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Abstract

I show that the heavy quark fragmentation function is calculable to
leading order in the inverse heavy mass. This implies that the production
of a heavy particle (with one heavy quark) with a given momentum is calcul-
able. In first approximation the function is 5(1-x). The peak at x=1 is
however not of zero width, but has a width on the order of the inverse mass.
[ determine the shape of the function for x near 1. Lastly I show that the
spin of the heavy quark does not flip during its fragmentation. This paper

extends the work of Mueller, Sterman and others.1



Introduction

The principal result of this paper is that the probability to pro-
duce a heavy particle (e.qg. in e+-e") with a given momentum is calculable.
By heavy particle 1 mean one with a single heavy quark. The result is
derived in the spirit of recent work] that develops a firm QCD basis, in per-
turbation theory, for the parton model. The approach is essentially theory
independent. I give the explicit demonstration for ¢Z and for an abelian gauge
theory.
In parton model language the statement is: 1) that heavy particles
are produced only through the fragmentation of heavy partons, and 2)that a heavy
parten fragments into a heavy particle with the same forward momentum. 1)
and 2) are true up to corrections of order /M , where M is the heavy mass.
u is characteristic of the light hadronic scale, and is ~1 Gev .
Thus the fragmentation function (FF) for a final heavy particle is
v§(1-x) . This form was proposed some time ago, and severa) arguments for it
have been given.z’3
The FF is a delta function only in first approximation--the peak at x=1 is
actually not of zero width. I will derive the shape of the FF for x near 1
It is pictured in fig. 13.
Lastly, I show that spin flips of the fragmenting heavy quark are sup-
pressed. This determines the helicities with which spinning heavy particles
are produced. If the quark is heavy enough, so that its weak decay is fast,
then it will decay before its spin flips. The spin of the guark becomes dir-
ectly observable. There is no longer sufficient time to produce a heavy had-
ron.

Since the correction to the main result is of order 1Gev/M , the



-4-

result should apply to the bottom quark.

Sketch of the Argument

An explicit definition of the fragmentation function has been provided
by MueHer.4 His (time-Tike) cut vertices are essentially moments of the FF .
His results give a parten model picture, expressed in the form of the Operator
Product Expansion (OPE). To Teading order, an inclusive production process,
e.q. ele” - H(p} + X {fig. 1), is factorized into a calculable function C --
a generalization of the Wilson's coefficient that represents the short time hard

interaction of partons -- convoluted with the FF .

X

d 02,x=02/20-p,p?) = sz C, . (@.2)F, (s p)
Oe+e- - H(p)+X( /Zv e+e +q1' q1 | /2,

The FF!Fqi+H . generalizes the idea of an operator matrix element, with the
fragmenting parton G4 corresponding to the operator, and the observed hadron
to the state between which the operator is evaluated. It is defined so as to
approximate the usual definition: the probability for qi(§%p)»H(p)+X, over
Tong times.

Mueller takes moments, and works always with the cut vertices. Since
[ need the FF itself, I will slightly rephrase his work (following Collins,
Baulieu et al.”)

My argument is based on kinematics. Imagine fragmentation as a physical
process, with freely propagating on-shell partons interacting only at points.
An initial 1ight partorn fragments in a cascade. Kinematics permit it to split

into several collinear light fragments, which may then split further. The

original forward momentum is divided among the final products. In contrast,
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an initial heavy quark (which cannot decay via the strong interaction) can-
not lose any of its forward momentum. It is dressed by soft gluons into a
heavy hadron with the same momentum.

The work lies in showing that Mueller's definition gives this physi-
cal picture of fragmentation. From one point of view this is a familiar task.
The renormalization program can be considered as the demonstration that
unphysically high virtual momenta do not contribute uncontrollably to low
momentum processes. A better analogy is that of an operator renormalized and
evaluated at a low momentum scale. The dominant contribution to the Feynman
integral comes from low momentum flows. The unphysical region is cut off by
subtracting counterterms.

Unphysical contributions to the FE are cut off in the same way. The
FF as defined here is renormalized at the equivalent of the low momentum scale
above. Counterterms serve again to eliminate the "large" momentum region.

The result is that the dominant contributions to the FF come from physical
configurations, to which the above kinematic argument applies.

