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THE DIMENSIONAL REDUCT[ON TRANSITION

Edward KOLB
Thecretical Astrophy:lga. Fermi Natlonal Accelerator Laboratery, Batavla,

I1linels 60510, U.S.A.

It there are more than four space~time dimenslons, dimensions 3mall today

may have been dynamically important In the evolutlon of the early Universe,

The transaition to four space-time dimenslona may have produced physlically

significant phenomena observable today.
1. INTRODUCTION

In this coaference on phase trangitions Lln the early Universe [ will dilacuas
the tranaltlon from wmore than four space-time dimensions to four effectlive
space-time dimensions; the dlmenslonal reduction transition. The basic
assuaption i3 that the true dimensionality of space-tlme 1s more than four, and
that at presenl the extra dimensions are cowmpact and too 3mall to be
cbservabdle. The origln of the observed gauge symmetries (rom symmetries of a
compacl space has been proposed as a possible approach for the wunification of
particle physlca and gravlty.‘ The common assuamption iln all models with extra
dimensions .s that the unszeen dimensicns are coapactifled to a very amall alze,
usually taken to be of the order of the Planck 1engt.r|.2
Rpl - mpI] - 1.6-10_33cm. To probe the structure of the extra dimenalons would
19

require energies of the Planck maas E = m = 1,2#10

ol GeV, and the early

Universe may be the only source of such energles.

If the Universe was ever at temperatures greater than the 1nverse of the
slze of the compact dlmenalons, then the Universe affectively had more than
four space-tlme dimenalons. When the Unlverse cooled to a critical temperature
Tc - RS’. where RD I1s the physical size of the D compact dimenslona,

gimenaional reductlion 18 poasible, and the Univerase effectively becomes four

1
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dimenslional. It anould be remembered Lhat although the physical size of the
extra dimensions today Is of the order of the Planck size, there I8 no reason
to believe that In the early Universe the scale of the extra dimensions wa3s
“pl' There are cosmologlcal models with RD =0 as Initlal condltlona,3 ana
cosmological models with HD - = as initial connltlona.“ The dynamleal evolutlon

[}
p 12 coupled to the dynamical evolution of the three observed aspatial

of R
dlmensiona through the Einatein equations, Of course as the size of Lhe extra
dimensions changea, Lhe gauge couplings and gravitaticnal constant change.a'u
We belleve that a and GN were unchanged from present values as far back as

primordial nucleosynthesis, 80 any change in R must have 'damped out' by the

D
time the Universe reached T = tMeV.

I will assume {or Initlal coenditiond that all spatlal dimensions are amall,
and that Initially the Universe had N « 3+D apatlal dimenaions. When “he
temperature fell below T « R;', where R, i3 the pnysical size of the compact
extra dimenslons, the space-tlme dimensionality of the Univerae underwent a
reductlion to effectively a 4 space-time dlmenslonal Universe, and dynamical
effects of the extra Jimensions became unimportant. In this paper [ will
discuss three poazlble consequencea of thla cosmological dimenalonal reduction;
entropy production (inflation), magnetic wmonopele production, and atable,

masaive particle preductlon,

2. INFLATION WITH EXTHA DIMENSIONS

Inflation 1s the most active and the most promislng area at the interface of
particle physlcs and cualology.s Inriationary cosmologles have been constructed
in grand unified theortes, superaymmetric grand unlfled theories, and
supergravity theories. The existence of extra dimenslons may also lead ta
inflationary cosmologles.

There have been two approaches te Inflakion with extra dimensalcns. The
first approach ia closely related to new Inflation in the sense that It depenas

upon an effective cosmological conatant to have the Univerae go through a



de Sitter phase.6 This approach 13 reviewsd by UetterlchT tn these proceedings.

