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Abatract

Unruh and Wald! have recently discussed a new mechanism for damping
coherent axion oscillations, 'thermal damping', which occurs due to the
temperature-dependence of the axion masa and neutrino viscosity. We investi-
gate the effect quantitatively and find that the present energy density in
axions can be written as: Py ™ paol(l + Jyyw), where p is what the axion
energy density would be in the absence of the thermal damping effect and J
i3 an integral whose iategrand depends upon (dma/dT)z. As a function of fp
(s Peccei-Quinn symmecry breaking scale) Jyy achieves its maximum value for
quz 3x10!2 GeVv; unless the axion mass turn~on 1is very sudden, I(T/ma)
(dm /dT)| > 1, Jyy is << 1, implying that this damping mechanism is not
significant.
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I. Introduction
In models where a Peccei—Qulnnz-l' synmetry Is broken at a very large
energy lcale."'-“ EPQ >> 300 Ge¥, coherent osecillations of the axion field (sec
in motion by the iIniclal aisalignment of the field with the minimum of lts
potentlal) behave like non-relativistic matter and contribute significantly to

the energy density of the Universe today:7 10
-
ﬁahzlﬂ a (.1 @f Azg0 fu“/’. 1))

where {1, = pafpc, pg & SHZQISiG s the {(critical) energy denasity of the flac,
Einstein-de Sitter coswmological model, H, = L0Ch kas~ ! HpcT! ks the present
value of the Hubble parameter, 9 = (T‘I'Z.? K), Ao = AQCDIZDO HeV, flz -
prll()iz GeV, and $; 1s cthe initlal misallgnment angle of the axion fileld.
The age of che Universe { & 10! yr) and value of the Hubble parameter
(h x 1/2) rescrict ﬂﬂh2 to be < 0 (1), which, In the absence of significant
entropy production for T < A (1f there is significant entropy production che
r-h.s. 1s wedifled by a factor Sllsf, the ratio by which the entropy
Increases!?), restricts fpq to be ¢ 3¢l_1°/“ x 1012 Ce¥ 2 3x10'Z Cev. [Note,
{i is usually presumed that the fnitfal wmisalignment angle ¢; = 0 (1} (how
ever, see refs. 11, 12).] Of course the case of fp, = 10!2 GeV 1s ot
particular incerest——it corceeponds to the axion-dominated Universe.

Recently, Unruh and Wald! have suggested an interescing new damping
mechanism for axion oscillations, which 1s based upon the remperature
dependence of the acfon pase and neutrinoe viscodity, and which they clailm
could modlfy Eq. (1} significantly. It is che alm of this paper to Investi-
gate cthia effect qﬁan:ltatively. To briefly summarize our resulrs, we find

that the ilaportance of their effect depends critically upon the detafled

temperature dependence of the axion mags for T = 0 {A)-—which unfortfunately fis
00t well underatood (see ref. 13}; however, our results Indicate that unless
the axion msda 1s extremely temperature dependent, the rhermal damping effect

18 not loportanc and the usual formuias for @, 1s aot modifted.

I[1. TYhermal Dawping of Axioo Oscillsticos
Ler a be the complex scalar Eleld with non-~zero Peccel-Quina (PQ) charge
which breaks the PQ symmetry by developing a vacuum expectation value (-qu)

when the temperature of the Universe la of the order fPQ' Hrite & as:
1¢,
as ity (2)

then ¢ 1o the axlon degres of freedom. The Langrangian density associated

with the axlen field le:
X =-w2 thq (172 42 - V(9)], (h

where R is the Friedmaan-Robectson-Walker cosmic scale factar, and we have
asdumed that § Le spacfally homogeneoua. In the absence of Instanton effects
V($) vanishes (as it must--the axion Is the alwost massless Rambu-Goldstone
boson asaoclated with the spontaneous breakdown of the global PQ symametry); In
any case V(¢) ls periodic, with perlod 2x/N (N = integer which depends upon
the details of the implementacion of the PQ syometry). For small $, ¥ can be

written as

Vo= l/2 m g, (%)



where m, is the axion maga. At low temperatures (T << A), the axion develops
a small msss due to instanton effects: o, = 'S"fPQ' while at high
temperatures (T >> A) m, = 0. Thus when the PQ symmetry is broken 4 is net
deterained by the minimization of ¥{4) (since ¥(¢) = 0), and the initial value
af § (3 3} will not necessrily coincide with the rero-tempetrature minioum of
v(§) (3 = 0 by our conventtons). [In fact, one would expect #; to be of order
unity (however, see refa, LI and 12).

