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ABSTRACT 

The effective action satisfying the anomalous axial current Ward 

identities in .aupersymmetric (susy) QCD theories is derived. It 

incorporates the consequences of these anomalies for low energy theorems 

governing the Goldstone boson interactions as well as interactiona of 

their susy partners. 
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Chiral anomalies Cl I have many striking theoretical and 

experimental consequences. Their required cancellation or matching in 

chiral gauge theories puts tight constraints on model building for 

fundamental interactions C21 as well as composite models of quarks and 

leptons C31. The anomalies also control the topological structure of 

these theories [41. In addition, for theories such as QCD where the 

global chiral symmetries are spontaneously broken to a vector subgroup, 

the anomalies also govern contributions to the low energy theorems 

describing the interactions of the Goldstone bosons. Thus effective 

Lagrangians for QCD [5] contain terms allowing for the v”+YY decay. 

In supersymmetric (susy) theories, anomalies play no less a pivotal 

role [6-81. In this letter, we derive the contributions to the 

effective action for susy QCD theories which incorporate the low energy 

consequences of the axial current anomaly. The procedure is completely 

anologous to that employed by Wess and Zumino [5l in the construction of 

the non-supersymmetric effective action. 

The underlying susy QCD action has a global internal flavor 

symmetry group sU(n),du(n),dJ(l), which is assumed to be spontaneously 

broken by condensate formation [FZ] to a unbroken vector subgroup 

SNN)Vx~(~ jv. The C=SU(N)xSU(N) generators are denoted by T*, A = 

l,..., 2(N2-1 ). Generators, of the unbroken subgroup H=SU(Njy are 

generically labelled with a lower case letter from the beginning of the 

alphabet, Ta,a=1,...N2-1, while the broken generators are in l-l 

correspondence with the generators of the coset group G/H and are 

labelled with lower case letters from the middle of the alphabet, 

Tip i=N2 ,...,2(N2-1). The algebra is given by 
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[TA,Tal = f-ABC TC, (1) 

with fABC the totally anti-symmetric structure constants. Since the 

group parity operation (involutive automorphism) P is such that Tit-Ti, 

while Ta?Ta, the algebra can be written as 

lT,’ -$,I = i f,bc T, 
[Ti, Tj] = i fija T, 

iTa, Ti] = i faij Tj, 

with fabc and f. 1Ja 
= f7- Ija the SU(N) totally antisymmetric Structure 

constants. Here we have defined the complimentary indices i=i-(N2-1) 

r-' 
and a=a+(N2-1) so that for SU(j)xSU(3), for example; 11 = 3, ; = 11. 

(Alternatively, one could work in a left-right basis given by 

L,=l/Z(T,-T,), ~,=1/2 (T,+T~), with [La.Lb] =ifabcLc, [R,,R~] -ifabcR, 

and [L R a’ b] = 0. We choose to work in the vector-axial vector basis 

since we will construct an action which is invariant and anomaly free 

under the vector SU(N)V subgroup). 

The supersymmetric QCD action functional is denoted by 

r[Q,a,G,V,Al, where (ij)Q denote the quark (anti-)chiral superfields, G 

the gluon vector superfields, and (Ai)Va are the external Yang-Mills 

vector superfields associated with the (axial) vector symmetry. Letting 

(IA) AA be the (anti-) chiral superfields parametrizing the SU(N)xSU(N) 

gauge transformations, the G transformations of the fields are given by 

the action of the SU(N)xSU(N) Ward identity functional differential 
^ 

operators 6(.4,x) where 

(2) 
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;(,q,i, = ldV[ ^a(A,n)‘vAl -?- 
6VA 

+I dS[&A,n,Q& + Id&&i&$- , 
6G 

with dV=d4xd2t3d2e, dS = d4xd28,ds = d4xd20. The Yang-Mills superfields 

l/a = II”, y’ = A1 transform as 

+ AB)f 6 
BAC 

+ ; (iB - AB)[l/coth2/lBAs 

where in the last term the matrix notation (‘IIjBc = -iIfAfABC has been 

employed. Letting (Q,)Q, be quark superfields transforming as the (i)N 

of SU(N)V then 

i(A,h)QN = (iAa 2 - 
AT 

iAi F)QN 

AT T 
AI 6(A,n)Q- = (-iha g -iA’ T-)Q- 

N N’ 

while the anti-chiral quark superfields transform as the conjugate. The 

x,/i! are SU(N) representation matrices. The functional differential 

operators represent the SU(N)xSU(N) charges TA and obey the algebra 

(3) 

