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Abstract

Renormalization of the Fritzsch mass matrices is studied to compare the
predictions of the ansatz imposed at a high scale with low energy data. The
evolution effects are expected to be moderate, but their impact can be compared
with rather precise mixing data. The viability of the Fritzsch model is found to
be little changed by renormalization: with standard Higgs structure it remains
marginally acceptable, but with two Higgs doublets and a charged Higgs mass
~ 50 GeV, agreement with KM mixings and B — B mixings is retained with
a slightly lowered top mass of ~ 90 GeV. Remarks concerning the 4-family
extension imply that the renormalization effects are very significant and can

not be ignored.
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The quark masses, mixings and number of families remain completely unspecified
in the standard model {(SM) of strong and electroweak interactions, but beyond the
SM both the structure and size of the mass matrices should be determined. Even
without a detailed model, one can speculate about the mechanisms that generate
certain structures for the mass matrices, and typically the number of parameters will
be constrained. If there are fewer degrees of freedom than physical quantities to
be explained, relations between the masses and mixings can be established. In this
spirit, such mechanisms should set the structure of the mass matrices at the scale
where contact with the new physics is to be made. Hence any phenomenologically-
inspired ansatz for the mass matrices has to be evolved from that scale where it is
postulated down to a scale where the experimental data is presently known, 1 GeV,
for example. Of special importance are such changes that affect the structure of the

ansatz.

One popular choice for the 3-family quark mass matrices My and Mp is that sug-
gested by Fritzsch! on the basis of chiral-symmetry breaking in stages and “nearest-

neighbor” interactions:

0 A 0 0 A 0
My=|4 0 B|, Mp=|a* 0o B (1)
¢ B C 0 B* C

where the Hermitian mass matrices are expressed in terms of six real parameters
and two phases (the up mass matrix can be taken to be real). Since there are only
eight parameters, there must be two constraints for the six quark masses and three
mixing angles plus one CP—violating phase. Knowledge of the four independent
Kobayashi - Maskawa? (KM) mixing parameters plus five light quark masses then
leads to information about the top quark mass. Imposition of additional constraints
from the recent Bs — B, mixing results® suggests, however, that the Fritzsch model

with standard Higgs structure is marginally viable, unless two Higgs doublets are



2~ FERMILAB-Pub-88/82-T

included.*

The analysis referenced above,* however, like all others does not take into account
the renormalization effects that arise when the mass matrices are evolved from the
high chiral-symmetry breaking scale Asg down to the 1 GeV scale where observations
are made. In this paper, we take into account the nonlinear terms in the renormal-
ization group equations (RGE), which in fact change the form of the My and Mp

matrices, and present detailed numerical results for the experimental comparisons.

At the one loop level there are three types of corrections to the Yukawa coupling
vertices: there are loop contributions involving virtual gauge particles (Gy), fermion
loops appearing in the scalar leg (Ty), and Higgs exchange contributions (Sy) as
shown in Fig. 1. In terms of these three types of corrections, the general RGE’s can

be written as® -

dMy
di

—~1672 = (Gy 1-Ty1- %Sy) My, Y =U, D for up and down (2a)

where

— L - My ~
t-ln(lGev), My=2%,  wx175GeV (2b)

and in the SM with minimal Higgs structure, for example,

Gy = Gp+g?=8g2+3g+ Uy
Ty = Tp =3 Treace (MUME, + MpML) (2¢)
Sv = - Sp=MyM}, -MpM},

Note that the first two terms in (2a) are proportional to unity in flavor space and
their effect is to rescale the matrices My. Only the third term, Sy, evolves the matrix
structure, Since the over all scale is not explained, we can drop the first two terms

and absorb their effect in a rescaling of the matrices. If we implicitly assume this to
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be done, we are left with the (non-Hermitian) equations that evolve the structure:

32‘7!'2 dMy
3 dt

= SyMy (3)

The elements of Sy are quadratic in elements of the Yukawa coupling matrices which
are proportional to masses normalized by the vacuum expectation value. This makes
clear that renormalization effects do not change the structure if the spectrum is very
light compared to the vacuum expectation value,! v = 175 GeV. In this sense the
simple treatment without renormalization is then the right procedure. On the other
hand, we know that the top mass has to be rather heavy, and these effects can then

no longer be ignored.

The whole task then consists of two non-commuting subtasks. One is the diago-
nalization of a gi\}en structural ansatz and extraction of the masses and mixings at
a given scale; the other is the solution of the RGE’s. If one can solve the general
form of the evolution equations for the physical quantities without reference to any
particular ansatz, it is possible to relate the low energy data to the higher scale. The
phenomenological ansatz such as (1) is diagonalized in the usual way, and the two
pieces are put together at the high scale. Another, of course equivalent, way is to
solve the RGE’s for the phenomenological ansatz which converts the original matri-
ces (since there is no symmetry that protects them) to new matrices at 1 GeV. With
the usual techniques, the physical quantities are then extracted from the modified
matrices and compared with data. The advantage of the first approach is that the
diagonalization of the ansatz is the same as before; only the data are modified by the
evolution compared to the original values. The second approach has the advantage

of showing the way in which the original matrices are modified.