The equation of motion for 4 is
$+M 4+ a =0, (5)

vhere H £ R/R ts the expansion rate of the Universe. The anergy density

assoclated vith the axlon fleld 1s
oy = (L7 82 + 12 n2 #7) fho. (6)

Qualitactively the behavior of ¢ is as follows: (1) when L <M (true for T
>> A), ¢ = & = constant; (2Z) when w, 2 JH, § oscillates with frequency wm,,

and o =, R73. Eq. (3) can be cast into s more suggestive and useful form:
oy = (mg/u,) @ £p3 o2 - W2 fpg?, (78)
= (aiT/m)) (T/T) @2 fpa? o2 - 3M §2 fpa2, (7b)

wvhere prime denctes d/dT and overdort d/dt. Once § begins to owcillate,

WlUpgd = calfpa? $D = g

yr Where (> indicates the average over an

oscilletion. Previoualy it has been assumed that the tempersture veriaction {a

-5
just due to the expansion of the Universe, so that T/T = -H and T and B, are
changing elovly compared to $. In this limit (l;.j“| = {T/T| = H << m,) Eq-
(7a)} can be averaged over an oscillation and becomes

. -

oy = 1(my/m,) =301 o )

this is the familiar adiabatic approximation. Eq. (8) fs easily integrated,
giving

(o, R¥/w) = constunt. (9)

Taking the onset of oecillation to occur when my = m (T} = 3H(T{}, the usual

result 779 fallows
0y = 0gqlm,/uy) (R, /R)I, (10a)
» 172 my n, #f £y (Ry/0DY; (1on)

throughout we use the subscript i to refer to the value of a quantity when §
begins to oscillate (i.e., vhen w, = IH}. While the Universe i{s radistion-
dominated (T X 10aV, ¢ ¢ 1010 gec), A = [,7 g.llszlupl. whera as usual g, is
the total effective number of telativistic degrees of freedom (= ¢ ';.

DSE
+ (1/8) I gr]: and sa long as the expansion is isentroplc g,,l I RT -
FERMI -

congtant. Uaing these two [acts, the usual estimate for Pn (which we

designate by p.o) follows directly from Eq. (10b),

/
Pap = 2-5 (€. /8a VY B (m fgqf-pl T, o TV (1

[Mote, when evalusted today (T = 2.7X) and conmpared tofc' this reduced to Fq.

(1) for n,.]



Now let's consider the new, thersal-damping effect. Unruh and Wald!
point out that {n addition to the slow varlation of T due to the expansion of
the Untverse, there ia a rapid varlattion of T due to the ocsctllating axion
Fleld. They show that based on simple thermodynamic considerations the

equillbrium temperature of the thermal plasma must oscillate as ¢ nscillates,

apecifically that:
Teq/Teq = (maT/a,) (1/2 o (2, 44/0) = o, aa

where p = ga{*?/30)T" {8 the energy deneity of the thermal plasma.
In order to examine this effect quantitatively write ¢ = 4, cos m,t and
neglect for the moment the effects of the expansion of the Universe (which

will be negligible asince we will be interested in time intervala of order the

oscillation time}. Then it follows that

a, = -1/2 w, (8] T/a)(p,/p) sin Zu,t, (138)
a, = conatant + 1/4(p,/p)(a}T/n,) con Zu,t, (13b)
where Ln {integrating Eq. (l3a) we have ignored the temperature varistion of
ell quantities. This 1s a Jjuscifiable approximation since aAT/T = O(u;n;‘) =
(p'fp)(ll"l'/u.) which 1s << | since p./p s < 1 -~ a fact which we will now
demonstrate. Using my = IH(T;), and taking ¢; = O(}} and gu; = 30, It Follows
that

(o /o)y = J0(Epofmy ()2, (16)

x 2x10713 flzi,

which 1a indeed << 1. Note that since 3, la proportional te (p./p]. the
variation In the equilibriva plaswa temperature due to the cacillating axion
field is very small {(which 1s why the thermal damping effect turns cut to be
20 small).

