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The nontrivial topological structureal of the monopoles have been much
studied in the gauge field theory. No regular monopole solutions exist
for the Abelian gauge group. However for non-dbelian SU(2) gauge group,
Wu and Yang have explicitly found regula.i- moncpole solutions except the
singularity at the orip'.n? Che remaining singularity at the origin was
removed by 't Hooft to éive regular solutions everywhere with finite mass
for the monopole? !‘cnopoles in the minima)l grand unified zauge group SU(5)
get wide attention due to the cosmological implicationslf io suppress the
production rate of monopoles, Guth and I‘ye? Langacker and Eiéha.ve introduced
several different scenarics. In these circumstances, it would be very
interesting to find a complets set of monopole scolution for the grand unified
group - 3U(5). ‘.Jilkinuon? Bals and '.Jeldon? Iilkinson and Bais? Srandt and
Neri!Cieinberg: ‘Daniel, Lazarides and Shafil?Dokos and Tomarad’have studied,

monopoles in the non-Abelian gauge group.

Gh%uha.s obtained all the monopole solutions for the SU(3) gauge group

by examining the topological structure, instead of using the usual methods

of solving the equations of motion . The magnetic symmetry, as a set of
self-consistent Killing vector flelds, plays a crucial role in finding a
complete set of uonopole solutions. Recently, we have obtained a complete
set of meonmopole solutions in SU(L) gauge group1.'5 Cho and we have used the
generators in ad joint representatlons, and the calculations become quite
complicated for large SU{i) group, In this paper, we have used 5x5 tenscr re-
presentation of SU(5) instead of the 24-dimensiocnal representation for the
Killing vecters. These tensor representations conslderably expedite the

computations.
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The mcnopole sclutions are classifled by the homotopy group™ and the

non-trivial homotopy groups for SU(5) axe

m[su(s) / u(1) x u(1) x U(1) = u(1)]

= nl_[u(n xU(L) x (1) xW{)J=2x2x2x2 , (1)

m,[8(5) / u(2) = u(1) x U(1)]

=‘,1'ta1|:U(2) xU) xU(1)]=2x2 x2, (2)

m, = [3u(s) / u(3) x u(1)]

= rrll:U(j) xU(1)]=2z2x2, \ (3}

n, = (U(5) /u®)]=z., (%)

whers U(1) x U(1) x U(1) x 0(1), U(2) x U(1) x U(1), U(3) x U(1) and
U{&4) are subgroups associated with 1\3. 18’ 115 and A, - like symmetry
reapectively. Therefore the monopoles must now be classified by four,
three, two, and one integers respectively.

The magnetic charges must satisfy the generalized quantization conr:litionl?

Ziven by
mf%is(%351+%8@*il1553*9245q]= 1, (5)

whers JLB, ka, 115, )‘211- are the self-commuting gensrators of the SU(S) group.



To =atisfy the above conditlion, one can take

51=s-1&1-%12-%ﬂ3-§1nu]. (6)
%=5'1%\5&2+%{n3+nu)}, - (7
5 = 6 e/ * ] (8)
g = & (JI0/4)my, (9)

whare N4y s nj and n, are arbitrary integers.

The value of the magnetic charges depends on the topological configuratlons
which are expressed in Eqs. (1)-(4).

hen n;, is set to zero, the monopole changes are reduced to the Su(%) ca.sel.j
Here additional zerces for ny would glve su(3) resultsl.u Subsequent

zeroes for n, will finally give SU(2) results.

To find a complete set of the monopole solutions for every set of
14
integers B4, Do, “3' nu,tha Killing symmetry assusptions introduced by

Che are required as
:hlll"o. Dunzaon %mj=oandaumu=oo (10}
where O, = ¥ - igih, amd B = B . (11)

The gauge potemtial that satisfies the arove Killing symmetry assumption

should be given by the following form



B, = Aoy + 4fm + Adny + Alm,
(12)

- iglny, 3m] - tglmy, 3,m,] - iglny, 3;my] - tgim, 3ym, 7,

1 2 3 4
where Au_ . Au_ . Au apd Ay are the components not fixed by the

condition (10).

