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I. nmROD”CTION 

There is an assumed duality bet”ee” the observed (bound state) Eros* 

section for e+e- *(confined G system1 * tadrons an* the (free) cross Sectim! 

for e*e- *(free q; pair) calculated in prr.turbati”e c!m: if both cross .ections 

are appropriately averaged OYer enert?Y, the aYerageS arc approximately equal. 

.!A bound) z ‘u2”1,,.’ * (1) 

“here u is the tatal energy Of the e+e- pair. This ‘iuklity has bee” usen 

erteniiively in the llnalys*s or heavy llwxk data. 

Until recently, the duality relation hiId been demunstrated to hold only 

in the “O”relatiYiStiC ce.se, and then only in the mm Rppr”limari”nl “r 

in ownerical calculations in speciiic potential dels.2 me corrections to 

the relation were not k”Own. In tuo earlier pepers. Ye gP.ve pmors or rwn- 

relativistic duality for the single channel3 illlrl ci>oplcci chmw14 problea:;, 

and investigate,3 the corrections to Eq. (,I. (Tile corrections vrre als$ in- 

“esti @Lte,1 by Pasr,puf,,y artxi sine 5 : 1usiug an extension or t,,e Jhw! “pp”xlma- 

Ci”“.) we sI ,,,., eq”e”,.ly extended the J”KB p”‘“f “f iilL:; ity to the re,utivistic 

Bethc-Selpcter ,,r”blem aml invrstigate,, the rrlati”i:;:iu~nu,lr‘~lilf.i”istic con- 

“ecLio” in detail. 6 

Our mvth,,,l of p’ooc ‘Jr the r,“,,r~,3l,i”istir ri’z-3:;‘:; *jl.i busl+l on a shit- 

time expwsi”,, c>f the Fey,mlar, prUi’BgaLion furlction an3 rcqol,-cd. Rri presc.;tl.d 

in Ret-;. 3 and 4, that the q; pore,ltini be am,ytic in r2 at the space ,>rigi;,. 

Ye have since exlrnded our re5ults to ge”erai pot.e”tial~i, and hB”-? uned them 

to i”“c:it.i(g,t,~ ,.h,> cXtc:“L to “,,iCh the shirna”-v~~“.ht.Y.-Znkhnrov7 (SVZ, 

protriL7: OF ~,t.L,.v;li”ing bound stat.e paremeters !-ram perturbntiun th‘:lJrY 



%ound = h13 +p-* L 11,,(0)12 a(E-e”s) . (2) 
n 

K(;‘,;,t, = ,f, *nhn(T9 e--ntt *;J) . (3) 
I* K(r’,:,E) = 1-z eiEt KG’,:.tl 

(4) 

= 2s .I, *n,G*, *~emGl 6(E-E”tl 

since only s st.ates cuntribritr to ?( r-or :o = ; = 0, tllc CT”55 SeCtion in 

Bq. (2, is simply pra,mrtionol to ?aO,O.E), 
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cr-059 sections OYer a range Of energies by co”vol”ti”g b? m via a smcoth 

IunCtion f(E’-El,‘” ana use QS. (5) and (6) and the convolution theorem 

ror Fourier transfom to write the reS”lt* in terms Of K(0,O.t). 

<& z ( dE’ r(E’-ElU*o(E’l 

(101 

(Ibound = 1a 2 * 2 -2 w-2 ;(O.O.E). 0 eqms 

simi:ar results hdd roar the free cross section, 

orreer = 671 a%‘, Y U’l~,(011~ 

= lrn * 2 2 -* u-2 ;p,El , a rQ mq 

5 

(5) 

(6) 

= 1& a,‘,-2 9’1 L *t ~(tlK(o.a.tl.‘~ : 

0. Short-time pert,,rbati”r, expansion 

In Ref. ), ye rslimatec, the COrreCtionS to the drlvlity relation by using 

the operator expression Ear the full propagator KG’.T,tl. 

KC:’ ,;*t) = e-id’)t 6(:,-p) , (111 
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e the integral equation io Eq. (9) directw. and solve ior K w 

eration. This gives the Born series 

n~o,o,t] = Ko(o.o.tl l p~o.o,tl + K2(0.0.tl + . . (12) 

ith 

nm(o.o,t, = c-i,” J; e.,, J; dt,,.--J;dtl J +...J d3r, (13) 

It is straightfolwrd to perrorm the time integratfons in Eq. (131 rt 

,rrsi”ely using the explicit Porn aE K, in Eq. (71 and the identity 
12 

e rind that 

Knfo,,,,t) i (inc~;;l~3’? c- 2~ J A/J a3rl vcrn)...v(rl) 

(15) 

r +r +...*r21+rl 
x _n._!!.n:~i..~~--~ ~~~ e 

-m (r +r 9 II “,“.l+...+rl)*/4(it+~l. 