We concentrate on the first method for the moment. With minimal Higgs structure

'The relevant v is defined without the usuval factor of /2.
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and the definition

B(t) = ezp ( @)

3 t , 3 ')~ 3 ﬁ ( r )
16#3[) melt)/o) dt') =~ exp | e —in 7oy

the results of Ref. 5 can be used to express the KM mixing matrix to a very good

approximation by

Vid Vs Vi1
Vit)=| Va V,-3VuBi-1) V433 (5)
ViaBt V.04 Vi — 1Vl B7 — 1)
and .
my(t) = rumu, mc(t) =rym., mt)=rymfbs

(6)

mq(t) =rpmy, m,(t)=rpm,, my(t)=rpmsB-F
where a bar denotes quantities at 4 = 1 GeV and the factors ry correspond to the
overall resca.linés from Gy and Ty, which we shall drop immediately. In the model
with two Higgs doublets and v, = vy = v/4/2, A% in the matrix of (5) is replaced by
B-%, while the factors 8% and 8-% in (6) are replaced by 8 and 85, respectively. If we
pick a certain set of masses with errors, the top mass selected and the scale g = Agp

will determine 8 and, therefore, all data and errors at Agp.

Next we solve the Fritzsch ansatz in (1) by using well known matrix techniques
to express the elements of the mass matrices in terms of eigenvalues and some free
parameters. Since known masses and the top mass are input, we look for the KM
mixing predictions in terms of the masses and other free parameters, i.e., the phase
angles ¢4 and ¢p. Comparison with the range of experimentally-allowed mixings
reveals that the V,, and V3 elements give the strongest constraints on the allowed

masses.? For a first discussion® we expand the exact results® for |V,|? and |Va|? in

VThere is a very tiny area where the V,, element is a bit more restrictive, but we shall ignore
this.
$See ref. 4. Alternatively, we have also used a method based on Sturm sequences which leads

systematically to very compact results.
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the small quantities ™x e ™& ™ and find in leading order
TNe me Mg Ty

Ve [P e Tt T g [T T g g (7a)
Me M, M M,

| Vg |? i —m4—21/EEECOS¢B: (7b)
m, my me My

The simple geometric interpretations of such equations are triangles where the sides

have lengths |V,,|, /22, /24 (or |Vis|, /25, /e for the second equation} and the
angle opposite the side proportional to |V,,| (|Va|) is dar (¢5).

For the first of these two equations all numbers are fixed (including some errors),
and a solution for ¢4 exists. The range of ¢4 is completely determined by the errors
of the quantities that enter this equation. The second equation has m; as a free
variable; therefore, we find a range of allowed top masses as a function of ¢g:, even
without experimental errors. Adding the errors will make the allowed range wider.
From the geometrical interpretation, it is clear that with the two sides |V| and , /™«

my

fixed in length and the angle between them arbitrary, the third side of length /7

,/T-i— Val S /22 5 1/ﬁ+ V| 8)
my m¢ my

It is then straightforward to replace the unevolved quantities by their evolved values

ranges between

according to (5) and (6) above to determine the bounds on m; with the nonlinear
renormalization taken into account. As a result (7a) will not change at all, while (7b)
will get corrections deforming all three sides of the triangle. In the discussion to be
presented later on we shall quantify these results by giving a more exact treatment

and extract the physical top mass.

As a second, alternative approach to the renormalization issue, we consider the
evolution of the Fritzsch mass matrices in (1) down to the 1 GeV scale. The KM mix-
ing matrix is then computed from the evolved mass matrices at 1 GeV and compared

directly with the experimental information existing at that scale.
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For this purpose, we rewrite the RGE’s in terms of the explicitly Hermitian ma-

trices Hy = MyM{, according to

3272 d
; EH}' =8yHy + Hy Sy (9)

since, as we shall see, the mass matrices can evolve into non-Hermitian forms. To a
good approximation we can hold Sy constant and evaluate it at tsg, corresponding

to u = Agp, according to

Sy(tsg) = byMyM} + eyMpM}

(10a)
~ by (C?E3 + BCE3; + BCEz,;)
with
by = ~bp=1 minimal Hi del
o D ggs mo (108)
by = 3bp=1 double Higgs model

where My and Mp are given in (1), and E3, Ea3 and Ej3; are the projection matrices
on the 33, 23 and 32 elements, respectively. The last form is obtained by observation
in retrospect that C? ~ 0.33, BC ~ 0.03 and the omitted terms such as C?, etc. are
at least one order of magnitude smaller. We can then successively decouple and solve

