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ABSTRACT
We give a pedagogical review of some aspects of gquantum field
theories 1In the limit in which the number of internal degrees of freedom
is large. The focus is on large N QCD. We briefly discuss several
well-known approaches towards a sclution of the N = =« limit: loop
equations, classical acticns and master fields. Eguchi-Kawai models are
discussed in detail and some numerical results obtained recently are

reviewed.
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Most interesting quantum field theories and statistical systems
contain internal symmetfiry groups. In many cases the number of internal
degrees of freedom may be regarded as a free parameter. In the limit in
which N, which 1s some measure of the number of internal degrees of

freedom, becomes large, the dynamics of such theories very often

simplify. Cne could then develop a systematic approximation scheme by
studying the N=mw= limit and then considering finite N
eorrections -- leading to an expansion in powers of 1/HN. This "large N

approximation" has provided a valuable framework for studying several
models. Frequently, the zeroth order approximation (i.e. at N = =) is
fairly clese to the real finite N theory, even when N is small.

In the context of particle physics the 1/N expansion was introduced
by 't Hooft ({1974) who proposed a generalization of the standard SU(3)
gauge symmetry of QCD to SU(N) and an expansion in powers of 1/N. In
fact, 1/N is the only known free parameter in QCD (Witten, 1979a).
Consider a SU(N) gauge theory coupled to Nf flavers of quarks in the

fundamental representation, described bty the Lagrangian:

L -1 P Tpux . (1.1)
MSZ uv

Fuv is the standard non-abelian gauge field, and ¢{x) denotes the quark

field. 't Hooft considered the limit

N > = with No, g°N = fixed. (1.2)

The dominant Feynman graphs In this limit can be classified according to
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simple topological considerations ('t Hooft, 1974; Witten 1979a;

Coleman, 1880). This alliows one to study mescn phenomenology at
N == -- this turns out to be remarkably similar to that in the rezl
world.

In the real world N = 3 and one might argue that 1/3 is not a
terribly small number. However, the true expansion parameter in the
large N expansion is probably not simply 1/N but a/N where o 1is scme
number. It is certainly possible that a 1s in fact very small -—- in
that case the large N apprecximation is reliable. A similar situation
occurs 1in QED. Here the coupling constant e is about 0.3 == certainly
not too small. But the real expansion parameter in QED is ethw, which
is certainly small encugh to ensure the reliability of the perturbaticn
expansion (Witten, 1979a). In QCD we do not know yet how small o is,
but the qualitative success of large-N meson phenomenclogy certainly
indicates that o 1s small,

Veneziano (1976) has proposed a different large N limit for QCD.

This is defined by:

N+ = Nf > ® ;E ’ g2N, gsz = fixed.
The Venezianc limit provides a better explanation of certain aspects of
low energy phenomenclogy. The 't Hoeft limit is, however, much simpler
and has been studied 1in much more detail. In this article we shall
almost exclusively deal with the 't Hooft limit.
Over the past ten years there has been vigorous activity in the

field of large N expansions -—- both for four dimensional QCD and other

two-dimensional models. Several classes of models can be solved exactly



—4- FERMILAB-Pub-84/103-T

in the N = » limit leading to valuable physical insights (for a review
segc Coleman, 1980). More recently, following the work of Eguchi and
Kawal 1982) it has become clear that at N = = field theories become
equivalent to matrix models living at a single point. The advent of
these "reduced models™ {or Eguchi-Kawai models) has raised new hopes for

a quantitative understanding of the N = = limit of theories 1like QCD.

In particular, large N theories are now amenable to numerical
simulations which are providing interesting non-perturbative
information.

In this article we shall present an overview of some aspects of the
large N limit. This is not intended to be a comprehensive review of the
subject; rather we shall concentrate on a few specific topics. We shall
mostly talk about 1large N QCD, but several other models shall also be
discussed mainly for illustrative purposes. Our main focus shall be on
Eguchi-Kawali models and we shall pay more attention to those aspects of
large-N formalism which are necessary for an understanding of these
models.

In Section II we briefly discuss several phenomenological aspects
of large N QCD: mesons, baryons and the n' problem., Most of the
discussion censist of statements cof results without proofs -- detailed
reviews on the subject already exist in the literature (Coleman, 19$80).

In Section III we discuss more thecretical aspects of the large N
limit. Factorization and its consequences are explored. These include
loop equations, saddle point methods and master fields. We derive the
lcop equations for the lattice gauge theory. The discussion of saddle
point methods and classical Hamiltonians is Dbrief, One again, these

tepics are covered in other review articles (Yaffe, 1982).
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In Secticn IV we introduce Eguchi-Kawal models and quenched
Eguchi-Kawai (QEK) models. The perturbation expansion of QEK models and
their equivalences with field theories are discussed.

In Section V we discuss the Twisted Eguchi-Kawai (TEK) models.

In Section VI we summarize some of the numerical results obtained

with QEK and TEK mcdels.

II. HADRON PHENOMENOLOGY

Perhaps the most immediate appeal of the large N expansion lies in
in the fact that the phenomenology of QCD in the N = « is remarkably
similar to that of the real world. The dominant Feynman graphs at N = =
may be classified by simply counting the powers of N ('t Hooft, 1974;
Veneziano, 1976; Witten, 197%a}. For example, the graphs which
contribute to the connected part of a n-point function of fermionic
currents are all O(N) and have the following properties

{1} They are planar

(2) There are no internal fermion loops.

{3) All current insertions are on a single fermion loop which

forms the bcundary of the graph.
Similarly the graphs contributing to connected Green's functions of
gauge-invariant operators constructed out of gauge fields alone are
0(N%) and

{1) are planar

(2) contain no fermion loops.

In general, each fermion loop costs a factor of 1/N, while each

non-planar crossing is suppressed by 1/N2.
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Assuming that the N = = thecory c¢onfines so that propagating states
are color singlets, it i3 now possible to study properties of hadrons.
This is done by applying the above rules and analyzing the intermediate
states that contribute to the various n-point functions. A detailed
discussion may be found in the papers of Witten (197%a; and Coleman

(1980). We shall simply quote the relevant results.

(a) Mesons

The properties of mesons at large N are qualitatively consistent to
those In the real world:

{1) Mesons are stable: their decay awplitudes are 0(1/¥N)

(2) Mesons are non-interacting: scattering amplitudes are O{1/N)

(3) Meson masses are finite; i.e. they are 0(1)

(4) The number of mesons are infinite

(5) Exotigs are absent

(6) Zweig's rule holds
In fact, the 1/N expansion is the only known framework within QCD which
provides an explanation for Zweig's rule.
(b) Glueballs

A similar analysis of glueball states reveal:

(1) Glueballs are stable

(2) Glueballs are non-interacting: a vertex involving £ glueballs

is suppressed by 0(1/N2_1)
{3} There are infinitely many glueballs
{(4) Glueballs do ncot mix with mesons: a vertex invelving k mesons

and & glueballs is of o(1 /N k7271
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(¢) Baryons

Baryons pose a special problem at N = «, This is hecause a baryon
in a SU(N) theory must be made cut of N quarks while a meson is always
made out of a quark antiquark pair, irrespective of N. This feature
makes baryons behave in a fashion quite different from mescns (Witten,
1979a)

{1) Baryon masses are O(N)

{(2) The splitting of various excited baryonic states is 0(1)

(3} Baryons interact strongly amongst themselves: the typical

baryon-baryon or baryon-antibaryon vertex is O(N)

{(4) Baryons interact with mesons with 0{1) couplings.
The above properties of baryons are remarkably similar to those of
solitons in weakly coupled theories. Conaider for example, monopoles in

a model with a weak coupling constant 32

. The monopole mass is 0(1/32);
but the energies of excitations around the monopole background are 0(1).
The nonopole—-antimonopole scattering amplitude is 0(1/g2), while
monopole-electron scattering amplitude is C{i1). This led Witten to
suggest that baryons are in some sense sclitons cf large-N QCD, with N
playing the role of T/g2 {(Witten, 1979a).

The precise sense in which baryons are solitons was not clear till
recently. Low energy hadron phenomenology 1is well summarized by an

effective SU(Nf) x SU(Ng) chiral model, where N, denotes the number of

flavors of gquarks. The effective Lagrangian is given by

L =22 fd% (570 (M)

with possible additions of Wess-Zumino terms tco account for the
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anomalies (Wess and Zumino 1971; Witten, 1983a). HNow, fi is of order N;
hence at large N, fi can act as a semiclassical WKB parameter -- and the
theory can have solitenic sectors. In fact, it has been known for a
long time {Skyrme, 1961) that the chiral model possesses topologically
stable fermionic solitons -- the "skyrmions" which can be interpreted as
baryons. This idea has been revived recently (Balachandran et al.,
1982; Witten, 1983b). The static properties of baryons computed in this
framework seem reasonable (Adkins, Nappi and Witten, 1983) At present
this approach is being vigourously pursued. A different approach which
can, in principle, also deal with the chiral symmetry restored phase of
QCD (at high temperatures) is based on a Nambu-Jona-Lasino type model
{Dhar and Wadia, 1984).

(d) The n' Problem

The large N limit provides interesting insight concerning the U(1)
problem. With three flavors of quarks the standard Lagrangian of
massless QCD has a U(3) x U(3) chiral symmetry at the classical level,
However the axial symmetries are spontanecusly broken and the
corresponding Nambu-Goldstone boscons appear as the light pseudo scalar
mesons. But in nature one cobserves eight light pseudoscalars -- the
T's, k's and the n -- instead of nine such mesons expected to arise from
the breaking of axial U(3). The lightest SU{3) singlet pseudoscalar is
the n', with a mass of about 1 GeV —-- much too heavy to be the expected
ninth Nambu-Goldstone boson. The resolution of this problem lies in the
fact that the U(1) axial current has an anomaly. The corresponding
charge 1s actually not conserved and hence there is no ninth NG boson.

What then is the n'?
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It might be argued that the n' would have been a NG boson had it
not been for the anomaly: the anomaly splits the n' from 7, k and n. For
this to make any sense there must exist a limit in which the the anomaly
turns off, The N = » limit is precisely such a limit. This is because

the anomaly equaticn reads:

gZN
5 J° = Lo (FFHY)
M 18 16?2 JERY]

In the limit N_ = fixed, N » ® with g°N = fixed the right hand side
vanishes.

On the basis of results obtained in other models Witten ( 1379b)
argued that in the leading order of 1/N expansion the vacuum energy of
pure'QCD depends on 6, the vacuum angle. Then, the requirement that
this 6-dependence ~must vanish in the limit zerc quark masses leads, in
the 1/N expansicn, to the existence of a meson whose mass squared is of
order 1/N. This 1is precisely the n'. The n' 1is thus a genuine
Nambu-Goldstone boson at N = =, For finite N n' 1s a pseudo-Goldstone
bosen, with a (mass)2 proportional to the symmetry breaking

term -- which is of order 1/N.

III. FACTORIZATION, LOCP EQUATIONS, MASTER FIELDS,
SADDLE POINTS AND ALL THAT
The crucial feature of the large N limit which gives rise t¢o many
of 1its intriguing theoretical properties is factorisation. Stated in
general terms this means that the o¢onnected Green's functicns of
invariant quantities are suppressed relative to the corresponding

disconnected pieces by powers of 1/N. Hence at N=« expectation values
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of products of invariant quantities may be replaced by products of
expectation values. Let us illustrate this in large N QCD by using the
perturbation rules stated 1n Section II. Let Bi denote fermionic

current operators and Gi denote gauge invariant operators made out of

gluon fields alone. Then, according to the rules of Section II:

<B,,B....B > = Q(N)
nec

<B1...BnG?...Gm>C = O(N)

- 2
<G1...Gm>c Q(N=) (3.1)

From these equations it immediately follows:

<}31“'}3n>cz =O( 1 )
<B1><B2>...<Bn> Nn-1

<B1...BnG1...Gm>c ) C)( 1 )
By ><By>e s <B><Gy ). <G> Nnram=1
<Gyl Gpy, 1
Tpo<ep - @) 32
175" m N

Factorisation may be proved also in lattice strong coupling expansion.
As yet +there has been no convincing general proof; it is, however,
reasonable to assume that it is generally valid.