In fact, all of the machinery developed to isolate and understand
large momentum contributions to Feynman diagrams, in renormalization and in
the OPE, can be taken over bodily as Mueller has done. Especially for ¢Z ,
the proof of factorization looks the same as that of the OPE. The demonstra-
tion that heavy partons do not decay into light particles is similar to the
proof that the matrix element of a heavy operator between 1ight states is sup-
pressed.6

This is not the whole story. That the form of the prcof is the same
should not disquise the fact that kinematics for the OPE and for factoriza-

tion differ drastically. For a complete proof, cne must combine the old QPE
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type approach with the new understanding of the kinematics of a production
process?

The problem with a production process is that the particles produced
are pnysicail -- their momenta are time-like Minkowskian. For the OPE the
Feynman diagram can be treated as though all momenta were fuclidean. In Min-
kowski space propagators are more iikely to go on shell, making the Feynman
integrand big and causing new large mass-dependent contributions to the
Feynman integral. The dependence cn large momentum becomes harder to separ-
ate out -- it threatens to become inextricably tangled up with that on small
momenta and masses. This new IR type of contribution must be understood
before one attempts to isolate the dependence on large momentum, as in fac-
torization, or to estimate the contributian of an unphysical large momentum
flow to a diagram, as I must do here.

A detailed understanding of the IR for Feynman diagrams describing
production processes has been provided by Sterman and others.]

The results of ref. 1 imply that the IR contributions to the FF come
only from subprocesses that realize the physical picture of fragmentation
above. The unphysical part of the fragmentation process then has all its
lines effectively far off shell. This virtual part of the FF is effectively
virtual. It has no ieading dependence on small momenta, but is scaled by
large momenta. It can therefore be handled in the same way as are the large
virtual momentum flows in the more familiar cantext of the OPE. Just as
Targe momentum flows do not contribute to the operator matrix element, so is
the unphysical contribution to the FF suppressed.

To summarize the main argument: I consider the FF for a heavy quark

turning into a heavy hadron,FhﬁH - If these do not have the same forward
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mementum, then some part of the fragmentation must be unphysical -- in phys-
ical fragmentation the heavy quark retains its forward momentum. However I
will show that unphysical contributions to the FF are suppressed. The FF can
only be Targe for x near 1 , where x is the ratio of the two forward

momenta.

Summary of the Paper

1 will discuss a ¢g theory in part I, and an abelian gauge theory in
part II. Like Mueiler, I take all light partons to have mass m~ . . In
part II I work in the Feynman gauge.4 The result is gauge invariant.

In section IA I define and renormalize the FF . The definition is

based on the work of Mue]]er4

, and on ref:b .

In IB I present the argument summarized above.

IC completes the proof of the main result. I show that a heavy (1ight)
parton does not fragment into a light (heavy) hadron. I then use the Energy-
Momentum sum rule to normalize the Fron I find that Froy = §(T-x)+0(,2/M2),

ITA defines and renormalizes the FF for an abelian gauge theory.

In IIB I apply the methods develop in ref. 8 to understand IR diver-
gences. [ briefly discuss one potential difficulty in the application of those
methods to the FF .

Section IIC rederives the resuit of IB for an abelian gauge theory.

In IID T discuss the shape of Fh+H for x near 1 . I again make use
of the methods of ref. 8 , especially the IR power counting procedure.

Section IIE investigates the shape of the heavy to light FF, Fh+L ,
for x>>1 . I show that the energy going into soft 1ight particies from an ini-

tial heavy guark is small. {But it is bigger than the energy going into hard
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1ight particles.) From energy conservation [ can then normalize F as

h=H °
3
for ¢
Lastly, in IIF, [ recast the previous argument to take into account

the spin of the heavy quark as it fragments.
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[A IA -- Definition of the Fragmentation Function *: (¥6

un | . .
» 15 defined in terms of a cut Green's func-

The unrenormalized FF,F
tion G(k,p), illustrated in fig. 2. In addition to the amputated final
nadron Tines, G has two external unamputated lines, one on either side of the
cut. These lines represent the fragmenting parton and have momentum k .
Then FY" = k+[dk'd“£ G(k?,p2,k+p) where the factor k' is included to make
pun dimensionlesgrghd boost ﬁnvariant.5 I work in the infinite momentum frame4,
with p = (p",m2/2p" = p,0 = p) .

FUY has Wy divergences due to the integration of the initial hanging

Tines over arbitrarily large transverse momenta. For example fig. 3 has a

logarithmic divergence:

A P T | 1 218 ((Kep)2-m2

X 1 . +, +
" ?(X-]) Jd“}i ‘(EZ/(X']))E y With x = k /p

The FF therefore requires renormalization.

