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ABSTRACT

In monopole-fermion dynamics, the boundary condition,
which is responsible for baryon number non-conservation,
also violates electric and cologwt:harge conservation. We
show, by detailed calculations, that actually the latter
conservation laws are dynamically restored. It is shown
that for a finite size monopole, there is a small but finite
amplitude for the monopole ground state to make a virtual
transition into a state containing a dyon and some fermions
carrying equal and opposite charge as that of the dyon. But
the amplitude for this state to make a virtual transition to
a state carrying a net total charge is identically =zero.
The monopole ground state, as a result, is an eigenstate of
electric charge even in the presence of massless fermions.
We also calculate the four body charge and chirality
conserving but baryon number violating condensates, which
exist independently of the existence of anomaly and hence
persist even in the presence of more generations of massless

fermions.
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I. INTRODUCTION

1t was proposed by Rubakov [1l], and subsequently by
Callan [2), that monopoles of the 't Hooft-Polyakov type [3]
in grand unified theories may catalyze baryon number
violation at the strong interaction rate. Since then a
number of investigations have been made to try to clarify
the origin of this fascinating phenomenon and to calculate
various fermion condensates around the monopole [4-11].
These studies have so far brought forth the following
understanding: The baryon number violation 1is essentially
caused by the peculiar non-abelian dynamics 1inside the
monopole core in the J=0 partial wave sector, which Iis
expressed through the effective boundary condition on the
fermion fields at the monopole core. If we denote the
unbroken generator of the SU(2) subgroup in which the
monopole is embedded, by T3, the boundary condition says
that a left (right) handed fermion carrying negative
{positive) T3 charge, entering the monopole core, must be
accompanied by a left (right} handed fermion carrying
positive (negative) T; charge, coming out of the core. For
embeddings for which the members of the SU(2) doublet carry
different baryon numbers, it may effect baryon number
non-conservation. That this mechanism operates without
hindrance is essentially due to the nature of the J=0
partial waves, which are present because of the extra

angular momentum of the monopole-charged particle system
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[12]. Outside the monopole core, the interactions between
the radial magnetic field and the Dirac spin and the extra
angular momentum precisely cancel and the radial motions are
effectively free. Because of these circumstances, the
monopole ground state 1is not an eigenstate of the baryon
number operator. It is rather a superposition of states
with different baryon numbers and the monopole may absorb or
emit fermions, carrying net barvonic charge, at no cost of
energy. Tt has also been c¢larified 1{2,5,6,9] that the
Adler-Bell-Jackiw anomaly plays a secondary role; it is
needed only for those processes which violate chirality.

Now, the boundary condition described above seems to
imply more than the baryon number viclation. 1In fact, it
implies that whatever quantum numbers are different for the
upper and lower members of the SU(2) doublet should be
non-conserved. These include electric and color charges in
addition to the baryonic charge. Are these charges indeed
not conserved? In the 1limit of a point-like monopole,
studies of various fermionic condensates have revealed that
they are actually conserved; charge non-conserving
condensates all wvanish due to a factor of the form
exp(-const. Iln «) arising from the infinite coulomb energy
[5,6,11]. The charge non-conserving boundary condition is
effectively replaced by a charge conserving one.

This however immediately raises the question as to what
happens if the finite size of the monopole is taken into

account. One would expect that the infinity in the above
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exponent will then become finite. Does that then mean that
the electric charge (and the color) symmetry is violated in
the presence of the monopole of finite size? This is the
question to which we shall address ourselves in this paper.
We will show, by explicit calculations, that these charges
are exactly conserved and explain how this comes about.

The above conclusion is by no means a trivial one. In
fact, in the limit e+0, eg finite, (e=electric charge of the
fermion, g=magnetic charge of the monopole) with finite
monopole radius, a simple calculation shows that the
electric charge conservation is violated in a
monopole~-fermion system, in exactly the same way as the
baryon number conservation. It requires certain careful
manipulations and definitions to restore the electric charge
conservation in a monopole-fermion system, with any finite e
and finite monopole radius. First of all, it is quite
important to note that in the presence of a monopole of
radius r,, we may define two types of gauge invariant
fermion creation operators. If ¢ and Au refer to the
fermion field and the gauge field respectively, the operator
exp GiafgoArdr) w*(r,t) creates a fermion with its string of
gauge field lying between r, and r. Hence we may interpret
this operator as the creation operator for a fermion and an
equal and opposite charge at the monopole core. This
creates a radial electric field lying between rp and r and
hence the state has a large energy {(of order ez/ro)

associated with this electric field. (At this point we
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should mention that the bosonized fermion operators, defined
in Ref.2, are precisely this type of fermion creation
operators) The second type of gaude invariant fermion
creation operator is of the form exp | iQf?Ardr)w*(r,t}.
This creates a fermion with its string of gauge field lying
between r and «. This state has energy of order ez/r, which
remains finite even in the limit of a point monopole. The
first type of fermion creation operators create charge
neutral states, even if the fermion field carries a net
charge, whereas the second type of fermion creation
operators create charged states.

We shall demonstrate, by explicit calculation, that for
a finite size monopole, the Green's function involving the
first type of fermion creation operators may have finite
value, even if the fermion fields in the Green's function
carry a net total charge. This reflects the fact that the
monopole may make virtual transitions to a state containing
a dyon and fermions carrying equal and opposite charge
{(where by dyon we mean a state with a net charge within the
monopole radius Y whatever be the way we choose to define
gql). This is analogous to the way in which the QED vacuum

*e~ pair,

makes a virtual transition to a state containing e
and does not imply charge non-conservation. The amplitude
for such virtual transitions, however, falls off as the

monopole radius goes to zero, because of the large energy

associated with such intermediate states.
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The Green's functions involving the second type of
fermion creation operators, on the other hand, vanish
identically, unless the total charge, carried by the
fermionic fields in the Green's function, is zero. This
shows that the electric charge is indeed conserved 1in a
monopcle fermion interaction.

We shall organize the rest of the paper as follows. 1In
Sec. II, we briefly review the SU(2) model to be studied and
fix our notations. Sec. III deals with the bosonization of
the model and explains how we can introduce the two types of
gauge invariant fermion operators in such a language. In
Sec. IV, which <constitutes the main part of the paper, we
examine various two body fermionic Green's functions in
detail for a monopole of finite size. Gauge invariant
fermion operators of the first and the second type are
clearly distinguished, and we focus on the Green's functions
for which the total charge carried bv the fermion field is
non-zero. The result for a four body charge neutral
condensate is also described briefly. Discussions of the
various results, obtained in the paper, will be found in
Sec. V. Three appendices are provided: In Appendix A we
give the technical details of the evaluation of a
complicated, yet important integral, encountered in the
text. Appendix B describes the gquantization of the system
in a finite box of radius R, which is needed to regularize
some divergences, and the computation of some integrals that

appear in the Green's functions involving the second type of
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gauge invariant fermion operators. Appendix C describes the
calculation of a four body charge neutral chirality
conserving condensate.

IT. THE MODEL

We consider an SU(2) gauge theory with a Dirac doublet
of massless fermions and an adjoint Higgs. For convenience,
we restrict ourselves to one Dirac doublet. The case of
more than one Dirac doublet may be treated in a similar way.
We assume that the SU(2) gauge symmetry is spontaneously
broken down to U(l) by the vacuum expectation value of the
adjoint Higgs. We shall refer to the charge associated with
the unbroken U({l) generator as the electric charge. This
model has magnetic monopoles of the 't Hooft Polyakov type.
We wish to study the interaction of this monopole with the
fermions.

It has been shown that if we restrict ourselves to the
J=0 partial wave sector, the monopole-fermion system may be
described by an effective two dimensional theory. In the YS
diagonal representation, the four component Dirac field may
be written as | $§ ), where Vg and 1Yy are two component
spinors. In the J=0 partial wave sector, these spinors may

be written as[5}]:
N -t
Weai (&, % ) = (T &) (R (AE) 7, 7.; + R-(ht) 7 Tat)

Vi (3,8) = @@ 7Y ¢ Ly o) ue Toib Lo 4D o 740)

(2-1)
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i,& are respectively the isospin and the Lorentz spin
indices. n, and n_ are respectively the eigenstates of Gt
with eigenvalues 1. The tensor basis in which we have
expanded the field ¢ ; are slightly different from the basis
chosen in Refs. [1,2]1, but the reader may easily verify that

the tensors Nyg N and N_g N4y are linear combinations of

-1i
the tensors used in Refs. [1,2].