(4) 

(5) 
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[6(*&&i’)] = a(nx*‘,Ln’), 
where (AxA’) = A*A,Bf C ABC 

The anomalous Ward identities are obtained by considering the 

SU(N)xSU(N) variation of r and are given by 

scn,n, r = G(A,i) = G(A) + G(h), 
where the chiral Adler-Bardeen axial anomaly is denoted by 

G(A) =I dS AiGi(V,A); OiCi = 0 

and the anti-chiral axial anomaly is 

c(n) =I d:?$(V,A); D& = 0, 

with c(;i) = G+(A). The Gi(V,A) is determined from the quark flavor 

S”(N)V representations and has the one-axial current form CF31 

iNc 
G(A) = - 

32~~ 
j dS Tr [A 

(AIw(“~w(“)l’ 

with Nc being the number of colors. Here we have adopted a matrix 

notation so that A (*) = A”A,/Z, W(“) = W&Aa/2. w&a is the chiral 

(7) 

(8) 

(9) 

field strength spinor for the SU(NIV Yang-Mills superfields which (in 

the one-axial current case) is given by 



w(v) = -7 a 
’ Do [e-‘“Dae2”], 
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(11) 

with v = p ‘a 
T . 

The one-axial current contribution provides the overall 

normalization as well as the first term in the expression for the 

multi-axial current anomaly. The form of this multi-current anomaly is 

determined by the Wess- Zumino consistency conditions (5) which are 

secured by acting on T with eq. (6) and are given by 

&A,i)G(A’,n’) - ;(A’,n’)G(A,i) = G(A.A’,n.h’). (12) 

Note that the one-current anomaly, eq. (10) is indeed a solution of this 

equation evaluated when the axial fields vanish. The determination of 

the multi-current form of C(A,ii) in a full susy covariant gauge will not 

be addressed there. 

A great deal of information about the low energy behavior of susy 

QCD is embodied in the effective action describing the interactions of 

the (anti-) chiral Goldstone superfields (ifi) .i resulting from the 

SU(NJL x SU(N)R+SU(N)V spontaneous breakdown. This action should 

reflect the symmetries of the underlying susy QCD and hence obey the 

anomalous SU(N) x SU(N) Ward identities. For the effective theory, the 

SU(N) x SU(N) variations are given by 



&A,i) = jdV [;(,$+*A] ?v. 
61/A 
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(13) 

+I dS [;(A,h) nil e.+ Ids [6&i) iii ] 6 ’ 
6n1 srri 

L 
with 6(A,n@ given by eq. (4) and with pion superfield transformations 

&A,i, ni = hAA; 

^ 
6(A,% ;’ = nAni A 

Here the (anti-) chiral superfield killing 

to satisfy the Lie differential equations 

A;fg-A j a*:, 
-= f i 

arrJ B a,j ABC*C 

iii 
ABC C 

(14) 

vectors (xAi) AAi are defined 

(15) 

and when restricted to the invariant subgroup H, are given by the linear 

representations 

A; = faij I+ (16) 

Ii’ a = faij 2 

These variations obey the SU(N) x SU(N) algebra of eq. (6). The 

effective action, r 
eff’ is now obtained as the solution to the anomalous 

functional differential equation 
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[n,;,V,A] = C (h,h) 
(17) 

The construction of the solution to the homogeneous equation was 

discussed in references Cl2 - 181 in the Ness-Zumino gauge [F41. It is 

given by equation (3.47) of reference [181 in terms of the super Kahler 

potential K and the W(N) x SlJ(N)superfield of currents JA as 

~eff[&bJ]hom = IdV K (n,i,V,A), 
(18) 

 ̂ L 

K(n,;,V,A) = K(;,n) + 2J,v* + 22/*li;gji(&) AB 
idB 

where 

j3J, -i 
AA + aK Ai 

a7 ani 
A = F A (i) + FA (n) , 

a2 
aniamj 

K(i,n), 

and 

^ 

JA = ;T i (Eii; - $ Ai - FA+ Fn), 
ad A 

with (FA) FA arbitrary (anti-) chiral super-fields. Since 

;(A,i;,l; = AAFA + ?, *PA, 

it follows that the action is invariant; 