The renormalized FF may be wr‘itten:5
1

N = [ k) P o)
1/x

This is analogous to the rencrmalization of an operator 0: o"e" = U |

k , Tike Z , is given by a sum of counterterms.
Each  counterterm is a divergent subdiagram evaluated with its exter-
nal Tegs at the renormalization point P_ . As for the matrix element of an
operator, the divergent subdiagrams have just two external legs in addition
to the initial unamputated lines. Since the divergence of such a subdiagram

depends on the plus momentum in its external lines, p: must be allowed to
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vary.
I chose the following renormalization convention:
p? = p; = Ej = 0 for light external lines
2 M2 " - M2 2 :
p_ =M, p_ =M /ZD: b= 0 for heavy external lines.

A Tine with momentum P, is then near shell and collinear with the
final hadron. The renormalization is physical in that particles with such
momenta appear in a physical picture of the fragmentation process. The above
convention is analogous to renormalizing an operator at a low momentum scale.
As a result of this renormalization choice, unphysical configurations will

be suppressed.

I8 -- The Fragmentation Function for a Heavy Quark

I will show in this section that the fragmentation of a heavy quark
to a heavy hadron is suppressed unless their plus momenta are the same. The
relevant FF, Fh»H(k+’p)’ is illustrated in fig. 4. I consider the case when
x = K /p s>

The first remark is that for x>>1 some part of the fragmentation is
unphysical.

The propagators for the unamputated lines are

1/ ik2~M2|2
and p=(p",M3/20",0)

MH is the heavy hadron mass; MH v Mo

It must be true that:
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(k-p)® 2 0
since the momentum crossing the cut is physical and time-like. But then:
(k2-M2) = [x-1)}M2% ~ M for x »> 1

This is the crucial kinematical result. The propagators are - lﬁL

]

and F can be order one only if the integration over large transverse momenta
(7 M) compensates for this factor.

ren
However F

is UV finite, so the integral over the large transverse
momentum region is also suppressed. This is the reasoning of refs. 6 and 7.
Take the diagram of fig. 5 as an example. The final "hadron" is here

an off shell heavy quark. 1 have

o ldkdk !
= e 2

N ok

(8(k-p)?-m2) - 6((k—pT(p+))2-m2)

= X d"k ! o - ]
2(x-1) J*w—- (Eﬁii] n x(M;-M2)+(x—1)M2)L (gET;_])+(x—1)M2)2

"

w(x-1) X (MM )+ (x-1)M° (M-11°)
n, “
2 (x-1)M2 M2

Notice that the large k¢ region is cut off by the subtraction.

I repeat the argument concerning the UV in more detail below. I exam-
ine the contributions of the possible large transverse momentum flows, and
show that every one 1is suppressed.

For each such flow there is a corresponding subdiagram {the hard
part) composed of the lines through which the large momentum flows. The con-
tribution of a hard part, integrated over large transverse momenta of arder

Q 2 M, is, from power counting:4
4-2k
r\JQ
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E is the number of amputated external lines of the hard part. 4-2E is the
integrated hard part's dimension. The contribution of the rest of the dia-
gram, integrated over small transverse momenta, is at most of order MO,

The only contributions not suppressed by a power of l/az are those
for which the hard part has E=2. But a subdiagram with E=2 is UV divergent,

ren
pre

contains a term that cancels this divergence, in which the hard part
subdiagram is replaced by a counterterm. The counterterm is given by the same
subdiagram, but with its external lines at the renormalization point.

The difference cf the two terms integrated over the given momentum

flow may be written:

¢ ok (dﬁr [k, m)-H(k,p (r+))} S(r,p)
J . { T
k#nQ2 rieeq?

This is illustrated in fig. 6.

H(k,r) is the hard part integrated over internal transverse momenta
of order Q with the indicated external momenta. S represents the rest of the
diagram, integrated only over small transverse momenta. If the initial propa-
gators of S are each ~ }ﬁz then S }/aq . If they are each ~ lﬁé , then the
initial 1ines of & are heavy, and r+/p+— 1 a udf/M2 | w2 0 yZ2ccM? |

Then

[ ekCdBkthtun)-Atkop (7)) o (rop )7/07 ~ 12 /Q7
_ISz'”QQ

The contribution of momentum flows with E=2 is also suppressed. It

follows that Fh+H(x) W LE/MZ for xes]



-13-

N s
IC  Normalization of FhaH

Implicit in the above was the argument that the fragmentation of
a light parton to a heavy hadron is suppressed by 1“/M2 . The demonstration
that a heavy parton does not fragment to a light hadron is similar.