We now define the two component fields:

(%) Lotk G2

Next we introduce the collective co-ordinate A(r,t) in
the same way as in Refs. [1,2]. In the Aj=0 gauge (we work
in this gauge throughout our calculation), a monopole
solution, together with dyon Llike collective co-ordinate
fluctuations A(r,t) is written as,

a

. A A A AA _
A .
-~ €oyy A PIAE -3
where the radial function K{(r), describing the deviation
from the Abelian monopole, becomes 1 at the origin and

vanishes exponentially as r*>%,
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The interaction of the J=0 partial wave fermions with
the monopole field is described by an effective two

dimensional action (which may be obtained from the four

dimensional action. _ using Egs. (2.1) and (2.3)),
I, = (ax Cdn f2ms (W)e 40 kX +R6R 4T 2L
egf- - I -y ‘ez

+ .‘22\_' (L ¥Y'r°L-R Y‘YSR)“'-E (R ¥ R ©SA - R R Akn A

T ivg L CassA + TL %5inA)d (z-9)
where the prime and the dot denotes Br and Bt respectively.

If we now define the gauge invariant fields RN and Ly as:

1

Ry(%,t) = exp (L A4V /2) R(x*t)

Lo (o) = exf (- 2 A(2,t) y72) L ¢at) (2-5)

then Ieff takes the form,
20 PO 2 2
z Ty 22 — . - .
Ts = § &k Sda { amat () 4 B KA+ Ravp R +Ta el

. — —_— Y b N 5

T ' - R Y + K (R, tv*Ry+1Ly v’ L
CA (Lo v'le - Ru YR + K (R . )5 -9
Since K(r)+1 as r+0, the last two terms in the right hand
side of (2.6) show that the fields RN and Ly effectively
become extremely massive near the origin. This makes the

components of Ry and Ly vanish in a certain way as r*0 and

leads to the boundary condition [1,2,5],Fl
(Ru-t- + RN-) ,7‘::7:. = O (L»r+ + LM~)'&=&=O (2"7)

ignoring terms of order ryr and the fluctuation in the
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collective co-ordinate A. Although the boundary conditions,
in general, will be modified in the presence of X field
fluctuations, we shall be using Eg. (2.7) throughout our
calculation., We shall justify the use of these boundary
conditions in Sec. V. Here r, is any distance beyond which
the classical monopole field, is indistinguishable from the
Abelian monopole field, i.e. beyond which R(r) is
practically zero. We call r, the monopole radius. Once Ry,
and Lys are required to satisfy the boundary conditions
(2.7), we may forget about the dynamics inside the monopole

core, and describe the system by an effective action,
* ) oAt (snN2 L B To o
ICﬁ:'fCH:SdaFL{-élz- ()\')+R~Z$RN+LN1?(—N
-0 Ka

- -é CCn Y' Ly -RaY' RN)} (2—8)

The fields Ry and Ly have the following interpretation.
If Au(r,t) is the four dimensional gauge field associated

with the unbroken generator of the gauge group, then, in the

Ag=0 gauge, A, is given by A'. Thus the gauge invariant

fields Ry and Ly refer to exp(iYSIEArdr) R{r, t) and
exp (—iYSISArdr) L(r,t) respectively, It is easy to see that
YS(wYS) measures the charge of the R(L) fields. Hence the
exponential factors in Ry and L,y describe strings of gauge
field between the monopole core and r. In other words, the
fermion creation operator RNf(r,t)(LN1(r,t)) creates a

fermion at the point r and an equal and opposite charge at

the monopole core and a string of gauge field extending from



-12-~ FERMILAB-Pub-83/58-THY

the monopole core to the fermion.

In our analysis in the next two sections, we shall use
another type of gauge invariant fermion creation operator,
which creates a fermion at a voint r, and equal and opposite
charge at ©, and a string of gauge field lying
between the point r and infinity. These operators are given
by exp (—inI:Ardr)R(r,t) and exp (iYSI:Ardr)L(r,t), or, in
terms of the X field, exp (iy>(A{(r,t)-A(=,t)))R(r,t) and
exp (—iys(l(r,t)—l(m,t)))L(r,t) respectively. We denote
these fields by §N(r,t) and EN(r,t). In calculating the
Green's functions involving these operators, we run into
divergences in the spatial integrals from infinity, and we
must regularize these divergences in a consistent way. This
may be done by gquantizing the system in a box of radius R,
and taking the R+= limit at the end of the calculation, as
has been described in Appendix B.

III. BOSONIZATION

Following Callan [2), we can map the two dimensional
fermionic system, containing the fields Ry and Lyr into a
two dimensional bosonic system, containing the fields ¢R and

$;r by the following correspondence:

. .91 -~ -
Rus = { %‘i N P/xf [ 2{7 C@g(ﬂ,‘c}-ﬁ{ ?Rc»s,t)dus)]

2 .
- ?Ry. = 2 {%CT Ny exf [ 287 ( chU&,tH’S P, (A1) 4]
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Li- = (ES Nu exf Lol CRAR) -;l:(?‘cp‘_(»s,f) )

2l = A(PE N enf [AVF CQuert) + S G a0 )]
@)

where ¢ is a constant and Nu denotes normal ordering with
respect to an infinitesimal mass u. The fields ¢R and ¢L

satisfy the boundary conditions,
/ — LA = 52
Y = @. =0 at A=A @2z)

We exhibit some details of the bosonization here since
they will be useful later. The normal ordering operator N
is defined in the following way. We first define the

operators a. and ag at any fixed time t, through the

equations:

at) = § dk L @ (k) exg (i@ t)
P e oxf

+ o\i Ck, 1, %) mf(éme‘c)]zc'mh(»&u) (3-3)

ard,
= . , RN
PrE)= § Sk 2 (e02)” C-0gCk, bot) € Rt €
o o NZ
+al e, pk) etVe et ] H o k(a2 (3-9)

= B L INDT 4 LI "5 W~ Jyy v alald
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it

A, Cak st

T
—

- CA, (A, A )+ A (A4 2,) + BL (4,8t

+ B.(AE A Y] 42 2y ]

G-¢)
where,

A, (R, A 6 ) = fn f(r-a') £ (€))7 2€5
By Cat, & ') = Am {(ran’-20)+ (-] T 165

3-7)
Liry &g Ckbt] 10% = 0 (= 8)

where |0>f is the vacuum of the free massless field theory.

”L o~ )
-4 § ds de A, (A6 A L) = AL-A-+B, -B.+2TA
%

{3-9)
%' -
- "”é det 9y A, (a4, 4.4 ) = A- A- - B, + B-

(3.10)
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ped &' ~~
corr (Tds [ A" 8, Bu Bl (A, )
A, Ao

= A, +A--B, - B. G-ty

Using Egs. (3.1) and (3.5)-(3.8) we get,

<01 Ry (48] Rugr (£, € [ 0>

= em{, L q Ea(;,,{:,ﬁf,{:‘) -7 fﬂ'ol/s 3% Koos,é,;,j%‘)

.,

’ ¥

2 ~ £ &
’ ’ ~ ’
-7 _(cbs' —'E]-} Ao (5,€,4°E) + 7’ fd/sj/abs 2 _011 Aq(zs,’c,»s’,t)}]
}'u 3{: -’lb h° a{: at
@-12)
Using Egs. (3.6) and (3.9)-(3.11) one can show that the
right hand side of (3.12) reduces to the correct free
fermion propagator.
We shall now write down the fully interacting theory.
To do this, we need to express the currents iuylLN and
§NYlRN in terms of the bosonized fields ¢ and ¢;. Using the

point splitting method of Ref. [1l3], we finsz,
- | ,
r— I = o C3‘K3)

Substituting this in the effective action and

integrating it once by parts, we get,
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0 z ..
L= £ ok S08 {208 GF 44 Ou e 00 +5 20 2 B

- N (CP..“CPR)/ZJF} + SURFACE TEEMS (34‘1)
where,

SURFACE TERMS

f dt T h(o04) €@ (0,8 Qg (0,6)) = A () ( @ (5e t)- Pe5ut)]
(3.15)

We shall come back to a discussion of the surface terms
at the end of this section. For the time being let us
ignore them. )' may be interpreted as the radial electric

field E.. We may eliminate it by using the equations of

motion:

E, = N o= gwﬂéfﬁc Po- Pe ) (5-'6)

and obtain the effective Hamiltonian of the system:
oo . 2 = 42 2
- &5 dr [ LY +4 @) ++4 (@) +3 @)

+ 3ZTI ;(2 CP_- @R) ] (3"7)

We now note that the fermion fields RNn and Lyg.
defined in Eqg. (3.l1), create a non-zero value of ¢R_¢L
between the points Ly and r, while acting on the state