Do all gauge invariant operators facteorise 7 In general, no.
Several examples have been cited in the literature (Haan,1981; Green and

Samuel, 1981). However, all "reasonable" operators do factorise. To
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determine which operators are "reasconable™ one has to construct analogs
of coherent states for the sequence of theories characterised by a given
value of N, Let |u> and |u'> denote such coherent states. An operator
A is called "classical" If its coherent state matrix elements have a
finite H » = 1limit, i.e.
Lim SulRu'> finite . (3.3}
Now  Sufu’™>
All such classical cperators are reasonable and do factorise
{(Yaffe,1982), Examples of such operators in QCD are Wilson loops,
fermion bilinears (like Bi)' and pure gauge operators like Tr Fquuv or
Tr Fqu“V. In fact the important properties of the large N limit
discussed below are consequences of factorisation of these classical

operators (Yaffe,1982).

Loop Equations

One important consequence cf factorisation 1is that there exist
closed Dyson-Schwinger equations relating invariant expectation values.
For gauge theories the relevant gquantities are Wilson 1loops: we =shall
refer to these as loop equations. The phenomenclogical success of
string models suggests that the long distance behavior of QCD 1is some
kind of a string theory. It was suggested by Nambu (1979), Peolyakov
(1979) and Gervais & Neveu (1979) that the Wilson loop average may be
regarded as the wave functional for a closed string. Equations for the
Wilson loop were derived and these resembled classical string equations.
Later Makeenko and Migdal (1979) showed that at N== Dyson-Schwinger

equations for Wilson loops form a closed system. (These equations are
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different from those obtained by the earlier authors.) We shall discuss
these equations in the context of lattice gauge theories (Eguchi,1979;
Weingarten,1979; Forester,1979).

Consider the pure U{N) gauge theory defined c¢n a hypercubic lattice

with the standard Wilson action:

+ +

Tr(U (x)U (x+p)U (x+v)U (x)+h.c.) , (3.4)
U v W v

where B=1/g2, g2 being the bare coupling. Uu(x) is the standard link

matrix belonging to U(N} in the direction u and originating at the site

Xx. We have, as usual,
+
U (x) = U (x-u} .
u H

Let A% be the generators of U(N) normalised in the standard fashicn.

These obey:
Yo% 0% =66 (3.5)

Consider now the quantity

-5

P ey = [ m du o {Tr A%U (U (x+u)...le (3.6)
n u N

X,
The quantity within ¢urly brackets 1is the ordered product of links
around the curve C shown in Fig.! with a A2 in front of it. For the
moment, we have chosen C to be simple, i.e. without any

self-intersection. Note that X3®{C) is identically zero. But that is
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irrelevant to our discussion.

Let us now make an infinitesimal change of variables on the 1link

Uu(x) keeping all the others fixed:

U (x) » (1+ieaDU (x)
u u

i.e.,
. a
oaU {x) = ie A Uu(x)
+ + a
§ U (x) = -ie U (x)A
a u n
Evidently,
76 Xe) =0 . (3.7)
. a

The variation on the left hand side of Eq. (3.7) consists of two types
of terms:

(a) Source terms obtained by varying the operator. This is easily
seen to be

e [ oau (0{] rGB3 (0)..0] &
i

X 1 H a

ie N Z <Tr wW{c)> , (3.8)

where we have used the completeness relation (3.5). W{C) is the Wilson

loop operator along the curve C:



-14- FERMILAB-Pub-84/103-T

W(c) = U (x)U (x+u)...U (x-
(e) Ll( ) u( ) u( w) o
and Z 15 the partition function:

Z2=] n au (x)e".
X, U H

(b) Equation of motion term obtained by varying the action. This

is given by

§S=J Tr (AP (x) - A% (), (3.9)
a v#F L P P

where Up(x) denotes the plagquette in the (uv) plane containing the link

Uu(X)' The sum in {(3.9) includes all such plaquettes.
U (x) = U (x)U (x+)U (x+w)U" 3.10)
plx) = u(x v(x M) u(x v) v(x) , (3.
Eg. {3.9) contributes to } 6axa(C) a term

Y- ie 8 Z <TrlW(e)U (x) - W)U () D> . (3.11)
vEu P P

Collecting (3.8) and (3.11) we can now write Egq. (3.7) as:

ki
N

1
ﬁ <tr W(c)>» =

LT W(e)U (x)>=

- B +
o2 <Tr W(e)U (x>}, (3.12)
N N 'N p

which is the loop equation we wanted to derive. Equation (3.12) 1is

pictorially dencted in Fig.2.
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So far we have not used the factorisation property. The reason we
did not need factorisation is that we started out with
non-selfintersecting loops. However, as Fig.2. immediately reveals,
the loop equations relate simple loops to self~intersecting loops. Thus
to obtain a clesed set of equations for Wilson loops one must also
consider the latter - and this is where factorisation enfers the game.

Self-intersecting loops on the lattice are loops in which a given
link woccurs mecre than once. For simplicity, we shall consider only
those loops in which a given link can occur not more than twice. These
can be of two types: one in which the links occur in the same direction
{(Fig.3a) and‘those in which they occur in opposite directions. Consider

a loop of the first kind. This may be written as:

Tr W(e) = Tr W(C1JW(025 ’

where W(C1) (W(Cz)) denotes the Wilson loop operator along Cy (Cz) with
the link Uu(x) appearing as the first link in both W(C;) and W(C,). To

deduce loop equations one starts with the quantity:

Pee) = [ 1 dU (x)eS TrG3We MWle ) . (3.13)
172 m 1 2
X,H
The equation ¢f motion term in the variation of Xa(c1cz) is identical to
that of a simple loop. The source term, however, contains two pieces.
The first piece, coming from the variation of UM(X) in W(C1) is simply

given by:
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ie NZ <Tr W(C1)W(02)> = ig NZLTrW(c) ,

as in simple loops. The second plece occurs when the variation hits the

Uu(x) contained in W(C,). In the usual fashion (i.e. using {(3.5)) this

yields a term:

ie Z (Tr W(C1) Tr W(02)> . (3.11)

For any finite N the guantity (3.14) is not a Wilscon loop operator and
one does not have a closed equation for lcops. However, at N== (3.14)

factorises into

i Z <Ir w(c1)><Tr w(02)> , (3.15)

30 that one now has a product of Wilson locps. The full Dyson-Schwinger
equations are now closed equations for Wilseon loops alone. For
self-intersecting loops of the second kind (Fig.3b} the derivation 1is
analogous. The extra source term (3.15} now occurs with a negative

sign. The final form of the loop equations read (Wadia,1981¢}:

1

1 <Tr Wle)> + w

m <Tr W(c1)><Tr w(c2)>

=B§

{l.<Tr W(ec)U (x)> - ! {Tr W(C)U+(X)> (3.16)
v N P P

u N

where the + (-) sign is for self-intersections of the first (second)

type.
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Similar loop equatieons may be derived 1in the presence of gquark
fielas. This would, in general, involve relationships between Wilson
loocps and quark- string-antiquark operateors. In the usual large N limit
{i.e. in which the number of flavors is held fized) a string cannot
split forming a quark-antiquark pair (since fermicn loops are
suppressed). However, this can happen in the Veneziano 1limit
(Foerster,197%; Das,1984).

Continuum forms of the loop equaticons can also be derived (Makeenko
and Migdal,1979). These are essentially continuum versions of equations
{3.16) which now invelve suitably defined derivatives of Wilson loops.
These derivatives in loop space have to be regularised in an appropriate
manner. Details of this formalism may be found in the review of Migdal
(1983).

The existence of loop equations in the N== limit shows that QCD, in
some sense, may be written as a string theory. However, the loop
equations for the four dimensional theory remain unsolved. Migdal and
his collaboratcors have made some progress in this direction. They have
shown that there exist self-consistent solutions where the Wilson 1lcops
obey an area law. The theory has been, in fact, reduced to a fermionic
string thecry - the latter, however, remains unsolved. Recently there
has been some progress in attempts of solve these equations numerically
(Marchesini,19684). OCne of the major difficulties in the program is the
fact that the various Wilsen loops are not all independent of each
other.

Cyson-Schwinger equations may be derived for various other
theories. Exact sc¢lutions are readily obtainable for vector-like models

- these can be ,however, solved by various other methods. For most
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non-trivial models, like the matrix mecdel and chiral models, there does
not exist any exact solution as yet.

While it is true that a solution of the loop eguations would
provide all gauge-invariant Green's functions, it is certainly not true
that they provide all information about the theory. As examples of
physical quantities which lc¢op equations alone cannot determine are the
spectrum and scattering amplitudes. These require, 1in the present
framework, calculation of connected correlations of gauge-invariant
operators - which vanishes by factorisation. Such quantities c¢an be,
however, obtained (in principle) in the approach of c¢lassical

hamiltonians which we shall briefly discuss below.

Master Fields and Saddle Points

Consider two invariant classical operators 4 and B, Factorisation

implies:
<A B> = <A><B> at N = = ,

When A = B this becomes:

A% = <l (3.17)
which means that fluctuations vanish at N=«. This has led Witten (197%9¢c)
to argue that at N=« the functional integral is evaluated by a single
field configuration called the Master Field. For gauge theories one
has, of course, a master orbit - i.e. a trajectory in configuration
space whose points are related to each other by a gauge transformation.
While the master field certainly exists it is not clear how to evaluate

it except for trivially solvable models. Recently, recursaive procedures
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have been developed to find the master field numerically (Yaffe,198Y4)
and equations obeyed by master fields have been cbtained by several
methods (Greensite and Halpern, 1983 ; Jevicki and Rodrrigues, 1683).
The absence of fluctuations at N== also suggests that the large N
limit is some kind of a classical 1limit. To get a feeling about the
nature of this limit we now discuss a solvable medel in the framework of
the quantum <collective field method (Jevicki and Sakita, 1980; Sakita,
1980; Jevicki and Papanicolaou, 1980; Jevicki and Levine, 1981; Jevicki
and Sakita,1981). Consider the linear U(N) sigma model invelving a
field ¢,(x) in the fundamental representation of U(N}). The action of

the lattice is given by:

11 - 2 1 2 - %
S=11lz 2 le.(xvw)=¢ |7+ ="} o ()¢ (x)
] < 2 g, i i i 2 i L i
A - * 2
g (Do (xe. (0))°}, (3.18)
i 1 1
and the partition function is:
*
z =] I d¢i(x)d¢i(x) exp(-8) . (3.19)

x,1

We shall consider the limig

Now, each term in the action is of order N. By rescaling the variables
N may be breought cut in front of the entire action. Cne might think

that for large N the integral is then dominated by the saddle point of
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the action. This 1is wrong. The reason is
™ d¢i*(X3d¢i(x) grows exponentially with N, In
large entrcpy which must be taken into account in
the free energy. To extract the N dependence of

to invariant collective variables defined by:

FERMILAB-Pub-84/103-T

that the measure

other words there is a
the minimisation of

the measure we go over

N *
o' (x,y) = ) o (xX)o (y) , (3.20)
e i
and introduce
- . * 1
1= J [de'] T 6 [o'x,y) = 1 ¢ . (x)o (¥)],
, X,y ;1 i
into the partition function (3.19). Z now becomes:
7z = | [do'] Jfov] e SL0" ] (3.21)
where S [o'] is the action written in terms of the o's:
1 1 2 -
S(ot] == 1K (ydo'(x,y) + =m° ] o'(x,x)
X,¥.u P 2 X
- 5L G, (3.22)
X

and

Ku(x,y) = 28(x,y) - 8(x,y+{l) - 8(x,y-{) ,

is simply the second derivative operator on the lattice. The Jacoblian J

[o'] is given by:
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* - . R .
Jo'] = [ [de del T slo"(x,y) = L ¢ (x)o (y)]
;1 i
XY 1
This may be evaluated by a saddle point method at large N (Wadia,1681b)

by exponentiating the delta function:

¥ .o *

Jo'l = [ [ee del 1 dalx,ydexpdi ; Aly,x)[e'(x,y) = ) o (x)o (y)]{ -
X,y z,y it t

(3.23)

Performing the integration over ¢ and ¢* , one has:

Jla'l = | @ dA(x,y)exp§ b o (ialy,x)o'(x,y) - N &n A(x,y)d(y,x)]i .
X.Y XY

(3.24)

Since each term in the expenent is of order N, J [0'] is given by the

saddle point value:
‘ , -1
A(X,y) = = 1 N a'" (x,y) .

This yields

Jla'l = exp[N } &n o'(x,x)] . (3.25)
X

The whole partitien function may be now written in terms of the order

one collective field o(x,y) defined by:
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al(x,y) = %ﬁ o' {x,¥)

Z = | [do] exp{- N 5__.[al} , (3.26)

eff

where

Kh(x,y)u(y.x) + m2 L o{x,x)

Seff[o] = )
Xy¥.M X

—-%i )} (o(x,x))2 - ) &n o(x,x) . , (3.27)
X X

In Eq. (3.26) both S_..(¢) and the measure do are of order one. Hence
for large N the integral may be evaluated by the saddle point of Seff'

The saddle peint equations are:

LK (xy) + n2s(x,y) + # 0,6 (x,¥) = o7 (x,y) (3.28)
u

where
o5 = olx,x) .

