l,i] , cosg¢ < 0
i=1
while the corresponding set for n —~ 1 — n gives a similar pair with A':;‘fl'::-} — A,’.;'fl‘:}. The
- definitions of the Aiﬁ'u} (which here are all shifted to lie in the interval [—= /2,37 /2]}, along with
those of the booleans A .f‘i and 5;"',- used below, are given in the appendix. The intersection of the
allowed sets for all ¢ then gives the allowed region, within which we generate ¢,_; uniformly. The

associated jacobian is again the number of allowed bins divided by the total number of bins. Thus,

if we split each of the two regions for ¢,_, into B intervals, and define

j!{llu} 3
bjr{lru}"' = (A{ﬂ_'lin}r'l B A:)B
{n—l,n},l Au _ Al
- | ) (3.59)
ity _ 6T Alaoimy — 4B
{n—Ln}i — A, — A

(Note the interchange of u « [ in going from the As to the 6~s.) We start with all bins marked
‘allowed’ (A+ = {all bins}), and iterate the following steps for all i < n — 1 for which all the

. i P ] ]
inequalities are non-trivial (A _, N]_, ; = ‘true'):
ad *

Sy =0
For j = 1..5 where the j-th inequality has a solution (57{—1.;' = ‘true'),
i A;f{i:,i < A;‘;’fl"-, then mark bins bf‘[_i“ . ..bfl’ffi in 54 as ‘allowed’; (3.60)
otherwise, mark bins 0. ..bf;f:f‘i and bins bft"_i“ ...B~1in 51 as ‘allowed”;

Ay = AL N Sy
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followed by a similar set of steps for with the b, ;. We will be left with BT allowed bins in the Ry,

which we label bF,..., 5%

e Set y = 2&3n_4; the'angle ¢n—y is then given in a fashion similar to

equation (3.37):
ky = (B = By )zan-4]

8y = (By + B }ean-4 — kg

by = bi,
Pn-1 = Ar 4 (Au — A,)f’-!-if—‘?i kr< B2 (3.61)
by=b, _ps
PR PRPRCUET N Ak B
The jacobian associated with this angle is
= A Aifet By (3.62)

w 2B
To obtain the over-all weight factor, we must combine the jacobians of equations (3.26), (3.30),

(3.38), (3.46), and (3.62) with the factors in the measure, equation (3.3), and the phase space weight
- for the final two particles; this yields a weight W,

2 2-2n
W= T2 e ] BIEII? (3.63)

4. Light Particle Phase Space

In this section, I generalize the constraints developed in the previous section to handle light
but not massless particles. By ‘light’ particle I mean a particle whose mass is smaller than the
corresponding minimum energy or minimum transverse energy constraint. (Although some of the
considerations in this section in principle apply to heavier particles as well, in practice it is not
appropriate to apply cuts to these particles, since one is often interested in them only in intermediate
states, with cuts applying only to their decay products. For these particles, a traditional-style phase
generator is more appropriate; one may then used the formule developed in this paper for the light
particles. )

So consider the question of generating a phase space distribution for n particles with masses

{m,- < (ETmin or Emin)}. With

M? = z "y (4.1)
J=i+l
the counterpart of equation (3.5) is now
(P —p)* 2 (M) (4.2)
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One could also construct the precise analog of equation (3.32), but in practice it is more efficient

to use a slightly weaker constraint, with

?

P = = 2 ne(ne —1)
M = Z m; | + Z mj [+ = i (4.3)
F=i+1 F=i+1
myzmo/ v my<mpalr/ VT

where n. is the number of particles after the current particle with masses less than mp,;,/ V2.

Define the dimensionless quantities

V1P~ (Mi + m:)?][P? — (M; — m;)?]

Aj = 7
_ p? M,? + mf
Vi = P2
my
p= (4.4)
pil
ki = o

0
p;
€ = pg = /K4 uls

equation (4.2) then leads to a maximum value for the energy

e < i + A

LR 9 (4'5)

{the corresponding limit on the norm of the momentum is (A; + ¥;v)/2) and then a constraint on

cost;p,
(v? — 1) + 2e;
2k;v

The form of the constraints on #; and ¢; is then very similar to the one in the vrevious section;

cos,p > = LTp (4.6)

indeed, we need modify equations (3.10) only by replacing L;p with L. So long as v; < 1 {which
is usually true in practical applications), then LT, > L;p, and we can again retain the constraint of
equation (3.17), as it will be weaker than (but still a reasonable approximation) to the corresponding
constraint that would emerge from L{}. (In the event that LTh < L;p, one would retain only the
consiraint €; > et min.)

