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ABSTRACT
It is shown that the counter-example to non-Abelian Bloch-Nordsieck
conjecture in "q + q » y* + soft gluons" to order USZ is avoided at the cross section
level if the initial-state is prepared according to the coherent state approach for
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. INTRODUCTION
In 2 recent paper Doria, Frenkel and Tay]orl have discusse¢ a counter-
example to the non-Abelian Bloch-Nordsieck? conjecture that if both final-state
real soft gluons and virtual soft gluons are summed, the IR divergences will cancel

in the (color averaged) cross section in perturbative QCD. In later paper53

they
and their collaborators have constructed and analyzed the simpler counter-example
which is considered here., These counter—examplesf have prompted questions
concerning the validity of arguments for the factorization and universality of mass
singularities in hard scattering processes for the latter arguments assumed no
length cutoff, for example associated with the spatial extent of a hadron, is
necessary to insure cancellation of IR divergences.

The purpose of this paper is to show that the simple asz counter-example
"+ q +Y* + soft gluons", with Y* a hard virtual photon, is avoided at the cross
section level if the initial-state is prepared according to the coherent state con-
structive procedure for the non-Abelian case. This is a perturbative procedure and

7.8 2,10 in the Abelian case. In our

has been developed in analogy with that used
calculation we adopt the notation and approach, and only extend the analysis of
Sec. 2 of Andrasij, M3 by including the corresponding IR contributions from the
inttial-states' part which then gives an IR finite cross section.

For completeness and to emphasize the assumptions, in Sec. II the coherent
state approach Is reviewed. [i@gram rules needed in the present calculation to
construct the initial-state contributions are listed in an appendix. In Sec. III the IR

divergences arising from virtual soft gluons in the usual covariant graph are shown

to be cancelled in the cross section by contributions from the initial-state. This

Such counter-exampies can be shown not to occur for many processes using the
methods of Libby and Sterman [Ref. 5] and the present counter-example has been
considered [Ref. 3] relative to the Kinoshita-Lee-Nauenberg Theorem [Ref. 6].
Much of reference | has been checked in reference 4.
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occurs separately for each toplogical type of covariant graph. Similarly, in Sec. 1V,

the IR divergences arising from final real soft-gluon emission are shown to be

cancelled in the cross secticn by contributions from the initial-state.

II. REVIEW
The coherent state treatment of the asymptotic dynamics in the infrared
region of non-Abelian gauge theory is an amplitude approach in perturbation theory
which is based on the asymptotic behavior of the Hamiltonian operator for |t | + =
In the interaction representation. As in the treatment of scattering in an
unscreened Coulomb potential in quantum mechanics and in the coherent state
3,10

treatment of the IR region in QED and gravitation, the motivating idea is to

avoid the IR divergences by rewriting the total Hamiltonian

H = H0+HI

= H,  +Hj (1)

where Has(t) =H,+ Vas(t) so that H'I does vanish sufficiently fast asymptotically
to avoid IR divergences. Since the quark mass is chosen to be finite, the
asymptotic Hamiltonian Has(t) does not contain qq creation or annihilation pieces.

It does include the complete cubic and quartic gluon self-coupling terms. The

associated time evolution operator, Uas(t), in Schrodinger representation

idUaS(t)
—at ° Has(t)Uas(t) (2)
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is then used to generate an initial asymptotic states' space H = exp[ —n(t)] Hpy
where t+ -=, from the usual Fock space '#F' Because of the presence of massless
gauge quanta, J‘E’as is not the free particle basis based on H,.

Being asymptotic in origin, the construction of H_ . based on Eq. (1) is not
unique, More significant]y, because of the conjectured confinement property for
QCD which forbids all systems with color-nonsinglet quantum numbers from
existing as isolated objects, and because of the apparent empirical absence of Van
der Walis forces, it is not yet clear how physical are the properties of the non-
Abelian perturbative IR region.ﬁ- Unfortunately, we have to "with-hold judgment"
on this issue for the present analysis will not incorporate such important nonpertur-
bative long-range effects since we do not know if they are sufficiently well under-
stood at present to be included. A somewhat similar assumption is necessary in
Sterman-Weinberg inciusive cross-section analyses. Nevertheless, just as the
Coulomb phase shift is observable in well-chosen reactions, the IR domain in QCD
may eventually turn out to be physical despite the presence of nonperturbative
effects.