Let us assume for the moment that Che plasea can adjust rapldly (on &
tiaescale << u;’) to the ocecillating equilibrium temperature, so that the
plasas temperature T = TEO‘ Using ilT - iEQ/TEQ H c:r,o lp Eq. (7b), consider
the effect of the oscillating plasma temperature on the evolution of oyt

Py = eree * clo(.:rflla] l} flgq o2

2 (1 + coe 2 mat) gin Zna:.

Because of the relative phasing of '.HT and $2 the effect of the oscillating
Plasma temperature on 0, lategrates to zero over a full gectllation period.
Can the plasma respond rapidly-enough to cthe oscillating equilibrium
temperature to wmaintain T = TEQ for all species? [At temperatures } few lON
MeV the relativistic species predent are: e*. ut. Y, vV, gluons, uwa, d3, and
#3.] Unruh and Wald argue (and we believe correctly so) that the atrongly-and
electromagnetically-interacting degrees of Freedom (quarks, gluons, photons,
and charged leptons) {interacr taptdly-enough (interaction rate I >> "a)- 0
that thelr temperature can closely track TEQ- while the weakly-inceracting
neutrings cannot since T, is only comparable to a, (we'll be more guantitative
Later). Llet us assume then that the temperatures of all speacies except the
neutrinos closely track TEQ' Because of neutrino interactions with the
photon-quark-gluon-charged Llepton plasma (here after referred to ag 'photons”
for brevity), the neutrino temperature will attempt to track TEQ' This then

results in s back resction on 'the photons’, which spoils the phase relation-

ship of the pheton temperature with TEQ- snd lesds to a non-zero cycle average



for (a)T/%,) (T/T) w,? fl,q"-‘ 42, This 1s the thermal demping affect of Unruh
and Wald.

We will wume the Beltzmann equation to estimate the effect of the
oecillating photon temwperature on T . Let n,, and n\.ErQ Tespectively denote the
actual neuttine aumber density and the equilibriue neutrino number densfty;
note ng = (glhz)Tf. The Boltzmann equation for the evolution of n, is

= m <o (a2 - 0 ga?), (s

where <gv* 1¢ the thermally-averaged cross section times velocity (= ¢) for
neutrine '‘photon’ Interactions. [For simplicity only processes like v + v »

v+, and ¥y +y’

» u + U have been connldelred; the n.\J2 term on the r.h.s.
accounts for vy annihilatiocas, and the r\‘j,-'Qz term accounts for wu pafr
creations by 'the photons'l. Again, for the time Intervals of interest we can
ignore the effects of the expansicn of the Universe.

Now write T, = T(1+8) and T\EQ x TY = T{l + a). Since g, * 6 (for 3 v
speclesg) << £, 2 30 (for T X A) we can neglect the effect of the neutrinos on
the phaton temperature when calculating the evoluticon of T, and assume that

the photon temperature tracks TEQ (L.e., take a » a;). Eq. {15) then reduces

to
Ea-mts - a, {16}

where since qaj, § << | we have retained only terme to linear order, and T =

ZII‘EQ Cgv>. The solution to Eq. (l6) {is

8ty = e M e v sl (eryeMae; (7

-9.

taking a, = L/4 (a'T?n.)(p'pr) col(h‘t), ve find that
8(E) = T/(miT/m ) (py /o) (T2 + 4mE)71 (T cos 2m,c + 2mstn 2wt} (g
where the term ce™ M has bean dropped stince {t + 0 as t + =

The oscillating energy density in the neutrinos must be supplied by the
'photon bath'; thua the neutrinos will have a back reaction an the 'photon
bath':

T/t Vdue co v =~ & (50’31)’

where the g“Jg1 Factor reflects the ratio of their heat capacities. Taking

this effect into account we have for the oscillating component of '}Y/TT:
Tt v ey - Maey .
=(a,T/0,) (o,/p,) [-=,/2 sin Imt
“la/gy) @, 172 (12 + 4n )7 (-T ain 2m ¢ + 2o, cos 2m,e)l.  (19)