We may replace the longitudinal momentum constraint of equation (3.19) with a slightly weaker

constraint on the longitudinal energy,
max Y |Ejr} > |Pp+ piLl (4.7)
F=i+1
As shown in appendix III, this leaves the additional bounds (3.21) in place.
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The mass will of course cut off the soft divergences of the matrix elements, but if the mass is
much smaller than the minimum energy cut-off, then the matrix element will be sharply peaked
- near the minimum energy, and it is still helpful to generate an extra factor of either the energy or

the norm of the momentum to smooth out the integrand. The measure has the form

dp;

Vv Ipil? + m?

I shall leave a factor of |p;|E; explicit, and generate the remainder through the mapping. For this

constant x |p;|? = constant X {p;|dE;; (4.8)

purpose, one may again use equation (3.25); the jacobian {3.26) also carries over without change.
The various additional restrictions on cos #; from equations (3.13), (3.15), and (3.23) carry over
without change, as do the generation of the polar angle, equations (3.29-3.30), and the method of
satisfying the AR constraint for the azimuthal angles, equations (3.35-3.38).
For the final two particles, the measure in the light particle case is now (see ref. [2])

(k) O(kT)
A

1
-d G 1d@n_ .
1 cos 1 lg e (4.9)

~ve;_;cosf,_,

-1

" where

p=1-vi4pl  —pl=(1-v)rm
vpcosty,_1 £ /p? — 4ul (1~ v¥cos?,_,) (4.10)
2(1 — v3cos?b,_,)

+ —
l’tl"s—l -

Both solutions will contribute only in the case &, _; > 0; this can arise only if p < 2p,_,.

With M,,_; = my,, we have the kinematic limits on e,,_,,

mi _ Tﬂ—l - An—lv
€ = max eTmim—E——'—

\ (4.11)
e™ = min (1 — €T mins Tn-1 ¥ An-t¥ 2 ﬂ_lv)

which lead to corresponding limits on cosé,_;. In addition, if p < 2u,_;, there is an additional
constraint on the cosine, since the particle can no longer travel in the direction opposite to P;

putting these together, we find

Ze?"' —F '
max (_11—2&—?_ b PZ znu'ﬂ—l or e;"ﬂ- Ze;nmax

ot =

1 2

—4/1 - ,02 , otherwise (4.12)

v 4#1’1—1

2e — p

* ( T 2uk!, )
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where

kl{l } = ‘/(enr )2 _ #’2 L
’ thu (4.13)
Hn-1Yn-1

m
e - ————————————————————

2]
M T Ano1 V1 — 0?

To generate the angle (taking account of the uncommon possibility that k;_; > 0), set

_ m m m
CcOS§ gﬂ.—l = (Cu — C )1:31'1-5 + <y

kn_y = k7 ‘ '
n—1i n—1 P> 2Un_; or et > e;nmlx
(7 — el )kA s

Kpo1 — V€q_1 COS0,_

J:‘—al =
(4.14)

oy = [(el} — ") (22ans — 1)| + "
_ pMEn(2zaa_s—1)
kn_1 = k.2 < 2m_y
Jm.ﬂ — 2% (cum - C;ﬂ)ki—l
n—1 —

kn_; —vena_j1cosf,_,

(Once again, we have absorbed some of the factors from the measure into the jacobian.) The energy

fraction and cosine of the last particle are

€n = 1- €n-1
V—kn_1cosfp_; (4.15)
kn

cosf, =

Equations (3.50-3.62), dealing with the azimuthal angle of the final pair, carry over to the
present case without change. The final difference from the massless case comes in the formula for

the weight, where equation (3.63) is replaced by a similar form,

m(2m) e T E 16 1o
W= == —Jr I1 IpildBaes; (4.186)
i=1

5. Numerical Examples

As an example, I will consider the integration of the following function,

Pt

1}(12)(23)---(n - Ln)(nb) (5.1)