In terms of the Fourier components defined by:

+n d

o(x,y) = | 2 kd gtk (x=y) 0, (3.29)
-1 (2w}
one has
Ok = 1 ’ (3.30)

4§ sin? k /2 + m + HA/N o
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where U, Is determined by the self-consistent gap equation:

+17 d
0y = ol{x,x) = J L o,

- (2ﬂ)d

d
1
0g = J S S : (3.31)
(2m)% 4 } sin ku/2 + mS + UA/N o,
M

In faect, Eg. (3.28) 1is simply the Dyson-Schwinger equation for the
model. In this case equations (3,330} and (3.31) provides all the
correlation functions of the meodel - since all invariant n-point
functions are products of two-point functions by virtue of
factorisation. However, the large N effective action (3.27) contain lot
more information than the loop equations. This is because one can now
perform small fluctuations arcund the solution to the Dyson-Schwinger
equations and thereby extract the spectrum of the theory.

The collective field program has been carried out in the euclidean
(Jevicki and Sakita, 1981) as well as in the Hamiltonian framework
(Jevicki and Sakita, 1980; Sakita,1980). For the gauge theory the
ccllective variables are the Wilson 1loop operators W(C) along all
possible loops C. In the Hamiltonian framework these loops are all
spatial; in the euclidean approacn there are temporal loops as well. We
shall not enter into the details of this formalism, but simply discuss
the main issues.

The loop space Hamiltonlan may be written as (Sakita,1980; Jevicki

and Rodrigues,1983):
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B g2 . \ + . 1 - + -1 . .
=23 1 mledale,ena(e) + g ) ow (e (e,etlale’)
C,C [e]s]
- %E [o(P) + ¢(P)1}, (3.32)
g P
where
ale,e') = -2 7 7 [E“(i)@(o)][ﬁ“(n)¢+(c')]
L o
w(ere') = 2 1 E*RE*Lee) , (3.33)
L,a

and $(C) is the Wilson loop operator arcund the spatial loop C. E®(1)
is the standard electric field operator along the link 1. &(P) denotes
the elementary plaquette Wilson loop and ¢{(P) the conjugate loop. 7(C)
denotes the momentum conjugate to ¢{C} in 1loop space. The above
Hamiltonian is obtained in a way similar to that used in obtaining the
collective field action for the sigma model. One makes a change of
variables <from the links Ul's to the Wilson loops ¢(C) (which form an
overcomplete set of variables). Subsequently a canonical transformation
is performed to go over to variables in terms of which H is explicitly
hermitian. Note that the ¢(C)'s are nct Iindependent of each other.
However, 1t has been argued that in the large N limit ¢(C)'s and their
conjugates 7 (C)'s may be regarded as independent variables.

By a rescaling of variables:

& » No g5 » N A

N2 factors cut of the effective potential:
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e + -1 e ~
Voo =1 0 W e eele) = 2oy (6(P)ve(P))
eff g 2
cc! ) A= P
One might think that the expectation values of #(C) in the large N limit

is given nby the saddle point of Veff:

5Veff(¢) )
S@

This is, however, incorrect in the weak coupling region ({Jevicki and
Rodrigues, 1983) because of non-trivial inequalities coming from the
fact that Q(C,C') is positive definite. Veff has to be minimised in the
presence of these constraints. It has been shown, however, that a set
of master variables can be introduced to transform the problem to that
of an unegcnstrained minimisation (Jevicki and Rodrigues,1983). This
approach has been pursued numerically for some models.

Ancther approach to the large N 1limit 1is that of T'constrained
classical solutions" (Bardakegi,1981a; Halpern,1981). We shall
illustrate this method for a simple one-vector model consisting of a
single N component vector xi(t) evolving in time, The relevant matrix
elements are vacuum expectation values o¢f Iindex ordered product of

operators, like

<OJR(L)R(LTIR(E)-R(L™M) | 0>

Let us insert a complete set of quantum eigenstates after each field
operator. Due to the restriction to index-ordered products such
intermediate states must transform either as O(N) vectors or as O(N)

singlets. Factorisation further implies that the conly singlet state



=26- FERMILAB-Pub-34/103-T

which can contribute to the leading large N ‘behavior 1s the ground

state. One thus needs only the fcllowlng matrix elements:
<n,i|%.|0> = ¢..q /VN
N ij'n

Here n labels the number of O(N) vector eigenstates, i is an O(N) index
labelling the states within such a multiplet and q, is the "reduced"

matrix element. Since all states are eigenstates of the Hamiltonian,

the g 's have a simple time dependence:

iunt
qn(t) = g qn(O) y

where w_ = E, - E, 1s the excitation energy of the nth. eigenstate.

Taking matrix elements of the quantum equation ¢f motion

{where V(xg) is an O(N) invaraint potential) and using factorisation one

has the following equations for the reduced matrix elements:
q + 2V'{gq) q =0
q, G+q 9, = .

Thus qn's obey a classical equation of motion. These equations must be,
however, supplemented by constraints obtained by taking vacuum

expectation values of the commutation relations:
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o o .
L (qnqn qnqn) =1 .

A similar éet of constrained classical equations may be be obtained and
solved for the familiar vector models. The approach has been also
extended to gauge theories (Bardakci,1981b & 1982).

The precise nature of the "classical"™ limit at large N has been
investigated in detail by Yaffe (1982). Essentially one constructs
analogs of coherent states of quantum mechanics for the sequence of
theories labelled by N. Under certain conditions (on the state space
and operators) the expectation values of operators In these coherent
states behave as classical dynamical variables in the N== limit. There
is a well-defined procedure to construct the corresponding classical
phase space and the c¢lassical hamiltonian which govern the dynamics.
This approach has been recently used to develop & recursive methed ¢to

construct the master field (Yaffe,1984).
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IV. EGUCHI-KAWAL MCDELS AND QUENCHING

Recently, Eguchi and Kawai (1982) pointed ocut a remarkable
consequencelof factorisation. They showed that under certain conditions
one ¢an completely forget about the space-time dependence of Tfields at
N==_, (Consider the standard U{N) lattice gauge theory. From this field
thecry one could obtain a matrix model by making the following

replacement:
U (x) »U0 . (4.1
K u

The standard Wilson action becomes:

. + 4+
S > Sge = 8 L Tr(UUU UL+ he) (4.2

The quantity corresponding to a Wilson loop operator
W(e) = TP[UH(X)Uv(x+u)Uu(x+u+vJ.--] , (4.3)
is given by

Wole) = Tr{UquUu...] , (4.4)

which is just an ordered product of the reduced variables Uu in the same
order in which the corresponding links appeared in W{C). The partitiocn
function of the reduced model is given by:

Z =) 1dUu exp(-S), (4.5)
yo M

and reduced averages are obtained in the ensemble defined by (U4.5):
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Tr W.(e)> =+ [ T duTrw (c)e—sEK (4.6)
R Z ' u R ) )
One could derive Dyson-Schwinger equaticns for <wR(C)> in the =same way

as in the field theory. Consider the simple locp of Fig.1. once again.
The quantity Wp(C) for this loop is given by:

We(e) = (U U utLLuu) .
H W W H

To derive Dyson Schwinger eguations we start with the quantity:

-5
Xa(e) = [ mdu (Tr 40 U ...} e EK (4.7)
U Hou

u
(which is the direct analog of (3.6)) and feollow exactly the same steps
as in Section III. The contributicon from the variation of the action

{the equation of motion term) is exactly the analog of (3.11),viz.

- +
- 1gB8Z<T -
viu icB r(wB(c)qu+) Tr(wR(c)qu+)

+ Tr(W_(c)U ) =~ Tr(W (c)U’ _)> (4.8)
R pv= R Hv—
where

+ +

U = U UuUu

Ut [VEERVIRRVRRY)

+ +

H =yuvuvu (4.9)

Hyu= VRV VRN
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Hote that Uu (u ) would correspond (via Egq. {(U4.1)) to a plaquette in

ut uv—
the (u,v) plane ( (u,-v) plane). Thus (4.8) is the reduced version of
the right hand side of the equation in Fig.2. The scurce terms come

from variations of the Uu's contained in wR(C). When the variation hits

the first Un in Wg(C) one has, analogous to (3.8):

ie NZ<Tr WR(C)> .

But ncw we have some extra source terms. These terms come from
variations of all the other Uu's contained in WR(C). Such terms are not
present in the field thecry case since one could vary only the link
U“(x) - in faet such terms would occur only Iif the loop is
self-intersecting. These extra source terms in the Eguchi-Kawal model
are typically of the form:

ie | I dU e
LM

3
EX (330 U . 230 U U ..U )
TRRY TRRTRRY u

+
=g ZITr{U U U ..U )Tr{(U U U ...U)> .
[TRRTRRY v TR u
Here the variation has hit a Uu which corresponds to the link which
starts at the peoint y in Fig.1., Using factorisation, the above quantity
beccmes:

fe Z<Tr(U U U .. .U I><Tr(U U U .. U )> . (4.10)
MV W [V T Y] ) .

This 1s a product of Uu 's along open lines, i.e. the two open lines

joining x and y. The Dyson-Schwinger equations for the Eguchi-Kawal
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model are Identical to those ¢f the field theory only if such cpen lines
vanish.

The Eguchi-Kawai (EK) model, being a single point theory, does not
have any local gauge invariance,. The action (4.2) (as well as the

measure)} are, however, lnvariant under the following transformations:

(4.11a)

U »e "uU (4.11b)

(4.17a) 1is the remnant of local gauge invariance of the original field
theory, while (4.11b) is a [U(1)]9 symmetry (ZNd for SU(N)). The open
line traces in Eq. (4.10) are invariant under (4.11a), but not under
(4.11b). Only Wilson loop operators along c¢losed loops are invariant
under both "the symmetries. Eguchi and Kawai argued that the [U(1)]¢
symmetry protects terms like (%.10) from acquiring a non-zero value -
and hence the mcdel (4.2) has the same Dyscn-Schwinger equations as the
parent lattic e gauge theory. Assuming that the entire content of the
N== 1imit is contained in the Dyson-3chwinger equaticns, it then follows
that the reduced model described by (4.2) is completely equivalent to
the standard Wilson thecry at large N.

In the strong coupling region this is gertainly true. The matrices
Uu are all fluctuating randomly: the eigenvalues of Uu would be
uniformly spread over the unit c¢ircle, thus maintaining the ,[U(1)]d
symmetry. In faect, this symmetry 1is unbroken for all coupling for

dimensions less than or equal to 2. It was, however, socon pointed out
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(Bhanct,Heller and WNeuberger,1982a) that in weak coupling the symmetry
(4.11b) is spontaneously broken for dimensions greater than 2, The N
eigenvalues. of Uu all tend to be equal to each other. The Eguchi-Kawai
model as it stands is not equivalent to the standard lattice gauge
theory in weak c¢oupling - and hence certainly not in the continuum
limit,

The Quenched Eguchi-Kawal Mocdel: ¢u Theory.

Bhanot, Heller & Neuberger (1982a) proposed a modification of the
naive Eguchi-Kawal model in which the above-mentioned [U(1)]d symmmetry
does not break in weak coupling - known as the Quenched Eguchi-Kawal
(QEK) model. We shall not describe the QEK model as originally
formulated. Rather, we shall present it in the framework of more
general considerations about the reduction mechanism in large N
theories.

A general feormulation of reduced models emerged in a series of
papers beginning with the work of Parisi (1982). Consider a scalar
field theory with the field ¢(x) in the adjoint representation of U(N).

The lattice action is given by:

1

Te [p(x)=900 |2 + 2 m°Tr 6% (0)

e
-8
x{u 2
{4,12)

+ &1 ot o

( ¢(x) has been written as a N X N hermitian matrix). The large N limit

of this model is defined by
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g = fixed, N + = ,

The perturbaticn expansicn of this model 1s very similar to that of the
gauge theory - the leading order diagrams are all planar.

