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I. ImuOD”CTION 

ID a .erie* of papers published in 1919. Shifma”. VJnshteKn, and 

Z*rh*ro” [SYZ]l showed thaL ooe could use the dispersion relations for Tvo- 

point funcrions in Qco io combination vith first-order perrurbatio” theory and 

Lhe OperaLor pcoduct expansion to determine the masses of quart-antiquark bound 

stares i” terms of parameters I” the field theory. The svz procedure has “0” 

beer! used to corrriare masses and *pin splittings Of a large “umber of cl; st*te* 

in terms of a few paramrrers- 1.2.1 For example. if it is applied to charmooimm 

with the qC0 parameter* adjusted co fit the J/* mass, the predictions for the 

ko. IP1. and ‘PO 1 * nasses agree “iLiT Lilt7 observed mas5es to ullhin a few 

tens of Me”.= * ’ 



$(- PIN wq3 - ; I a? IL3 nd, . 9' - -q* . (1) 
dQ (I? + Q',-+l 

Pa ncs, ir related LO the physical cross sectim for e+e- * Y * hadron* at the 

center-of-mass energy Y by 

Lrn ncu5 - !3dW 
16nz a2 ez q 

where Ye restrict our attenrion tn a single oleavy) 

(2) 

quark flavor. The right 

hsnd side of Eq. (I) is therefore just an energy average of $0 C*lC"lated 

by con"al"tinq WC with a smearing funcrio" fd+QQ2, = cJt&+'. and 

reduces for a sum of n*rzma resnn*nces (4‘9 bound stares) and a conrinuum to 

+ / J ;y;x+l - k ; (“:>:;::I: + $-&7 i d g$y+l * (3) 
n 9 ;, 



7 8 

lwlke it easier LO determine the grauw3 state energy. me exponential momenL* 

are obtained by applying * Etorel transform f" 52. (1). This involve* multi- 

plying Eq. (1) by (Q2?+1 and raking the limit N * - "iCh the CaLin 

h - N/Q* fired. Ihe riqht hand sides of -&q..(l) and (3) are the" rePl*Cd 

by *II erponenriaily veighted average of the physical cross section, 

i P =iq.x -x3/T(jv(x), jy(0)lO> - I~~-sZ~v)n(~2)* (4) 

aad is given LO first order in a* by 

$(- +-“*) = A.&,[1 + a&Q*, + (41/16m&,(Q2)1. (5) 
dQ 

rt.e funcrions A,,. 41, and bN were calculared for Q2 - 0 by S”L1 =“d for 

qeneral y2 by Reiderr. RubensLein, and Paraki w).* The con*r=nt 4, 

is the nonpert\,‘haTi”c gl”“” condensare paramrrer which wwars 1” the 

la‘ling COrrecClon in the operatar product esp*“stoo. 

‘“a 

41-9 wa * GIG= G”“jO, . (6) 

“here G is Lh‘z glum field strength fensor. 

1oz N dficiently large, dy the g~md 5cate of the 49 wt=m 

;uorribures *ignificantly LO the sum in Ea.. (3,. and ms. (1). (3). and (5) 

j,ve * relation connecting the me.55 nl an* lepfonic uidth rice+=-) of the 

is ground *t*te to the field-theoretic expresslon. The ratio of us. (1) 

r;r rso succcssiv~ vdlues of N is indeprndenc of rl(e+e-) and depends 

linearly on t4;. By rrqu,r,,rg chat LhlS rack7 be st*cin”*TY “it11 reswct 

cc i&rioll”ns in tl (ad Q2), SW1 md Qd could determine >’ in cems Of 

cne J/C mass ,,I (WC note chat as and m,, vere determined using moments “‘fh 

\ s;ali). and cnll,d the,, “SC. the rei,,,t “ifh Slrn rules for differerIc tuo- 

2-‘2nc ilr”cIians LO p’rdicc TllC mal;ses “f nttlcc states, e-g-. the %O. ‘PO. 