Because of the neutrinos, a phase lag berween TEQ and TY has been introduced;

nov (m:t/m)(1/1) mi f'p'Q 42 does not average Lo zero over a cycle; instead we

Find that
, ' n g, w'T ol n -
< (mpT/u,)(T/T) 02 £, 4D = - 4 —if (—l-:—)z _n:_ 2+ fﬁ) 1,
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This 14 the therwal dampling effect discussed by Unruh and Wald [and 18, in che
Hoit of T3> a,, equivalent (up to facrora of 2} to thelr Eq. (3.9)].
Taking thermal damping into account and agaln usilng an adiabaric

approximation, Eq. (7b) can be written tn s form analogous to Egq. (8):
Pa = (mg/, - 3H) p, - w tb (g8 ) (m;T/n,)2(2m, /T + I/20,)7" 0/o,, (20)

which when Lntegrated glves

pale) = nao(t)lli + Jw(t)l. (21
where
1 By % t £a{t) /
Jooe b vyt AR
W v Pyt Yy g (t, )
(22)
o' T al 2a
a a a r -1
x [ -‘ )Z I—I" n/lt ( T *‘—I?) de,

940({t) 18 the result in the sbaence of therual damping [given by Eq. (11)], g
13 the epoch when rhe axion fleld begins to oscillate {a (ty} 2 my = 3H(rg)),
and the conestancy of the entropy per comoving volume, 1.e., 5.1’3111.' -
constant, has been uu;ud. Significant thermal daoping 18 signaled by
Jyy + 1. HNote that In the liaits [ >> a, (neutrinos well coupled to the
'phatons' on the cscillacion timescale) and I << m, {(neutrinos decoupled from
the ‘photons' on the oscillation timescale) che thermal damping effect
vaniazhes (l.e., JUH + 0). As 18 usually the case with viscous effects, the

effect 15 maximized wheo [ = .

[1T. dumerical Resulls
During tha epoch of 'mass turn—on' (100 MeV { T ¢ few GeV) the Universe

ia radiation—dominated, so that
R/R, = (t,tl,l/z.
i/ﬂ = H x 1,7 g]’z Tzflpl;

the total ounber of relaciviastic degrees of freedom g, s of order 30,

implying that
Ho=l0 'l'zfllpl.

Here and throughout we have used unirs in whichf = kg = ¢ = 1, and ¢ 2.
L ]
wyp = L.22x1019 Gev.

Now consider the neutrino—Lloteraction rate T. The thermally-averaged
racte for an electron or muon neutrino cto interact with Che charged leptons
present (e¥, %) via rewctions like vi pete”, wtuTy et £ vt atc. ds 1 0.7
GT5 (summed over all reactions). For the 1 neutrino the rate fs = 0.1 GRS,

lf'he lateraction rvates with guarks (ut, dd, and s8) are similar. As an

estimate for the neutrino fnteraction rate (per species) we use
T = (1-2) Gg? T3, (23)
Hote that because of the (I/2m, + 2a,/T)”! faccor in che integrand of Jyur

changiag the sagnitude of I merely shifts the axlon mass (l.e., value of fPQ)

for which the effect is maxiaized.



To mimplify the expresnlon for Jip, we define the following dimensfonless
qualitities:

x = T/m,

g{a) = ma(T)J’ﬂ:o.

where m {8 the plon mass {= 140 MeV).

Taking = =~ “’n?”PQ and 1/4 (gv.ﬁ'gv) = 1/10, expressfon (22} for Jyy

hecomen:
X f|2x5

o - 1 -7 (dg(x) -1 /e

k] 1 2 Z l dx, (24}
Sy 7 61077 =y fo &'(x)Ix [sz_*r ’W] (Bay /@) x
where X I specified by

xfiplng) = =105 f”" (25)

{just the conditlon that oy = 3Hy ). Nore that =g ts typtcally = 1-30

{corresponding to T, = 100 MeV - Few GeV). The small coefftcient l1a front of
the integral (6110_3/11) 18 traceable to the smallpess of (pafo,f)i. cf. Eqgs.
(4 and 72).

Ir otder to evaluate ., a wmodel for g(x) = m(T).hﬂo i3 needed. At low
tempecatures (T << &), =(T) = m {3 temperature independent (g(x) + 1 for x »
0y, At very high temparatures (T >> A) Groas, Plsarski, and yaffeld (cprY)
have calculated mafT) using the di{lute instanton gas appreximation, and find
that
"4 V2
__n.!.__]

F
w (T) =I5 ?—“ { {nfntd"
PQ

* [1n (#t7A)13, (26}

vhere m,, my, o, are the u, 4, s current algebra quark masses, [0f coutse,
the region of greatest Interest is the intermediste reglon, T = A +] For

simplicity teke #T/A = T/m, = x; then for x >> ! the GPY result implies that
g(x} = (1n x}3/x"

which 1is shown 1in Fig. 1. For 30 % x 21, g{x) = x"?, suggesting the
folloving form for g{x}:
1 x < 1.
gix) =

Y x> 0.