A(pa,pp = {pi}izy) = a

over n-particle phase space, where (i7) = 2p; - pj; s = (ab); and Piyy = pa + pp = (/5,0). This
function has the essential features of massless-particle amplitudes, soft and collinear singularities.
Indeed, it is one of the terms in the non-vanishing Parke-Taylor helicity amplitude for multi-gluon

scattering [7].
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I shall use two sample cuts:
(a) ETmin = 0.02\/.;, ARmin = 0.8, Tmax — 3.5.
(b) ETmin = 0-05‘\/§a ARmin - 0-81 max = 3.5,

In each calculation, VEGAS was used to feed each of the phase-space generators, RAMBO and
OCTOPUS. VEGAS was given five iterations (with a minimum of 2000 accepted events each) to
refine its bins, and adapt (as best it could) to the integrand. The VEGAS grid was then frozen,
and the run continued with sets of ten iterations, increasing the number of points per iteration for
each new set. These sets yield an estimate of the asymptotic efficiency of each of the generators
in the particular calculation. In practice, I have simply chosen the error estimates corresponding
to the iterations with largest number of points. (One also must ensure that one has reached a
regime where the estimates of the integral do not fluctuate too wildly, else VEGAS’s error estimates
will usually be much too small.) The fractions of phase space surviving the two cuts is shown in
figure 1; the scaling of the hit rate with the number of final state particles n for the two cuts is
shown in figure 2; the scaling of the ordinary efficiency in figure 3; and the scaling of the practical
efficiency in figure 4, for a calculation done on the Fermilab ACPMAPS system. (The fluctuations
in VEGAS's error estimate from independent iterations are the source of the estimated error in the
efficiencies. These estimates are however rather noisy, and thus the error bars shown in figures 3

and 4 should be understood as qualitative estimates of the uncertainty.)

6. Summary

A Monte Carlo phase-space generator is a necessary tool in calculation of cross-sections for
high-energy scattering experiments. It is desirable, and possible, to construct a generator which
takes into account many of the experimental cuts on detected particles. The equations presented
in sections 3 and 4 describe such a generator. Encoding them in a computer language yields a

phase-space generator of unsurpassed ugliness, but superior efficiency.

I thank Paul MacKenzie for many discussions on Monte Carlo integration and on practical

aspects of working with VEGAS, and the Fermilab lattice group for time on the ACPMAPS machine.
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Appendix I. Constraints on Angles

We wish to translate a constraint on an angle relative to a fixed vector, 8;p,
cosd;p > Cp (L.1)

into constraints on the polar and azimuthal angles #; and ¢;. The constraint cannot be satisfied if

Cr > 1, and it is trivially satisfied if Cr < —1, so we may assume that Cg € [-1, 1]. Rewrite

cos §;p = cos ; cosfp + sinb; sinfp cos(p; — op)
(I.2)

= cos §; cosOp + /(1 — cos? §;)(1 — cos? Op ) cos(¢; — op)

so that the constraint becomes

Cgr — cos &; cosfp
[ = .
cos (¢ ¢p) > \/(1 ~ cos? 8;) (1 — cos?@p) (1.3)

In order to allow a solution to this constraint, the right-hand side must be less than or equal to 1:

Cr — cos8i0p < /(1 — cos?6;) (1 — cos? fp) (L.4)
If we square both sides, we obtain
(Cr — cos 9,-9;:)2 < (1 ~ cos? 0;) (1 — cos? Bp) or Cp —cosfcosfp < 0 (1.5)

which simplifies to
cosf; € [C~,C*%] or cosf;cosdp > Cpg (L.6)

where

c* :CRcosﬁ'pj:J(l—Ci)(l—coszﬁp) (L7)

(Note that C* € [-1,1].)
We must now distinguish two cases: (a) cos#fp > 0 (b} cos@p < 0. The constraint on cos &;
now becomes

Cr Cr

{cosd; > cos 0n and cos8; € {C™,C*]} or cosé; < cos6n (cosfp < 0) 8
C C )
{cos8; < cos;p and cosf; € [C™,Ct]} or cosb; > cos:p (cos@p > 0)
Let us consider the first case in more detail. We can subdivide this into three sub-cases,
C .
B> 1:  cosbei-1,1]
cos fp :
Cr - . [ +
cos0n €[C™,Ct}: cosb; € [—1,C7] (1.9)
Cr e
< —1: cosb; € |C~,C ]
cosfp -
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The function z/+/1 —~ #? is monotonically increasing for z € (-1, 1); thus,