If the Tight hadron has a non-vanishing fraction w of the plus
momentum of the initial parton--w=1/x>>u/M--then from kinematics the initial
propagators are far off shell. From power counting, the oniy momentum flows
that might redress the propagator suppression are those for which the hard
subdiagram has two 1light external legs. These flows are cancelled as before
by counterterms.

Thus

(x) o p2/M2 , FLEM(x) ~ u2/M2 for  x<<M/y .

ren
F h-+L

Q;»H

I have shown that FhaH is suppressed for x»>>1 . Thus the FF may be

approximated by:

Fh+H(x) w Ca(1-x)

C can be determined by means of the energy momentum sum ru1e:4’9
1
dw 5 [.ren ren _
[w w {FMH(W) . Fh+H(w)J 1

]

This expression is just the statement of energy conservation. The

5
integrand corresponds to F(pZ)E gEE" where

E,p ~w are the energy and momartum of the firal hadron.
From arguments that I will postpone to the next section, the behavior

of F w} for w<<l is such that:

h+L(
1

=€

" Fh+L(w) o /Me
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Thus C = 1 + O{An M, L(x) % 5(1-x)+0(u2/M?)
1

This implies that [gy-w“F (w} =1 . The average number of

j W n-+H

0
heavy hadrons produced by a heavy parton is one, as expected.
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II - Abelian Gauge Theory

I will now derive the above results for an abelian gauge theory.
The approach, except for technical compiications, is the same as for ¢§

I work in the Feynman gauge.

IIA - The Fragmentation Function in an Abelian Gauge Theory

The FF is defined in terms of the cut Green's functions Gg and Gy
shown in fig. 7. Since I am interested in the fragmentation of heavy quarks,

[ will not discuss 7b, which represents the fragmentation of a gluon.

Gn(r,kl...k

3 k k ,r';p) has two external unamputated fermion lines

L>7L+1° " 'n
and n unamputated gluon lines. The fina].hadron lines of Gg are amputated.
The usual spin sum factor (e.g.*ﬁ+M) is included on these lines if the hadron
is not scalar.

Each external gluon line attaches at ayf vertex in the body of G. The

. . X . . +
external fermion lines, one on either side of the cut, are joined at a v vertex.

The fermion unrenormalized FF is then defined by:

o aL d'k 1 L
T L i | odert 4, 4+ L4on .
Fn {s ,p) = J(ZT.’)"* -113‘[[[ k—+ 0 J (2, s S (s{s -r ;ki)Ga(r’ki' . .kn,r )

—

g is the coupling constant.
The external momenta on the left (right} of the cut are incoming (out-
going).
This FEn is not gauge iniariant. The gauge invariant FF is obtained
by summing over all n: FUl s EO Fﬁn
n=

iny
The divergent subdiagrams of the FF are pictured in fig. 8. From

power counting, one finds that they can have at most two external amputated
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fermion 1ines. But such diagrams may have in addition an arbitrary number
of plus polarized external g]uons? (A plus polarized gluon attaches at a v
vertex. )

Alternatively, a divergent subdiagram may have just two external
gluon Tines (fig. 8b).

The divergence of the first type of subdiagram may be related by
gauge invariance to that of a subdiagram with only two fermion external

Hnes.4 This is shown in fig. 9.

. n
Div { G(p,kl...kn,p‘)} = E! ,&%} Div { G'(p,p')}

~ .

G is the sum over a gauge invariant set of subdiagrams. G' is the same sum,
but without the external gluons. .

In renormalizing, then, counterterms may be defined in terms of sub-
diagrams with just two external lines. As before counterterms are esvaluated
with the external lines at momentum P -

For Tight fermion external lines, a y = p:y'/pt v B /p: , simula-
ting a spin sum factor, is included in the definition of the counterterm.4
For heavy fermion lines, a factor (¢T+M)/p+ is used instead. Thus if a
divergent subdiagram with two amputated external heavy lines is $£8(5+,p),
the corresponding counterterm is

L (0" B 0 (0 e
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IIB - Fh»H and IR Divergences

[ will now treat the fragmentation of a heavy quark to a heavy had-
ron.  The approach is complementary to that of the first part. I will again
consider the contributions of different momentum flows to the Feynman inte-
gral, but the emphasis will be on the soft part of the flow rather than the
hard. For a given momentum flow the soft part is roughly the largest cut
subdiagram that contains the hadron Tines and that has all external lines
near shell and nearly collinear.