A naive Eguchi-Kawai reduction prescription, i.e.:
$(x} > ¢,

does not lead to a model which 1s equivalent to (4.12), Consider,

however, the reduction prescription:

#(x) » D, (x) ¢ D (%), (4.13)

where

_ o Mo M
(D (x31;5 = exp[l(ki SOEIPL I (4.14)
i1s a matrix in the internal symmetry space. We shall refer to (4.13)
and (4.14) as the Quenched Momentum Prescription (QMP). Applying the
QMP to the action (4.12) and factoring cut the volume one obtains the

reduced action:

sty 1 7 |¢..|2[2a smt -2 J cos(k'-k"))
QEK 2 .~ ij 1 ]
i,] u
(4.15)
+.§ Tr ¢u .

which shall be sheown to be equivalent to the field theory (#.12} at N=w,
Te spell out the precise sense in which these are equivalent, one must

have a prescription that relates averages in the reduced thecry tc those
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in the flield theory. Consider an invariant functicnal f(¢(x)) of the

field. The statement of equivalence then reads:

dkH
1 +
SICICOD P = | (En_] <D, (x3¢D, (x1)> (4.16)

THEORY Hid

where the average of a quantity 0 in the reduced model 1is defined by

{for a fixed value of the k's):

s
~ 1 QEK =
0> = ] madp. . e 0 . (4.17)
Z ij M
<
Zk =] [ de e . (4.18)
g 4

The origin of the epithet "quenched" is now clear. The action SQEK
defines an ensemble in which averages are to be taken for a fixed value
of k., A quenched average over Kk 1is then performed. The k's are
dynamical variables, buft not on the same par as the ¢i's.

The form of the reduced acticon, (4.15) 1looks 1like the momentum
space action of the field theory with kiu - kju behaving as the momenta.
To make the connection precise, consider the zeroth order propagator in
the reduced model:

¢..> = ! . (4.19)

J1 2d - z cos(kl-kj) + m2
u R

G.. = <o,
ij = %3

which certainly looks like the usual momentum space propagator. To show

that this is really so, consider Eq. (4.16) with
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£(o(x)) = ¢ (x)9(0) .

The right hand side becomes:

u LMo
dki t 1(l-<i kj)xu .
1ol e G, 6. >
ui m 1 ij ji
dicH i(kM-kH)x
= f it [2 - e o - ! 5 .
TP SR & 2d - cos(k?-k?) +m
u
(4.20)
Note (4.20) diverges badly for 1 = j. To avoid this we impose the
constraint
¢ll = 0 . (u.21)

These are N constraints amongst N2 variables: hence they are irrelevant
in the leading order behavicr at large N.
The expression (4.20) may be viewed in two egquivalent ways:

(a) One could make a change of variables to

1V S S N N A A
PP = kb -kl 5 Q" = [ki+kJJ .

With this (4.20) becomes

dy o
d P etPX ! 5 (4.22)
(2m) 2d = ) cos p. + m

i u

N(n-1) |

which is, up to 1/N corrections, equal to the usual propagator

<Tr ¢ (x)e(0)>

in the field theory. Note that the difference between (4.22) and (4.23)

are of crder 1/N due to the presence of the constraints (4.21).
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{b) An alternative way of viewing this is to note that it is not
necessary to perform the momentum Iintegraticns. This is because one can

write
L flkt-kMy =5 ) f(P;) . (4.24)

where

and f is any function. Now, pJ.Ll lies in the Brilluion zone

-7 < P < +71

(all momenta are in units of the inverse lattice spacing). Let us

divide this hypercube in momentum space into N parts and chose the p Heg
J
densely and uniformly over the entire hypercube. In other words, each

of the N parts is labelled by an index i which runs from 1 to N. The
pi” are chosen to be the particular momentum at the center of the cell

labelled by i. Then, by the definiticn of a Riemann integral:

8P rp) = Limd Y of(o) . (4.25)

- (21r)d Naw N i

Using this in Eq. (4.20) one gets the same result as (4.22), for N=o,
The latter way of viewing the sum in (4.20) tells us how large N
is. From Eq. {4.25) one sees that there is a total of N momenta to sum

over. Now, if the original field theory is defined in a periodic box of
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side L one has Ld momenta. Thus for the reduced model to be equivalent

to the field theory one must have:

N =14, (4.26)

We have demonstrated Eq. {(4.16) for the two peint funetion to
O(go). Of course, the equivalence holds order by order in the
perturbation expansion. A perturbation expansion of the action SQEK may
be derived in the usual fashion. The lowest order propagator suggests
that we represent each propagator by a double line (Fig.4a): each line
carrying a group index. This 1Is the usual representation in the
cerresponding field theory ('t Hooft,1974). However, here one assigns
this double line a "momentum" (ki - k.:). The propagator 1is, by

J
definition, zero when i1 = j (this follows from the constraint ¢ii = 0)

Vertices are similarly represented in Fig.¥b., If ki - kj is to behave
as a momentum it must be conserved at each vertex. From Fig.4b it is
easily seen that this is true. In fact, the reason this is true is that
each index line at the vertex once flows in and once flows out - as
required by the internal symmetry of the theory. Thus the internal
symmetry always guarantees momentum conservation. We shall discuss a
deeper explanation of this fact later.

Using the Feynman rules of Fig.4 one can now compute  any
correlation function. Let us illustrate this for the O(ge) corregticn
to the propagator. The relevant Feynman diagram is shown in Figfst The

. . +
contribution to <¢. > from this graph is given by:

3%

2
& 7 (6 )°

.0 G, G G| (4.27)
NS KEL ij Jt ik ki

The corresponding graph in the field theory is given by:
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2 1 (89) (&) een? slaor)sip-ar) (4.28)

Renaming variables in (4.27):

¥+
]
R
W
L4
=
¥
+
¥
+
x4
+
x4
S’
I
o4

one can now verify Eq. (4.16) explicitly in a way analogous to the
Zzeroth order case.

The equivalence stated in Eq. (4.15) holds only for planar graphs
to all orders in perturbation theory. The reascn is that our way of:
assigning momenta to propagators in the reduced model does not work for
nonplanar diagrams. In any nonplanar diagram of the field theory there
is always at least one propagator which has its two indices equal to one
another (e.g. Fig.6). This would be automatically zerc in the reduced
model. Since the leading diagrams in the large N limit are planar the
QEK model of Egq. (U4.15) is equivalent to the field thecry (U4.12) at N=w
- at least to all orders of the perturbation expansion.

There is another way to understand this equivalence = within the
framework of stochastic quantisation. Any quantum theory may be viewed
upern as a dynamiecal statistical system evolving in a fifth "time”
according to a Langevin equation with a gaussian random noise (Parisi
and Wu,1978). The quantum averages are then equal to the long time
limit of stoachastic averages of this equivalent Langevin system. In

this framework it is easy to see how the space-time dependence of the
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fields factor cut in the large N limit, exactly according to the QMP

(Alfaro and Sakita,1982).

The QEK Gauge Theory

One might think that constructing a QEK model for the lattice gauge
theory 1s straightforward: one simply needs to replace the criginal
Eguchi-Kawal reduction prescription by a QMP for links, This is wrong.

Consider the reduction ansatz:

+
Uu(x) - Dk(x)UuDk(x) . (4.29)

For a fixed value of {k} the partition function becomes:

z =] au expls J Trw ofu ¥ToRut X uten.e) ]
k u N LUHVE VUV V
u>v
where
(Dk) = exp(i k™) {4.30)
Wi PRL Ky7%45 - .

Since the Du's commute the QEK action may be rewritten as:
s =8 3 Tl o5 p¥w D5 w 09" + n.e. (4.31)
TER TRV R TR VoV

QEK LSy

One can, however, make a change of variables:
U = UL =D . {(4.32)

Since the Haar measure dUu is invariant, it is easy to see that in
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terms of Uu', Zk is the partition function of the naive Eguchi-Kawal
model. Repiacing the naive EK reducticn rule by the quenched momentum
prescription did not change anything.

To get around this impasse' either the integration measure (Das and
Wadia,1982; Gross and Kitazawa,1982; Migdal,1982) or the action (Chen,
Tan and Zheng, 1982) has to be altered. There is no wunique way to
change the measure. In the QEK model the remnant of gauge symmetry is:

UD U DS t. (4.33)
One could first fix the gauge in a suitable fashion (say the Lorentz
gauge} and introduce the conatraint into the measure (Das and Wadia,

1982):
(log Uu)ii =0 . (4.34)

Another approach involving prior gauge fixing has been discussed by
Parisi and Zhang (1983).

Gross and Kitazawa (1982) use a procedure which involves a gauge
invariant constraint and hence does not need prior gauge fixing. The

measure they use may be written as:

J mau c ,p ), (4.35)
m M H i

where
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C(u ,b)=1n[dv a{(D)sfuD-vDV ], (4.36)
TR " u u TRV TR TRY
and
TR
, 2 rki kj
A(D ) = T wsin | 5 )
i<]

Here Vu denotes a U(N) matrix. The delta function constrains the

eigenvalues of UnDu to be equal to those of D . Since eigenvalues are
invariant under the similarlity transformation (4.33) this 1is an
explicitly gauge-invariant constraint. A similar measure has been also
proposed by Migdal (1982).

The effect of the constraints {(4.34) and (4.36) is tc destroy the
invariance of the measure under the change of variables in Eq. {4.32)
Recall that the naive EK model does not work because in weak coupling
the eigenvalues of (UuDu) tend to cluster around the same value. The
constraint implied in (4,36) forces the eigenvalues to be equal to
eikui, which are randomly distributed over the unit circle since the k's

are totally random in the quenched model., This ensures that the correct
vacuum 1is U1J = I. The constraint (4.33) achieves the same end by
constraining the diagonal elements of log Uu‘ (Since the diagcnal
elements are not gauge-invariant one needs a prior gauge-fixing).
Quenching thus prevents the [U(i)]d from breaking and hence forces all
open lines to vanish.

To investigate the weak coupling perturbation expansion of the

model we expand U]-l around the vacuum:
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u = ig A 4,
' exp(ig u) , (4.37)

in powers of g, and fix a gauge {(which is already done if one wuses the

constraints (4.33)). There 1s a one-to-one correspondence between the

Feynman graphs of the reduced model to those of the gauge theory, Jjust
y

as in the Tr ¢ model. In terms of the Au's the constraints (4.33)

become:

{Au)ii =0 (4.38)

whlch is the direct analog of the constraint ¢,. = 0. The constraints

in (4.36) also translate intc equations relating (Au)ii with the other

(1),

but these equations are different in different orders of
perturbation theory. These, 1in general, generate new vertices apart
from those contained in the action, leading to new tadpole graphs.
Cross and Kitazawa, however, showed that all such tadpole graphs vanish
after the integration cver the k's is performed.

While all the variocus types of constraints lead to reduced models
which are equivalent to the gauge theory, for numerical purposes it is
particularly convenient to use the measure (4.36) since it is explicitly
gauge-invariant. In fact, the QEK model with this measure is equivalent
©0 the model proposed by Bahnot, Heller and Neuberger (1982a)}. The full
partition function is given by:

~SQEK

= 7 dU dv a(D )6[UD -V D V' Je (4.39)
| TR ") HE H UU

u

2y

with SQEK given by Eq. (4.31). Now integrate out the U 's. Due to the

delta functicn this amounts to replacing Uu by VuDuVu+Du+' Zk now

becomes:
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Z = [ M dv a(D Yexp(-S' 4,40

kqu(u>pc e (4.40)
where

st =g J Tr(vovvoovydvvoviene) , (4.41)

QEK v WK UBVYVUREYVY

which is precisely the model of Bhancot, Heller and Neuberger (1982a).

Quarks in QEK models.

S¢ far we have dealt with theories involving fields in the adjoint
representation of the symmetry group. Fields in the fundamental
representation may be also incorporated in a straightforward manner. In

fact, a general quenched momentum prescription reads:

g{x) > D(x) +« 9 , (4.42)
where the representaticn content of ¢ determines that of D(x). Thus for

a field in the fundamental representation:

(k)
wi(x) + D ;

N (x)wi .
with the D's given by (4.14),

In gauge thecries, internal quark lines are, of course, absent at
N==_. However, one might study the meson spectrum by looking at, say,
<@¢(x)@w(0)>c. In the QEK model this connected correlation cannot be a
function of x ! This 1is because yy(x) is a local color singlet and
hence translationally invariant in the reduced model. In index space
this means that there can be no net index flow into a Py insertion -
hence no non-zero momentum. OGross and Kitazawa, however,suggested that

one c¢an nevertheless force a net momentum to flow along the external

quark lines - this would not jeopardise anything else since there are no
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internal guark loops.

A more systematic approach is to consider a reduced model for the
Veneziano 1limit of QCD. Such a model has been constructed and shown to
be equivalent to the field theory (Levine and Neuberger,1982a; see also
Klinkhamer,1683).