$p=¢;=0. This can be seen by considerina the commutator,
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[‘r\[—'_—r—!—_(@g (#,%) - @2, U)J Knt (’gz'/‘t')]

i

T 8 (A-Ah) GCAYA) Rue (&%) @ 19)

and similarly for Lgs This corresponds to creating a
non-zero radial electric field, falling cff as 1/r2, be tween
the points Lo and r. Hence the operators Ly,, Ry, create an
anti-fermion at the point r at time t and an egqual and
opposite charge at the monopole core at the same time. Thus
these operators indeed correspond to the first type of gauge
invariant fermion creation operators given by EJ. {(2.5).
Next we try to see whether it is possible to represent
the gauge invariant operators ﬁN and EN, introduced at the
end of Sec. II, in the bosonized theory. These operators
must satisfy the following properties: 1) For e=0, the )
field is frozen and hence the Green's functions involving
the fields EN and EN must correctly reproduce the free
fermion propagator. 2) The operators carrying the fields §N
and EN must create a non-zero electric field between the

points r and infinity. The most obvious guess for such

operators is,

Ruo = VEE N oxf Lo Cquat] +§ Goiat) )]
-i%lhl;:i %(,z Ny Q”‘fg’flﬁ ( Pe C}l:t)"‘g C(jRCA!{’) ds
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Ty = \/}f N @b [T C (k) +£W¢L(4,t) )]

- 2T = z;{}zg_r_g Ny exp [ 2T Cchcg,ﬁ)v-fqiw,ﬂdfsﬂ

(3-19)

By considering the commutator

(- CRet) - Quengl), Ry, attl] =5 0 Cao4)
(3- 20)

and a similar commutator involving int' we see that the
operators ﬁNtv ENt indeed create a non-zero electric field
hetween the point r' and infinity.

We must now proceed to show that in the e+*0 limit, the
fields defined in Eq. (3.19), revroduce the correct free
field propagator. The Green's function
<0|§Nn(r,t)§§n(r',t')|0> is given by an expression similar
to the right hand side of =®g. (3.12), with the integrals
from ry to r replaced by integrals from r to infinity. Some
of these integrals are ambiguous due to the lack of proper
regularization at spatial infinity. If we regulate these
integrals by guantizing the system in a box of radius R,
then, as has been shown in Appendix B, the resulting
expression correctly reproduces the free fermion propagator.
Thus we see that the operators defined in Eg. (3.19), indeed
correspond to the second type of fermion creation operators,

mentioned at the end of Sec. II.
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Finally, let us discuss the surface terms (3.15). To
get an estimate of these terms, we consider a particular
mode of excitation of the ¢(E¢L—¢R) field of energy E (say).
It will be shown in the next section that for Er0<<1, the

value of the ¢ field at ry in this particular mode goes as

ro) . We get an estimate for l(ro,t), by using the
equation,
-, _ 1+o0ce’) 5
XN o $/32 ~(E 4.} (A&.) at A&-%4, (3 21)
and,
My.. =0 (3-22)

in order to ensure that the collective co-ordinate
excitation is non-singular at the origin {1,2]. Egq. (3.21)

may also be assumed to be an estimate of A' for r<ry. Then,

1+ o0ce?)

Ala=2) ~ @Y (E4.) (3.23)

Hence

A (A=A F(rma)m (E4) "0 £ (3-29)

which is small compared to E, so long as Er0<<1_ In our
calculation in appendices A and B, we shall see that it is

1 whieh give the major

the excitation modes with E<<r6
contribution to all the Green's functions. For these modes

the boundary term X(ry)®(rp) may be neglected.
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Next, we must estimate the boundary term at infinity.
After we regularize the theory by quantizing it in a box of

radius R, the boundary term at infinity becomes,

ACR) $(R) (3-25)
1 (R) is determined from the equation,

L

ACR) = A(&) + (€°/ en7) § (F/5%) d (3.26)

As can be seen from Eg. (3.23), R(ro) is of order BE. The
second term on the right hand side of (3.26) is also finite.
There is no divergence from the region of integration at

2
small r, since ¢~(Er)l+0(e )

in the region of small r.
There is no divergence from the region of large r either,
since ¢ goes to a cosine function in this region. Hence
R(R) is a finite number, independent of R in the limit of
large R. (R}, on the other hand alternates between the
values +1 and -1 as we move from one energy level to the
next one. This may be seen from Egs. (B.18) and (B.19). 1In
the R+« limit, the spacing between these levels goes to
zero, and ¢(R), expressed as a function of E, becomes a
rapidly oscillating function. Hence, although @(R)i(R) is

finite for a particular mode, its effect vanishes in any

calculation, which involves sum over different modes.
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IV. CALCULATION OF VARIOUS GREEN'S FUNCTIONS

We shall now calculate various Green's functions in the
interacting theory in various limits. We define the fields

$ and ¢ as,

= Qe - P)NZ -1)

Q= (@ + Q)INE 4-2)

The Hamiltonian may then be written as,

35] -3)

R
}1:=&{-ciﬁ_[-é gﬁ 4+ 4 (? 4+ L y gyz +'é qy2_+

T475
Hence the equations for ¢ and 9 completely decouple. The ¢

field is a free field satisfying the boundary condition ¢'=

at rgy. The 9 field satisfies the equation:

(2,7- 9% + eV/em?a®) $ =0 & -y)
and the boundary condition,

qB L& . - O 09‘5)

with the solution,

-ZE¢ Et . '
= (_d (e Tacre  de) [Fr £ Enr
N2 2FE

= éptﬂ n qsc+) (q_c)
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fv(E'r'ro) is the solution of the equation,

%

with the boundary condition:

2%1 (NER £ (e nn) =0 at a-x, o 3)

and the normalization:

SAE E[ZT £, CE A A) £.06, 2, a7 2m Ca-%') &-o)

STda JEF & £, 5. 5.) £ (B, A &) = 27 Sce-e) (4-10)
o

Fg. (4.7) is the Bessel's equation of order v. Here,

3> - (—-‘q + T(iir_ra}'é Qf'”)

The true vacuum of the system satisfies the equation:

ACE) &> =0 VvE G-12)

Normal ordering operation upon this wvacuum, which we
shall denote by Nl/r' is defined by the negative-positive
frequency decomposition in Eg. (4.6). The general solution

of BEg. (4.7) may be written as,
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§, (B, A, %) = Gy T, CEa} + b, T, (Ex] (-13)

The boundarvy conditions (4.8) then gives,

& . . 4
A AL Tl o,

- U

1y

d f= o
/ & (7 3.0)]

We define,

KCadt, at) =0 F7cat), ¥ (2 ¢)]

]
TeEee ’ ? i ? ; ol
= ( %’% o tE ) EJznz £.(E & k4 ) £ (E & #.] Q[,.I.))
© T

E may be calculated in various limits by knowing fv‘
The various Green's functions, involving the fermion fields
defined in Egs. (3.1l) and (3.19) may then be calculated by
using the following results [14],

N, (et) = Ny, &) exp (£ (A7 A1) ey (50T, A D)

4

(X 6)

where [Aé_), Aé‘”]u means that while evaluating the
commutator, we must assume that the field ¢ satisfies the
equations of motion of a free field with infinitesimal mass
u, while in evaluating [A(7), A(+)]1/r we must assume that
the field ¢ satisfies the equations of motion (4.4). These
commutators may be expressed in terms of EO and E, defined

in Egs. (3.6) and (4.15) respectively. Eg. {4.16), together

with the eguation analogous to (3.5),
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B LAY, g*') T .
N'/fz (_en} ,\"’/& QGR) =« N'/’.& Kﬁn 3) Q"UJ

helps us in evaluating all the Green's functions.

(A) TWO BODY FERMIONIC GREEN'S FUNCTIONS INVOLVING THE

OPERATORS DEFINED IN EQ. (3.1):

We want to calculate,

ol RY, (#4) Ry (H47102

= 77 'é&r:? < Gl Ny ex{:{%‘fﬁ" ('C(-R{fgtlﬂg?{ ;Z'Q’E(é,ﬂd-é}
Ny exb € 20T Qe (4,8) - 7 ﬁjf')a(@,chs,’cl ds)§ lo> (1)
where n,n'=tl. We do this in the following way: 1) We first
express ¢, in terms of the fields ¢ and %. 2) For the ¢
field, we convert the normal ordering with respect to pu to
normal ordering with respect to 1/r using Eq. (4.16). 3) We
then combine the product of normal ordered operators in
terms of normal ordered product of operators using
Egs. {(3.5) and (4.17). 4) Finally, we calculate the vacuum
expectation value of normal ordered operators using the fact

that (=) ang ¢é") annihilates the vacuum. The result is,

12 ¢ embp(i,) exb (£,) expCE;) (519

i

where,
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In Egq. (4.19), the term exp (El) comes from the
contribution of the ¢ field, the term exp (Ez) exp (E3)
comes from the contribution of the & field. We shall now
consider various limits. First, note that if we take the

e2+0 limit at fixed Y A becomes identical to AO' As a

result, E3 is zZero, and exp (El) exp (Ez) nn'uc/2m
reproduces the free field propagator (3.12).