5. ‘P 2’ and ‘I’, 5131t5 in ch,~rmoni\ln. 
? 

M(i) - + I a!3 e-J rdd 

-q “” H r (e+e-k -4 +-,’ 
(7) 

162X au% weP2 , 
0 

while the left hand side of Eq. (1) is replaced by the Bore1 trmsfom of 

Eq. (5) (expiicir resulrs are given by Bertlma”2). 

8. ,‘l,r svz Program for Potential “odels 
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determine the ground 5Lace energy EIC for angular mmnentum p. u*ing a first-order 

(or Io.-urder) perfurbation expans*on of the appropriate tuwpoint function and 

aulriple of the q; energy Green f”“ELiO” evatuafed at the oripin, 

n(E) - f m; E(O.0.E) . (8) 

&~nCrr 
C(;‘.:.E) = ; df eiEr cc;*.;.r, (9) 

A 
rnd 

G(;‘.;.t) = I~lt)K(~**r,c * ). (10) 

The dispersion rriarions analogous L” the SYZ relations in Eq. (3, are Obra‘ned 

by repear d*tferenTiario” of Eq. (141, 



d N- & c& C(O.O,E) = ; 1 ,, dE’ :;,“:;c;” 

(16) 

-+ [ dE’ y:f”$“” 
24A2e2 

*pplicarioo of the Borel transform 1.13 

ci = urn (-EF c-, (17) 
w= 
e-wr 

to Eq. (16) gives the nonrelativistic Yersio” of the expo”e”Lial svz momeoc* 

defined in Eq. (I,, 

-2n d pi- SIX $, C(O.O.E)I = Lq- 1: dE’ e-E- l’*obo”“d(E., 
ILn*a*e* 

(18) 

- “c$.pl* PST 

The sum in Fq. (LB) ir just chr Euclideun or imaginary flmo form of the 

Feyonin prvpagaLio” function for ;* - ; = 0, 

a(o.o,-ir, - 1 /*“p1* e-J (191 
n 



fan) - i~ns(0)12 e 
-E”$’ - 

/ 
“I, Io”s(o)I* e-Q’ (24) 

n>(:) is rhea given by 

so(r) = ‘Pr = EIS + ‘E-EIS’T L EIS . (25) 
d2Ro/dr* = ‘(E - <E>P, (28) 

This quantity doe* not have a definite sign for an arbitrary distribution 

funcrion. HO”e”ec, for the specific distriburio” defined by Eq. (24). Ye 

ca.n ShW that Ad > 0 for T nor LOO large. (EZS - E&T ; 1, by using 

the relatian17 (“did in the JWB approxhario”) 

(29) 



*co 0 -L1) = &,3’2 , * 471, 
I 

1.% r 3 
+/T 

:n , 
d r e-r~- v(r) + 

1 (101 
J 

(321 

for any oormalilable trial va”e f”“Ctio” m(r). The second term io Eq. (31) 

is exactly equal CY clle p.afrnCial term in Eq. (32’ for the trial function 

mcr, - r (33) 

Ye therefOre tee this trial f”“ctiD” in Eq. (32) and find after calculating 

the kinetic energy term that 

EIS 5 & + 1 2 1 d% 32’r r”cr) 
Z”T2 

(34’ 
_ R(u _ L 4T c P.(l). 

m”S. EIS is strictly less than the a~~rorimatr value determined by r,,e 

minimum Of rp (T).ZO 



(1) is generally small near the rni”i.Urn of R. (T)). ““Ch beCCer Crial wa”e 

functions are easily found. e.g.. a simple cavssian “ifbout the factar r 112 

which appears in Eq. (33). il”“e”eT, our intent is to te?.t the SW procedure. 

aad we do not know of a relativistic versio” of the Rayle‘!$-Ritz variational 

principle “!liCh is applicable LO their problem. We “ill thereiore drop the 

“.ridCiO”dl appruaclr, hut rmphasi2e first LhL E (1) -,*.&S the best eSflmacP for. 