The magnetic tensors my, m:.a. '"3' and m, are chosen to exhibit the full
homotopy class of the mappings (1)-(3). '

These are fouml by the gauge transformation such that

Lt .1
B T OPg UL m T Ul my T Uy U (13)

where
U-= explin, 259(%13 - J5'/2x8+(‘3/2)1.}x15 - 3100y, 3] expli -Zl;exgj
x expling Joth, - \3/2g +6/28 )7 exmpl-i Joayy ]
x explin, F9(hy - ¥3/2g)] exp(-1 S, ]
x exp{-1 38, (ny - 38, - 30y - 3,)] expl-1 JoA, ] - (14)

Hers X, (i=1,..., 24) are the fundamental representations of the SU(5)

generators, Explicit forms of magnetic tensors are shown in Table I.



These my, m,, o and m, vepresent the homotopic mappings (1), (2), (3)
and {4) respectively. These magnetic tensors in Table I are regulax
except at the origin. Since @-part ip the magnetic tensors accompanies

sin@, their derivatives are also regular except at the origin.

The magnetic tensors are invariant under the additional gauge trans-

formation oy *the diagonal generators,

1124,
S SR S Aot
m, = bzkjd = UEJLBL , (15}
N w
= i oyt = peda gyt
my = U U= U AT, (17)
and ]
RS PR S P
A WS (18
with ur o= U fmp[.izl(cm3 * Ag Ty vk, (19)

for arbitrary 1, 4, y and &.

Finally the unrestricted Ai, 53, Ag, A: in Zq.{12) ar= chosen to obtain

the desired monopole solutions as

1 1 1 1 . N
A= -§£[(§n2+n3*n4) + Enucose]sln363u¢ * %{n3+nu,¢alneau9] .



A = g B/b sinoln,eindd @+ (20,/3)8,0],
\20)
A& = ';'(2/3)%(2113 + n,)Psin6d,8 ,
g e o
with
2 = [Haymy)cost + (Gaymam,)i0
3 = -ﬁ[én}cose * {%%Q)Jg ,
(21)

¥ =['[2/3)%(2n3+nu)cosa * 43(';113’}_]'}1“) .

8 = (~10/20)n, @ .

Earlisr results for Eqs.(20} and (21) in the 3U(4) SU(3) and 3U{2) can

be easily recovered by setting Ny, nj, n., to zero subsequently,

Since the magnetic Xilling tensors in Table I, their derivatives and the AiAi.mi
A:: in Zq. {20} are smooth, the potemtial (12) is regular everywhere except
at the origin. If the gauge potential(12) is expressed in terms of 2y,

P mj and m, and of the pure gauge terms as

- ’ a -1-< L. 1‘
3, = (g *gm, * 53m3 * ggnu)coseauﬁ -ig daglt, .22)

the string singularity in the first term of 3..22) is cancellad by the

secord term, In the A gauge , the potemtial (22 reduces to the standard



Dirac potential form with the string singularity as
A X x
3 8

But it is to be emphasized that the potential (12) with the regular magnetic
tensors in Table I and with Eq.(20) is regular everywhere except at the origin.

This potemtial B, describes the desired solutions

Gy = Loymy * som * g3 + gy ]
(24)
x sinﬁ(aueav¢- aveau¢) '
using Ggw = 3By - 3By ~ 1g(3y, Byl .

The magnetic charges 5:. g:. g. g: of the solutions can then be deflned

.
et = 2asPreag,,] = g oy - 2m, - ?1;“3 -]
& = 2as*relnG ] = 4“6'11'2}-{“2 "3yl
. 2
& = darrlag,,] = tme @9y + gn,] (5)
& = e rng,] = e,

The potential (12) with magnetic tensors in Table I and with Eq.{20) indeed

describes all the homotopically inequivalent point-like SU(S) monopoles.



At this point, it is appropriate to comment why we take such a long
compututation to find the gauge potential (22). To obtain the field tensor
(24) for momopole, one would simply write down Eq. (23) with help of the
generalized quantization condition (5). But there is no easy practical
way to find the regular gauge poceatial (12) or (22) from the singular
one (23). But the new method of magnetic tnesor described in this paper
is quite scraightforward to obtain the regular gauge potential for the

wonopoles.
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