Next, we shall take the limit r,~0 first, keeping e2
finite, and then take the e2+0 limit. We must first
evaluate the propagator K(r,t,r',t') in this 1limit, using
Egq. (4.15). We use the property,

A (T LN~ d F o e~ (4o23)
Xe &e

near p=0. Egq. (4.14) then tells us that in the ro*0 limit,
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O)-. = CQ‘;’\‘jJC&_"?\‘E b'y: Q Qf‘j—g)

We now take the limit e+0 (v+1/2) and use the vbroperty,

J,, (€)= J2/me san € (4-25)
to get,
£, CE.%,Cl ™ 24n Ex G 26)

Hence, from (4.15),

At Rt § dE @ Y Avn E% AunES"

N g E
= &) CA+A- B, -B) (& -27)

where A, and B, are defined in Eq. (3.7).

We also have the followina relations:

g (ds 20 Bat, at)

= A, —A_-By +B. +20 &n 4+ 4t~ 1¢)= U (2t} o))

(4 2%)
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— G477 af%’ck,s C By A (A, st
= P A4 BB ~2ldn( g+ t-ti-e)—Hn (-t ybie)]
b-29)

] % ) ~
-4y ds §odsT 3 A A (s k4804

3]

= Ae + A+ B + B m 200 (A4 bt -2E) + Un(a- (6-)+7¢]
w2 L b (ae -t te) F (- bt +e)]
+ 20 Ln(l-t-ie) + Ln C-E)ee)]

(4 30)

First note that the p dependence of El' E, and Ej,
coming from the lnu202 term in 30, cancels with the explicit
multiplicative facter of pe in Eg. (4.19), and hence the
final result is u independent.

We now look for divergent terms in the exponential of
(4.19). To do this, we first express El' Ez and E3 in terms
of the functions A, and Byr using Bgs. (3.7), (3.9)-(3.11),
(4.27)-(4.30). In E,, we get divergent terms of the form
At(r,t,r,t), but they all cancel between the E and EO terms.

The only divergence comes from the terms
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- R )z{ - N i ‘.
J s S ds’ d¢ G T D (At AT aaa(/s,{-,/sjtlﬁlfr:t
O ) (4-31)

and,

'
§ s s ap g TR st st =B skt flee
o ¢ 4-32)
since these expressions contain terms of the form 1In(t-T)
and 1In{t'-1), which blow up at t=t and at tv=t' respectively
(See Eg. (4.30)). As a result, in E3, we get a term of the
form ~1lnw and the Green's function (4.18) wvanishes
identically. mhe origin of this divergence will become clear
when we discuss the effect of finite monopole radius. But it is worth
mentioning that in the r,+0 limit the function f,, satisfies
the equation £,(P)=0 as well as d/dc(/pfu(p))=0 at p=0.
f“(p)=0 corresponds to the condition #(r=0)=0. This is a
charge conserving boundary condition, since b(r=0) measures
the net flow of the U(l) charge into the monopole core.
Thus, although we started with a charge non-conserving
boundary condition, the dvnamics turns the boundary
condition into a charge conserving one, because of the
infinite energy of the dyon in the point monopole limit.

We shall now turn to the evaluation of the Green's
function keeping e2 and o finite, and then consider wvarious
limits. We need to do this only for the integrals (4.31)
and (4.32), with the lower limits of integration replaced by
Y since the other terms are finite in the r0+0 limit and

hence the effect o0f having a finite ry and e2 will be a
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small correction, as long as e2 and ry are small, and ezr/ro

is large. We start with Egs. (3.6) and (4.15) and obtain,

A SO ﬁ,
,.;5 cbsé ds’ d e TR (st 5 v)-K Cs,4 AT .t

N- d_ ‘ .'YL e , ‘ “-‘Z.
- g L(—TE'EE' [ﬁ"( JEUS‘ :f‘v <E]’5‘f;lu) ECLA -(\}—[_3_7_,5 :FVCE-,"SC,;M.)ECLS}

Ly

- énfﬂcwsﬁzca_xJ) £ &g SVEQE G?Céiﬁj) E odg
Na Pz_o

(4-33)

The calculation of the ¢triple integral is rather
complicated but we can reliably extract the terms divergent
in the limit r,+0. [See Appendix A for the details of the
calculation]. We consider the following limits:

1) e? small, ry small, ezr/ro large: In this limit, the term

divergent in the limit ezr/r0+m is given by,

(+20 a2 +0(0)) 1 InTE 4 finlte W 3Y)
aT Hro

where ¢ is defined as,

& v Yo = /10t oY) @-BSj

which shows that the Green's function (4.18) falls off as

l/2+01n2+0(02)

(ro/or) as Ur/r0+m.

2) o=1 (special case)}, r/r0 large: In this case the function
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fv may be expressed in terms of the trigonometric functions
and hence the integral (4.33) may be evaluated exactly. The

result is,

T 2 (. 36)

which corresponds to a suppression factor
PR .
(%./ %) &-37)

We now point cut the following important features of
our result:
1) Note that for a finite rg and ez, the Green's function
{(4.18) 1is always finite, even when n#n', i.e. the fermion
fields in the Green's function carrvy a net total charge.
This, however, does not mean that charge conservation is
violated, since the fermion fields RNi and Ly+ are always
accompanied by an equal and opposite charge at the monopole
core, and hence the net charge carried by all the operators
in the Green's function (4.18) is zero.
2) The Green's function (4.18) is suppressed by a power of
(ro/ezr) in the limit ry>0. This reflects the fact that the
excitation energy of a dyon state 1is large (~e2/r0) and
hence such excitations become more and more difficult in the
r0+0 limit. Note that the suppression factor is present
even for n=n', i.e. even when the net charge carried by the

fermion fields in the Green's function is zero. This may be
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explained as follows. For t#t' the fermion fields
RNn(r',t') and Rén(r,t) create equal and opposite charges at
the monopole core, but at different times and hence we do
not avoid creating a high energy state even for n=n'. We
expect the suppression factor to disappear for t=t'.
(|t-t']<<r0), This is indeed the case, because at ¢t=t',

there is a divergent integral in E,,

N »z 5 (}Lﬂ .) (L’S at at" KC/&'{:),/S“, t,)th-t' Q;"'

which exactly cancels the divergent term in E3 for NN'=+1,
i.e. if n=n', and we get a finite answer. 1In this case we
do not create any net charge at the monopole core at any
time. We create equal and opposite charges at the points r
and r' at time t. In fact definitieons {3.1) and (3.19) give
the same answer for this particular Green's function since
the electric field extends from the point r to r' at time ¢t
in both the cases. More generally, for the calculation of

any charge neutral condensate, we get the same answer,

irrespective of whether we use definitions (3.1) or (3.19)
for the gauge invariant fermion fields.

Next, we turn to the Green's functions of the form:

<a | K:‘L (%,t] Ly (%'t ) 10>

3¢)

= - 7 7 L\,C < /\/,\‘L Efxf {'_J'J‘ﬁ' ('q:)raCﬁf—t}_’Zﬁ;—’icf-k(hé,{'} Ct/S}

Noo exp { 207 (4L (ﬂ,‘ﬁ)—-}g’g{&cglﬁ,gt-{-} dsd1c>  (39)
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We may analyze this in the same way as (4.18), and
obtain an expression similar to {(4.19), with the difference
that n' is replaced by -n' in E,, Ej and the multiplicative
factor nn'uc/2w, but not in E;. We obtain the same
suppression factors as in the previous case, except that in
this case we get a finite answer in the rp*0 limit if t=t’'
and n=-n'. (Rn and Ln carry opposite charge, that is why we
get a finite answer for n=-n' in this case, as opposed to

for n=n' in the previous case).

(B) TWO BODY FERMIONIC GREEN'S FUNCTIONS INVOLVING THE

OPERATORS DEFINED IN EQ. (3.19):

We shall now turn to the Green's functions involving
the fermionic operators defined in Egq. (3.19)., The Green's

function

Ao + A ;
Lol RLT ( A,t) Ehz,cﬁjt‘)l<q> (4.40)

is given by an expression similar to (4.19), with all the

integrals Ig,r' in El' E2 and E3 replaced by the integrals
0

o]
_Ir,r" The result is,
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LU ke enf (F) exp (B, exp(F,) CHCTY
2ir

where,
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The integrals of the form,

e v 4 ~ r~
S § st G A (Kst, 54 )= K (at, s 6 ) hnr coe
% Py . )

G 4)

and,

Saa S &0 3 de Kene, w,e) @)

diverge from the region of large s,s'. We regulate these
divergences by quantizing the system 1in a finite box of
radius R (see Appendix B). Then, in the first integral the
divergence appears as (1/7)1ln(RE) where E=min(l/r,e2/r0), n
the second integral the divergence appears as {1/m)1ln (RY)
where xzmin(r'l,(r')'l,(t-t')'l,ez/ro). If we add the
divergent terms from Ez and E3, we get,
L I Cyqi-t) LR+ forcte (4.50)

T 2
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Thus if n=-n', the term in the exponential diverges to
-x jin the limit R*=, and the Green's function vanishes. On
the other hand, if n=n', i.e. the total charge carried by
the fermion fields in the Green's function is zero, the
divergent terms in the exponent cancel and we get a finite
answer.