I investigate the soft part by means of the methods developed in
refs. 8,1. These papers study the appearance of IR divergences in massless
cut Green's functions. An IR divergence is associated with a reduced diagram
that can be considered a space time pictuﬁé of a physical process.

Here I wish to determine the soft parts that make order MY contribu-
tions to the FF. If the light mass scale were taken to zero these soft parts
would give rise to IR divergences. The MC confribution of the soft part is

due to reduced diagram configurations that are physical in the m+0 limit.

un

h+H(x)’X>>]’ are as shown

The leading reduced configurations for F
in fig. 10.
An  on-shell heavy quark emerges from a contracted vertex and is dressed
by zero momentum gluons into a heavy hadron. These soft gluons may attach
anywhere atong the heavy iines. The initial contracted vertex represents
the hard part. TIts lines are effectively far off shell: p?-m2 2 M2 .

There is one important subtlety in the derivation of the above conclu-
sions. The analysis of ref. 8 dealt with cut Green's functions that correspon-

ded to physical processes, such as e+e'4 jet1 + jet2+ anything. The massless

FF seems to have new types of IR divergences due to the 1/k* factors associa-
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ted with external gluons. This possibility is eliminated by a simple exten-
sion of the previous ar‘guments.]O One must choose the correct V! prescrip-
tion in defining the 1/k™ factor. The new type of divergence cancels between

diagrams in which the initial gluons are on different sides of the cut.

[IC - Suppression of F for x> 1

h~H

[t is now possible to show the suppression of F for x»*»1 . The

h-H
dominant momentum flows are as shown in fig., 10. The hard part, or the initial

contracted vertex, has just twe external Tines. There is therefore a counter-

fo]
"eN i UV finite, the Q

term graph corresponding to it in FPe" . Since F
behavior of the graph and countergraph cancels between them, when QM. Here
Q characterizes the transverse momenta in the hard part and counterterm sub-

diagram. This cancellation occurs because the leading behavior of the subdia-

grams is proportional to Y* . The definition of the counterterm C is:

¢ = f:?; p( R M) D) = _;Léé_ (‘h— (pemyvy DR

~ DR +oMYad)

where D(Et) is a divergent subdiagram integrated over transverse momenta ~Q and
o~

' is the divergent scalar coefficient of the 37 term of i} . The differ-
ence of graph and countergraph for the momentum flow under consideration is:

- L . - ~d 4 I | +
ﬁu,. [_Du%ccm*n S epy ‘ch‘,_ [~ D (B rm)¥isep)
Ped P (0

)
. ! o R N *
By the same reasoning as for Pb this is 'qufa for (G >> M7,



-19-

ren QM cher 1 €D v YD ) Rt
RS )

~ TF (M)D N
Chy

For the leading M* behavior to cancel between graph and countergraph it must

be true that ¢ o ﬁ§;+54 s OwM/mt. I this is so then the difference is:

UHF xf?‘}tﬂ-— Cop YT S

J
PR
(, f{\ ) . T :-'fr \4\ r{:’j =
N ,;J.HP +f‘|11 ‘P:r)(’_t‘\J_hr\/ﬁjl ?u{\r‘-giptl"';):l—lg fii-:' .JjJJ [ PR
U . T ‘ o i
v ~ [ e Ly e (‘;)Lr'wDLP—MJS (pit)
b+

where 9 s the coefficient in 5 offpi++1§/F*

(p_+M}, :
The MY behavior of the hard part cancels: tyr—=< -fD(r)-D(pT)jmp'?/Ml )

+
r

I must therefore show that the soft part S is of the prescribed form.
In the important soft configurations the heavy quark interacts with soft lines
at 3 point vertices? In fact it has just coulomb interactions. This is so
because in the hadron rest frame the heavy quark is non-relativistic. The
strength of a spin interaction is proportional to the velocity imparted by

it to the heavy quark, and thus is small.

The numerator at a soft interaction vertex is of the form:
) 'Y
(Fe Mo (Frh+M) = LR faM + Ok, pr-M™)

k and pc-M? are small since the gluon §s soft and the heavy quark is near shell
in the soft part. Thus a gluon interaction preserves the p+M structure of the
numerator. The soft part is as desired.