The perturbative solution of Eq. (2) for the asymptotic time evolution
operator, Uas(t)’ can be written as in the usual coherent state operator

exponentiation (Magnus' Theorem)
Uas(t) = exp (~i Hot)Z(t) (3)

Z(t) = exp [Q(t)] , ot = —a (4)

o We thank Bill Bardeen for emphasizing this point.
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where ((t) is given by iterative integrations over an infinite series of Lie elements
of the asymptotic potential, V_ds(t). Equivalently, Eq. {2) can be solved as in time-

ordered perturbation theory

= t t t
2 =1+ > (-i)”f dtlf Lat, f "l v (tpay_ () (5)
n=1

and used to generate the equally-weighted diagrams shown in Figs. 1-5 via the

definitions ( IwF> is in interaction representation)

[ b, = lim {ZT(t)}|¢F> (6)
-
Sg(tl, ty) = 'JtiToo ZT(tI)SD(tl, t5)Z(t,) . @)
1
ty> oo

Order by order, Z(t) can be expressed in terms of Q(t).

Even in the Abelian case’ this is a formal (heuristic) procedure because Z(t),
when precisely defined, turns out not to be a unitary operator in .}E’F; in fact,
N’as) are representations of the canonical commutation rules which are unitarily
inequivalent to the Fock representation. To specify Z{t), Egs. {5)-(7), require
"boundary conditions."” Since the idea is to modify H, to H_  only at large |t |, in
Eq. (5) contributions of the lower end point of integration are dropped* (in the
Abelian case this assumption is necessary for Q(t) to commute asymptotically with
the total momentum operator)9 . Note that HI is used in calculating the usual

Dyson S operator, Sy in Eq. (7). Also in the Abelian case, in Eg. (4), the Q(t)

*In Eq. (7) the endpoint for Z(t.), and for specifying initial-states' space, could be
chosen as (t,) = -» and for Z(t 2), and for final states' space, as (t,) = +=, with the
assumption &f an tie prescription to avoid endpoint contributions. " An € has been
displayed explicitly in the present calculation. If € is equal to zero (this was
done in Ref. 9 in showing the cancellation in the matrix element of the IR
divergent &(t) contributions to the scattering operator defined by Eq. 7), the IR
divergences in the cross section still cancel separately for each topological set.
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perturbative series of integrations over Lie elements truncates and
(1) = R(t) + i9(t). It is found that in Eq. (7), R(t)+ 0 as |t | +=, but &(t} is odd
asymptotically and, when regularized, cancels the IR divergent Coulomb phase. In
the present paper on the non-Abelian case we do not consider non-trivial
generalizations of ¢ type of terms (c.f. Ref. 8) so we only treat the cancellation of
the IR divergences in the cross section. However, it is easy to show that the R(t)
type terms associated with Figures 1-5 vanish in Eq. (7) as ty > -,

For R(t) terms in Eqg. (6) in the non-Abelian case we adopt as a working

"ansatz the replacement in quark Bremstrahlung terms of

a7 e »al = Ne (m), @)

where e“(m)(k) are gluon polarization vectors with i = (3, m, ) denoting "a" for the
color gauge-group index, "m" for the spin polarization, and e for the on-mass shell
gluon three-momentum. Similarly, for other terms of Eq. (5) in n-th order, we
assume

ilE-E It
(operators)e + {operators) )]

.f.

50 Z+(t) + Z' and Eq. (6) becomes the time-independent relation

g > = ZTI‘PF) . (10)

as

Again, in the Abelian case by working in the complete infinite tensor product space

11
of von Neumann, Eq. (8) has been justified and H » defined by Eq. (6), has been
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shown to be t independent and to contain a Lorentz and gauge invariant subspace
with nonnegative metric.9