EIS which can be obtained using the first order SYZ procedure. 21 a 

(valid mly f= erpccce* succes5 Of the first order cnlcdatio” Of R,,(T) 

clearlyassociatedulch,Ihe hidden variational 8wectof procedure. 

K,W.-11) - lim =,,~ * 1 Rmt(r’)R&(r) e-Q7 
o-1 

* I, dE e- 

(37) 

Er 201(E, . 

El1 T+w 
- lim Rt(Tl (18) 

*ere 

Re(T, - - & 00 Ke(O,O,-iT) , (39) 

and we can use the criteria esrablishcd in Sec. TIC fo obtal” a beat estimate 

for Eli from the perrurbation expansion of R~(T). Ve will re~trlct our d‘s- 

CYS.~O” here to the first order theory, and use the es~tmate 

E. Generai,,oaLi”n to arbitrary angular mome”l”m 

$1 = m idRy (i)l (40) 
T 

Eucl‘dean propagator Lo-c angular momenrum t, and can be projected ouc of 

Lhe full p’“pagator 

K(T’.T,-IT) - 1 *“nm(;m) e -:“t’ 

dm 
fb;J) 

(41) 

^ (r’)Ye,(‘) e 



by using the orLhogonaliry of the spherical harmonics Ye., 

20 
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(r’r’~K~(r’,r.-ir’ I 1 dn;, 1 62; Y’p,(i~)K(;‘.;,-‘T,Ye.‘;‘. (42) 

and 

The result is indepr”de,kf of m. we CIl” calculate the perfurbacion expansion 

oi K. needPd abo"e by *pplyi"g CM* OprraCion LO the usual series 
L 

K(;‘.;,-ir) = K (0) (;* ,;.-IT) - j: dl’ j d3r’* K(“)(;‘,;l’,-i(r-T’)) 

“(~..)K(0)(;.‘,:,-tr’) + . (43) 

“here 

~‘~‘(:‘,;.-lT, - ,>y e 
-.q(;‘-;,214r 

(44) 

>I-,i!i,.; tiir <c,uic by (rr’)’ iind fik,n,: the limit r’, r * 0, we tlnd that 

(47) 

me ‘ntegra, over T’ in Q. (48) can be evaluired by repeated differentiation 

of the idencicyZ4 

(49) 

and we find after some calculation that 

(1) Ke (O.O.-*r, - - Ke (“‘(O.O,-ir) 

(50) 

= e 

The perrurbarian expansion for Q(T) is given to first order b’ 
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,+$ - 

-T- + jtz He(r) Y, < 
rj- 

1: - $lT (52) 

For I = 0. this expresrion reduces LO the S-wave result given in Eq. (31). 

ad the estimate for the energy EIS given by Eq. (40) is relarrd to a vsri- 

ariona, principle as hhY” r;3riier. mere is “0 gener~lizarlo” of the “xl- 

..Cicmdl resu,c for 1 > 0: fh. function ML(“) which mulripl‘es Y in Lb in- 

regrand in Eq. (52) is “e@Li”e for I i 0 and p”sifive for z A -, and ca”n”t 

ae Lnrerpret‘d as the square Of a cria> YaVr fu”cLio”. 

F. A semiclassical resulr for Eli 

AlThough Ye do not have a" analog Of Lhe variariana, result for E,S for 

i ) 0. Ye can derive 3” interesting first-“idcr re1arion for Eli. L 10. 

vhich relates the ground state energies for different values of OCand mq, 

.nd Shc-d.s why Lhc 8e”<‘ralind 92 rrlJrro”s uorlt. Ye beg,” by ma!i,ng an esti- 

mare of rile integral in Fqs. (52). me funcrion He(.) I” rtle iotegral is 

peaked for L = m//T sligbfly larger than e (see Fig. 1). has unit area. 

and ‘a” Or approxic.Jcrd Yrly roughly by a &,L. f”“ELiO” at L = Z’= e. 