the differential equations in (9) and find to leading order in each element

A? BLA(v-1) AB~y
Ho(t)~ | ZA(v-1) B+ 42+ 5(v-1)' BCY+E4(v-1)| (lla)
ABy BCy* + B4(y-1) (C? + B*)y?
( |A'|2 gBIAf(,YI _ 1) A'B"‘f" \
B'-l-gC’T'—l 74 A2 BIC
Hp(t) ~ EB"A"(y' — 1) | C,.;, (, 2 ,)l ,l | B !
+&|B'*(y' — 1) +E(C? + B '(v - 1)
thr,},r
\ A"B"’)" (Cr: + |B'|2)7'2 }

+E(C? + B '(+' — 1) (118)
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in terms of

Sunef, o). omn()
32125U,D‘/t53dt0(t) , tsg = In 1GeV (118)

It is then a simple matter to check that the renormalized structure of the up and

7t), 7'(8) = exp |

down mass matrices is of the form

0 A 0
My(ty~| A Z(vy-1) By (12a)
0 By Cy
0 A’ 0
Mp(t)~ | A" EB"(y'-1) B'+2C'(y'—1) (12)
0 Bh,rl C!,T!

in the approximations made in the determination of Hy and Hp. Note that My
remains Hermitian while M p becomes non-Hermitian due to the asymmetrical nature
of the approximations in (10), reflecting the fact that the top quark mass is by far

the largest quark mass in the 3-family scenario.

By diagonalizing the renormalized Hermitian matrices My and Hp at p = 1
GeV and identifying the mass eigenvalues as A, = dieg(m,, —m.,m;}/v and A}, =
diag(m3, m3, m})/v?, respectively, we can relate the matrix elements in My(Asg) and
Mp(Asg) of (1) to the quark masses determined at 1 GeV. The invariant traces of
My, M}, Hp and H% and determinants of My and Hp then lead to

A% = meme.m,/(Cyv®) (13a)
B*y = (mgm.+ m.m, — mym,)/v? — A® (13%)

C = solution of cubic equation =~ (m, — m. + m,)/(yv) (13¢)
|A']? = mem,ma/(C'y'v%) (13d)
B = 5 | 2l 17+ {g;:m*(—r 1)t + 4 [(mdmd + i3
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2
+ mimd) /ot 4 |41 = |APCH +mi +md+mt] )] (13e)

¢’ = solution of 12th order polynomial equation =~ (ms — m, + mq4)/(y'v) (13f)

Note that we recover the unevolved results in the limit ¥ = 4’ = 1. It is important
to recognize the roots C and C' of the polynomial equations referred to in (13c) and

(13f) must be extracted with high precision.

We can then apply the projection operator technique of Jarlskog” to the renor-
malized matrices Hy and Hp to calculate the squares of the KM matrix elements at
g =1GeV,

|Va[? = Tr [P F]] (14a)

where the projection operators P, and P} are related to Vandermonde matrices and

determinants
Pi=(M1-Hy) (M 1-Hy) /[ -], ete. (14b)

as in Ref. 7.

Finally for both approaches we must take into account the additional evolution of
the running mass of the top quark from m,(1GeV) to my(m,). This can be expressed

by the relation

m‘(mf) = 7m|mt(mt) Ill'.ncar evolution (156)
where
Yy exp{ 3 by /tm dt'C’(t')} (15b)
™ 3273 Jo

The expression for m, plays an important role in the calculation of the allowed B~ B

mixing region for which

G

m|Va Vil  R(2¢, 2q, va/v1) = (2.0 £ 0.5)
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as determined by the ARGUS results.? The physical mass of the top quark, as com-

puted from the running mass with the first order QCD correction

mEM = my(my) [1 + %a,] (17)

then receives a similar correction. For more detailed discussion of the issues raised in

this paragraph we refer the interested reader to Ref. 4.

We have now introduced the tools needed to compare the Fritzsch model predic-
tions with low-energy data when renormalization effects are taken into account. This
is of considerable interest, for the simple treatment without renormalization calls into
question the validity of the model, at least when only the minimal Higgs structure is
present.* For our renormalization studies, we have applied two different approaches
as described above. In the first method where the diagonalization is carried out at
the high scale, the errors introduced by the approximations arise mainly from the
lowest-order expansions (which have been carried out to higher order although the
simplicity is lost immediately) in Eq. (7), while those leading to Eqs. (5) and (6) are
negligibly small. In the second method where the diagonalization occurred at the low
scale, the basic approximation retained only the large elements in Sy as indicated in
(10b) and held them fixed in order to find an approximate analytical solution to the
RGE’s in (9). A full numerical simulation of the problem, where both integration
and diagonalization were carried out numerically, confirmed the reliability of those

approximations.