Other Models

The quenched momentum prescription may be applied to a variety of
other models. For models involving fundamental representation fields
only (e.g. the (¢2)2 theory) it readily yields an expression for the
master field (Das and Wadia,1982; Gross and Kitazawa,1982). Consider
the linear sigma model discussed in Section III. The two point
correlaticn function is given by:

N .
T <l 0 (xe (00> = | "% A

Ny =T (217)d Yy} sin2 pu/2 + m2 + La/N %

)i}

a(x) =

where the quantity o is determined ty the self-consistent gap equation:

Q
g9 1

-1 (2m)% 4§ sin? « /2 + me + A/N o
u

0

Evidently, one would get the same equations in the QEK version of the

model., The correlation function of the reduced fields is simply:

1
4 E sin® k{72 + m o
and one obtains ¢(x) by the direct analog of {4,16). It is clear that

*
<4.9.> =
i 2 % UA/N o

(4.4Y4) is obtainable from the reduced master field ¢i:
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- 1
b, = —— :
D4 L sia® k2 e n® e MN o} 172
u

which, when plugged back into the reduction prescription leads t¢ the

master field of the full field theory:

.M
i kix
= e
{4 ) sin? k%2 + n? + BA/N o }172
M

n

This correctly reproduces o{x) since , as argued earlier, a sum over the
index i is equivalent to a momentum integration at N=e«,

The master fields of other vector-like models can be obtained in a
similar manner. Gross and Kitazawa(1982) has also obtained the master
field of two dimensional pure QCD.

QEK models have been constructed for SU(N)Y X SU(N) chiral models
{Heller and Neuberger, 1982a & 1982b; see also Green, 1983;
Bhanot,1983). In fact there has been some progress in attempts to solve
the two dimensicnal chiral model analytically (Bars, Gunaydin and

Yankelowicz, 1983).

Hamiltcnian Versions

Reduced models have been constructed for large N Hamiltonian
theories (Neuberger,1982; Kitazawa and Wadia, 1982). This involves the
reduction of the spatial dependence of fields, retaining the temporal

dependence. Thus, typically the reduction prescription would read:
> + ,>
$(x,8) » D (x)9(t)D (X) ,

with x denoting the (d-1) dimensional spatial position vector. The
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resulting model is simply a one-dimensional field thecry,i.e. quantum
mechanics. It has been argued that reduced hamiltonians may be used to
extract the glueball spectrum (Levine and Neuberger,1982b). This cannot
be done in euclidean reduced models - one requires c¢onnected
correlations of Wilson lcops which vanishes due to factorisation.
Furthermore hamiltonian formulaﬁions can be wused to obtain reduced
models at finite temperature (Neuberger, 1983). This is done by simply
restricting the total time extent of the box to a fixed value and

imposing periodic boundary conditions in the usual manner.

QEK in the Continuum

All the above considerations may bte applied to a field theory
defined with a c¢ontinuum regularisation, e.g. a momentum cutoff. The

QMP of Eq. (4.13) then readily vyields the following expression for

derivatives:
- : H L
- - -
N [ki ij Sy
In fact, even 1in gauge theories a momentum cuteff provides a
gauge-invariant regularisation in the continuum (Gross and

Kitazawa,1982). This 1is because Ward identities are satisfied before

integration over the momenta {k}.

The Meaning of QMP

We shall conclude this section by trying to investigate the meaning

of quenched reduction. Consider the QMP once again,
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(x) D _(x)e D (x)
p(x L (¥)e D (x
' . (Mo M
[Dk(X)]ij - 6ijexp[1(ki kjjxu]

Unlike the naive EK model the field ¢(x) is not translationally
invariant at N=«, Rather the translation group 1s represented within the
internal symmetry group. At N== there are a large number of 1internal
degrees of freedom. Some of these are used as "momenta"™. Since the
translaticon group is abelian, it is natural +to represent it in the
diagonal cug)y N subgroup of the internal U{N) symmetry - and this is
precisely what equations (4.13) and (L.14) represent. In the next
section we shall consider a different way of representing translations
inside the internal symmetry group which works for an interesting class

of models.
V., THE TWISTED EGUCHI-KAWAI MODEL

In the previous section we saw that quenched reduced models are
obtained by representing translaticons within the diagonal subgroup of
the internal symmetry group. In a sense this is a natural thing to do
since translations between two given points along different routes
commute. However, if a theory contains fields which are in zero N-ality
representations of SU(N) group, (like pure gauge theory) one has a much
wider possibility. One can now represent translations by matrices which
fail to commute by an element of the center of the group, ZN' Since zero
N-ality fields are blind to the center, translations along different

routes would still commute. Such a reduction scheme is the basis of
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twisted Eguchi-Kawai mecdels (Gongzales, Arroyc and Okawa, 1983; Eguchi
and Nakayama, 1933). Consider a field theory defined on a lattice
containing a field o(x) in the adjoint representation of SU(N). The

twisted reduction prescripticn is:

¢{x) » D(x) & D (x) , (5.1)
where
X
D{x) = (r)*" (5.2)
u H

and Fu are traceless SU(N) matrices obeying the 't Hooft algebra

rur =2 rr (5.3)

Zuv is an element of the center of the group ZN:

_ i
va = exp(——ﬁ— nuv)’ (5.4)

where nuv is an antisymmetric integer-valued dxd matrix {in d
dimensions). Thus ruis the matrix which implements translations by one
lattice spacing in the p direction by means of adjoint action on 4.
Since Fu acts by acts by adjoint action the non-commutativity of the
Fu's does not lead to non-commutavity of translations. This would not
be true if there were fields in the fundamental representation.

The reduced action is obtained by substituting (5.1} into the

action of the field theory, i.e.
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N 1 +
5 (¢sn“ ) = m S(D(X)C\UD (X))

TEK v

and the partition function iIs given by

Zogk = [ [do] exp(-S...) , (5.5)

TE TEK

for a fixed value of zuv' The expectation value of any functional of the

reduced field ¢ is glven by:

-5
1 TEK

> = —— J[ds]o(s)e . (5.6)

TEK ~ ZTpgo

<0(¢)

The correspondence between correlation functions of the reduced model
with those in the field theory is as follows. Let f(g(x)) be any

invariant functional of the field ¢(x). Then

(e (x)> = <F(D(x)¢D" (x))> (5.7)

FIELD
THEORY

TEK °

All these relations are for a fixed value of Zuv' Note we are not

summing over various translation matrices as in the QEK model. of

must be chosen

course Eq. (5.7) would not hold for any Zuv_ In fact, Z

5o that the equivalence (5.7) holds. The cholce of Zw which respects

this equivalence depends on the specific model and on the dimensionality

of space-time.
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The TEK Gauge Theory

Let us now apply the twisted reduction idea to the lattice gauge

theory and figure out what Zuv should be (Gonzales=-Arroyc and Okawa,
1983). The reduction rule for the 1link matrices 1is a direct

generalization of (5.1):
U (x) > D(x)U'D (x) , (5.8)
M il

with D(x) given by Eq. {(5.2). The standard Wilscn acticn now becomes,

(apart from the trivial volume factor)

‘ + + +_ +
st.. =8 ¢ Tr(U'TUTTTU T U]+ h.e. (5.9)
TEK e BPUVYUVE VY

Using the algebra of T matrices in Eq. (5.3) this becocmes

=8 ¥ Tz (urr e )Y wr )t +nae. (5.10)
>V vVopou v uou (VERY!

The partition function of the TEK gauge theory is given by:

= t —Q
Zopk J E duu exp(-8! ) (5.11)

where dUL is the standard Haar measure. Making a change of variables:

Uur - uU'r =U (5.12)
1) U Hu

and using the invariance of the Haar measure one gets
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Z = | T dU exp(-S , .
——— it av, p(-5 ) (5.13)
- + o+
Se, =8 y Tr {Z UUUU) + h.c. (5.14)
TEK v TR TR VAR TRIRY

The reduced form for the Wilson loop operator is c¢btained by simply
plugging in the reduction rule (5.8), In terms of the Uu variables one

has
W.le) ={1n (z ) *"}mwwuu... (5.15)

The quantity inside the trace is simply an crdered product cf ULS in the
same-order in which they appeared in the field theory. NP denotes the
number of plaquettes in the (uv) plane in the minimal sur?:ce spanning
c.

Everything looks Just like the naive Eguchi-Kawzi model apart from
some ZN factors. However, it are these Zy factors which, when properly
chosen, force the system to the c¢orrect vacuum at wak coupling,

The derivation of Dyson-Schwinger equaticns for wR(C) in the TEK
model 13 exactly similar to that in the Eguchi-Kawai model. Once again
these equations are identical to the locp equations of the gauge theory
apart from products of traces of ULS along open lines. Consider such an
open line extending from the origin to the point {ku}_ The remnant of
gauge symmetry in the TEK model is the same as Eq. (4.11a). The [U(1)]d
symmetry is now a (ZN)d symmetry (since we are dealing with a SU(N)

theory)
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U 20 (Ze2Z,). {(5.16)
1V TV T |
Once again, in strong coupling this symmetry is unbroken -- forecing all
open lines to vanish. In weak ccupling Uu fluctuates around the vacuum

value Uio) which minimizes to action. This is easily seen to be

AR (5.17)
" U

Thus in extreme weak coupling the trace of product of links along the

open line from (0) to (ku) is easily seen to be

k
V(k) =2 Tr B () "
n [
where Z is a ZN factor which depends on the particular route taken from
C to {ku}. To see whether this trace vanishes let us first prove the

following simple theorem:

Theorem: Let A and B be two SU(N) matrices and let may be

aB = el%aa (5.18)

such that & # 2rk for any integer k. Then

. _ 2un . ;
(i) ¢ = N where n is an integer less than N

(ii) Tr 4B = Tr A = Tr B = 0.

To prove (i) take the determinant of both sides of (5.18):
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calON 0y aar (2B - 0
N Ty MT v jfi L

2mn/N. To prove (ii)

Since det(AB) # ¢ and ¢ # 27k, one must have &

take the trace of (5.18). This gives

(e - 1) Tr (aB) = ©

Since el® # 1, Tr(AB) = 0. Similarly, from (5.18)

Now let us substitute

in the above thecrem. By virtue of the algebra (5.3) a relationship of
the type (5.18) holds. Thus TrV(k) can be non-zerc only if

[v(k),ru] = 0 for all u . (5.19)
Using the explicit form for V(k) this leads to the condition

k n _ =gqN (5.20)

where q  are integers (mod N).
(a) In two dimensions Ny being antisymmetric, must be of the

form:

n_ =1ne¢e (n = integer)

=
R
=
=

(5.20) may be then inverted to give
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nk =c¢ qu . (5.21)

Now choose n = 1, Then Eq. (5.21) means that for all open lines whose
trace 1is non-zero ku is properticnal to N. Now let the parent field
theory be defined in a box ¢f size N with pericdic boundary conditions.
Then the nonzero V(k)'s correspond to open lines in the field which run
from one end cof the box to the other -- and hence c¢losed by boundary
conditions, However, these open lines are nonzero even in the field
theory -- and such terms are present in the loop equations of the field
theory! All other open lines vanish. Hence the TEK model with n = 1
has identical loop equations with those of the field theory.

(b} In four dimensions we shall consider twists of the form

oN , (5.22)

==
ja ]
=S
Bt

TRVERR TRV

where ¢ is an integer (mod N) and

1

My T 7 fuvas MoB (5.23)
Furthermore
n n_ = aoNé , .24
v pv ¢ up (5 )
Eq. (5.24) may be used to invert (5.20) leading to
ok =n _q . (5.25)
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Let L be some integer, and let

N =L, (5.26)
Let us choose the symmetric twist:
n =1L forall v> yu . (5.27)

U

Then o = 1 and Eq. (5.25) means k, must be proportional to L. Using the
same argument as in the two-dimensional case, one see that the TEK model
with the twist given by (5.26) and (5.27) is equivalent to the field
theory defined on a periodic box of size L.

For odd number of dimensions the matrix nuv is singular and 1t is
ackward to construct twists (see, however, Gocksch, Neri and Rossi
(1983)).

We have so far considered only simple twists. There c¢an be in
general a wilde class of twists leading to interesting structures.

{Brihaye, Maiella and Rossi, 1983; Fabricius, Haan and Filk, 1984).