In any model with extra compact dimensions vacuum energy [3 necessary bto keap
the extra dimerisions small. 1In general, the compact dimenslions are stabilliad
by the Interplay between [forces tending to collapse the space, and forces
tending %o expand the space. If the slze of the extra dimensions are away froms
the equilibrium slze, there should be an unbalanced C(orce, which may be
interpreted a3 a four-dimenslonal ¢oswmologlical constant Im  the dimensionally
reduced Universe. This cosmological constant wowld cause a de Sitter expansion
phase, leading to the atandard Inflationary Unlverse,

The second approach does not depend upon vacuum ensrgy or a de Sitter phase,
The success of inflation Is the creation of a large amount of entropy,
s> IDBB. 1n a smooth way in 2 causally-connected reglon. In the approarh 1
will outline, gntropy.ls created when the Unlverse goes through an epach with 1
expanding dimensions with D contracting dimenalons. An increzse in temperature
resylts {f the #ean volume Iincreases while the expansion/contraction is
adlabatie. "0

To 1llustrate this effesct, consider a tcy model with one time and 3+D
spatial dimensions and a metric with a symmetry F!1 = 53 L SD !HI
giun' Rgiuu). whera R3 and RD are the cosmological acale factors for 53 and

= diag (1,
R

SD. and Eun and gvv are metrica for aaximally symmetric 3- and D-dimensicnal
spaces. For siaplicity we can take the limit 53 - R3. If a large amount of

P 1o 53, the 1lute 83 « A7 would be reasonable

entropy can be converted from 5
as entropy creation leads to a "flat® Universe, We will assume the
, :
atrass-energy tenspor takes the 3+D-dimenalonal perfect fluld forw, and 1a
1sotrople, f.e. It can be deacribed by an energy density, p, and a pressure, p:
Tew = PEgy * tn‘p)UHU”. With the above metric and stress-energy tensor, the

dynamical equations of motion for the two scale parameters ars given by

3R /R ¢ DR/R - Bal{(2-N)p -pN]/(N-1} (12)

ufutti31u3) - 53’"3 (3 Ay/RyeD ﬁufnn) ~ 8%G(p=p)/I{N-1) {tn)
-2 L] [}

L dlﬁD/RD)fdt * Rp/Rpt3 Ro/my e b ﬁD/RD} -

4

3eC (p-p)/(N-1} t1e)

where G |s related to Neuton's constant, G“. by G- GN'D with VD the volume of
the compact space today.

The program to calculate the entrapy 1s to Integrate the equations of motion

until RDT = 1, then ralculate the entropy in the horizon 3-volume. If

RD < T-'. then particles propagating along 3 Jdirectlons will be massless, while

particles propagatlng along D directions will have mass comparable to RD > T.
Heance, thes {sotropy assumption breaks down. The horizon distance, tH‘ for S3
is given by
t
- vy L]
1(t) = Ry IO AR e (2)

N+y

The energy density In N dimensions is oy T At freeze out, all the Adegrees

of {freedom (entropy)] in the extra dimensfonst are converted to degrees of

freedom 1n $. I[P we denote the value of RD when R .T = 1 by R,, then the

D
-l
effective 3-dimensional energy density at freeze-out is 03 - R?pn » R, , since

30

-1
at freeze-out T » R, . The I-dimenajonal entropy density is given by 53 - 53

= R:3. and the taotal I-entropy I3 53 - (!HR;‘}a.

The Einstein e=quations do not admit a solution with statle compact
dimensions. Therefore the coswpact dimensions reach A maximus, decrsase, and
eventually approach a singularity. Aa RD approaches the final singularity, R3
divergses. Beacause of collapsing extra dimenslons the mean volume (v" = R; Rg}
decreases, vhich lsads to an increase In  tesperature 3ailnce In an  adlabatic
expansion {or collapse) T"V" tas constant, The Increase in temperature while R3
increases leads to an Increase |n the entropy in the J-horizon volume.