The following points are worth mentioning here:
1) The divergences of the integrals (4.48) and (4.49) which
make the charge non-conserving Green's functions wvanish, is
independent of the ry*0 limit, it persists for finite rg. In
fact, the region of integration responsible for the
divergence is R“1<<E<<(r‘)'1,r'1,(t-t')'l,ez/ro, i.e. the
region of small E or large s,s' (Appendix B). This is to bhe
contrasted with the region of integration
(r')“lrr_lr(t-t')_l<<E<<e2/r0, which was responsible for
large contribution to the integral (4.33) (See Appendix A).
2) In the cases of physical interest, where

r_lr(r')—l:(t*t')-1<<32/r0, the £ and X in 1n(RE) and

-1 or (t-t')'l. Howevear if we take the

In{RX) are (r')'l,r
limit e2+0, keeping all cther quantities fixed, then bhoth £
and x are equal to ez/ro and the divergent term is given by
ln(Rez/ro). If we now take e2+0 limit keeping R fixed,

Rez/r0 is no longer a large number and there 1is no

divergence in the integrals (4.48) and (4.49). This shows
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us how to recover the free field limit for e2=0. This is a

consistency check on our calculations, since we know that in
the free field 1limit there exist charge non-conserving
Green's functions which are finite. PFor any finite non-zero

e2, the charge symmetry is restored.

It can easily be checked that the vacuum satisfies the

cluster property, i.e. the Green's function

ol GTa,t+m, & t+T) (5t a4 ) o> 4-51)

where & 1is the operator ﬁ;n(r,t)ﬁNn.(r‘,t') with n'=-n,
vanishes in the T+® limit. The operator€9+€?as a whole is
charge neutral, hence it does not have any 1InR term in the
exponential. But some of the divergent terms in the
exponential have the form 1In(R/T)}, and the logs of T are
left in the exponential after the large lcgs of R cancel.
These 1logs of T are responsible for the vanishing of the
matrix element (4.51) in the T+ limit.

Green's functions of the form EgnENn' may be calculated

in a similar way. We find a non-vanishing answer only for
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(C) OTHER GREEN'S FUNCTIONS:

Other two body Green's functions of the form
<0|§Nn§Nn.|o>, <0|LygnLyy 1027 <O|Ry Ly 40>, and similar
Green's functions involving the fields RNn and LNn' should
vanish identically, since they carry a non-zero fermion
number, which is an exactly conserved quantum number of the
theory. This corresponds to the symmetry ¢+*¢+a in the
bosonized action. In our calculation, these Green's
functions have a net multiplicative factor of py and hence
vanish as u+0. [Although in the definition (3.1) u 1is any
arbitrary mass, we can use the relation
free<0|Nu(eA)|0>free=l only in the p+0 limit. Since in our
calculation we use this result quite often, we must take the
u+0 limit in our final result].

Calculation of Green's functions involving more than
two fermionic fields either in the present model, or in the
model with more than one Dirac doublet of fermions, show the
same general features. The Green's function mav vanish for
two reasons. If it wviolates a charge which is viclated as a
consequence of a continuous global symmetry of the theory,
then we get a net extra factor of uy in the final answer,
which wvanishes in the y+0 limit. On the other hand, if the
Green's function wviclates the conservation of the charge
associated with the unbroken U{l) generator of the gauge

group, then we get a divergent term in the exponential,

which makes the integral vanish. Thus, the charge
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conservation in a monopole-fermion system is a consequence
of the Coulomb interaction term. In fact, if e Iis
identically zero, then we may get a finite answer for a
charge violating Green's function around the monopcle. This
is a reflection of the fact that for e=0, the dyon state is
degenerate with the monopole ground state, and as a result,
the true monopole ground state may be a superposition of
states carrying different electric charges,.

A sample calculation of a four fermion condensate in a
theory with twoe Dirac doublets of fermions (which is the
relevant case for SU(5) GUT} is given in Appendix C. The
condensate is chirality conserving but barvon number
violating. This calculation illustrates the fact that it is
the non-trivial boundary condition at the monopole core,
rather than the BAdler-Bell-Jackiw anomaly, which is
responsible for baryon number viclation in the
monopole-fermion interaction. 8Since the existence of this
condensate does not depend on the existence of anomaly, it
exists even in the presence of arbitrary number of higher

generations of massless fermions.

V. DISCUSSION

In this paper we have calculated various fermionic
Green's functions for a monopole-fermion system. Although
the boundary conditions on the fermion fields are charge

eXxchange ones, 50 that for a finite size monopole, one may
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expect the Green's functions to be charge non-conserving in
general, we have shown that all the Green’s functions obey
the charge conservation law.

The crucial observation made in this paper is that in
order to define a gauge invariant fermion creation operator,
we must also specify the string of electric flux emanating
from the fermion. In the present model, we have two
choices, we may either take the string to extend from the
fermion to the monopole core, or we can take it to extend
from the fermion to infinity. 1In the first case, we create
a gauge invariant operator by creating an equal and opposite
charge at the monopole <c¢ore, together with the fermion,
hence we essentially create a neutral dyon-fermion system.
In the second case we create a gauge invariant operator by
creating an equal and opposite charge at infinity. The
Green's function involving these two types of operators have
drastically different behavior. The fermion creation
operators of the first type create a dyon state of energy
~e2/r0, where ry is the radius of the monopole. As a
result, we shall expect the Green's functions involving
these operators to be suppressed in the limit r0+0. Our
calculation shows that this is indeed the case, these
Green's functions carry factors of order expi(-c ln(ezr/ro))
where ¢ is a constant, irrespective of whether the total
charge carried by the fermion fields is zero or not. On the
other hand, For finite Yy, these Green's functions are

finite, even if the fermion fields involved in these Green's
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function carry a net total charge. This, however, does not
imply non-conservation of charge, since each of these
fermion creation operators is charge neutral. Also, if the
Green's function involves product of two fermion fields of
opposite charge at the same time, then it is finite even in
the ¥p>0 limit, since the fermion creation operators do not
create any charge at the monopole core at any time.

The finiteness of the Green's functions at finite s
only tells us that the ground state of the monopole-fermion
system has a finite probability of making a transition into
a virtual dyon-fermion state, in the same way that the
vacuum of QED has a finite probahility of making a

transition into a virtual e+

e  pair. There is one subtle
point which is worth mentioning here. We know that the
propagator of a free field of mass m falls off as exp(-m|x])
as x*+>, where X is the space-time separation between the two
points. This reflects the fact that when we create a
particle-antiparticle pair, separated by a distance x, we
create a state of energy 2m, and the state must exist at
least for a time x/2, before the particle-antiparticle pair
may annihilate. Thus the action of the solution, which
interpolates between the vacuum and a particle-antiparticle
pair separated by a distance x, 1is of order mx. This
produces the suppression factor of exp(-mx). We have the
same situation here, but instead of producing a
particle-antiparticle pair, we create a fermion at the voint

r, and an equal and opposite charge at the monopole core,
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This state has an energy of order ez/ro, and naively we
would expect an exXponential suppression of the form
exp(—cezr/ro), However, in the region of physial interest,
for which ezr/r0>>l, we only get a suppression factor of the
form exp{-c 1n(e2r/r0)). This is a result of summation of an
infinite number of terms in the perturbation series in e2,
Physically this reflects the fact that even when we create a
fermion at a point r, and an egual and opposite charge at
the monopole core, the system need not be in a state of
energy ez/fo for a time of order r. The monopole core may
release its charge by emitting charged fermions, which then
annihilates the oppositely charged fermion at the point r.
As a result, the suppression factor is much softer,

The Green's functions involving the second class of
fermion creation operators are finite even in the limit of
zero monopole radius, provided the total charge carried by
all the fermion operators in the Green's function is zero.
This is due to the fact that these fermion creation
operators do not create states of large energy. On the
other hand, if in the Green's function the total charge
carried by the fermion operators is not zero, it vanishes
identically, even for finite monopole radius. This shows
that the ground state of the fermion-monopole system does
not have a finite amplitude for transition into a state
containing a neutral core and a set of fermions carrying a
net total charge. This establishes the charge conservation

rule for a monopole~fermion system.
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To calculate the scattering of low energy fermions from
the monopole, both in the initial and the final state the
monopole core must bhe kept charge neutral, Hence the
fermion creation and annihilation operators that one must
use in the calculation are the ones whose electric fields
extend to infinity. As a result, the total charge carried
by the incoming fermions must be equal to the total charge
carried by the outgoing fermions.