Corrections to the g+M behavior of the soft part are suppressed by a
factor u/M due to a single spin interaction. Therefore Fh»H(x)““/M for

¥> ]
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Similarly, for a light parton turning into a heavy hadren, Fi-oquX)ﬂv’f/Pl

Finally I consider Fh,,l_tx] for x not too large,i.e. W:‘/X""M/M-

In this case the dominant soft parts are as shown in fig. 11. They
represent the unfolding of a jet of Tight particles. Again the
hard contracted vertex part has a counterterm. The hard subdiagrams, with
momenta % ™M , to Teading order are proportional to Yt Thus the MP°
behavior cancels between term and counterterm.

The correction tc the leading behavior of the hard subdiagrams is

~pr /MY and
Fi, ) v m/Hh for wss p/r

As an example of the suppression for Fﬂr—>ﬂ , consider the FF dia-
gram for fig. 12.
Fig. 12a is:

2 +
Ssu-x)y Jask ot Y e g v M)y ——
E.+ (prhI=M rie Kemirie

= &= x) JﬁK*dl;‘S 117[6( PR ) - SCK'*)J

!

{E’ (prh)f —
G o 4
KR [+ R () KR
Pr pr
where x 1s the usual ratio of initial and final plus momenta.

Fig. 12b is:
it etV ot (DM - t
('P+TK*)1 d kK [*‘Aﬁemﬂ] /[Iil"jfd » Preslpr(p=Ir) l-;l“ ]

3
K here x = (pr+¥)/pt

Including the counterterms and integrating over k yields approximately

(for |k+'>c):
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~-£ } .
- . y LR - s
Fig. 1oar -~ S [ pTa ) /i VTt S
K‘ﬁ'n}-
_P1-
- t+ Y T t"ll .?\_M\\
Fig. 12b: ENR=CRUR R T S
.P\r I_\Y‘ MQ\

When k= is not small, each diagram is suppressed. Upon adding the

two, and integrating over their initial plus momenta, one obtains:

: =
o -1 - .
BN - ; 2 LT i 3 -
ST opT p et T s Ve MY s i 0
A e e M

R

Thus the fig. 12 contribution to the FF is suppressed as expected,

since there is no dominant soft configuration of the fig. 10 type.

[ID - The Shape of Fi.q;a

I now consider the behavior of Ffzgh (X) for Xx~>1. I have shown that
FL_%“«ufgq1 fgrde and that this is due to an order aj;™M correction to the
soft part. The contribution of the hard part, since it is incompletely can-
celled, is order one for this leading behavior. The soft part is approximately
a delta function SCF -7}, where + {p7) s its initial (final) plus momen-
tum. It is therefore independent of x . The hard part remains order one
for all x , including x near 1 . Thus FL—AH has a contribution that is of

order }Afrl independent of x .
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At some point other types of contributions will become bigger than
Jeiv . As x goes to 1 essentially the whole of the FF comes from reduced
configurations in which the initial heavy line is close to shell and dressed
softly into the hadron. They make Fi_uﬁ order one for x close enough to
1. There is no unphysical part and no suppression.
As long as X*V"”D”“}the argument showing suppression holds good.
One can still divide the fragmentation into hard and soft parts. But the
hard part, unlike the soft, dees depend on x , and the suppression of its con-
tribution is weakened as X — _
[ will therefore determine the leading behavior in ‘/f«-i3 of the
hard part as X—>1 , but with - symymt
Let B denote a hard subdiagram integrated over transverse momenta M
with two heavy external lines at momentum hVRaF“L Define
]

RN U AT
L' ——

- -

Note first that

X . . EN I
RS P M

Motr) is MUFY with all 1ight masses set to zero. The above follows
since Hi+) is off shell.

The M® behavior of H is cancelled hy the subtraction of a counterterm.
The difference is:

iz gty b k| e (Eepy d
4 ey - b t'{tkrij = r-Ro) 4 me o -7 5

el

. . vtﬁ\,/ ; PR 3
(\L\‘I‘_r._‘ S =T = e J\")\

expression, L LET SR E M The leading large scale

dependence of the difference can be approximated by taking r‘Ft to be
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infinitesimal and replacing subtraction by differentiation.

The Teading reduced configurations cause an IR divergence of this
differentiated object at x=1 . The leading behavior in 1/(x-1) as x—=1 is
Just the strength of this divergence. It can be established by the IR power
counting technique ¢f refs. &, 9.