Cr _ Cr cos dp Cr
<C™ = > - - < -1,
cos fp v1-C% v'1 — cos? Op cos fp 110)
Cr N Crn cos fp Cr (&

>C7 = < = > 1
cos fp v1-C% /1—cos?fp  cosfp ’
so the ‘missing’ sub-cases in equation (I.9) are in fact forbidden. There is of course a similar
sub-division in the case coséfp > 0.

In summary, the constraints on §; are

C C
-1, 25 1, B>
cosf; € cos fp ) cos fp (cosfp < 0)
c-, otherwise ct, otherwise
- : (L.11)
1 CR_ o 1 YR oy
cosf; € ’ cosffp , ’ cosfp (cosfp > 0)
L ¢, otherwise ct, otherwise

which, upon shifting cos fp to the other side of inequalities, and observing that at the points where

" the two side in the inequalities are equal, the two branches are also equal, we can write more simply

-1, Cr < —cosfp 1, Cgp < cosfp
cosf; € , (I.12)
c, otherwise ct, otherwise

while the constraint on ¢; (given the above constraints on cos #;) may be written

as

(1.13)

6 — dpl < acos ( Cp — cos@;cosfp )
1 —_

V(1 —cos?6;)(1 — cos? @p)

where the range of acos is understood to be [0, 7], and where I adopt the convention that acos(z >

1) =0, acos(z < ~1) = .

Appendix II. Transverse Energy Constraints

We wish to discover what constraints on the energy are imposed by the requirement that the

intersection of equations (3.10) and equation (3.15) be nontrivial, that is by the pair of constraints

! ) 2
\/1_ (eTmm) > e
€

(IL1)




In the case that L;p < —1, the constraints are trivial, so we need consider only L;p € {—1, 1], which

implies that
2
v

—ve; < e; +

< ve;

or

1—-v 147w
eiE[ 2 ' o }

(IL.2)

(IL.3)

Of course, we must have et 44 < (1 + v)/2, else there is no range of allowed energies anyway.

I will restrict attention to the case cos@p < 0; the analysis for the other case is similar.

If Lip/cosfp > —1, then the first constraint in equation (IL.1) is trivially satisfied; whereas

Lip/cosfp < —1 implies that L;p > —cosfp, which in turn implies that L7, < 0. Since in

this case, ¢~ = L{p, the first constraint is again trivially satisfied.

The second constraint in equation (II.1) is satisified trivially if L;p/ cos@p > 1, so consider

the remaining case L;p/ cosfp < 1, or
1 - v?

€ > —//——————————,
2(1 - vcosfp)

(I4)

If L{p > 0, the constraint is again satisfied trivially. A non-trivial constraint will arise if L} < 0,

or

Ze; — 1 + v? —1+v2)?
cosngv+sin9p\/ef—(2—e‘—zv-{l) <0

Introducing £ = (2¢; — 1)/v (note that & € [-1,1]), this condition becomes

cos p (& + v) +sinfp+/(1 — v3)(1 — &2) < 0
or
2> —vand cos’fp(z +v)? —sin? Bp(1 — v?*)(1 - 2%) > 0

which tells us that
2

1—
e > and & ¢ [6_,44]

where

_coszﬂpv¥(1—v2)sinfr‘p 1—v?

cos?fp + (1 - v?)sin’p  2(1 Fusinfp)’

iy =

With ey = (&v + 1)/2, we see that

ey >

so this case is more simply e; > e,.
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The second constraint of equation (II.1) becomes

~ /(@0 +1)? — ded ., < cosBp(# + v) + sinfp/{T - v?)(1 - 27) (IL11)

where the assumption e; > er iy is implicit. Since both sides of the inequality are negative, it

becomes
(2o + 1)? — def .y, > cos? Op(2 + v)? +sin? Bp(1 — v?)(1 — &7)

(I1.12)
+2cosfpsinfp(Z + v)/(1 — v?)(1 - £2).