Accepting this constructive procedure, graphical rules for | was> are easy to
derive and the ones needed for the calculation to order %2 for "q + g+ 'Y* + soft
gluons”, with Y* a hard virtual photon, are listed in the appendix. In this approach
it is not necessary, in order to cancel IR divergences in the cross section, to sum
over final color spins and to average over initial color spins since each asymptotic
color-charged particle, e.g. quark or gluon, is accompanied by its associated color-

singlet set of self-interacting soft giuons.8

III. CANCELLATION OF VIRTUAL GLUON IR DIVERGENCES

3

As discussed by Andrasi, et al.” the asz color and spin averaged cross section

for "q + q + y* + soft gluons" has the form

2 2
(ISO'B{ACF +NCFCYM} (11)

where I is the Born cross section and, with t the Hermitian representation

matrices for quarks,

Ly fabcfabd = CYMécd

where [t ,t, ] = if [Cyay = 0 in Abelian case]. Following these authors, we

abctc
work in the lab frame of the anti-quark pLl = {m; 6), use the Coulomb Gauge defined
in this frame, and make the eikonal approximation in the contribution from the

graph part. The graphs contributing to N and responsible for the counter-example
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to the non-Abelian Bloch-Nordsieck conjecture are labeled with "0" in Figs. 1-5.
For the cross section, the amplitude for each virtual topological set fa, b, ¢, d in
Figs. 1-4] is to be multiplied by the complex conjugate of the Born amplitude, and
then the complex conjugate of this product is to be added, followed by the color
and spin averaging. Notation used in the figures is explained in the caption to Fig.
1. Note that on-shell particies bridge the initial-state, graph, and final-state parts
so usage of the Coulomb Gauge reduces significantly the number of diagrams
associated with contributions from the initial-states' parts. We do not consider
here the graphs in which gluons are attached solely to the quark, or to the anti-
quark line, for such graphs are not responsible for the counter-example,

In the coherent state approach, cancellation of IR divergences has been found
to occur separately in each topological set. The first such set, (a), is shown in Fig.
1. With J(B the Born amplitude, we remove some factors common to each graph in

Fig. 1 by writing

4
- - -
r/”ai = U”Btbtatbta 6 u“ai ] L= O!"‘!3 (12)
(2m)
As in Andrasi, et a1 Fig. (a0) gives
—_ ] .- - -1
L = -yzezfd3kd3p,[1 XAk -k L vied
x [-k+K+L+ie]_I ’ (13)

where

k=|k| , K =Keglq, = Bkx, o (14)
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and Fig. (al) gives

M - 1(2n)‘11682fd3kd“2[1 _ xz]k‘lz‘z[zo +iel !

x[-£0+k+1_-K+ie]'l[-20+L+1s]‘l{k-K]'1

= - M, . (15)

For f{al) in  applying graphical rules, one must include factor
(e(\f')(k)/[Z(ZTr)Bko]yz)u(q) for joining graph and initial-state and also sum over
(a, &, E) gluon indices. Since k is an on-mass-shell gluon, the quark momentum
following Coulomb gluon, _9:, emission is (ql)u = (q—l)u and then following k
absorption it is (qz)u ={g- 2+ k)u. Similarly, for Fig. (a2) following K absorption
(ql)I\1 = (q+ k)u so we obtain

M = - M (€ E) (16)
(note minus sign from anti-quark incident) and for Fig. (a3)
Ay = BzdeRdBR - %21t 2 -kt
x [(L-ig] l[«k+K+L-jg"} (17)

S0

Re[.®_;] = -Re [ ,] : (18)
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For topoiogical set (b}, we let

A

_ . — . M —_—
M = -wf(BtctbtafabC (_gmzﬂ)6 My 3 1=0,1,2 . (19}

For Fig. (b0), do the s,-integration by closing in the lower half-plane and then ko by

also closing in lower half-plane so

-1
""(bo = deBkdBS [y-xcosw}s'lk_l[(m)zl

x [k-KlK+5+ie]!

(20)
with
kes = kscosy , S = -s"-'c?/qo = Bsy
Similar to set (a) calculations,
- 3 3 N pp—
'ﬂbl = -de kd“sly - xcos wls k™" [{s + k)*]
-1 -l
x [k-K] '[Tk+S+ig] (21)

and

-1
U?bz = -deBkdBS[y - x cos ] S [(s+ k)z]

X {K+S+i§]_l[k+S+i§]"1 (22)
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50

Re[ 4 o+ M+ M STz 0 . (23)
For topological set {c), let
£ 7
Mg = IR T e mb Moy 3 1=0,1,2 (24)