Twist Eating Configurations

We now investigate the vacuum of the TEK theory. Thus In d

dimensions we need d traceless matrices I‘u satisfying the algebra

Since Fu denotes the translation operator for a single lattice spacing
along the u direction, none of these matrices can be products of the

cthers. Furthermore these matrices are determined only up to unitary
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transformations.

van Baal (1983) has discussed a general procedure to construct the
twist-eaters, 1i.e. the Fu's, given the twist matrix nuv. We shall,
however, restrict ocurseives to the simple twists refered to above. For

two dimensions, the algebra is given by

r,r

2“1]
21

Iyry = exp (-

These matrices have been constructed by 't Hooft ('t Hooft, 1981). They

are given by {mocdulo unitary transformaticns):

0O 1 0 0...0 1
0 0 1 0...0 gemi/N 0
T = P = T = =
1 0 0 0...0 0
{5.28)

In four dimensions, with the twist given in Eq. (5.27)., one must have

2

four L « LT matrices satisfying

These may bte constructed in a fashion entirely analogons to the
construction of representaticns of Clifford algebras. A particularly

convenient choice is given by the direct product matrices:
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l"O = QL® QL
f17 9% 7@y
{5.29)
I, =P, ®Q,
r -1®9,

wnere P, and Q are the L x L matrices given by Eq. (5.28) with N
replaced by L.

From (5.28) and (5.29) it is now c¢lear why the [ZN]d symmetry
(which protects open lines from acquiring any nonzero value) is not
broken even in weak coupling. The eigenvalues of each of the Fu's are
given by the set are given by the set (1, eeWi/L, eu“i/b,...ezﬂ(L—I)i/LJ
which are thus uniformly distributed o¢ver the unit circle. This
explicitly respects the (ZN)d symmetry, since the action of the symmetry

is simply to shuffle the eigenvalues.

Note that the Fu's for the four dimensiocnal case obey

This is simply a manifestation of the fact that Fu is the translation
operation in a periodic box of extent L.

Planar Perturbation Theory

In the quenched Eguchi-Kawal model,the reduced field ¢ij itself

became the analog o©of the fields of the parent theory in the momentum

representation. In the TEK model, ™"momenta" are generated from the
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[-matrices themselves. The weak coupling perturbation expansion is done

by expanding Uu about the vacuum T :

(5.30)

where g = 1/82- au is the reduced gluon fields. Usually cone expands ay

in a basis formed by the standard A matrices. In cur case it is useful

to use the following basis in the Lie algebra of SU{N)

Ko ky ko k
A{q) = r00r11r22r33 (5.31)
where
Kk ='n q , (5.32)

and qu are integers in the range 1 g‘qu_i L {except q, = L for all u to

ensure tracelessness of A{q)). The A{g)'s form a set of N2 - 1
traceless, unitary linearly independent matrices. Let us 1list some

useful properties of A(q):

A(L-q) = A(-q) . (5.33)

A'(q) = A(-q) exp] Eﬁi <kjxrl (5.34)
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. 2 i -
Tr(Alq)Alq,) .. ACq )] = N{6(Zq)) « exp P <k ko> (5.35)
n 1 N 1<J i J
TP[A+(Q1}A(Q2)...A(Q )) = N6 ('q1 + g q.) exp 221 <k, |k >
n i=2 1 Noggg b
2ni :
x exp | e <k1|k1> i, (5.36)
where
k.|lk.> = (k) (k.,) . 5.

l|J ugvnvu LN (5.37)

These relations may be easily derived from the basic commutation

relations. The reduced field au is expanded in the basis [A(qg)}:

a = — ¥ a (QAlq) . (5.38)
EOOLY {q) M

The value of a shall be derived below. To ensure the hermiticity of a,

one must require
* _ _ _2ni
a (q) = au( q) exp( - <k[k>) . (5.39)

The basic property of the A(q)'s which allows one to interpret the q's

as momenta is

+ 2mi
FUA(Q)F“ = exp(-—-Tr-q?)A(q) . (5.40)

which can be easily shown from the commutation relations. Consider the



-60- FERMILAB-Pub-864/103-T
field ap(xO) in the parent field theory. The reduction prescription
relates this to the reduced field a - by:

+
a (x) = D(x) a D (x)
M H

where, as before,

x|
D(x) = & (r ) "
n H

Consider a translation of single unit in the p direction in the field

theory:

a (x+u) = D(x+u)a D (x+p)
H H

1]

D(X)F a I D (x) (5.41)
X uau y X)), .

which, by Egs. (5.38) and (5.40) become

1 - -2mi/L q, .
a {x+u) = — ) e a (q)B(x)A(q)D (x) . (5.42)
u L K
Q
This clearly shows that
ZFQU
Pu = —r . (5.43)

behave as the lattice momenta in a box of size L and Qu(q) are the

momentum space components of the fields.
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To perform the perturbation expansion one has to, of course, fix a

gauge. The analog of the Lorentz gauge i3, for example

' [Fuauru—au] =0 . (5.44)

= b~

The kinetic piece for aiLl now becomes

J2

2 B X Tr[F a F+-a
L VRV

VIRY

. (5.45)

Using the expansion (5.38) and the relation (5.40):

+ 1 - -Zﬂiqu/L
rar -a =—/)fle -1 ]a (qla(q)
H v U v Lo q v

Plugging this into (5.45) and using
Tr A" (q,)A(q,) = N 8(q,-q,)
r q1 q2 = q} q2 ’
(which follows from the relation (5.36)) one has, for the kinetic term:

N 2 *
— ) ) 2d-2 } cos [Ez q ) a (ga (q), {5.46)
L q v v U U
which shows readily that the zercoth order propagator has the same form
as that on a Lu periodic lattice., Consider the zeroth order propagator
in c¢oordinate space. Using the reduction rule, and applying Eq. (5.40)

repeatedly one has:
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. e Bex  *
Tr <a (x)a (0)> = 6  — § g 2TVL A% Feya (g
H v MV L2a {q} W u
) i/l > 3
o, Loe ani/L q-x — . (5.47)
{q} 2d=2 | (cos 2m/L q,))
A

In the L » = limit, the sum over {q} goes cver to an integral over the

Brilluion zone:

A
{q}

Thus the c¢laim of equivalence stated in Eq. (5.6) is true if

N~ =1L, (5.48)
which 1is certainly true for the twists we considered for d = 2 and
d =4, In fact, (5.48) is a general statement about the order of
largeness of N in TEK models. This iIs to be contrasted with QEK models
where one had N = L9,

The various interaction terms in the reduced action may be written
down in an entirely analogous fashion. The momenta {q} are always
conserved at each vertex since a term involving a product of n gluon

fields would have the trace:
TP[A(q1)...A(qn)J

which 1is proportional to S(Zqi) by Eq. (5.35). The momentum dependence
of the vertices are also identical to those in the field theory, apart

from the phase factor
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ari 1
exp —%— ) <k ko>, (5.49)
i<j=1 1 J
which comes from the above trace. The Feynman graphs for various

Green's functions of the TEK model are thus in one-to-one correspondence

with those cof the field theory with the feollowing differences:

(a)

(b)

(e)

The

There is an extra phase in each n-gluon vertex as given by

Eq. (5.49).

If a (q) is to be identified with the momentum space gluon field
the precpagateor should be <au(q)av(—q)> rather than <a§(q)av(q)>'
This gives an extra phase factor of exp(-2ni/N <k|k>) for each

propagator (kv=1/L ﬁuvqu) -~ as evident from Eq. {5.39).

In the graphs of the reduced theory there is no remaining trace
over the internal symmetry group —— the trace has been already
performed when the action is written in terms of A(q)'s.

presence of extra phase factors is a potential problem in arbitrary

Feynman graphs unless they cancel. A typical phase factor has the form:

2mi .
exp [u%l <k|k'>) = exp (i L AuquPvJ

where the p's are the lattice momenta Pu = 2nqu/L, and Auv's are

coefficients which can be easily determined. One thus has {(in L + =

limit) momentum intergrals of the form
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iLA PP

d
d’p WY e By

(Zw)d

e

For large L the phase factor rapidly oscillates leading to a zero
answer. In fact, (provided the integral above 1s regularized 1in the
ultraviclet and infrared; the Relimann-Lebesgue lemna states (Eguchi,

1983)

iNt 1

1
Lim | e £(t)dt ~ o[ﬁ] . (5.50)

Ns= Q
Thus in d dimensions a diagram containing nonzero phase factors vanish
as 0(1/Ld).

It turns out, however, that in all planar diagrams the phase
factors at vertices exactly cancel those c¢oming from propagators,
Furthermore, all non-planar diagrams have nonzero phase factors: hence
they are suppressed by O(1/Ld) = O(T/Nz). (Gonzales—Arroyo and Ckawa,
1983; Eguchi and Nakayama, 1983). We shall not repeat the demonstration
of this cancellation. For the gauge theory this is discussed in detail
in the original paper of Gonzales-Arryc and Okowa, while a similar
discussion for matrix models 1is contained in the work of Eguchi and
Nakayama.

In the field theory all planar diagrams have the same N dependence.
This comes about by a combination of factors of N contained in the

2, since g2N = fixed) and

vertex {through N dependence of the coupling g
those coming from sum over color indices. As noted above the diagrams
of the TEK model do not contain any index sums. Thus all vertices in

the TEK model must be 0(1) {(Das, 1983). Consider the d dimensional
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model. For generality let N = L™, A term in the action involving n

gluon fields has a sum over (n-1) momenta ~-- one of the momentum sums

being killed by momentum conservation. . In counting the powers of L

the n-gluon vertex care must be taken to convert momentum sums
integrals -- since these involve powers of L and hence powers of N.
L dependence <f this vertex is then:
(i) L™ from the trace over products of A{q)'s
(ii) L7%" from the normalization factor in Egq. (5.38)
(1ii) (LHP™ from conversion of a sum over (n-1) momenta

integrals

in

into

The

into

(iv) @y~ (n=2)72 _ 1 -m(n=2)/2 pnom the coupling. (The n gluon fields

bring down a factor of gl. Due to the overall 1/g@

with gh™2, Since g°N = fixed the above N dependence follows.)

Thus the total L dependence is

(L)n(d-m/Z-a)+(2m~d)

For this to be 0(1) for all values of n one must have

one is left

m= d/2
o =d-m2, (5.51)
which gives ao = 3/2 for d =2 and « =3 for d = 4 -- and our known

results N = L for d = 2 and N L2 for d = 4. This ensures that

planar graphs in the reduced model have the same N dependence.

all
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Quarks in TEK Models

As mentioned earlier, it is not possible to construct TEK models
for theories containing fields in the fundamental representation, since
these flelds carry a ZN charge. Thus quarks cannot be iacorporated in a
straightforward fashion. However If the number of flavors of quarks
also goes to infinity it is pessible to undo the twist in color space by
an opposite twist in the flavor space (Das, 1983). This yields a
twisted reduced model for the Venezlano limit of QCD. Consider a quark

field theory transforming  as (NC,Nf) representation  of the
(color) = (flaver) group SU(NC) x SU(N.), denoted by wia(x). Here
i= 1""Nc is the color index and a = 1,...Np is the flavor index. The

twisted reduction prescription is

w(x) = D(x) v P (x)
P(x) = P(x) ¥ D (x) (5.52)
where D{x) 1s, as before:
X
D(x) =1 (r )"
U H
and {5.53)
X
P(x) =1 (G ) ¥
no

Translation invariance i3 maintained if Gu's obey the same algebra as

GG =2 GG .
TRV ITRAVART

Models for Ng = N, can be now readily constructed with the standard QCD
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lagrangian and shown to be eguivalent to the corresponding field theory

in the Veneziano limit:

Hot TEK Model

With the quenched momentum prescription one could retain the
temporal dependence of fields and reduce in the spatial directions. To
get a finite temperature theory one then simply considers a finite
temporal extent and impose periodic boundary conditions (Neuberger,
1982}, In the TEK model there are difficulties in implementing this
method in a straightforward fashion due to the singular nature of twist
matrices in odd dimensions, Nevertheless, Gocksch et al, (Gocksch,
Neri and Rossi, 1984) have shown that with specially chosen spatial
twist njj one can construct a partially reduced model (i.e. with no
reduction along the temporal direction) which is equivalent to the
finite temperature theory up to cne loop In perturbation thecory. It is
not clear, however, whether this equivalence persists to all orders or
non-perturbatively,

There is, however, another way of constructing TEK models which are
rigourously equivalent to a finite temperature field theory which we now
discuss {(Klinkhamer and van Baal, 1984).