Finally, we make a comment on the boundary condition on
the field ¢ at the monopole core. The condition 2'=0 may be

written in terms of the four dimensional field ¥ as,

(Ve Y2 U -0 748 Wl =0 (5.1)

- o

which says that the total chiral current flowing into the
monopole core at any instant of time is zero. This boundary
condition was derived in the absence of the electric field,
in which case the chiral current does not have any anomaly
and is exactly conserved. However, in the presence of the
electric field, the chiral current is no longer conserved
because of the anomaly. The non-conservation of the c¢chiral
charge outside the monopole core is taken care of by the
e2¢2/r2 in the Hamiltonian [9], but the contribution to the
chiral charge non-conservation from inside the monopole core
must be taken care of by changing the boundary condition at
I=rys. Also, when we take into account the effect of the

electric field, the monopcle offers a resistance to the flow
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of a net charge into its core, because of the large energy
associated with the electric field. Again, the effect of
the electric field energy ocutside the core is taken care of
by the e2¢2/r2 term in the Hamiltonian, but its effect
inside the core must be taken care of by modifying the
boundary conditions. Since for e2=0, ¢$'=0 1is the correct
boundary condition, whereas for large e2/r0, we expect a
charge conserving boundary condition =0, a generous

estimate for the modified effective boundary condition is,

F'+(pe/s) = O (5-2)

where B 1is a constant of order unity. This boundary
condition amounts to adding a term (Bez/Ero)cosEro in the
numerator and (Bez/Ero)sinEro in the denominator of
Egq. (4.33). This does not change the results (4.34) or
{({4.35) so0 1long as B is a finite constant and hence all our
results are valid even with the boundary condition (5.2).
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APPENDIX A: EVALUATION OF SOME INTEGRALS

In this appendix, we shall exhibit the details of the
calculation which leads to the Egs. (4.34-4.37) of the text.

The integral we wish to evaluate is of the form,
< A ) . o A o , .
STAE [ ("7 §.cEar)EdsE t VES £ (6,4 4)EdsS
[»] Q’TT-E _;ta “%n
-4 Sim E(R-2,) Ain ECA-%)] (A1)
as given in Eg. (4.33) of the text. Here,

£ CE 5, %) = Ay T, Geh + by T, () @-2)

where x and Xy denote respectively Er and Erg. ay and bv are
determined from the bhoundary c¢ondition (4.8) and the

normalization condition (4.9). {(4.8) gives,

..C.}..l/ Z - ,_E&'__. (\lrfx_c‘ :T.y cxo) ) / Q ( \]r—)zt Jl'v QK r.)) (F‘ . ,3)
b, dx. A Xo
The normalization condition (4.9) is easy to

incorporate at the region of large r,r', where,

JEE T 0 = eos o (2 )T @-4)

giving,

(a; + by 20, by % unT s) =21 (n.5)
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a, and bv may be obtained by solving Egqs. (A.3) and (A.5).

But just from Eg. (A.5) we can see that,

¥
ta,l, 1b,l € (= sn?To) “ o (A-¢)

since it describes an ellipse.

The integral (A.l), with the co-efficients a,r bv given
above, 1is too complicated to evaluate exactly. But as we
shall show, we may reliably compute the leading contribution
for small rn. The following cases have been examined:

Case (a}: o<«<l1, cr/r0>>1

Case (b): 0 takes special value=l, r/r0>>l

Hereafter we shall concentrate on the case (a), which
is of most interest. Calculations for the case (b} can be
done in a similar way. We shall briefly comment on it
later.

First we need to study the behaviour of the
co-efficients av(xo) and b, (x,) for various Xgt
(1) X4<<1: We may use the expression for the Bessel

functions near the origin. Then we find, from (A.3),

g,_,_) _ 221} M) 5 x;l-zr}" (gy)
b, 2-0/v P \-v)

(ii) x0>>l: In this region we may use the asymptotic form

(A.4) for the Bessel functions, giving us:
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A,/ b, = AAn (X + o"‘rr/z) /OC'S (Xo =~ FTT/2) (A. z?)

(iii) General Xg3 For any general Xq» We may make small ©

approximation to evaluate the right hand side of (A.3). In
this approximation we expand the Bessel's function Jtv about
the point v=1/2 in a power series in og(Zv=-1/2) and keep

only terms up to the first power of 0. We use the equations:

T J,,, (€)= sum P+ Co(2¢)8inf - Se(2p) Cos@]

7] T
oy oo
TE J .., () cog@ - 01 Co(ef)cmy + 5726 Aunlf |
-—2- —U—’/g’ (ng
to obtain,
Qy o AU AT (CSX/X, + 52X, s X, - Ce(ZX) Adn X, ) +0 ()

By 83 X 4 g (chn X/, ko (20) s Xy + SLC2RL) A InX) 000

Qq4cﬂ
Here Ci and Si are the cosine and the sine inteqgral

functions, defined by,

- K
Ci(x) = Ye ¥ dnx + | CUSJ:-‘ Ak

o

& .
S, (%) = § fst\“: dk Ve = Sulers constant

GCHED

Using the small and large x behavior of the Ci and the

S8i functions,
Coix) ~ nx +¥e a4 x-—»0

NO/X_F b WK —p OO
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Si(x) ~¥X @5 x+Q

~T o+ T/ X an Xeww

(A z)

where p is a positive constant and c¢,8 are constants, we can
verify that we get back (A.7) and (A.8) from (A.10} in the
appropriate limits.

We now proceed to evaluate the integral (A.l). To do
this, we divide the whole integration region over E into
different regions and evaluate the contribution from each
region separately.

(i) O<E<a/r, where a is a small but fixed number: In this

region, Er and Er,; are both small. We may evaluate a, and

v
bv from Egqs. (A.5) and (A.7), which gives av=/§n, buzo.

Jv(Es) may be obtained by using the small Es approximation,

which gives,

(T 7@ =T (3)7 ¢V ro) (o3}

leading to,
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I, = J-T_( dE [ffxf_gfy(E/S%)PdAfff(Fxs e 80 € ds'

- 4 Ain E(A-5,) ASin E(ﬁz’v‘éq)]

oo X7 (AT
(2) (r'-n(qu) ()j+’/2)3 ( )

- _Tlff %_L)_}, A (q‘(%-ﬁ’)/&}-ﬁﬁﬂ_g&zﬁzh (A (AR g;,b)/x?)j Qq.f%)

which is finite in the limit rO*O.

(i1) a/r<E<eo/ry: 1In this region Ery/0 is small, Er is of
order unity or larger. Thus we can still use Eq. (A.7) for
evaluating a, and b, which gives av=ffﬁ, b,=0. In
evaluating the integral over YES Ju(ES), we use the small o

expansion (A.9) for Jv’ which gives,

¢ dz [TF 38
X, N2

= (Cop X, - X))+ T T Co(X) = osx Co (2x) —simx (S (2x)-T/%)

-3 Al - Colx) + Coyw, Ci CEXe) 4 Adam X S—L‘(zzc)} 4—0(0‘2)

Qq_ts

Thus,

/s,
Izzf dE [){%Sﬂq‘»(&&ﬁz)_&n}{gﬁﬁﬁcﬁa%)

X4 QFTE

e

Eds § -4 Ain E(E-%) Ain € (A 5.)]
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= L 5 e .(i._EE P (eex, - cosx ) (s X - Cosx’) + O U Ces - wesx,)
™ o«
/7

fC’z (x') ~Cr (X)) = Coyx” Ci(2X ) ~Arnx’ ST (2% )+ Csx, Cr(2x,)

tAInx, Sacex) §+ (xee %) ] 40T = i (0 xe ) A (Xx4) §

@16)
We can further simplify this integral by using small X

formulae given in (A.12). Then we obtain,

o/ %,

I,> 1 ¢ de {Q-u:s)c)Cfv(;asm’)~/si/n')<,sL-hx’}
Tr«%& =
g VI
.;.(CS"/,T) f de L mx’) { Coa(X)~ s x G (2x)~Aunx (‘smy-'g)
L E |
) AinX +n2)5 + 3 xee X § +0(T?)] GRNS

In the second integral in (A.17}, the terms with Ci(x),
Ci(2x) and (Si(x)-n/2) give only a finite contribution,
since they provide sufficient damping. The rest of the

integral can be done with the formulae:

b
S (C:cs Ea /) dE = Gy (baj- Cilas)
5}

§ (samEnJE) AE = St (br) =S¢ (ax) GHES

A

and then wusing the asymptotic behavior of the Ci and Si

functions given in Eqg. (A.12). Then we get:
- : g~ rude !
]_"2 - :I__Lr (14 2o JZmZ) lZﬁ\ Ef + j—tm"f;& QQ-I‘E})

(iii) ac/roiEiBU/ro, B is a large but fixed number: In this
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region Er4y.0,Er>>1. Thus a,, and b, are both of order unity.