50
”ECD = -de3kd35[y-xcosw]s'lk'l[(sﬂ:-I:)z]-
x [K+S+ielfk+s-iel™! . (25)

For (cl), following absorption of s' gluon, (ql)u = (q + s')lJ 50

-1

M = —deBkdBS [y - x cos ] shely (s-uje:)zl
x [k-KIl[ks+s-izy! (26)
and for (c2)

‘/“CZ = deBkdBS[y - X COS w]s'lk_l[(m)z] -1

< [k-Kl "tk +s-ig)! (27)
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SO

Topological set (d) is more complicated for there are 3 energy-orderings of
the vertices. In Ref. 8, for simple tree graphs it was found that the IR cancellation
occurs not only for distinct topological sets of each covariant graph, but actually at
level of each energy-ordered subset of the topological set. Set (d), however, is
sufficiently simple to directly do standard contour integration of the amplitudes

associated with the graph part. Letting

4
=iu”tttf

B 7 . 0=
“# g B c'b a’cha (27r)6 Mg 5 1= 04,5 (29)

for (d0), following Andrasi, et al.” we obtain

L#wA;::[de+ﬂ'HK+S+id4

x [s-K-ieltk-k1! (30)

> > >
where convenient measure is [ it is invariant under k -+ -k, s+ -s, as well as under

> -+
k <> 5]

-1
fdu = BzfdjkdBS[l—xz-y2+xycos¢:] [(k+s)2]

- e

kes = kscos vy (31)



13 FERMILAB-Pub-80/32-THY

and from two gluon-propagator poles obtain
oo o= % | duts -kl ik s 517 k- kg
“*dop = ¢ 9H

« [k+s-K-5]°} . (32)

For (dl) do S -integration by closing contour in lower half-plane. Residue from

graph parts’ gluon-propagator pole vanishes for asymmetric under s u ++ kl-l’ S0
obtain
— -1 .1 -1 -1
My = - [dulk+s] 7" [k-s+ie] T [k-K]
% [l<-¢—5+ie]-'1 . (33)
We can show

by adding complex conjugate amplitude with change of variables s> _Z, k » -k and
then relabeling sL1 > ku. For (d2), factor for joining graph and initial-state is
(m) ' (£)
) e, ) e (k)

5 u(q)
2 [2(21r)350] & [2(2 'n)3kO] Vz

and contract two incident gluons in both ways for state; obtain

L/f(dz = -,,/(dOB (35)
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s0, up to this point there are no net IR divergences for set {d).

For (d3) we obtain

Mgy = N _/-ciu(s-k)k'ls'l[k+S]_1[k-K]_l
x« [k+s-K-sIlt ) (36)

For (d4) there are two energy-orderings for state, in case k< 0 (ku shown in Fig.

4, do) so gluon k' absorbed by quark,

A, - %fdu(s-k)s'lk'l[k-K] g 577l

x [s+K-ig] - (37)
and for case k0 > 0, i.e. l?emitted,
Z,0 =% fdus s sk s v ig s o k- a7
“Hasp - H
-1
x [s+58] . (38)

The ie in [k-s+iel ™} in “# yp and in 'j?dl are unimportant since the terms
multiplying [k - s + ie}'l vanish when k = s. Fig. (d5) has 3 energy-orderings for

state part, case s'o > Q, ko >0 gives

My }afdu(s+k)s-lk'l K+S+ig]™!

« [k+S+igl s+sy7! i (39)
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As for Eq. (34), we can show
Re [./Wd45+u??;j§A] =0 . {(#0)
In case, st <0, ko > 0, Fig. {d5} gives
Ry = [auts ks Dews1 K e s 4 iEl !
d5B
x [k+S+if}™! (41)
and for 5;)> O, k0< 0 we obtain
. - _%.fdu(s-k)s‘lk'l[s ~s1 s ak-s-k1-!
d5c
x [S+K-ig1"! . 42)
Using Egs. (36), (37), {41) and (42) can show

+ M

Re [./I(d d5C] =0 . (43)

3+ Hgya +Hysp
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IV. CANCELLATION OF REAL GLUON IR DIVERGENCES
For the cross section to order asz, the amplitudes for the process
"qg+q * y* + 1 gluon" as obtained for topological sets e, f, g in Fig. 5 are each to
be multiplied by the complex conjugate of the order g amplitude for single gluon
emission, etc. In the coherent state approach, this latter order g bremsstrahlung
emission amplitude's IR divergences cancel in IR region in eikonal approximation
just as in QED. Similarly for "q +q + Y* + 2 gluons," the topological set for 2 gluon

bremsstrahlung from the quark line to order g2

is easily shown to be non-divergent
in the IR region.