To obtain detailed numerical results, we use the Gasser - Leutwyler® determination
of the quark masses at 1 GeV and the KM mixing matrix evaluation of Schubert.? For
purposes of illustration, in Fig. 2 we plot the phase angle ¢g: of Mp vs. m(1GeV)
and m?™* for the KM-allowed annulus and B — B mixing band for the standard
Higgs and double Higgs model, with and without evolution. Figure 2a corresponds

to a special case considered earlier in Ref. 4, where the quark masses selected at 1
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GeV and scalar Higgs mass are indicated in the figure caption.

The KM-allowed region without evolution is independent of the particular Higgs
structure chosen, but the B — B mixing bands depend on the Higgs structure through
the underlying box diagrams!® involving W boson exchange and also scalar Higgs
exchange in the case of the double Higgs model. With renormalization taken into ac-
count, the KM-allowed region now depends on the particular Higgs structure through
the 3-dependence of (5) and (6) and through the v- and 4'-dependence on by in (10).
The decrease of [m,(1GeV)]___ from 152 GeV in Fig. 2a to 140 GeV in Fig. 2b for
the SM and to 135 GeV in Fig. 2c for the DHM can be understood qualitatively if

mag

one compares the approximate upper bounds obtained from the evolved form of (8)

_ - iy _ T %_’
e { el I\/ﬁ._ gt M) (19)
mef¥ |\ /2~ [ValB4",  (DHM)

with that for the unevolved form with 8 = 1. The B — B mixing bands also move
downward, since the running mass of the top quark which enters Eq. (186) is increased
by the extra factor of 4y, in (15). The mf™* scales at the bottom of Figs. 2b and 2c

are also contracted relative to that for Fig. 2a.

We see that the net effect of the mass renormalization of the Fritzsch matrices is to
modify the large 33, 23 and 32 elements and to introduce nonvanishing 22 elements,
which can be comparable in magnitude to the 12 and 21 elements for the case of
My. These modifications result in changes to the KM-allowed region and B — B
mixing bands as indicated in Fig. 2 and the paragraph above, such that the overlap
of the two experimental regions is not improved for the Fritzsch model. Unless the
experimental results obtained for B — B mixing decrease, or the theoretical estimates
for the product BgfZ involving the bag parameter and decay constant increase, the
3-family Fritzsch model with minimal Higgs structure will be ruled out. With two
Higgs doublets and a charged Higgs scalar mass ~ 50 GeV, the model is viable with
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a top mass mi™¥* ~ 90 GeV.

It is perhaps surprising that the renormalization effects due to a large top quark
mass ~ 90 GeV do not alter the situation more. The reasons that this is not so can
be traced to the facts that mP™* /v ~ 0.5 is still relatively small, i.e., 3 ~ 1.15 for
Asp = 10° GeV, and that the § and 4, corrections to (16) and (18) are correlated
and tend to rescale the unevolved plots without greatly influencing the validity of
the model. The latter is an artifact of the Fritzsch model with its hierarchical ansatz
and will not be true in general. In particular, extensions to 4 families should lead
to strong nonlinear renormalization effects, for the fourth family top and bottom
masses are expected to be O(v), if they exist. Even without a detailed analysis, it is
clear that the evolution of heavy quarks is then totally dominated by the nonlinear
fixed points. Additionally, the correlations found for the 3-family Fritzsch ansatz will
undoubtedly be lost. Therefore, analyses of 4-family models without renormalization

considerations must be regarded as highly suspect."

One of us (CHA) wishes to thank Cecilia Jarlskog for introducing him to her
powerful projection operator technique and for her continued interest in this work.
His research was supported in part by Grant No. PHY-8704240 from the National
Science Foundation. Fermilab is operated by Universities Research Association, Inc.

under contract with the United States Department of Energy.

TA first attempt to include the renormalization effects in 4-family models has been made in Ref.

11.
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Figure Captions

Figure 1:

Figure 2:

Loop corrections to the Yukawa coupling vertices involving (a) virtual
gauge particles, (b) fermions in the scalar leg and (c) scalar Higgs ex-

change.

Phase angle ¢p: vs. m,(1GeV) and mZ™* plots for the Fritzsch model
showing the physically- allowed KM annular region and the By — By
mixing bands single-hatched for the standard Higgs model and double-
hatched for the two-doublet Higgs model. Here (a) refers to no evolution,
(b) to evolution with standard Higgs structure and (¢) to evolution with
two-doublet Higgs structure. The 1 GeV quark masses chosen for the
graphs are m, = 3.5 MeV, @y = 6.1 MeV, m, = 120 MeV, m. = 1.35
GeV and m; = 5.3 GeV along with a charged scalar Higgs mass of 50
GeV.
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