Using this form for g(x) we have numerically evaluated Jy,, and the results
are shown in Flg. 2. Jy peaks for fpo = 1x1012 GeV achieving a value of -
21074,

Consider the Following form for g{x) (sugpested to us by Wald):

gla,x} =

1 - exp [-af(x=1}] x>t

whars o 1a an adjustable parameter which permits one to control how rapldly
the axlon mass turns on. The function gla,x) and all of {ts derivatives are
continuous. At x = 1 + o2, ?g'(x)? achieves its maximum value, 4/(e? a); for
x €1, g" (x) =0 and g{x) =~ 1. The functfon gla,x} s plotted in Fig. 1 for
e = 1071, 1072, 1073, The functional form x ! gla = 107! x) closelv

apptoximates the GPY caleulation for x t 3 and 1s also shown in Fig. 1.



We have nuserically evaluared JU;‘ ustag gla = 1073, x), 4(u = 1072,x},
and x" ! g{a = 107!, x), and our results are shown in Filg. 2. Only for a =
1073 (which corresponds fo a very rapid 'mass turn-on') does Jyw 8tarc co
approach order unity., In the small a lialt wmost of the Integral comes from
the interval near x = } + o/2 where [g'l(a, x)| = a! ts very large. [n this
limdt b, can be evaluated approuimataly analytically:

Iy = 1373 Q7 (12 £, zftlz)'l. (26)

vw

The implicatlons of the nugerical results are clear. Unless the axlon
@ass tura-on ls extremely rapid, |T m;,’mal >»> 1, che thermal damping effect is
not Important. [Afain we emphasize that the wmallness of the effect traces
dlrectly to the smallness of pa;’p,‘. cf. Eg. (la}.] Lest the reader be mis-
led, we gust point Jut that there comes a point of diminighing returns for Che
therpal damping efiect as the rapldness of the axlon mass tuTn-un (8 increas-
ed. As Preskil]l, Wise, and Wilczek? polated out, If the mass turn-on is

extremely tapid |ua’m 2 mg, the adlabatlic approxlmation used here {and 1in

al
the earlier papers)” !0 ia not valid. In the limtt of ];a"'mal ?> @, the

fopulse approximation (8 the relevant approximacion, (n which case there (s no

adiabatic damping, or thermal dampilng, and so p, will exceed Pa0° The

adiabarlc approxlsation used here become lnvalid when

fugiagd = lajTrn,| [T/T] 2 =,

Recall that T/T = -H + o, and a, = O[(@)T/@}(s, /0 ) @,). Thus cthe adiabatic

approximation 13 suapect if

bolTim, | (/m,) 2 )
or

(u;Tlna)z {Bafﬂ‘,) 2.
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Figewre Capiions
Figure ! - Various models for the 'mass turn-on' funcrion g(x) = -.(‘l‘)f-o,

wlora = - s furve labaled
wWiETE X S T/mge Ing CUTve LaDEi€d

Groas, Plsarski, and Yaffe!3 (valid in the limic x >> 1; see Eq. (26)). The
broken cutves labeled 1073, 1072, and 107! ghow the functional form g{a,x) = I
- expl-a/{x = 1}] for o = 107Y, 1072, and 107! respectively. The unlabeled
80lid cutve s glven by x~! g{a = 107!, x). The solid line labeled '3H/m ' is
JHIHU for EPQ = 101Y GeV; the axfon fleld starts to oscillate when n'(T)IuD E

ELT4 W

Figute 2 - Results of numerically avaluating RIT {see Egq, {(26)}} as a function
of fpp- The curves labeled 107, 1072, and 107! were obtained using the
functicnal forms glo = 1073, x), gla = 1072, x), and x! gla = 107}, )

" - R B .

S ospm e d oo o d o ey of =2 5 b
¢ was obtained using gix) = % 7, = > i i, x
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