The divergence in Ho integrated down to x=1 is logarithmic, by these
methods. The derivatives give an additional heavy propagator going on shell
as x—11. The extra propagator changes the strength of the divergence from
Togarithmic to linear. Only the term of the FF invclving the difference of
a divergent hard subdiagram and i1ts counterterm has this Tinear rise.

The behavior determined above is:

. . R RN - e . LYEVEY
U ax - L&)~ MM = Clagd o R M /‘v\
s y i 5 . . o 1.5‘ .il
144
. S R /
It becomes dominant when M/p< L M/ OF  X-1 < (/M
3

T

Eventually the 1/(x—]f behavior of FhAH is cut off. For x-1 small

enough it becomes a bad approximation to replace the difference of H and its
counterterm by a derivative. Clearly it must hold that ()~ H[pt)slﬂpaor

e /‘*'>M“'~ < 'e . Thus the ‘(41" is cut off roughly when x-) ~ /‘}/Ml‘ .

The shape ¢f is pictured in fig. 13.

e

Lastly, notice that the /i« behavior of Fg_jh‘wﬁ comes from a part

of the fragmentation which is hard. Momenta squared in this part are(from the
power counting argument)
typically z(xqp”ql , which 1is 2 M* in the region where one expects to see

%Piz behavior. Thus for a nonabelian gauge theory, asymptotic freedom should apply. The
ard part

" should be given, up to logarithmic corrections vuh(ﬁ-QﬂZEQby the Towest order

graph, with the coupling constant g renormalized at the scale tx—lﬁ.ﬂa



-24-

IIE - Normalization of .,y

I wish in this section to derive the overall normalization of F using

the energy-momentum sum rule. In doing so I will need to know the total

average energy going into 1ight particles from a fragmenting heavy parton:

A

Mool

e

~
[

Therefore, I will now discuss the behavior of i{VALLWH as w becomes small.

As in the last section, the argument for suppression and the division
of the fragmentation into hard and soft parts work as long as w™> MJPﬂ

Unlike the previous case, the soft part is order one independent of
its initial or final plus momentum. The contribution of the contracted vertex
is ~ MM but its suppression is weakened as its external legs carry off
less and less of the starting plus momentum.

As w0 , there is an order one contribution to ﬁqu due to configura-
tion 1ike that in fig. 14. The reduced diagram shows the heavy quark propa-
gating with unchanged momentum across the cut. It interacts with a soft cloud
that includes the final hadron lines.

It is the influence of such a confiquration that weakens the hard
part’s suppression,

Consider therefore Hir) , a subdiagram with two Tight external fer-
mion legs . (The treatment of the gluon case is similar.) Define H'{r) =
Try"H.  As before:

. i “ N 50
Wik s otk ds DE9/MY

For w not too small: . ‘ ‘l
~ T - H ! -~ \)! -+ r - ')ﬂf Yo Q \'ﬁ ! I e
> 4 el . (r e S

¥

el e T L A P

Ca l_,

- J'C— 'j i P'- . Ar T

[ ask again what is the strength of the IR divergence in this differen-

tiated object as w->c , as a dominant configuration is approached.
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Take Ho (P  first. Normaily a configuration with a heavy quark
and soft cloud would give, by power counting, a logarithmic divergence. This
is modified here because the external lines are included in the soft cloud.
Normaliy theirmomentum would be integrated, but is not here. Also the mass

shell delta function and numerator momentum factor associated with an ordinary

cut Tine are missing.

These changes imply that HelP- 17 - 4% w—so

'y

i
i

The differentiated object behaves like & Hg(#iip“l it . As be-
db" E
fore, the derivative adds an extra propagator.

Finally, recall that h;:~n3 ~ /s . Therefare

P

ok - o P”L\‘ r‘, __'_‘ 1/’%;\ a4 S =0

Y

&Y
This behavior will be cut off when '/ 3 MM~ 7Y, or when Ly MM

The energy-momentum sum rule is: |

i
. ~ 3 ~ - e 3
= UTE o T ] A CET e v IR i w] wid
B T N U » W

J

4

The extra w occurs on the right to make H' a physical probability to produce
a light fermion. Recall that H was defined by tracing with a ¥ . What

is needed here is a trace with the usual final particle factecr ffw P*X‘w mfﬁi
Then

N [

\ - ! Y
L3N \ i l -
S‘? G e w0 A s MR
' ‘ - LY,
3 M7 e

_— ] . . % I -
As above (A [M/M I-CJT' W by CL Fh.—) L“.W y /U)v

¥

ThUS : (“ :»-. oL Loy i w\}lj_“i) YRR aY] ‘J‘J-_/M
N 4
[

J
W

Again, the /.5 behavior of F,_,, tw' 1is due to a hard part of

the fragmentation, where momenta squared are typically wii’ For an asymptotically free
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17, .
~of the 1.3 W behavior should be asymptotically calculable from the low-

est order graphs for H .