It is also easy to show that the IR divergences in the amplitudes for each of
the topological sets in Fig. 5 themselves also cancel in the IR region. Here at most

one contour integration is necessary.

For topological set {e), with (a, n, %) emitted

3
M. = Mttt & {:
ei Bbab(zn)u

1 ] ¥ q-e(n)(k) 7
2(217)3k0 9o “

u{(eo = 21rfd39. ,Q,'Z[L+lz-:] 'l[k-L-K-ie]“]L

| - -2ﬁfd32 L s ie k- k!
‘“‘Tez = -zvrfd39. 22 k-KI k-L-Kk-ig]"! (44)

so the sum <f real parts vanishes.

For set {f), (b, %, k) emitted
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3 ’_. 1 a
My = Mt t T - SO [ _] 97
fO B ca abC (211_)4 L 2(2 T[)Bko fO

d

My = b f d3s elk)es s~2 1 (3TR)2) !

x [k+S-ie]”}t

= - M (§—»¢€) (45)
> >
For set (h), (a, m, k} and (b, n, s) emitted,
Y
. 2 1
Mo = M g [———————_
ho B c abe #(21[)65 k ]
oo
— IR -1
¢ e(s)se(k)[-s + k]o[(s +K)] [k +s]
= - K, (46)

Set (g) is slightly more complicated because of two energy-orderings. Using

notation of (d0) in Fig. # but omitting prime so radiated gluon is (b, n, 3), we
express the amplitudes using

g3 1 2
o= Mt t 1 ‘: ] M.
gi B c a abc 2 ﬂ)i# 2(2 11)380 gl

k:k
f dx = (2ni) f dBkem(n)(s)qi [ 8. - (i);“ ]
K

-1
« @ ETRA (g

M

(47)

For (g0) do ko-integration by closing contour below to obtain from gluon propagator



I3 FERMILAB-Pub-80/82-THY

M on - -fd)\(s+k)[s-k]'l{k+ K1-! (48)
and from other pole
_ -1 -1 -1 -1 -
‘/‘(gOB = 4 Jdik s T [s-k] " [(s+k] T [s+K-ig] (49)

where the "ie" has been omitted in [s - K] 1 since for s = k the term multipiying

['s-k1™! vanishes. For (gl) and (g2) we obtain
7 - fdk(s+k)[k+K]-lIs-k-ie]'l (50)
gy - fdx(k_s)[k-z(]'l[ms]“l (51)

and for (g3), for case k emitted,

s - -fd)\(s+k)[s-k—i€]_l[s+K-lE]—I (52)
and, for & absorbed,
ngB = -fd)\(k-s)[k-l(] Asex-im! . (53)

With these amplitudes we can show

Re[”‘?gl”?gz“’?gyx toMop t Mogp+ Mol =0 . (5H)
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APPENDIX: DIAGRAM RULES
Diagram rules for the initial-state are easy to derive using Egs. (5), (6) and
(8), (9). These are similar to the momentum space rules of time-order perturbation
theory except the quark and anti-quark lines remain forward in time because there
is no fermion-antifermion creation or annihilation. Corresponding to the usual

QCD Lagrangian

AH

2
_ . LAV _ aVal _ v
Lx) = %(a AY - 3VAY - gf bAC)

abc

-'qj[yu (-ia“-}gta}\c}:) + m] v

e s (Al)

the vertices needed in the text are:
(1) gluon (a, m, k) attached to incident quark, p,
(m)

B PE (t_) (A2)
3 ) a
[2(2m)°k ) %p,

with (ta) - (-tz) for gluon attached to incident antiquark. The energy denominator

[i(Eo -E_- i) “ for n-th intermediate state is obtained by working outward, to



20 FERMILAB-Pub-80/82-THY

right, from broken line separating graph from initial-state with, E0 = energy of
state at broken line, and, En = energy of n-th intermediate state. For gluon of

-
momentum k

[ E

-E i)

[i(:%&?—iE)J—l

-
respectively for k absorbed, emitted. At each vertex three-momentum Iis

0

conserved, and the quarks and gluons are on-mass-shell. There is an overall factor
()" for each state part where n is order of state part.