Figure 1 13 the entropy In the 3-horizon volume vhen IDT w1, for qifferant
nusbers of coopact dimendtons. There |8 a one-parazmeter family of solutlons
for a glven number of dimensiona which Is parameterized by R,, the physical
radius of the extras dimenaions when RDT = 1. We expect the freeze-out radius
to be comparable to the radius of the extra dimensiond today, hence we expect

Ry 2R
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We delleve that there are more than two extra dimensicna and that the raaius

Of the extra dimenslons should He greater than Rpl' 30 the toy model failed,

However the basic mechanism worked =-- entropy did lncrease (n the horlzon

J-volume. Abbort, Barr, and Elll:'o have pointed out that If we relax the

freeze-out condition, it 1s possible to create more entropy. In fact they

polnt out that If you go to a large number of extra dimensions the entropy

Contained within a volume of radius RD increases with

extra dieensiona, § - :RDT)D. and Lf D la large, D > 44, for RDT reasonable,

say RDT > 100, S would be greater than lOaB. In other words for a large

increasing number of

numper

of dimenslons a huge volume (hence entropy) can be characterized by a amall

radius.

It is not yet clear if the approach ocutlined nere can be made to work.

Inflation from extra dimenaions may follow the above approach, or It may follow

the 3cenarlio described by Hqtterlch.7 The cosmologlcal bveneftts of inflation

are well knmm,5 however it may be that (nflatlon can provide answers to scme

problems in Kaluza-Klein.

e
It 18 somewhat disturblng in the Kaluza-Kleln approach that trere are Lhre
a
larges spatial dimensions  with size comparable to the Hubble radius,
R, ~ lozac- and that there are D compact dimensions with alze comparable Lo
.

H
the Planck radlus, R - 10-33c-. Ag inflation explains why thae Universe has

pl

expanded to 1ts present size, 1t may explain why three dimpensiond are 30 auch
larger. than the others. Here, I propose thal there are'threo huge ana D tiny
dimenalons as a result of the dynaajcs of the expansion of the sarly Universe.

Let us assume for almplicity that the Universe 13 closed. Then the three
large spatial dimension3 have tha geomelry of 53. with physical raclua-ﬁz > R".
If there 13 some mechanism for inflatling the physical aize of the 3~sphere
while keeplng the physial size of the D-sphere constant {or at Least nol
inflating a» quickly), then the dlapa;lty in scales can be underatood. Thia
idea is illustrates In Flgure 2 for D=7, ALl acenarics for Kaiuza-Klein
ipflaton assume that at some point dimenstonal reduction is possible. fn
order for dimenslonal recuction to take place it would be nfceaaary for R3 to
be greater than Rn. However it 1a not necessary that HJIRD 3 1061 a5 today, bhut
only that RBIRD LR TR . & 4 R3 can expand to \O-ucn and reheat to T = " {or
“haat™ th the Shafl-Wetterich model) and HD stay 3table at the Planck length,

then the evolutlon of this Universe will give the one obaervad today, although

as initilal conditlons the two 3cales were similar.

EQUALITY OF SCALES
QUM OMIVERSE




The next question to ask la why 53 . SD. It may be that the splitting of the
10-dimenatonal manifold Into 53 . sD is due Lo the existence of a speclal type
of Freund-Rubin (leld, However 1{f one takes Into account the dynamical
evolution of the Unlverse, it may be that the original 10-dimenajonal apace
approximates 53 . ST only locally, and In 3 global sense there are other
posalble ground states, There may be a region In the 10-dimenaional space that
1s flatter in three directions than in seven directlons, Ir this reglon I»s
Planck slze, through Inflation and the dynamical evolutfon of the Universe, it
can become the Unlverse we observe. Outaide of the Universs we observe there
may be other combinatlons of large and amall dimensiona. Low-energy phyalcs [a
much different in theaes other Univerzes,  but they are outside of our herizeon.
Thare may well be other poasible ground states for the seonetr;, and the

questisn of why are there three large and D compact dimeanajons today may be

that that just happens to be our Unlverse. This idea is fllustrated in

Flgurs 3.

EQUALITY OF GROUMD STATES

0s10 OUR UMIVERSE

az
¢ )

L}
Aa a final speculation on the subject, we aight Imagine Lthat the total

dimenslonality of space can change. Again, as long as there i3 somevhers a

local =~eglon with approximate geometry 53 [ 5D and scales characteriatic of

Rpl' we can follow the evolutlon and end up (n the Unlverse we observe. A

final cartoon lllustrating this ldea [s shown in Flgure 9,

EQUALITY OF DIMENSIONALITY
LR UNIVERSE
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in conclusion, there are serious quesaticns about the Kaluza-Klein approach,
namely 1) Why are some dimenalona large and some small, and 2) Why are three
larg=. Since the dynamics of the evolution of the aspatlal dimensions are
coupled through the Einstein equations, these questions may be answerable (n a

cosmological context.