A Zc”Jd dpproximafio” for poucr-law potentiv,s gives L’ = t + ;. Yirh 

LhlS Ch”lii, 

q)(r) z F+ “[p$ (53’ 

:nr “7pc’I.\‘:~ iLicl” is %,kr,/r i,in;ly d”“d for Srn”OLh pOtP”tiJ19 as YC “ill 

srr I” c:,,! n.:ic ierci,.:,. n”rc im,l<,rran~ far p’escnf p”‘p”ses, El. (53) 

i:iilrrrs the way in ii>lCil K. ;‘)(T) chrlnges wirh rhangcs In 2 and mq. and 

mtr,:*or< dll”“i Ilb II> rELat<. the ‘“‘rgir.; UC different angular m~mencum 

51dCES dPC diffure:;t ihr’.,“‘, qm,ri EySLemS. Fur these rr*.3rions co be 

22 

reliable. the Iunctiona, Earn of v’(r) mYSt not change rapidly beLizeen the 

r&ons of I which are 10s~ iwarrant in determining the energies we “1sh to 

d o-drB;l)(r)= -$+$/g/y) (5‘) 

= + & I- + + v’(r,),, r. - @‘T /my*, 8’ i P + 2 
qo mqro min 

The vanishing of the fuoctioo in the square bracket in Eq. (54) is just the 

condltio” that the classical effective potential 

(551 

have a minioum at the radius r - r. (the condirion for a stable circular oxbif 

(1) for classical angular momentm P + 2,. and El& is approximated by the energy 

at the minimum. 

(1’ 
‘1r = “eff (rJ (56, 

We can understand this unexwcced lesulf as follows: The Euclidean 

propagator R(;*.;,-ir) 15 given by rtle Fewma” path inCegrJ1 

;* 
K(;‘.T.-ir) - 

, o;(r, .-‘L !d.~)d~ 
(57, 

where ” LS rllc Ha3i,ron‘an al ctle sy5k-m and the ‘“rrgral lncl”des 011 pathi 

which connect ; a,,~ ;O in “time” :. ,n calrulzrln~ KLG3.0.-Lr,, ve 
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resrricr the paths co those “fth classical anguiar mamentm in a band around 

i 5~ Lhe projection in Eq. (47.1. Paths which reach the origin for t ) 0 

-1 the” runnel thmugh a classically forbidden region. The Lunneling 

facrors are divided out “he” Ye divide F.q. (42) by wr)E and fake the limit 

r,. r - 0. The leading ‘ontr‘buriuns to Ke(O.O.-‘T) arise from the paths 
1, 

uz vricb t3Cr.r) is a minimum subject to the tunneling constraint*. In the 

approriuaricn which leads to Eq. (56), we have io effecr minimized 

1; h(;.:M7 ior Long rimes T by using the classical c*rcu1c3r orbit fur 

aular mOmenturn Y’ = e + $, and have neglected quanrm oscillations abour 

the O‘biL and the effect “f fh(l p”trnr‘al “” the runne,ing. me appearance 

of i’ instead of L in co is apparently con”eCLed uith the increveing phase 

space available in the pat,, integral f”F increastng r., These approximations 

&l’Clz 

(r’r)i Kp.(C~.‘..“) = (r’r) e -ami”’ 
(58) 

a.3 

(1) - $q Pn r,(o,o,-ir) i Hrni” - E,L (59) 

(n + ; iI” = my* J dr(E”z “effw,1’2 
(60) 