(19) 

(20) 

(21) 

(22) 

;(A,% jdV;; = 0 
(23) 
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The particular solution yielding the anomaly can be found with a 

.construction similar to the one used in reference 151. Noting that 

hl n-l 
G(A,i), 

where 

&t.t,i) = IdV [;(A,i)ti*& 
6 VA 

(25) 

transforms the vector superfields only and Ai 
(A) 

= ,ji are the axial 

vector gauge parameters, it follows that 

e 
$*), “(& 

i- eff [,,,sv.A] (26) 

= reff [,,,,V,A] 

Since ^6(A CA),iCAj) generates the axial transformations, the left hand 

side is simply the effective action expressed in terms of the axially 

transformed fields, reff [,,‘,i’,V’,A’]. However, for every value of (n) 

n, there exists a (ii CA)(i)) ACnj(~) such that Ci’ = 0) il’ = 0. That is, 

we can always move in the coset space to the origin of coordinates, 

71’ = 0 * rr’, by an axial transformation. For example, with the Killing 

vectors given by A;(r) - -i (rrcoth n)ji, with (~1~~ = -inifIab, the 

finite axial transformations of n and G become 
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-277' 
e = e -'*Me e 

-217 -iA(*) 

(27) 
-2;’ .- 

l”(A)s 
-2; i;i 

e = e e (A) , 

where 
A 

n = lT1 2, etc. 
2 

Thus for (;i (A) = -inI ACAj = i pi, it follows that (i’ = 0) IT’ = 0. With 

the boundary condition that the anomalous action cannot be written as a 

function of V,A alone so that reff [O,o,v’,A’l = 0, the particular 

solution is secured as 

r, [~,i,v,A] 
eff inhom 

(28) 

This effective action describes all the low energy manifestations 

of the anomalous chiral Ward identity. This includes the interactions 

of the true Goldstone bosons as well as the susy partner quasi-Goldstone 

fermions and bosons [16-191. Focusing on the particular case of chiral 

N(3) x SU(3), the above effective action governs the familiar decay of 

the neutral pion into two photons and, in addition, its decay into two 

photinos. The pion superfield is given in components by 

n1 = e 
ie0% 

’ [(s’ + iP’) + fi8Vi + eeFi] 

(29) 

;i -ieoQa 
e qcsi - ip’) + Jziyi + iiFi] , 
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where the neutral pion m O is simply fnP3, f il being the pion decay 

constant. Isolating the couplings of the neutral pion to two photons 

and two photinos we find close to the JI ’ mass shell that 

e2N 

r eff = - 
---? L$d4x [ e’YAPnoF~yF1p 
16n2 6f lr 

Here F 
Liv and A, are the electomagnetic field strength and photino fields 

respectively. In obtaining eq.(30), we have used the fact that close to 

the pion mass shell, the auxilary field F ; has a contribution 

proportional to P3 with proportionality constant -im ‘. From eq. 71 (30)s 

we see that no couples to two photinos (Y) with strength comparable to 

the two photon coupling. However, the limit on the n’+vv branching 

ratio, [201 

r(nOw) <2 4 
r(rr’+all) 

. x 10-5 

0 -- 

implies a similar limit on the II +YY decay. This dictates that the 

II’+?? must be suppressed by phase space so that whatever mechanism is 

responsible for the susy breaking must give rise to a photino mass 

greater than half the neutral pion mass 1211. 
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Footnotes 

FERMILAB-Pub-83/85-THY 

[Fl] We do not consider the U(1) A symmetry which is broken by anomalies 

containing the colored Yang-Mills gluon fields. We also do not 

include the global U(l), symmetry which is not an internal 

symmetry since it does not commute with susy. 

[F21 The question of whether chiral symmetry breaking condensates form 

in susy QCD theories is still an open one [6-9,10,11] and will not 

be further addressed here. 

CF33 The one-axial current form of the anomaly corresponds to retaining 

those contributions to the SU(N) x SUCN) Ward identity arising 

from a single derivative with respect to the axial vector 

Yang-Mills superfield. 

CF41 If only the Yang-Mills superfields of the invariant subgroup 

awe=-, the homogeneous solution for arbitrary gauge is given in 

ref. 1181. 
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