The symmetric twist TEK (for a SU(N) gauge theory) is equivalent to
the corresponding field theory defined in a periodic box of size L

(N=L2). This means that at N = =, the box size goes to infinity in all
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directions. If it 1is possible to construct twists such that at N = =
the spatial extent of the bhox goes to infinity, but the spatial extent
remains finite -- one would have a single point model equivalent to a
finite temperature field thecory {with the inverse temperature given by

the temporal extent). Klinkhamer and van Baal consfructed several such

twists. Let us write down the most useful one. The twist tensor 1is
given by:
0 -2k2(4K2-1)  2Kk(4K°-1) 2k (4Kk8-1)
N =N 0 2k (2k+1) k-1
Bv 0
0 2k{(2k=-1)
]
{5.54)

where NO and k are integers. N i{s related to NO and k by
N =2 Ngk(UkE—I) . (5.55)

The TEK model with the above twist is then equivalent, at k==, to a

gauge theory living in a periodic box of sizes
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NO % N1 % N2 x N3 where

NT = ZNOk(2k-1)
2

N2 = No(uk 1)

N3 = ZNOk(2k+1)

This is obviously a finite temperaturs theory. The lattice temperature

T is

where A 1is the lattice spacing and becomes equal to the physical
temperature in the limit NO + o, a + 0 with (NOA) = fixed.
At sufficiently high physical temperature the gauge theory Iis

expected to deconfine, The order parameter for deconfinement is the

Poclyakov-Wilson line

where UO(§,t} is the timelike link originating at the site labelled by
(§,t) (¥ is the {d-1) dimensional position vector). W is thus the
product of links along a straight timelike line running from one end of
the box to the other and hence clecsed by virtue of periodic boundary
conditions. In the confined phase W = C, while W#£0 signals

diconfinement.
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In the above "not" twist TEK model the reduced Wilson line is

simply given by
W = Tr U . (5:57)

At extreme weak coupling, the functional integral is dominated by the
following twist-eating configuration:
NP 2k(2k+1) (BkT=1) _UKk(1-4k2)

o ~ Y ©OF Q¢

(0) K+ 2k(2k+1)(k+1)Q'(2k+1)2

= ~

Uy h=h BF 2
(0) _ 2k{2k+1) -4k

L =Pk Bh e,

2 2
(0) -k . (1-2k%){(2k=1) (2k-1)
03 P, @ P, Q (5.58)

H

where (P1,Q1) are Ny x Ny matrices of the form given in Eq. (5.28) and
.. . 2_
(P2,Q2) are similar M2 x M2 matrices where M2 = 2Nok(uk 1}. Thus in

weak coupling

while in strong coupling Tr UO0 = 0 due to standard reasons. Hence at
some intermediate coupling there is a deconfining phase transition.
Numerical results on this transition shall be discussed in the next

section,
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The hot twist discussed above 1s one of several choices which
generalizes the TEK model to finite temperature. A general analysis of
hot twists  has been c¢arried out by Fabricius and Korthals Altes
(Fabricius and Korthals-Altes, 1983).

Hot twists may be also used to write down Hamiltonians for TEK
models (Klinkhamer, 1984b). This is done by considering the hot-twist

mcdel for NO = 1 and writing

~

(N=1) =Tr T

Lok No= TEK

for a; » o, %TEK = exp(-aOﬁTEK) where ﬁTEK is the desired Hamiltonian.
There is an alternative way to simulate finite temperature effects
in lattice gauge theories. This involves a symmetric box (i.e. the
same number of lattice sites in all directions) but with asymmetric
lattice spacings. Euclidean invariance in the continuum limit then
necessitates use of asymmetric couplings, i.e. different couplings in
front of spacelike and timelike plaguettes. Let a and a_ be the

spacelike and timelike lattice spacings. When

= a/
£ a‘a_
is large enough, the physical temporal extent is much smaller than the
spatial extent and one has a finite temperature situation. The action

now reads

Py, (5.59)
1 01l

[ | WS ]

S =) 38 P..+ 8
x U % i#3=1 1 T

where Pij and POi are the standard spacelike and timelike plaquettes
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respectively., The twc bare couplings Bo(a,g) and BT(a,g) are functions

of £ - but in the weak coupling region they are related to each other to

respect Lorentz invariance (Karsch,1982):

1 1 2
B (8.€) = ——— + Lo () + 0(gD)
¢ Egé(a) £ 9 E
(5.60)
3 (a,6) - 25 EERON 0(g§>
gE(a)

gEz(a) is the euclidean coupling on a symmetric lattice. The functions
¢,(£) and ¢ (g) are known in perturbation theory.
A TEK version of the above model may be easily constructed (Das and

Kogut, 1984c & 1984d). The reduced action now reads:

3 -
S=-38 L 2, Tr(U U UU.)
O fej=1 131
3 v
-8, Z Tr(UUUU )+ h.c. (5.61)
T i1 oi ciloi :

The twists in Eq. {(5.61) are the symmetric twists - the same as in the

zero temperature TEK model,

Other TEK Models

TEK versions of other models containing zerc N-ality fields may be
constructed in a way essentially similar to that of the gauge theoryf
Several such models have been constructed and studied. Cf particular
interest are two-dimensicnal chiral models. These models share some
features of the four-dimensional gauge theory: they are asymptotically

free and they have the same Migdal-Kadanoff recursion relations. TEK
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chiral models have been constructed and studied wusing Monte Carlo
methods (Eguchi & Nakayama,1983; Das and Kogut,1984a, Aneva,Brihaye and

Rossi, 1984; Gonzales-Arroyo and Okawa, 1984)

Continuum TEK Models

TEK mecdels for continuum thecries may be constructed, at least
formally (Gonzales-Arroyo and Korthals-Altes,1983), Consider, for
example, a two-dimensicnal model, The algebra of the twist matrices
read:

2wi

1‘01"1 =e— I T, (5.62)

Let us write I, = exp(iY ). Then the Y,'s obey the algebra:

i 271
vl =-51, (5.63)

where I is the identity matrix. One can now write

¥ x
D(x) = exp " ¥, (5.64)
and proceed to reduce a field theory in the same way as one did for
continuum QEK models. However, it is c¢lear that the matrices Yu do not
have any finite dimensional representation. This limits the wusefulness

of this formulation.
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QEK vs. TEK
Let us conclude this section by a comparison of the two ways of
reducing a large N gauge theory. In the QEK reduction N 1s as large as

the volume of the equivalent field theory, i.e.

In the TEK mcdels, however,

Thus, for a given N finite volume effects are less severe in TEK models.
For numerical simulations of these one-point models the TEK model 1is
much better since for the same value of N one is simulating a much
larger system. The formulation of TEK models is, of course, much more
elegant than their QEK counterparts, The integration measure is simple
and deoes not involve constraints. Furthermore, even in the pure gauge
theory the leading finite N corrections in the QEK model are of order
1/N due to the presence of constraints, For the TEK model these
correcticns are of order T/Nz, just as 1in the full field theory.
Moreover, since for TEK models N2 = Lu, finite N corrections are simply
finite velume corrections.

One disturbing feature of all reduced models is that the large N
and thermodynamic limit have to be performed simultanecusly. In a
general field theory there is no a priori reason why these two limits

should commute. It would be much nicer Iif one could obtain a reduced

model for any finite volume. This would allow cne to take the study the
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large N 1limit for a finite volume and finally take the thermodynamic

limit. Such models have not been, however, constructed so far.

VIiI. NUMERICAL RESULTS

With the advent of Eguchi-Kawai models it has become possible to
numerically simulate large N field theories. Monte Carlo and Langevin
equation method studies have been carried out for several iInteresting
models and have yielded important insight into the ncn-perturbative

structure of these theories.

QEK Models

Bhanot, Heller and Neuberger (1982a) performed  Monte-Carlo
simulatations on the naive Eguchi-Kawal model and showed that the
[u(1)1¢ symmetry protecting open lines from acquiring nen-zero values is
broken. This 1is shown by considering the order parameter <{1/N Tr Uu>'
they also showed that this symmetry is not broken in the QEK mcdel.
These calculaticns were performed with N=5.

The evidence for breaking of the [U(1)19 symmetry for the EK model
has been confirmed by more accurate studies by Okawa (1982a) where an
efficient way of updating the links was used. This was dcone for various
values of N up to N=10. Studies of the QEK model for higher values of N
{upto N=20) (Okawa, 1982b; Bhanot,Heller & Neuberger,1982b) showed that
this model has the same phase structure as that expected from the
standard Wilson theory. 1In particular the QEK model with the standard
Wilson actien has a first order phase transition at about g/N = 0.3.

This is not a deconfining transition; rather it has the same nature as
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the transition observed at HN=4 and 5. It has been also checked that
quantities like the internal energy behave in accordance with the
results of weak coupling perturbation expansion around the correct
vacuum in the relevant region. Monte Carlo studies of the Quenched
chiral model in two dimensions have also been performed (Heller &
Neuberger,1982b; Bhanot,1982). As opposed to earlier expectations
detailed studies show that there is no first order phase transition in

this model,

TEK Models

As discussed earlier, TEK models are better suited for numerical
work. Extensive numerical simulations of various TEX models have been
carried out. In the following we summarise some of the important
results,

(a) Two-dimensional Chiral Models

Two dimensional SU(N) x SU(N) chiral models possess several
properties similar to that of the four dimensional gauge thecry. They
are asymptotically free and possess a mass gap. Recently an exact
solution to this model for N=2 has been obtained (Polyakov &

Weigman,1983). The action on the lattice is given by:
- + -
S=817 7 T (U(x*wU(x)+th.c. ] , (6.1)
Xu
where U(x) belongs to SU(N)}. The TEK version of this model is given by

S =87 Tr(r U'T U+h.c.) , (6.2)
y TR
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where the [ are the two-dimensional twist matrices. A particular
representation of <these twist matrices is simply provided by the
matrices P and Q defined in Eg. (5.28). This model has been shown to be
completely equivalent to the corresponding field theory (Das and
Kogut,1984a; Aneva, Brihaye and Rossi,1984)}, and studied by Monte Carlo
methods for N=12,24 (Das & Kogut,198%a) and for N=10,20,30 & 50
(Gonzales-Arroyo & Okawa,1984). Invariant quantities like the internal
energy: |

+

1 B +
<E> = o Re Yy <IruUrur o>, (6.3)

>

I H "

agree very well with the corresponding object computed in the field
theory in the strong and weak coupling limits. Both the studies also
indicated that there is no first order phase transiticn at intermediate

couplings. The two point correlation function:

+ +
G(x) = %r Re<Tr U D(x)U'D (x)> , (6.4)
was also computed to look for a mass gap (Das & Kogut,1984a). While

some evidence for an exponential fall-off of G(x) was found , the
statistics was not good enough to compute a mass gap reliably in the
continuum limit. Tne study of the correlation function, however,
revealed a strange non-analyticity in the weak-coupling edge of the
intermediate coupling region. In very long runs the system seemed to
flip between a "normal" state and an "abnormal" state. In the normal
state the behavior of various quantities is consistent with that at

other values of B. In the abnormal state, however, the iInternal energy
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is slightly lower - and more dramatically the correlation function is
highly disordered becoming even negative at large Xx. Qf course, G(x)
cannot be negative in a fileld theory satisfying clustering properties -
50 these effects would go away at large N where the TEK model is
equivalent to a field theory.

An explanation of this peculiar behavior has been offered in terms
of instanton-like finite action saddle points of the model
(Klinkhamer,1984). Such ncn-trivial saddles in the TEK gauge theory
have been found earlier (van Baal,1983) and interpreted as analogs of

torons. For the chiral model these are of the form:

U =D(n) = Ior , (6.5)

with a classical action equal to 81r2n2 for small n. The centributicn of
small fluctuations around such a saddle point alone to various
quantities may be computed. The contribution to the internal energy g
is given by:

n 2mn

. 0
E" = cos (“N—J (2 + <°>gaussian] , (6.6)

while that to the correlation function G% is given by:
GM(x) = cos[g%ﬂ(x1+x2)] {1 =<7 (1-cos %1 q-x)>} . (6.7)

The results for n=1 seem to be consistent with the behavior observed in

the Monte Carlo runs. The abnormal behavior thus probably reflects the
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fact that the system falls Into one of the non-trivial extrema. It is,
however, not clear how this happens in spite of the enormous suppression
due to the Boltzman facter. Equations (6.6) and (6.7) clearly show that
the negativity of G(x) for large x is a finite N effect - for large N
the cecsine factor in front of the expression for gt goes to one and G(x)
becomes positive,

Gonzales-Arroyo and Okawa {(1984) pointed out that in the TEK chiral
model there are large finite N corrections for non-invariant quantities.
In particular they showed that <Tr U> does not vanish in the weak
coupling limit. However, the value of <Tr U> in weakK coupling decreases
rapidly as N increases so that at N==, <Tr U> = 0 as in the fleld
theory,

(b) Four dimensional gauge theory at zero temperature

Detailed Monte-Carlo studies of the four dimensional pure gauge
theory at zero temperature have been performed for N=36 {(Gonzales-Arroyo
and Okawa, 1983b) and for N=64 (Fabricius and Haan, 1984), In these
studies both Wilson loeps and internal energies were measured. The

string tension is extracted from the y-ratio:

o W(L,J)W(I-1,J-1)
X1,3) = = 1n e W, 97 (6.8)
where W(I,J) denctes a rectangular Wilson loop of size I X J. These

studies show that physical quantities do not depend significantly on N,
The standard TEK model with the Wilseon action shows a first order

phase transition at 8/N = ¢.36 + 0.02 (Genzales—Arroyo and Okawa,1983b).