II2 Lr,(F”s. Ycct ml , (ro)) + + Y~*f(ro)(r-ro)2 ...11J2 , 

L& ; ~,ri(‘o(‘)l + (hi2 ~,q,,crpq, 1/* , n=i.* ,.... zz1. 
(61, 

11,. HlMERICAL TESTS AND f.xTERSl”N OF THHE svz !ET”OD 

6. First-order rPs”1ts far power-la” pocenria1. 

(1) It is SfraighLfOrward to eva1uace RL CT) for a general power-law 

potential 

Y(r) = J 6V D(“)(d.a)” , ” ) -2. (62) 
by using the b3entity 

tliw . (.,)e+l 22 I i& L t+* d r e-2 

r(P+ 3 
‘22 7F (63) 

which fallows from 695. (48)-(51). and inte&r.lfi”g rrpeacrdly by p.xts in 

69. (52). The final inregrarion give; a gam, function. an* we find chat 

p 
T&(P, y + +ru+ ;, (T) = !g + J $, ?(,) ~r;Lfq;~-~-~ ff2. (6‘) 

22 2 

Ye will first COnEidCr Lh.2 case Of Lb simple poY”‘-la” polenrial 

V(C) _ 58” ” Vo(d.)” . v. ’ 0. (65) 



Then “ifh 2iw = Rew/a , ve have 

e+ 1 
Rp) (x) I = -1 + sgn ” 

r+m+ ; + $“tz+ ;, 

r$ + ;,r(e+ $1 
yz 

e+ $ r,+r,, + ;, VI2 
= yy + sp v I(L + $,x1 

rc++; 1 

(67) 

C(V) = r+r,, + ; + +2 + ;, 
r$ + $-(, + 5, 

(69) 

~ r(+,z + ;, (i + J)!Z+-l 
r$ + ;, 2 

If re use the appraximace form of C(U) in Eq. (6.8,. we obtain the semi-cl.assicaI 

rc*wLg law for E$’ implied by Esq. (56). Zl(vf2) Ew 
u - A(1 + 5, 

I4r+r(z+ $ [ 1 ml (UtZ) 

2r$ + $> 
(9. + ;I . (70) 

The L-depedeoce of this expression 15 ,“st chat obtained far rii-1 from the 

geoeral Jim3 expressions given by Qutgg and msner, 25 

- -a ErLl +,$ + $) 
r I 

2Vl(Z+v) hi/(wJ) r(l + +, 120 + e- +I .“>O, o-1,2...., 
(71) 

EF - &;y + z”‘(*+v) [2” +e. ; + $J’(~+.‘)~y(o. n=1.2 ,__, 
L”$ - ;) I (72) 



3 
K;l)(l) _ ;I. 2’ “““‘- (%)1/Z 

r(P+ $1 T 
+ 3;” r(p+z) (7.)1/Z , 

rte+ $1 mq 
(14) 

Ye can also greatly improve the (apparent) march of the first-order and 

exact re*ults for the m energies nlL = ele + Zmq sfnply by adjusting the 

quark Classes dovnvard by -. 70 He” far charmonim and “. 100 He” for upsilonium. 

again “ith misleading resu1rs (especially so if o”e looks only at the fractional 

(and our earlier theoretical 

for the bound state energies 

for example to reflect the 

is ““derrsti;mted by a facCor Of LYO in fits CD EIS in cllarmoniun. se uill 

discuss the inImplication of rtlese reE”ltS I” more der.lil later. 



if)(T) = & + J dul P(Y1) (2 + q+]“l’2 

- jdV2 P(V2) Jdvp)[l+~ +y [r[l+>+>]p+$;,+,, 

r(vl+nr(v*+l) 1 [ _ r I+ zulrl,+ 21 21 I \ 1 fL (*+"l+vP T. yv,+vz+u 2 I 1. 2 9 

(76) 

;r,e I c 
3 = (2+,~) /;,,,+,, pi pz,j - ; rz(1 + 3 1 (78) 

i 
a ‘~ is ,r,;iciue in chr rrgiun ot inceresc (” ) -2). an.3 h;iS a qu-dr=cic =erc 

ac = 3. 

where 
!d- P (7. .a2 o id ) .‘O (80) 