In principle, the inequality can be solved exactly, but this involves the disgusting solutions to a

quartic equation. We may however observe that

+2cosfp sinfp(E + v)y/(1 - v2)(1 - &?) = —2| cos#p|sinfp(& + v)4/(1 - v?)(1 — 22)

> —2|cosfp|sinfp(z + v)/(1 - v?)

and this gives a weaker {but simpler) constraint,

(I1.13)

(80 + 1)? — dek 1y > cos® Op(z + v)? +sin’ Bp(1 — v?)(1 - &%) + 2cosbp sinbp (& + v)/(1 - v?)

(I1.14)
The inequality has the solution
z ¢ [2—$2+]J a>0
(II.15)
£€[2+,2_], a<0
where
] sinflp + /4ael . + cos? Op(l — v2)(1?
PELLL E2 i el =) (IL.16)
and where a and 3 are given in equation (3.18),
a = sin? @p — (1 — v?) cos® Op
8=+1—-vicosfp — vsindp.
If we define
R sinflp + cosfp+v/1 — v
Y+ = zile-rml..zﬂ =f3
a
(I1.17)

vsinfp — v/1 — v? cosfp

- sinfp F V1 — vZcosfp
then the sign of the denominator of §_ is the same as the sign of a.
If a > 0, then the discriminant § inside the square root in equation (II.16) is positive, and
furthermore, 2. < y_ < -1, so & cannot be less than Z, and the constraint in equation (II.15})
reduces to ¢ > Z,. If @ < 0 (which in practice happens less frequently), then if the discriminant

is negative, the constraint cannot be solved, and we are left with the restriction that e; < e,. If
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the discriminant is positive, we may note that 2_ > y_ > 1, so that the upper limit on & remains
1 (from the original kinematic limit), while the lower limit becomes & > z,.

Putting all the constraints together, we get (§ > 0)
€ > eTmin and e; ¢ (e, (viy +1)/2] (1I.18)

In practice, the region between et i, and e, does not exist, and it is sufficient to consider these

additional constraints only in the case that e, > e; and § > 0.

Appendix IIL. Total Longitudinal Momentum Constraints
In the massless case, we want
max Z lpiLl 2 [PL - piLl (IIL.1)
i=itl
The left-hand side can be re-expressed as
> VEI-EY (IL2)
Jj=i4+1

which is maximized when Etr; = Er ;. for all remaining particles. Furthermore,

\/Ef - E'i‘min + \/Ef - E%‘min > \/(EJ + E‘ - ETmiﬂ)z - E%‘min (III3)

so the sum of abselute longitudinal momenta is maximized when the remaining energy is distributed

equally amongst the momenta; this maximum is

V(P° — E)? — (n— ipER .. (IIL4)

In the case where different particles have different minimurm transverse energies, the sum is maxi-

mized when the energy of each particle is proportional to its minimum transverse energy:

ET min{
B x o rmint (I11.5)
Zj ET minj

The maximum in this case has the value

2

(PP —E)* — | > Er minj (IIL.6)
j=it1
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With

we thus have the constraint

[Pl cosfp = i cos ;| < /(PO — Eo)? — (P0)2sk (LIL.7)

The left-hand side has its minimum when

cos 6; = sign(cos 6p } min(| cos@p| {P|/E;, /1 — €k . /e?); (II1.8)

in order to allow a solution at all, the value there must be less than the right-hand side, If

e; > \/e?rmin + v? cos? fp, the minimum of the left-hand side is zero, and there is no constraint;

v cosfp| — e;4/1 — eszm/ef-l < 4/ (1 —e;)? — sk (I11.9)
!

squaring both sides, we obtain

otherwise we must have:

—2vjcosfp|yjel ~ ek . <eh . +1-vicos’Op — s} — 2e; (LI1.10)
which means that
e <w/?2 or e; € [e.,eq] (ITL.11)
where
w=1-vcos’fp — sk + ek .