We may use Eg. (A.l10) to find a_ and bu and Eqgq. (A.l5) to

v
evaluate the integral fgo/Eng(Es)Eds. Using the fact that
Er0 is small, and Er is 1large, and wusing the asymptotic
behavior of the Ci and the 8i functions from Eg. (A.l2), we
get,

X L _ |
:é (LzJ%g‘J;Qe):(pwmxx)+tr(&n2~.gﬁ6qu)

x
Z /17 - X — T e L2
x§ d (_nz_f J,(28) T Arnm 2 G-t ) @-ze)
Then, since a,, and bv are bounded from above by V/2m,
- /R, S .
T; = _L gﬁ toAE U7 (CVEs £CE 5 A) EdsS
9T = %
K/ b

’

;?r-—'—-—-—— » i < ' \ . g
§ 0 JEs £,(6 4 1) EAL" §- G tinm ECA-A] Sum E(A%5,) (n-21)

L

is bounded by,
I, € ™M § de/E = M -f-"*;g- (A-22)

where M is a finite positive number.

(iv) Bo/r0<<E<<a/r0: In this range 0<<xy<<l,x>>1. The ratio

a\,/b\J may be determined from Eq. (A.1l0). Using the limiting

behavior of the Ci and the Si functions, we get,

Ly = tan X, + S/% + O (T I ) +G (53 n-23)
b,

where O(U.lnxo) term contains terms proportional to 0-1lnx,,

and less singular terms in the small X5 limit. Using the

normalization condition (A.5), we get,
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Ay = J2T (B K+ /5, ) + OCT Lnx.) + C(2) @-2y)
b, = {777 <wsx, + 0(F) (A-25)

where in the second term of the above equation the 0(0) term
does not have a U/XO term. We shall now show that the d/xo

term in a,, gives a finite contribution to,

x/%,

R K
I, = d~E Y ( £, E 5 i - ’ i
E 28 € () fan) B e ) (f focesin)
JE4 € dw') =4 &inm E(A-A) AnECR-2.]% @.p_g)

To see this, first note that fgo#EsJiv(ES)Eds is

hounded from above by a finite number, so that 14 is bounded

by,
a4, ) 5 _ ,
dE (Coal +Gb, +CG 1o b,l) @& 27)
LT/A, E
where the C,'s are finite positive constants. Thus the
contribution to I, from the 0/x; term in a, is bounded by,
Ko
cof L dE - (g -) @-2¢]
Bﬂ'/}}c E%. & T§ o«

which 1is finite since B~! and o/ are both small numbers.

Hence we may keep only the zeroth order terms in the

expansion of a, and bv as a power series in og. Using

Eq. (A.20), we get,



~-54- FERMILAB-Pub~83/58-THY

X Ry

1§ AEL { sumx, C1-nx) ¥ T sin Ko (An2- I 4am )
T P[T/?(" (=2 <

I =
+ o, srmx - T ams e (- s x) $ Ox oo x'§

- A (X -X%) Aln (X=Xo) 4+ fracte @ 29j

Again the 0{o) term is bounded by,

Ve
cs§  AE/E n Co Qn (K/por) @59
F’(’r/%c ‘

and can be ignored. The result is,

</ho ‘ ‘ o
I, = L ,( f/ﬁ'&"ﬂ Ko Aim (X-Xo) 451 X, A o (XX
a7
(/2
+sunix ] AE 4 fendde @-31)

These integrals may be expressed in terms of the sine
and the cosine integral functions and may be shown to be
finite in the ry*0 or 0*0 limit.

(v} a/ry<E<B/rg: In this interval x3~1,x>>1. The analysis of
the integral in this interval is similar to that for I3. We
can bound the modulus of the integrand by a finite number,
and show that the inteqral gives at most a finite
contribution of order (B/a).

(vi) B/ry<E<®: In this region x45>>1,%>>1. Thus, we may use
Egq. (A.8) for the ratio a\)/b\J and also the asymptotic form

(A.4) for Jiv(ES)' getting,
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JE 4 f; CE, A ko) = Cos BE (A-2,) (;3,.32)

As a result the integrand in (A.l) vanishes identically
in this region and hence the contribution to the integral
also vanishes.

Thus we see that in the rO*O limit, the expression
(A.l) diverges as,

L I+ 20 En2 + 0(o?)) L T% 4 finite (R-33)
= =

o

the finite part does not contain any lno term, so that the o
dependence for the leading term is indeed as exhibited.

We now briefly comment on the case (b). In this case
we can utilize the fact that the Bessel functions of half
integer order can be written in terms of sines and cosines,

in particular,

J I Jy, C0) = -’Eéﬁ‘?_cms(> (A-34)

zyj J:@ECP) = - %?f-—éihé} Ug;35)

Using these equations we can £ind out the leading

divergent part in the integral (A.l). This is given by,

i< g (A ‘N =2
C _.) (A-3¢)
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APPENDIX B: QUANTIZATION IN A FINITE BOX

In this appendix, we discuss the gquantization of a
boson field & in a radial box of inner radius Ty and outer
radius R, satisfying the boundary condition
¢'fr=r =¢'|r=R=0. First, let us assume that the field &

0
satisfies the free field equations of motion. Then we may

expand it as,

=0 . _{E L qz.Eﬁ”’f )
Plrt)-T 5 . 1 (alk]€ + (k)€
Row=r 21T %E;ET@
- =)

2 oo k(AR = ‘?5;] + <Dy (B 1)
with,

k. = Nt/ (R-Ae) ®-2)

=N T (8.3)

Jis being an infinitesimal mass of the ¢ field. &, as given

in (B.l), satisfies the equation,

4
¢ FY ) da-o (&-v)
P

since sinkn(R—r0)=0. A similar equation is satisfied by any
time derivative of ﬁéi). This implies that in the free field
limit, the gauge invariant fermion operators of type 1II,
defined in Eq. (3.19), are identical to the gauge invariant
fermion operators of type I, defined in Eg. (3.1l). This can

be easily seen if we ignore the normal ordering in

Egs. {(3.1l) and (3.19), but this is also true for the normal

ordered operators, as can be shown by using Eg. (3.5).
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Another way of showing this is to note that the Green's

function,

R Cat 't =1 $90at), Y aid]]

o ‘ , et
- TS G o3 ky (A-k,) Cms R, (RA) € 5.5}
R »=v 7 e -
satisfies,
R ~ R N
&5 ds A, (zs,t,fa,‘c’) = f ds’ &, Ca,t, 47 t') =0 (B.e)
o "zb

for all values of r, t and t'. Hence any time derivative of

fﬁods is also zero. In particular,

R - R ~ PR
§ ds e A, (At a'x] = $ ds’ d R,y (ak, s )0  (E7)
A, #y

and,

R R
ﬁug dus FIS dA’ at B‘t»' AAC, (At ,’S""t') = C (B-'g)

Thus in the free field case the fermionic Green's function
involving the fields ﬁNi' iN: are identical to those
involving the fields RNi' Ly+r 8ince the former may be
obtained by replacing the integrals fgo by -f? in expression
{3.12). Since we know that the Green's function involving
the fields RN:' Ly+ correctly reproduces the free fermion
propagator, so does the Green's functions involving the

fields Ry,, Lys-
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Let us now turn to the case of interacting fields,

where, by interacting fields, we mean that the field ¢

satisfies the equation:

-~ P H(e/em2aY) F =0 B.9)
The field ¢ may then be expanded as,
. 20 ~1E b L X
F(at) =T = o 1 (aw) e ™y de) @5
R na 2 J2E,
JE. & £, (E, &, 7., R) & 10)
where,
§LCE, A, A, R) = Gy TL(E, %) + b, T, (E.4] &.11)
N
5-12)

o= LA
<” |6ﬁi)

a,r b, are determined from the boundary conditions and the
normalization condition:
dr(ex (& TLC(Ex) +b, I, (E,,?a))]hh =c (813
A%k ¥

= O (B.1y)

d [ (Ex (a T, i) +b, T mr))], o

Jo.- =

%
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and

Pl

o

The ratio av/bv may be determined in various limits in
the same way as in Appendix A. Hence we can directly use
the results of Eqs. (A.7), (A.8) and (A.10) in our

calculation. We shall evaluate the integral,

-E K ~ ‘
T %5 dvs ﬁf ds’ e Qv LR (st 414 ) - Dolat At )]
R .
= T 5 1§ (da B, 65 £ (6 5 A, RIS
R wo 47 E. A&

(e, (U

s

U5 ds' B (B4 £ (6, 4 2 RIT €

o _lg__h(x:l({__,trj

S (250m €Ak ) (2 akn B (A2 ] 2
~nEy QTT F}‘\GJ

-

i
K
The right hand side of Eg. (B.16) may be analyzed in

the same way as the integral (A.l1). 1In this case,
however, we shall simplify our calculation by keeping only
the leading divergent terms in the exponent, 1i.e. by
ignoring all divergent terms of order e2 or higher. Then,
after we evaluate a, and b\J by using the appropriate
equations (Eq. (A.7), (A.8) or (A.10)), we may replace

§7Ca, T, cen) + b, T, CEA)) Eun da -RAT (85

B 16}
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Jtv(ES) by Jtl/z{Es) in evaluating the integral
f/ﬁéfu(Es)Eds, since these integrals are smooth functions of

o=v-1/2 at 0=0. Thus we may write,

£, CE, A A R) X (R Kin Ens +b. tos B4 ) [2 .17)

Combining the results (A.7), (A.8), (A.l10), (A.5) and

(B.17), we get,

JEns § (E, 5, Ao, K] # 2 Cos B (A-%.) fa E.5. >>0

22 450 €A for E, &, <<o<t
Q@.lgﬂ

En is determined from the boundary condition (B.14).