After some calc”laLioo. Ye find that 

“here 

-I+* I I 

and 

;i+ks _ 

E;:’ - AR0 (2) (3 

( y ++ + - 12 ++ ;].6~w~qL)Bv. 
I (82, 

Y c -0.36918... , 

1 lq; .+12* ;] + [$ +y2+ ;) + mwtl)B” k w (“+l)B”* 

(81) 

(83) 
” ) -0.36918... 
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n(o.o,-‘r) = 4+&y* ; * ,;I”‘* 
“-’ rlY (84) 

+g [I+4;x~l~+~x+~“~~~l~ ?+,2+...], 

Ro(“) = & - + f5 ;: - p-3) - ; ,;(m +; - qxi. 
-~[.~~+~.:(3)+~j~“2+... (85) 

“-+I 

K(O,O,-ir) _ ~iZX]“2 il . 2 x]/z + +? x3 _ $i x:9/? 

**I 6_... 1 ’ 
(86) 

+6048x 

R ( ) = I + ?3 x]/z 
ox 2x 4 

+ ~(la-lOh’ 

(87) 

9.c Ir 35 I 912 1 f”2 
+ ,j j ) 56 j ’ 

Lz,~lX~.~,,, 
+z(T- 12 6’ J 

Rob) - 3 cotll 2x . 

- ~+2x-~x3+~x5~+gx7+... . 
(89) 

where Bn is the “th Bernoulli “umber. It is ioterescing to Ciote ChaL ctle con- 

~ributioos of the second and higher-order terns are much suppressed in R. 

(even more 50 in - KnK) eelaLive to K. a* VOUl.3 be expected from rile arguments 

io Ref. 19. 

Ye show our high-order results far the osclllacor and Ccml.mb potentials 

I” Figs. 4 and I. me “alldity of the rn‘“fm”rn an* inflectlo”-point crlcerie 

CD) for derermining the OpLlmm estimate for EIS from a;)(,, t s clearly evident 

from these figures. we emphasize that the sequence of optimum values con- 

verges TO the exacr function ROW evaluated for x - Xopti,un, and “.aL to 

E,S - Kg<-‘). If 15 necessary co esrimate the CO”tributi”nS of higher state* 

LO R(x) if one 1s to correct for this effect. The curves I” Figs. 4 and 5 

BhG.d Lhar the esLimate5 for EIS can be improvrd substantially by iocluding 

second- or higher-order teni in R&4,, b”C illusrrare also that the con- 

YerSence “I the perturbation series is sufficifnlly SlO” chat it is piobsbly 

nor “~,rfil”hi,e to 5” beyond SCCO”d or&r. (be:> going zo second Order vnrrld 

require a major eiforr in the field-theareric ;nrlrr.) 

I” Figr. 6 thro”g11 1,. we Shli” rtle behdvlor of the flrnrtiona R. (1’(x) 



Pln,ml - 12 N. .j 
[j-O ’ 

i/i 

1 + F o,.Jl 
ji1 ’ J 

(91) 

j.,,. 1+&-J 

P)- P(l.l, - (93) 

1 + II1 x1+* 

where 

N1 - s8”(u) [r(z + ;] + Bv/r(2 + $1 (941 

an.3 

5 - Sml(“) By r 2 +; 
I 1 I 

(95) 
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Ye conclude that the Pad& meed can bc Ppplled LO considerable advantage 

for reaiisric singular interactions. but that the shple second-order method 

is adeg”aCe far nonsingular inLeractia”s. 