‘“rn,n-,~~~‘21’1 

Kn(O,O.tl = +&)]3’* [- >I” r, dm... J-& “(r”l...Y(rll 

x I’;“‘“-’ 
r2+rl 

Irn-rnJdr- . . .J,~~~‘l,~ri~~~~+~~~~~t...;~~~~m~~r~+r”.~-i*~~~+r~1Z’4~it+~~. 

(161 

equation (16) gives Kn(o,o,tl as a weighted average of YCrnl...V(rll 

over the region with the ri and ri i-l : (t/q IL? , i=1,...n. (This is the 

<u%bound> = m2 a2 e’, rap* J- dt eim ~(t)IK~(o.o,tl+xl~o,o,t)t...l 

(171 

= 2” free) + 12n2 m2 e; lq [dt elm ;w~m,O,tl+... 



c. Perturbation series l-or pouer-le.” potentials 

General paver-la” putentials OP the fox-m 

f 

“mar 
“lr, = ” dV PC”1 (da,” , -2 ( u (181 0 LOLlI * 

Kn(O.O,tl = 2”++(it+clvo)” [G&T) 3’2 

x / avn ocvn~...J a1 p(vl) (y)“2’“~+--+w~’ 
(191 

x i, en 2 ... ( al 2 ,;;;l,-n,n-r. J;;:,,s 

-(X~+Xn*n-l+...+xl12 
x (xn+xn nFl+...+‘1l e 

K”lO,O,tl/KolO,O,tl - t 
“ll+!,-Jmi”l 

(201 

I" the case or a single puvrr. Y = V"Wd~, K(O.O,t)/KOb,O,Ll is given by 
l,!,pJ a power 5eries 1" t . From Eg. (191, ve can identify the "th term 

in the series for K vim the "th poorer Of t"wq~l, "here wmql~* is 

the ctmracteristic distance discussed after EIL. (1G). 

It is stmiilhtf"r"ard to calculate 5 and K2 for the general potentin 

in Eq. (La). A simple CslCdatio" l-or 5 give3 

Kl(O.O.tl = -Ko~O,O,t)lit+~~V~ ,d”&l[~$~‘* r(l+ 2). (211 



11 

The calculatiun t-or K2 involves R triple intte~*tion on the spatial u&r- 

ablcs. IntegraLinq first “” Xzl, M rind thd 

MVlfV*) 
K2(0,0,t) = Ko(o,o.t) 4~lit+dvo)~ jdu2 d”*)/dvl Dl”l)q!yy 

x rti* (aI x2 ql p _ yq . r2*) 

“here X) is the grrat.er “f Il,X2’ The remaining integrals caL0 bc evaluated 

i” terms Of gasma and beta f’mctio”S*vith the result 

KJ0,o.t) = %a(O,O.t~~(‘t+EIYo) 2 /dY2 P(V21 dV P(U 1 y I 1 1 ,, a ,pw 

(23) 

I $ r ii + q [Lrer _ “y:;,‘;::;” ] 

u/2 
Kl(O,O.ti = -Ku(O.O,tl(it+c)VO % 

I 1 
rr1+ z, , (24) 

Oqa 

K;,~:l,cl;., = xO(o,I.~)((il+L~VO+ 
,I 

EfS 2)” [A r(“+,) ~~~~~ _ L~%‘I)~ ’ mqa 2r(a’*z)J 
(25) 

rrL31 i -2 
[ 
m _ 4r~Y+l)r(2v+21 

l3v+L)l3v+3) U3v+3) (v+1)r(3v+3) 

+L +I p 3w3, 1. 1 
c”+l)* rhrt2)2 3 * 1 ~11 2v+3. a+3 11 * 

(26) 

where 3F*(.l is a generalized hypergeometrie function 

(27) 

in a&‘eemrr>t “ith the expmsion OE the exact result l-or u=2 12 

nlo,a,r) = bqo/bai sin Wt) 3/z (28) 
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T-tie erp3Aiion 07 K(o,o.t)laobl,o,t) converges in this case ior lL’t[ < 1. 