Thus,
E. = h-4) T/R for. B A, << T
= NI /R A E, . >> 0 (B 19)

Hence we are led to,

R

_S \{P—ET;TS ;Fy (_E',\,/S) .Fto’ﬁ) E-nd/S = E.‘ 2 ooy B, % -fmr €, &, <<a< |
8 (g
= - R 7 4in Fh(ﬁn&cﬁgﬁh EL A, 220
nIT



-61- FERMILAB-Pub-83/58~THY

If we now examine the right hand side of Eg. (B.18), we
see that for Enr0>>0,Eéo)ro>>G, the contribution to the sum,
coming from the E and the EO terms cancel. Contribution
from the region Enr0~o may be bounded from above by a finite

constant, exactly as we did in Appendix A, Thus, we are

left with the contribution,

/4. ) R/T ceneb i (et
L R Ces ©oE)TA ezl @ TR
R n=t n-511T R R
DRy MEUA) o, (A Ae) T & & 21
N K [ =4

where o is a small but fiﬁite number.

We are interested only in the divergent part of the
integral. Since each individual term is finite, the only
divergence in the R+ limit may come from a sum over
infinite number of terms. Hence we may focus our attention
on the region of large n. For large n and small r/R, r'/R,
we may replace (n-1/2) by n everywhere in the first term
inside { }. Also, in the region of summation nﬁrO/R is a
small number and hence we may drop these terms from the

second term inside { }. The result is, then,
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(/%) R/IT —anTT(4-t) /R
&

e

no

T L = '

If we define,

S = mmax (lt“th‘ﬁ45: ﬁﬁfﬁd Q?QH3)

then (B.22) may be decomposed as,

“ E/e

_t Z e —inT(t VR AL (A + /“L_J
TT e "‘\{—\‘ —__.M_—E-_w’
Eao/s)RIT T V4
- (L J/R . . 27 ‘
+ 2 5 1o o '_‘,Eg‘,i’é.,’ &.2Y)

ne ARG M

The second term in the above expression 1is finite,
since for n2r/0, at least one of the terms e iN"(E"t')/R of
cosnm{r+r') /R begins to oscillate, thus guaranteeing the
convergence o©f the sum. In the first term, on the other
hand, we may replace both the terms e~inT(t=t") /R 5p4

cosnm{r+r')/R by unity and the sum diverges in the R+x

limit, giving us,

2 2 R/0) + finite ® 25)
7

We should remind the reader that in ocur calculation we
have kept only the leading divergent terms 1in the
exponential, as a result we might have lost the divergent
terms of the form ezlnR. Such terms may be calculated by

going through a detailed analysis of the integral, as

in Appendix A,
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The integral,

B ~
L § da e A(sk, %) & 2¢)
T g

may be analyzed in a similar way and may be shown to be
finite. Thus the divergent terms in the exponent of (4.41)
come from the divergences in Ez and £3. The divergence in 52
is due to the integral (4.49) of the text, and that of EB is
from the integral (4.48) and a similar integral with (r,t)

replaced by (r',t'). As a result, the net leading divergent

term in the exponent of (4.41l) is given by,

T L (77-1) &R G
I = G- @.27)

APPENDIX C: FOUR BODY CHIRALITY CONSERVING CONDENSATE

In this appendix, we shall describe a sample
calculation of four fermion condensates in SU(5) grand
unified theory with one generation of gquarks and leptons.
We shall €focus on chirality preserving ones, since this
discussion lucidly illustrates that the Adler-Bell-Jackiw
anomaly 1is not the primary cause of the baryon number
violation.

As has been repeatedly discussed, the four SU(2) Weyl

doublets which are relevant in the above setting are
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v (5., Yoo = (%), ©-1)

For each of these doublets, we need a corresponding
boson operator. The following linear combinations of them
completely decouple dynamically:

L2 2y )

F=L C@Y- Pl P -l

(4]

P oL@y - - el e gl

<.

[4F] (2} y(2) J

- B}
P2 P+ P+ P v ¥
1 NG 4} (2} czl "

;s "ETC Te + P, - P - G ) GL-Z)
White ¢i(i=l,2,3) remain free fields with infinitesimal mass
¥, ¢ is the combination which acquires r dependent mass due
to the Coulomb interaction.

Let us consider the following operator which preserves
both the charge and the chirality (but violates baryon

number) :

Al

S (a, b, o, b} = G/_(" vy (atby®) T, w¢

X Y v (a4’ ) T (€ 3)

where a,b,a',b' are constants and T, are the charge raising
and lowering Pauli matrices. Expressed in terms of

components, this operator reduces to,
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d, yFa+ry®) e Tyt (a+eyT) uf c-4)

which is a baryon number violating, but charge and chirality

conserving condensate. (A similar operator without T

suffers from short distance singqularities and will not lead
to an unambigucus finite answer). Expanding the fermi
fields as in Eq. (2.1}, we get,

) <ollirsb) ROT g

<Ol & Ca, b, o b')I0> = (=
Lr’l]ﬂ(

-(@-b) LU L T D) R RY C@ e Lt 9T e

+ +

AR (e.5)

-l..

where we have used orthogonality property N4

n;=0. The Fierz

identity for the Pauli matrices gives

t t . )

7- 92 % W o Lo=2 (¢ €)
Now we evaluate the four-body condensates appearing in

the above expression. Consider for example

<0]R£1)+Ril)Ri2)+R£?¢2 Substituting the bosonized formula

(3.1) (since we are evaluating charge neutral condensate,

definitions (3.1l) and {(3.19) give the same answer}), and
using the rules for combining normal ordered exponentials,

we get, after simple calculations,
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* .
-2l @ @, ds

! 2 2 N . 2y < - -
ColRYTRY kTR I (VL ) <ol € 1>

(c-7)

The fact that this expression does not involve f&ds or
¢ in the exponent is a manifestation of the fact that we are
dealing with an operator which does not carry either charge
or chirality. As stated before, ¢l and ¢3 remain free
fields, so the expression <0|Nu( )|0> in Eg. (C.7) is simply
unity. Other condensates can be evaluated in a similar

manner. Putting them all together, we obtain,

. i) (z)

—_— . - “""" . N 7 ' 5 .~ ‘-.
ol ¢ yRlasbr®) Ty W WE (e TLw e
.. 8 o oad (c-8)
=T )t &S
Notice that the axial vector parts 4o not contribute. This

is a consequence of a discrete symmetry: It can be easily
checked that the Lagrangian of the system and the boundary

conditions are invariant under the transformation
. (A - .(zs}'f
Year & = Cap €, k+iﬁj
C M) {4 ,
WiT e e € Wen (©9)
for both s=1 and s=2 separately. Under this symmetry

operation, the axial vector currents change sign while the

vector currents do not.
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In this example, it is clearly the boundary condition
which 1is responsible for the baryon number violation, while
the anomaly is completely irrelevant. As a result, such
four body condensates exist even in the presence of higher
generation massless fermions, as opposed to the chirality
violating condensates, in which the total number of fields
in the condensate must be equal to the number of Weyl

multiplets.
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FOOTNOTES
Flrhese boundary conditions are valid only for those modes
of excitation for which the energy of excitation (E) is

1,

small compared to the inverse radius of the monopole (ro-
Since in our calculation most of the important contribution
comes from such modes, this is a consistent approximation.
For a detailed study of how the boundary conditions change
when Eroil, see Ref. 5,

F2at  this point, the necessity of working with gauge
invariant fermion operators becomes clear. If we work with
the bare fermion fields R and L, the point splitting method
of Ref. 14 would have given us the current W(x+€)yu¢(x), and
not the gauge invariant current $(x+a)yuexp6i%fgfdx)w(x).

This is automatically taken care of by working with the

gauge invariant fermion fields RN' Lys OF EN' EN'
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