€% min(l — v* cos? fp)

x =1 o (I11.12)
w
= a
€+ 2(1 — v? cos? fi‘p)(l:l:v}cos elvx)
Combining the two, we obtain
€ < €4, x> 0
(IIL.13)

e; < “"/za x<0
so long as either x < 0, e. < w/2, or e_ < emin, which is always true in practice.
Equation (IT1.7) then yields the following constraint on cos#;,

veosfp - /(1 —e)? — sk veosbp + (1 —e;)? — s (II1.14)
1 e; )

€:

cos0; €

In the massive case, we replace the constraint (II1.1) with the slightly weaker constraint

max Y |Ejr| > IPy + pir| (IIL.15)
J=1+1

The right-hand side of the inequality (III.7) is then unchanged. In the left-hand side, e; should

be replaced by k;; but in the case that e; < \/e?r min T v% cos? Op, leaving the e; in place gives a

weaker {but safe) constraint.
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Appendix IV. Constraints on Penultimate and Ultimate Momenta Angles

We wish to simplify the set of inequalities

atanhcos@X_, < 1 ~ ARmin/ V2 (IV.1a)
atanhcos6L_; > n; + ARpmin/vV2 (IV.1b)
$riy = bi > ARmin/V2 (IV.1c)
GE_ - ¢ < —ARmin/V2 (IV.1d)

where
cos 9;’;’_1 =cos0,_ cosbp + sinf,_| sinfpsing,_,
sin(?,";‘ﬂ1 s5in ¢£‘_1 = cosf,_; sinfpsingp + sinb,, .., cos ¢,_ cosdp — sinf,_ sin ¢, _; cos &p sin ¢p

sin 9,‘:‘_1 cos ¢£-1 = cos#,_; sinfp cosgp —sinf,_; cos¢,_| singp —s5inb,_; sin g, _; cos@p cos ¢p.
(IV.2)

Recall that we are keeping track of two separate regions for ¢,_;, one where cos ¢,,_, > 0, the
other where the cosine is negative. Let us restrict attention for a while to the first region. Inequal-
ities (IV.1a,b) are the easiest; taking the hyperbolic tangent of both sides, and using the previous

equation, we obtain

1 cos 6; — tmin
Sin -y < : —cosfpcosl,_; | =8} .
¢n ! sIn ep sin 0,,,_1 ( I — {inin CcOS 0‘. P n-1 n-1,1

1 cos ; + tmin
1 + tnin cOS 0;

(IV.3)

sing,_; > —~ cos @p cos 9n-1) =3

sinfp siné,_

where tmin = tanh(A Rmin/+/2). With the range of asin is understood to be [-7/2,%/2, and

1,u —- * 1
An'_l‘l. = asins,
1 | . 1.4 _ 1,u
Sp_1,: S 1 An—l,i =T - An'--l,i
1 " 3 1 i ¥
Sp_1,; = ‘true’, N,_y; = ‘true
1 . 1 _ s
Sp_1,i > L Nu_y,i = false
1 . 1 4 ) 1 _ % !
Smo1qy < -1 Sp_1,; = ‘false’, Ny 1 = ‘true (1V.4)
A = asin s? .
n—-1,i as n—1,i
2 . 2,u _ 2,1
‘Sn—l.i < L: An,—l,i =7 ‘An-l.i
2 ¢ H 2 % y
'Sn.—l,i = "true’, Nn_m = ‘true
st_yi>1: 82 _1.; = ‘false’, N,f_u = ‘true’
2 . 2 _ :
Sn*]_'i < -1: Nﬂ—l,i = fa.lse
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these first inequalities become (in the non-trivial case with a solution)

qbnqe([Al" Al Juladt, | 4k ]) mod 27 (IV.5)

n-—-1,41 “*n—1,i n—1,i? “*n—1,i

(It may be desirable to replace the asin function in this equation with an computationally cheaper
approximation; this will require a shifting of the bins in section 3, to account for the maximal

possible error.)

The remaining two inequalities in equation (IV.1) we may replace by the following trio,

sm@1_4¢+ammh50>o
sin ($5_) - (¢ - ARmin/V2)) < 0 (1v.6)

<
cos (@k_, ~ ;) <0

where the allowed region will consist of those ¢,,_, which satisfy any one of the constraints.