Fh-st”j is shown in fig. 15.
As an illustration of the above general argument consider the fragmen-
tation of a heavy quark to a final light scalar particle, shown in fig. 16.
Fig. 16 and its counterterm diagram give:
. . "y
— " + 1 J - -
ek [P R (T{rt kM) (&,F%M)(KM)}S((KP)‘M)

LN

v ig M)A M ) (K M)%S(c K-p)- M‘))

= XKD K (R ) ML - M
& (Rt o) (KM

(-1 | KM xa-Npt QM
e KR T L(-p"’*)(lb CE R DN S L MY (M4 XK= Pm)j
— M4 .}((K_-AF'AV XiX-1)
For w=Yxe<! , but w>$}yhlﬁ’“=|>1, this is:

L KT o)
’&U\} UJIM')\

The average total energy carried off by 1ight scalar particles is:

ﬂf ) e [ (m2) v MM

UJ
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ITF - The Heavy Quark Spin

As remarked in IIC, the spin of the heavy quark does not flip in the
soft physical part of the fragmentation. 1[I have shown that physical configu-
rations make the dominant contribution to the FF, so that the quark does not
f11ip at all while fragmenting. Each spin flip is suppressed by a factorfa /M.

I can take advantage of this by rephrasing the original discussion.

I will rewrite:

SRR
do, (o xph)
ErQH“"HtP\H.X

Hid

i -G N
fd'}/r\ (Lu‘l} | (-#'LX\)

iy

i
IS l\ ; % -
o j 5 l," L i o ‘.-;"- —_ L‘.’f\ I hi\‘3 -I'"1

i

- ~—

~~-

(b . - .
SER = hy Ry i

(e*g‘—v‘h? 'S now the probability to produce an on shell heavy quark with
a particular helicity. ©y; — i describes the fragmentation of such a quark
to the hadron.

This 1s realized by defining C and counterterms with a spin projection
matrix. A factor Q:ﬂfg‘f5tﬁa<+ﬂ3fﬂf is included on the external lines
instead of ‘£ %VEE,P;-

F::Ls\* is defined in the same way as +n->w' except that
an initial ¥t Cieyg iy (L;£5 for the other spin) replaces the initial

¥* . This determines then the initial helicity of the fragmenting guark.

Also, I no longer insist that a spin sum for the final hadron be performed.
r.en— ( F/PF'Q’\

The renormalized F ‘ satisfies:
! e
4
e Cote YTy L V.
i_ = . " ! R L iv ,/ ﬂl\’
Tx
where 17t%i 7 is a two by two matrix. (I ignore the mixing with gluons,

since it is not relevant.)
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The finiteness of Eren and factorization can be shown as before. Sim-
ilarly one shows that =~ (=7, YulhV 3 constant vector. However because
the spin of the quark does not flip, F:hT—ﬁ(%j Fky - are not suppressed
only when the heavy quark in the final state H has the same helicity as the
fragmenting guark,
The production of a final state with a given spin for the heavy quark

is given approximately by the Wilson coefficient for the production of a

heavy quark with that spin. Corrections to this result are of order M/M,
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G (LﬁJPﬁ ¥ &:ﬁuiﬂ , acut Green's function describing the pro-
cess ¥ (G- Hep) ot X, Slashed lines are amputated.
A cut Green's function used in the definition of the FF

A diagram for E'7 . up)

Froon (KTJP}. A double line is heavy.

A diagram and counterterm diagram for £ '°7

The cancellation of the leading M behavior of an unphysical con-

mren

tribution to
Cut Green's functions used in the definition of the FF for an abel-
ian gauge theory.

Divergent subdiagrams of the unrencrmalized fermion FF.

Divergent subdiagrams related 5& gauge invariance.

. . . —un o
Leading configuration for Fi - . All lines in the soft bleb have near zero

Leading configuration for FEE)L . A1l Tines in the reduced

diagram are near shell and either collinear with the final hadron or at near zero
momentum.
. =, .
Diagrams for w1
~ e
U

(x )

A leading configuration at w=0 for {"h > L . Lines in the soft blob have near
Zero momenta.
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Example of a diagram for -, ..
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