3, KALUZA-KLEIN MONOPOLES

Masslve, stable topological defects in the geometry of coapactlfication
would appear in Four space-time dimensaions as massive magnetic monopoles.”

Kaluza-Klein monopoles are produced when topological defects are frozen in
as space {3 split (Into 3 large spatial dimensions, and D amall, compact
dlmensions.‘z There s a difference between GUT wmonopole production and
Xaluza-Klein monopole production. In the standard cosmology the Universa was
fn the symeetric phase as an initlal condition 8o there were no GUT monopoles.
The GUT monopoles flrat appear durling the phase transition, and the number of
GUT monopules produced is lndepsndent of Inttial conditlons, However Lf the
splitting of the spatial dimensions i3 present as an initial condition, then
Kaluza-Klein monopoles (1.e, the topologicel defscts) appear as tnittal
conditions, and It ls impossible to calculate the sxpected nusber of monopoles.

Therefore in cosmological models where the splitting fa an initlal conditton,



we cannot predict the expected monopole abuncance. However Lf the splitting of
the spatlal dimenaions la dynamical, Kaluza=-Kleln monopoles would appear tn
this Spllltlnl.lz and may be independent of the initial condltions. Magnetic
monopoles are a potentlal scurce of inforsation on the dynamics of dimenalonal

reduction.

4. PYRGONS

In 1926 Kletn'?

noticed that !n the live-dimensional theory of Kaluza, the
exiatence of a compact fifth dimenslon implies an Infinite tower of
rour-dimenslonal particles corresponding to quantlized excitations of the extra
dimensions. These massive partlcles have been calleq |:'yr3cm:,”'l from the Creek
word wvpYoS, for tower. Kleln's observatlon for the flve-dimensicnal thecry 1a

true for any Kaluza-Kleln theory wWith any number of compact dimensions.

If the Universe was ever at temperatures comparible to H" pyrgon states

0
anoyld have been present. If the Univerae was ever at Lemperatures In excess
of R;!. the Universe would have been effecti{vely N-dlmensional, ahd aince all

the excltatlona of the gecmelry are "massless” [n N dimenslons they will be
distributed over all the modes. Ir the maximum temperature of tHe Universe was
laas than but coamparable to RB’, the pyrgon states ahould have been pair
produced. [n either cass, a reasonable guess (or [pltial conditi{gma ia that
pyrgona are about as abundant as photons.

The massive pyrgon states are not effective at annihllation, and dlsappear
from the Univarsa only through deoay.lu It any of the pyrgon states are atable,
or have 3 lifetlame greatear than the age of the Universe, the 3tandard
calculationa predict thal they should be present in rhe Univerae today wiih an
abundance comparable to photona. Slnce the masalve pyrgon »tates are expected
Lo have 4 maaa comparable to the Planck masa, the energy density of the
Universe would be about % = lO26 times the critical density,

The most likely mechanlam to rid tha Universe of pyrgons 1|3 decay, The

reason they were stable In Kleln's S-diménslonal example {3 thal they carried a

charge not carrlesd by the zero modes, However, LChere are somswhat sore
reallstic sodels, such as '1-dimensional supergravity with vacuum H” - 57. that
have 3table pyrgon3 even though most of the 256 zero' wodes 40 carey the SOa
quantum numbers of the symmetry of Sr.)" It 1is poasible to Imagine 3several
reasons for assuming some pyrgon3d might be stable. For axample 1f all zero
aodes satisfy the usual electric chargesealor relation, but 2some pyrgon Joes
not. One might also lmagine that there 13 an additional charge under which all
the zero modes are neutral, byl some pyrgon (3 not. In general, wuntfl a
succesaful model 1s constructed and the mass spectrum computed, It 18 not

possible to know whether there will be stable pyrgons.
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