It could slso be obthined as in Per-. 3 “Sin4 the Yigler-Kirkuood expansion. 11 

14 
KCoulrO.O,t) = r~)3’Z[1+IUC12m~(ir+c)l”*+ $*a2 mq(iLw+... 1 r3l1 

“3 K, p.o.ri = idnj;t;;-jP’* ,, 
i 

I f ~(it+~)“~[u-e”~~it+~~l~~~~~l 

(30) 
2 

+ +((ir+r)“o)’ llu.p”((itr~)/m,~la2)12 + %- 81 + ... 

I 

This result agrees via the expamion of the exact coulomb propagator 

1 
derived in the opprndix, 

.I ’ k K,,tira.o,t) = (i;;(it+F)) 3/z. 46 y L ($+ (ittF)p’2 * 
n=o re=% (321 

2 
(29) 

“here c(n) i5 the iiicmiinn zeta !-unction 

<E(E)> i /jt c=t ;(L, Ko(O,O,t) [ 1 -(it+E)Yo(~~*F rc1+ ;, + 
mqa 1 
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f(E’.E) = e(e’-Eje-~(E’-E), T > 0, (341 

at1 = & (351 

“” 
Yi’.h LkiS choice Of f. ‘K(E)> is propotiiooal to the Evclidea” or i-gin-T 

r.ia propqaLur far the s4 SY”tem, 

4(E)> = m 1 1*&112 e 
-QEh 

n 

= a eLyKro.o,-irl (36) 

<L,I,-?,,=;;.$’ ‘1 ir’ ( 1~ )ulr [.(,* ;, 
1 ” mc2 (37) 

+ (ivo)‘(~~~ .‘l”r~vr1) I ;$ ~f(~y+q) 
=,/j’ 

-f_] + _. ] 



<2(E)> i 2T.“(+“2 L 
I 1 r 1 5 

I +” ,,mqT)2+ ; n22mqTZ- $T/mq)* I& ].lbYAaT ) ( 
4nr ‘I 

(41) z = ‘KcoillW [,- ?,~, ,,,“,i~ t, ,z + +mr* + A], 



19 

duality relation., !4e illustrated the short-time nature or the duality 

reiatim in detail lor the CLLBC "r (simple or multiple1 pouer-lav 

potr"rieis, in'3 prrscrltrd R number or examplrs. "e empllasizc the important 

c"nc,asiun that duality hil1dS a5 ":;"n,ly applied if the smearing function 

usea in the energy uiYrrc+Aing is sufficiently broe4 and sm00th, so that the 

conjugate time variable is imnll, .rnd that the Cc'rreCtiUOs are calculable 

ror u given model OP the I"teractinr,. 

APPPMDIX 

results for the linear and Coulomb propagator are to c’ur k”“vlrdge “e” 

Harmonic oscillator patentid 

The exact pr”p”B*tOr for the OSCillBhx potential v(r) = + mp 

is well knov”~~ iliid &L”CS 

were 

CL 
= mi; [-;“) 1 _~~ n q 1 

“I...“1 (ill 1 n1!(5!) 
-5 “e 

n;....((29+1)!) “@! 

yt. +“L= m 
ni+2n2+. .+PnL=l (A.31 
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Eiplicitly. 

K(O,O..iT) = (&)3’2 L - $0712 480 + = (m)’ - -.,+ 120960 
(A.!41 

+ 1935360 
x (a)* - $g&jtdlo +...I 

!.inee.r pteotisl 

The bound stete energies for am s-state ss PaiF confined 14 the three- 

dimensional linear potential v(r) = br are given by 

Es = b2/mqP a (A.5) 0 

rtlrre a” is the nttl zero “f the Airy rulction. 

Ai-anl = 0. n=1.2 ,... (a.6) 

‘“tie s,,,mrr “1 tile b”U”d stnic //zI”C clnctian a‘ the origin is inde,““d.‘“t Of 

20 
“. 

l*“,lol12 = s (A.7) 

The SrRct Euclidean p”‘p.“~h”“r ror the linear potential is t,wrerorc given 

bY 
X(0,0,-ir) = 1 l*tim12 e 

-E*T 
” 

= sx e 
dg)iT 

U” 

1 = (b%q) l/3 . 
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ue can easily Convert the sum in Eq. (A.81 into a CO”tour integral 

K(O,O,-irl = F & 1 da e-b g 
c 

L4.10) 

*itz) z fi z-1’4 exp(- 2 2’2) 1 
(d r(3k + $1 

2 3 t=O r(k+ $)r(k+1)(36~~‘~)~ ’ 
lA.11) 