36 

- -5;-+Emq@,r 4 - & q q m; r4 + . . . . y‘ <c 1 

4% 1 
- -5;-+iiy% 1’4 r, 

+lr 
‘ >> 1 

rp(T) = g + g mq $l(y - 2 mq *;(y + __ 
q q 



E. summary and tmp,ications tar the svz program 
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essentially unrelated to Lhc c”rrect”e*s of the Qco c”“de”r=te derived i” 

Chese fits. The situaCi”,, is f”rL,lrr compiicad by the presmce of extra 

adjustable parameters--quark masses,Lhe quark COdeOsaCe USed in fitS Lo 

ligbL qvarr data, c~<:.--“,,ich mate definitive compari*ons betuee” different 

5yscems difficolt. me clraresr test of Lhe method is Pr”bahlY the calcu- 

lari”” of spin splittings WiLhi” a given SysLem. These dewnd 0” the con- 

densaLe a* well a9 i,ir single F,l”“” exchange te-. hence te*t the 
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are easily calcu,atrd rc‘“csi”ely from the coefficients go which appear 

in the orpansi”n 

m 
(4”r/.qP* 

es!? 
K(O.0:ir’ = 1 + 1 8” x 2 

n-1 

by using the L”rm”lns 

f, - B 1’ n-1 

f “+l _ %+I -&,.L 8. f ,;o n I i+i’ “?1 

see J.8. Yhitrntii”. ““ivereicy of Uisconsin disserrari”“. 1982 (“n- 

p”blirhe.4~. Appendix H. 

28. Ihe rricrcnrr of the inflection poinra is arsnc,ated “iLh nearby corn- 

plcx-conjugate zeros in dRo (*)/dx. I n all the cases Ye have cherhed.fhu 

“al”‘. ot * at the Intlrrrion point is essenriaiiy equal to Lhe real P=rf 

of x at tt,c co:p1ex zero. The inflrcri”” pc,inc criterion ihcrefore 

(2’ picks out the “L”“/>,rX minimum” of R. and gc”,~raliles The usual 

.in*muo criccrian. 
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Pig. 6 Behavior of the first- and second-order expa”e”rial moment functions 

R:)(x) and R;)(x) and the Pad& modification of R. (*'(x' far v - +2. 

The horironral bars indicate the optimum values of R. determined by 

the i"fkCLi.3" poi"L criteriun. The horizonral line gives the exacz 

value of R(p). 

Pig. I Behaviur Of the first- aq.3 second-order rxponenrial moment functions 

R:)(x) and R:)(x) and ctle Pa& modification of R. (2'(x) for " - +1. 

The horlronral bars indicate the aptimum values of K. determined by 

the infleccio" paint criterion. The horironral Hne gives the exact 

value of Ro("). 

Pig. 8 Behavior of the first- and second-order exponential mament functions 

R~)(x, and R:)(x) and the Pall& mcdlficatio" of R;*)(r) for " - + j. 

The horironral bars iwdtcare the optimum values of R. derermined by 

the inflection point criterion. The horironral line gives the exact 

value "f Ro(-q. 

FIS. 9 Behavior of the rirsr- and second-order exponential moment funcriuns 

t?y (x) and Rp (X) and the Pad& modificati"" of Rpw for Y = - 1 

The horironral bar indicates the optimum value of R. Pad& determined 2' 

by rile inflecrio" point criterion. The h"r,ronral line gives the 

exact vaiue of Ro(-). 

F‘g. 10 Behavior of the firsr- and second-order exponenrial rn"nm"C functions 

Rjl"(X;) and R;*'(x) and tile Pdh nodifi‘otlo" of bTo (2)(x) for " = -1. 

The hori*"nr~l bar i"diC.3CCS the optinum 'value of o fladh determined 

by chr i"ilecI‘"" p"Lr:c crltcrio". The horim"T1II line yiuaa the 

eXB‘f value or R"(S). 



Pig. 11 Behavior of the firs?- 2nd second-order exponenlial m*me”L f”“ctfons 

R;'(x) and R~)h, and rhe Pad& modification of RF)(x) far the 

Caulomk-plu*-li"ear poLe"Lial v(r) = -ar-1 + br "ith parameters 

a - 0.49. b = 0.17 Ge 2 CllOJr" Lo fiL the sp*n-average* cham"iLm 

specrn,m (net. 26). The variable x is scaled using the Scaling 

ior a linear porenria,. The horizontal line gives the exacL valve 

of R,("). 
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