This is manifested by a jump in the internal energy by about 0.8 at this

value of §/N. This transition is a bulk transition: it dcoes not spoil
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confinement but the string tensioa 1s discontinuous. The bulk
transition 1s similar to the third.order phase transition found in the
twec dimensional Wilson theory at N== (Gross and Witten,1980; Wadia,
1980). The string tension measured on the weak coupling side of the
transition shcws some tendency towards asymptotic scaling. In
particular for N=64 while x(3,3), x(4,2) and x(3,2) show some scaling
y(4,3) definitely does not (Fabricius and Haan,1984). These results are
summarised in Fig.7. It is fair to say that asymptotic scaling has not
been established yet in TEK models on the basis of string tension
studies. Nevertheless let us quote the values of the string tension

derived from the existing data:

VO/AL = 280 + 20 {(Gonzales-Arroyo & Okawa,1983b)
Jo/AL < 264 (Fabricius & Haan, 1984)

the A parameter

where A is the lattice A-parameter. In terms of hmin’

L

with minimal subtraction these values are:

Jc/Amin = 19 + 2 (Gonzales-Arroyo & Okawa,1983Db)

/o/hmin < 18 (Fabricius & Haan, 1984)

This may be compared with the corresponding values for SU(3) and SU(Z2}:

/O/Amin = 16 + 3 (SU(3)) {(Bhanot & Rebbi,1981; Pietarinen,1981;

Creutz & Moriarty,1982)
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/O/hmin =10 + 2 (SU(2)) (Creutz,1980).
These values are not too different from those obtained at N==, This
indicates that the N== theory has a behavior fairly similar to that of
the realistic SU(3) theory.

Migdal et,al. {1984) have used Langevin equaticn methods to study
the TEK model for N=9,16,25 and 36. While plaquette energies are found
to be independent of N for N greater than 16, larger Wilson lcops show
detectable 1/N° corrections. This is direct numerical evidence for the
fact that finite N corrections in the TEK model start at O(1/N%).
Combining their data with those of Gonzales-Arroyo and Okawa (1983b) the

authors obtain an improved value for the string tension:

Vo/h, = 345

Migdal et. al. have alsc calculated the density of eigenvalues pIJ(a)
of the untraced Wilson loop matrix:

IJ I.J +1 +J

UIJ = ZuquUqu Uv . {(6.13)
In the strong coupling side of the phase transition the eigenvalues are
distributed uniformly over the entire Iinterval {(-m,n). However, for Bg/N
> 0.36 a clear gap is seen in the spectrum - the magnitude of the phases
¢f the eigenvalues are all less than some number a,

; l.e.:

|“I_<_0‘C<1T .
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This behavior of p(a) 1is 1identical to that in the solvable two
dimensional theory (Gross & Witten,198C; Wadia,1980). In fact Pyqla)
shows excellent agreement with the exact formula cbtained Iin two
dimensions. Such an agreement has been also o¢bserved in the SU(2)
theory (Makeenkc et.al.,1982; Belova et. al,,1983). Knowledge of the
spectral density may be used to compute the various moments of the
Wilson loop matrix:

+T
uli = 4% tr (U?J)> = ] pla)eos ne da . (6.14)

T
Some of thése moments turn out to be negative.‘ It has been argued that
this is evidence for a lack of correspondence between N=» QCD and the
naive Nambu type string theory (Migdal et.al.,1984)
In the abovementioned studies c¢lear evidence for scaling has not
been found. Clearly a much more careful investigation has to be done
before drawing any firm conclusion about the physics.

(c) Four dimensional pure gauge theory at finite temperature

At a sufficiently high temperature gauge theories are expected to
undergo a deconfinement phase transition. Such a phase transition may
be observed in the laboratory in the near future, At the theoretical
level the deconfining transition has been indeed observed and studied in
SU(2) (McLerran & Svetitsky,1981; Kuti et.al.,1981) and 3SU(3), (XKogut
et, al.,1983; Celik et.al.,1983; Svetitisky and Fucito,1983) pure gauge
theories, For SU(2) the transition is second 6rder, while SU(3) shows a
strong first oder transition - in conformity with expectations based on
general universality arguments {Svetitisky and Yaffe,1882). For N > 4,

universality arguments do not predict the order unequivocally. However,
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strong coupling mean field studies show a first order transition (Green
and Karsch,1984; Gross and Wheater,1984; Oglivie, 1984). Numerical
studies for SU(Y4)} seem to vindicate these predictions (Bartrouni and
Sevetitsky, 1984; Wheater and Gross,1984)., It has been zrgued that the
N== theory shows a f[irst order transitiocn (Gocksch and WNeri,1983;
Oglivie, 1984; see,however, Pisarski,1984).

The deconfinement transition in pure SU(«) QCD has been studied by
Monte Carlo simulation of TEK models quite extensively. This sheds
important light on the confinement mechanism - and ccmparison of the
results with those of the SU(3) theory provides a basis for examining
the wvalidity of the large N approximation itself. Furthermore,
deconfinement serves as an excellent laboratory for studying the
centinuum limit of lattice gauge theories. This is particularly so if
the transition is first drder. In that case it is falrly simple to pin
down the critical temperature for deconfinement quite accurately. In
terms of the critical coupling gcz, the deconfining temperature Tc is
given by:

T 1 , (6.15)

2
where N_ is the temporal extent of the box and a(gc2) is the lattice
spacing at coupling g,. One could now measure g, for various values of
No and test whether equation (6.15) is consistent with asymptotic
2.

freedom prediction for a(gC If so one is simulating continuum physics

and Tc is the physical deconfinement temperature.(The early SU(2) and
3U(3) studies seemed to show such a scaling behavior. Recent work on

3U(3) (Kennedy et.al.,1984),however, shows that asymptotic scaling does
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not set in before NO=10),

Gocksch et.al.(1984) performed Monte Carlc simulation of tneir
version ¢f the hot TEK model for N=11 and No = 2 and 3. They indeed
find a sharp Jjump 1in the thermal Wilson 1line with evidence for
coexisting phases and interpret this t¢ be physical first order
deconfining transition. It is not g¢lear, however, whether this 13
really s0 - as we shall see shortly., Furthermeore this model has been
shown to be equivalent to the finite temperature field theory only up to
oneé lcop in perturbation expansion. An exact equivalence is yet to be
shown. In additicn, there is no evidence for scaling in the data.

There is a serious problem in studying deconfinement at N=«, This
is because the zerc temperature theory with the Wilson action has a
first order bulk phase transition. This transition is also present in
the finite temperature thecory. Since the string tension drops
discontinuously as one crosses this transiticn from the strong coupling
side, the confinement length increases abruptly. For mederate values of
NO this makes the confinement length larger than NO - thus simulating a
deconfining transition and forcing the Wilson line to Jjump
discontinuously. The bulk transition, however, has nothing to do with
physics - it is a lattice artifact. Thus the "deconfinement' it induces
is not physical deconfinement. The interference between the bulk
transition and the deconfinement transition has been observed in Monte
Carlo simulations of the asymmetric twist hot TEK model for No = 2,3
(Das and Kogut, 1984b). Further simulations (Fabricius, Haan and
Klinknhamer,1984) indicate that this interference persists up to NO = L,

To obtain any information about physical deconfinement the two

transitions must be clearly separated.
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In principle such a separation is possible. For sufficiently large
No the deconfinement transition is pushed into the weak ccupling region
while the bulk transition remains where it 1is (arocund B/N = 0.350).
However, this 1is a rather unpractical method. From equation {(3.55) N
Erows as Noz. For the minimal value of K, i.e. K=1 (for which the above
simulations have been performed}, N=96 for No=u and N=150 for N =5! This
is extremely time consuming even on large superccomputers,

SU(N) lattice gauge theories with the Wilson action have bulk
transitions for N > 4 which are artifacts of the particular action
chosen. In fact, the interference between bulk and deconfinement
transitions has been obseﬁved for N=4 (Batrouni and Svetitsky,1984).
For finite N, however, one can add a negative adjoint piece to the
action and adjust the adjoint coupling to get rid of the bulk transition
altogether., This allows one to study deconfinement freed of the effects
of the bulk transition (Batrouni and Svetitisky, 1984). At N=« this
trick does not work, essentially because the "mixed" action theory is
now equivalent to a Wilson theory with a redefined coupling (Makeenko
and Polikarpov,1982, Samuel, 1982, Das and Kogut,1984c).

Nevertheless, it is indeed possible to decouple the transiticns in
the asymmetric coupling version of the hot TEK model (Das and
Kogut,1984c). This formulation has the advantage cf having a
continuously adjustable parameter - the asymmetry parameter £. Since the
twists are the same as the symmetric twists of the zero temperature TEK
model, the possible values of N are much less restricted compared to the
asymmetric twist model. Monte Carlo simulations with N=16,25,36,49,64
and 81 (Das and Kogut,1984d & 1984e)} show that with a sufficiently large

£ the bulk transition disappears. The Wilson line, however, continues
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to jump in a discontinuous fashion, providing evidence for a first order
deconfining transition freed {rom the effects of any bulk transiticn.
This 1s supported by the presence of two state signals and hysteresis
loops. In most cases this happens at a value of g for which the
critical «coupling is not in the weak coupling regicn. At N=64, £=1.5
and N=81 £=1.5 the bulk transition is still present, but is clearly in
the strong coupling side of the deconfinement transition.

The N=6i4 data, in fact, shows some tendency towards scaling. Let
Ta deﬁote the physical deconfining temperature. If a(B_/N} is the

spatial lattice spacing at the «c¢ritical coupling BC and £ is the

asymmetry parameter, one has:

T = : (6.16)
If B, is in the asymptotic scaling region one would have:

T 51/121 2B
_e . % [11 exp[zq“ c]

N , (6.17)
AE 48 Bc 11 N

where AE is the T"euclidean™ A parameter. Reversing the argument one
could caleulate T /Ap using Eq. (6.17) and see whether this is
independent of £, and L. For N less than 64 one does indeed find a
gross violation of scaling. For N=064, however, there is some tendency
towards scaling. This 1is evident from Fig. T where Tc/AE is plotted

against £ { a flat curve signifies perfect scaling).

5\
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To establish scaling properly a lot more work has to be done.
Nevertheless let us get some idea of the value of TC assuming that

scaling has already set in. The N=64, £=1.,5 data gives

T

A—c=118:':6.
E

Using the string tension data quoted earlier (Fabricius & Haan,1984) one

has

+ 0.05 (N=3) .

]
o
-
Ui
o

-+

The value of T //g at N=» is thus rather close to that at N=3. To get a
really good number, however, one must evaluate ¢ on the asymmetric
lattice. This 1involves computing the connected part pf correlation of
Wilson lines- which vanishes in TEK models due to¢ exact factorisation.
Clearly a lot more work has to be done to establish scaling
properly and extract physically meaningful numbers. The numerical work
doen so far 1is certainly encouraging, though not definitive, The fact
that the deconfinement temperature in physical units is close to the
SU(3) value indicates that the confinement mechanisms at N== and N=3 are
similar. This means that the large N approximation is probably a good
approximation toc the real world. It is certainly worthwhile to continue

to investigate the 1large N limit- particularly in the analytic front
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where there is more chance of sugcess compared to the N=3 theory.
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FIGURE CAPTIONS

1: The "simple" Wilson loop

2: Dyson-Schwinger equation fer the simple loop

3: Self-intersecting Wilson lcops

4: Feynman rules for the ¢” QEK model

5: Feynman graph for 0(32) contribution to the propagator

6: x-ratics for the N=64 TEK model at zero temperature.(reprinted
from Fabricius and Haan,1984)

7: TC/AE versus &£ for  asymmetric coupling TEK model at

N=64, (Reprinted from Das and Kogut,1984d)
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