Introduce
cta = c08(¢; — P + ARmin/V2) sya = sin(¢; — ¢p + ARmin/V2)
c_a = cos(¢; — dp — ARmin/V2) $-a =sin(¢i — #p — ARmin/V2) (IV.7)
co = cos(@; - ¢p) so = sin(¢; — ¢p)

Expanding the trigonometric functions, and using equation (IV.2), we can rewrite these inequalities

as follows:
—8yncosb,_;sinflp +sinf,_; (cosfpaasingd,_| +cipcosdn_y) >0
—8_a cost,_y sinflp + sinf,_; (cos@ps_p sing,_; +c_pcosd,_1) <0 (IV.8)
cpcos by sinflp — sinb,,_; (cosfpcosingd,_; — spcos Py ) <0
Define
_ 20, 42 P
Tan o8 Upal, T e,
ng = {/cos? @pcd + s}
& S+a cosf,_; sinfp -
n—1,1 sinﬂﬂ_l nia (IVQ)
" _ s_pco88,_;sinfp
n-lid sinf,_, n_a
5 _ cocosf,_y sinfp
‘s-n.—l,t -

sinf,_ no
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and then

I'Syaa-l,:'f <t:

,53 >1:

n=1,

3 .
Sn—l,i < -1

3-’:-4,{] <1:

ot >1:

n—i,:
34 i < _"1 :

n-1,

and

lsprf S 1

n—1,f

35;—1.;' >1:

371_1“- < —1:

3 . in |4

( An"—l.i = asin [3?“1’1.] — asin [ +AJ
nia

syacosfp >0

3 i in [ ¥4
A i =7 —asin[s2_ ] — asin ("i—]

LT
3 3 ; in | S+4
Aﬂ'—l ;=T + asin [3?1_1 ‘-} + asin [ ""A}
' i
NyA
spacosfp <0
Bu . 13 .| C+aA
ALC, i = —asin [3,‘_1,1-] + asin [——J
Ny
{ 83_,, = ‘true’, NG q,; = ‘true’
Spory = ‘false’, N3, .= ‘true’

N3_,; = ‘false;

; ‘ . e
Ai~l i =™ -~ asin [si,l ‘-] — asin 2
' ' n_A
s_acosfp >0
du 4 i €-a
ApTy, = asin ["ﬂ*l-‘] - asin [ J
n_aA
, _ . 4 . CoA
Al = —asin(s; ] +asin [ ]
n_a
S_A COS BP < 0
s . 4 . c-a
A% = +asin[sh_, ;] + asin [————J
n_a
St . = ‘true’ Nioii = ‘true’
N e’, n-1,i = ‘true
4 s ,
Nn—-l.i == ‘false
531—1.:‘ = ‘false’, N:—l.i = ‘true’;
5,0 . in [ -0
[ An'—l.i = asin [si—l,i] + asin [ ]
ﬂ.+A
copcosfp > 0
5, i i i
Nya
5,1 : i
An_m = m + asin [3;5«.—1..‘} — asin [ ]
LLETY-N
copcosfp < 0 (Iv.10)
: ‘ [ 0
A2 = —ain 6, ) s 2]
ya
5151—[,:: - ‘true’, Z—Li - ‘true’
5
Sa_1,i = ‘false’, -1, = ‘true’

N’z—l,i = ‘false’.
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The inequalities of equation (IV.8) then have the solutions

. )
U [Ai-l.i:Ai.fl,;] , cos¢ >0

B
=
5

[X]

¢n—1 € (IV.ll)

U [‘u’ - _Ai’_‘fl_‘-,:rr - Af;’l_u] , cosgp < 0

w

ta

(This same form also allows us to include the inegqualities (IV.1a,b).)

The corresponding inequalities for sin ¢, will also yield constraints on ¢,_;, sitice ¢y =

T + ¢n. There are a variety of minus signs and exchanges between lower and upper bounds that
ji{‘lu} .

n—-1l,1"°

make a difference, but otherwise, the definitions parallel those for 4

LE a1
A,’; = asins

T,
i . Liu 1,1
!'sﬂ..t'[ <1: An,i =Tm- An'.i
S} = ‘true’, N} = ‘true’
1 . T 3
Spi > 1 N = ‘false
sl < —1: Sl . = ‘false’ N = ‘true’
n,3 M i — b) n,3 Tue (IV 12)
Az.u _ s 2 :
n¢ = asins;
2 . 20 2,u
[sﬂul“ <1l An',i =7 - An',i
852 . = ‘true’ N2 = ‘true’
n,t ? n,t
spi> L Sf,,,- = ‘false’, NE = ttrue’
s, < -1 N7 = ‘false’
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l-’i,i <1l:
&i>1
3