Iawl < ” . 

to e*c*ate the Lognrlthmic dcri”atiYe io ELI. (A.10) on the contoll=. and 

find that 

$ ai = (.i1)1/2 - $; - --I~- + ZL. --110- + _,_ , 
32(-ml5’* 2048(-mP’” 

(A.91 

lard-all < n lA.12) 

& p” e-=*l = - J@ (A.13) 
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Ttle result is the desired rxpnnaiun of t4e Euclidean propsgator for the 

linear potential, 

K(O.0..ir) = +p b - $ fahiP’2 + & (iTI - 4 &(irP2 

+ s Ii,)6 - . ..I IA.141 

CuLllomb uutcntia, 

n(o.o.-ir) = J; ,,i: ,o(i:)~c,(o)~” ~-ET + r3;~+,:;co)/2 LEnr lR.15) 

HCrC d(E) = my Plli”2 is tklr. u:;unl arnsity or staks, Iqol is the 

,:o ,,,. il,,,,,L ::~Y.‘-L’.: ill,, .‘llWfiOll ist f.hi’ urigin. 

1 $i,(U)12 = Te;;xre+,;j , 
[I 0 1/2 

!l=3i , 
!I 

(A.16) 

;+&o)l’ ~ i PJT 9n [~;“I ’ * 
1 

(A-17) 

and 

24 

* 
En== , n=1,* ,.__ 

42 
(A.181 

It “ill be convenient to use a scaled energy E = EoZ, E =iazrn 0 ‘I’ 
in Eq. (A.15). With this convention, 

“V - K(O,O,-iTl = i$ 
Ii 

I dz l-.xp(-mlm e 
-Eon 

0 
+ 2 “i, > Yn2 1 

= 2 r, a l-exp~-h,~) LEoTZ 
(A.191 

a3J KlO,O,-iT) = I&;9 
[J 

1 dz iz&2n/m -Eorz e C’ 
+ 1: rlz &+- ?I. 

lA.20) 

The SeCUnll iritegc-nl crui itself be rrlntrd to K(O.O.-il, by using the 

identity 

i, dz ie;i*m~ 3’” = [,dZ F - y:l,~r~~-~“G~] e-Ea” 

i + . Jjz irGF($/m LEoTZ 
(d.21) 
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the rirst eq,,n,ity in EQ. (A.,9,. The cumbinatioo d these results uim 

(A.201 gives the expression 

~(o,a,-ir) = $$ [J,, .iz i<,biz, ?oTz t + 

(A.22) 

Ye can evaluate t,ir co”l.ouT inteyal in EQ. (A.22) by expanding Lh.2 

tow 50 Lirat 1z1 > 4, using the Bernouili expnosion 
25 

1 L 

1.exp(-al/ii) .- ‘~ = m 
111 ) 4 . (A-23) 

a-0 

i”rc&rst,ir,$ term-by-tern. This gives 

J dZ i--exi$a,t= j e-EoTz = ~.cjyor)-3’2 : einn” ;” ;$$ o=o C’ 2 

= wr’!’ - t ,E, y$ (Eodk-~ , 
(11.24) 

21’; 2 

26 re ie t,nvu used Ll,iY rr,atimr 

ito = 0. ” = 3.5,..., B2” = C-1) “*l z.J~h)o: , 

IrnP 
(A.25) 

rry,r:;5 i,,e OF, ll’,Ulli nimlwrs B2” in terns “I- the Rif?ml,” 7,eta ror,ct ion. 

‘,< lsc, r<;r,r.~~rt t ,,,,: 5,.1i<.Z in Ep. (&.Wj to a p’,uc.r wries in , by 

expanding the elponrntials and the” SInming on the principle quantum “umber n. 

The result is 

E rln2 *Tie0 = 
n=1 “3 i * lEoTP’ k=.=1 (~26) 

c~mbhing Eqs. ln.221, (*.24). and (*.26). Ye chtaio as “UT Pill.4 result the 

remarkably Simple expression 

03m3 
[- 
(E,r)‘3’2 1 (n-3)/ 

K(O,O.-11) = g 26 l q+ .E, fp& (ST) 2 3 

= (p/2 
j. $+ oT 

4h ((“1 (E ,i 

2 

(A.27) 

lirn c(“’ - i 
“+I J.(kL) * 

(A.Zfl) 
2 

the identity’6 
CT+i- 

& = & Joei, ds a-s r(s~s(s~ (A.291 
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