Sni < =1
Sni > 1

am <~
lahil <1
i > 1

Sn < 1

7,3

Jyu
AL

3
. Sr:.:'

( A% = 7 4 asin [33 ] — asin {C+A]

I agin (43 . leqa
An.i = asin [3n,:‘] + asin [""—

n,t

Nya

3u __ ' . Cia
An’.l' = —asin {83,.‘-] — asin [_+ jl
Ria

Nya

= — asin [s], ;] + asin {ﬁ‘_ﬁ_]
Ny

= ‘true’, N:I‘, = ‘true’

3
Sn,; = ‘fa.lse’, N:,i = ‘trye’

3 _
N3, =

4.0
T,

s

4,1
Al =

A:'.‘i‘ = asin [ : ] + asin [ }

‘false’;

= — asin [ i;} — asin [E:..é.J )

n

A:’,‘.":w+asin[ i —a.San: ]

7w — asin [s} ] + asin [ ]
n.

4 _

\ Sn". — 5t1‘1le’, Nn'i — ‘true
4 —_ ¥

N,,‘,- = ‘false
4

Sni = ‘false’, A%, = ‘true’;

( Ai',i,- = m + asin [s) ;] + asin [—59__]

AnE = —asin[s} ] + asin {_}

s

n+a

) 5.1 [ 45 . 39
4, = asin [sn,i] ~ asin | ——
Tia
5,u . 3
Aﬂ.\ _"W_a.SIIlls J_aS].n 0
LLEN"Y
5
Sni = ‘true’, N = ‘true’
B 5
Sp.i = ‘false’, NE ;= ‘true’
NE,,- = ‘false’
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siacosfp >0

Syacosfp <0

s_acosfp >0

s_pcosflp <0

cpcosdp > 0

cocosbp < 0

(IV.13)
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Fig. 1

Fig. 2

Fig. 3

Fig. 4

Figure Captions

The fractions of phase space surviving the cuts described in the text, as a function of the
number of outgoing particles. The upper set of points corresponds to the first set of cuts
(BT min = 0.024/3), while the lower set corresponds to the second set {ETmin = 0.054/s).

The hit rates for the integral of equation {5.1). The hit rates for RAMBO are plotted with the
diamond symbol, those for OCTOPUS with a cross: (2) Bt min = 0.024/3 (b) Epmin = 0.05,/s.
The ordinary efficiencies for the integral of equation (5.1). The efficiencies for RAMBO are
plotted with the diamond symbol, those for OCTOPUS with a cross: (a) Etpin = 0.02/5 (b)
ET min = 0.05,/3.

The practical efficiencies for the integral of equation (5.1). The efficiencies for RAMBO are
plotted with the diamond symbol, those for OCTOPUS with a cross: (a) Ermin = 0.024/5 (b)

ET min = 0.054/5.
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Ordinary Efficiency

— pe — it o e — —
o o o OI < CDI o {ww]
| | | I | i
(ae] -1 (@) ($)] H Do b
- T 1T TV TV TTTI VT TTIT ILREALL | IlliIIII I T'TTTTI T TTTT]
- _
- —re——| " —
e frrree——i —— ] —
— —a—{ By —_
- p—o—vi b —
= -
— p————f ——e—| —
o e et
1ol L4 1 tifl 11 E1ibil Lot L 1 L1Ejt) LN L1t rit




ey 8y

Practical Efficiency

o e — — =
] ] o o Q — s
I I l I I =] <o
)] > W AV — = L
T TTTTT T TTT T TTTTI T ETTI T TTTT 1T TTT
-~ p———— P —
O — R ]
D —— —— —
C i
~1 p—a—q ——i e
QO —e— 3 -
o — —
"" 1 114141l P 1L 11l Ll 1 11t} | IHIIII {1 11 114) 1 i1 11T




qy 81y

Practical Efficiency

e = - e e
o o o o o . [
| I ! I [ -] o
h e~ co %) —_ o _
L | IIIIHII 1 [ IIII[II i IIIHII] T I]Tlllll | illlll'll I I TTTTiL
— P ] o
— —e p——— —
— ————i (=] —
— —— i —
+ o { e —
= -
] e 3 —
i i L4 liill i IR | L L 11lil | L.y | IR | 1 11T