.. > > > I

(1} gluon (a, 2, k) created, and gluons (b, m, ) and (¢, n, m) annihilated

igf
3/2

abc
[8ko P.Omo

Vo (232, smiePme™p)eMim) (A3)
) TRV o] U Y n

(27) ]

with lower signs for (c, n, m), (b, m, E) created and (a, 2, k) annihilated. All three-

momentums point to left.

(iii) for gluons (a, £, K), (b, m,_ﬁ), {c, n, n) annihilated

ig fabc
)2 8k 4 n. ]

7 Vyon 07 4, 00e e M e Min) (A%)

pn

with lower signs for creation.

In (ii) and (iii),

v (k, qs r) = [gu\)(k-q)ﬂ+g\iﬂ(q-r)u+g

Lvn (r - k)\)]

un

and energy denominators are
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[(Eg - By - 217 = [ilsk 52 7 mg - 10170, itk 5 2 70 - i8]
respectively.

Rule for quartic vertex is not needed here, but it can be read off of Eq. (14)
in Ref. 8.

For Coulomb gauge used in text, "effective vertices" are needed since in
time-ordered perturbation theory Coulomb gluons contribute via an "instantaneous

interaction." We find:

(a) Coulomb exchange between fermions:

.2

- 1

tt Lﬂ—] == (A5)
ce [(2@3 (})?

for E and 3 quarks with Coulomb gluon, "12, from fermion q to p with [i(k-q/qo -

k 'p/po - i€}] -l. This is order g2 effective coupling, so if alone in state it has "(i)2

divided by energy denominator" as its coefficient. Here and below, substitute

T o
(t )~ (-t_) for antiquark.

(b) For "Y type" radiation by fermion:

2
8" Labe +(m), . +(n) } i
t (7 2 xm) _e“ " (g)eev Y (m) | = (A6)
a [(2 [ 4 gm 1" ° @7

for Coulomb gluon, T from fermion p, in which ¥ creates {annihijates] transverse

gluons (¢, n, m), (b, m, %), with energy denominators respectively

and
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2

g2t .
; 3g abc . (k + 2) ‘;(2)(k).e(n)a) le- (A7)
“| @m’luk o 1" © (r)

-
for transverse {(a, %, E) created and (b, m, L) annihilated with ‘_i(ko -2 - ]?| +
£P . iE):}_l andf - K- &.
Py

(c) For gluon radiated by Coulomb gluon exchanged between fermions:

g

abe 777 eMo) ! (AS8)

t t ——s
<0 @) 12 O

for Coulomb gluons, T from qs h from p, with transverse (a, %, k) created [annihi-

lated] and [itk_- [ | + T2 - 7] + 2R _:8)]"  and & = £F ).
o Po Po

Diagram rules for non-trivial final-state parts, including diagrams in which
gluons directly connect initial-state and final-state (i.e. graph part is a "discon-

nected graph” as in some diagrams in Ref. 8), similatly follow from Egs. (5) and (7),

<Y, | =lim (<dp| Z(t)), and Eqs. (8) and (9).

tT-+c
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FIGURE CAPTIONS

Figures | thru 4 are the distinct topological sets of diagrams
which contribute to N in Eq. (11) to order Otsz for the process
"q+q> y*." Cancellation of IR divergences is found to occur
separately for each topological set. The open circles dencte
the emission of the hard virtual photon. The Coulomb gluon
propagator is represented by a broken line, the transverse
gluon propagator by a wavy line. On-shell particles bridge the
initial-state, graph, and final-state parts. The two vertical
broken lines, with small dashes, display the separation of each
diagram into these three parts. Fig. | is the non-Abelian
topological set, (ak

biagrams in topological set (b) with the 3-gluon vertex and
with transverse gluon emission occurring first on the incident
quark line.

Diagrams in topological set (c) with the 3-gluon vertex and
with transverse gluon absorption occurring second on the
incident quark line.

Diagrams in topological set {d) with the 3-gluon vertex and
with two transverse gluons attached to the incident quark line.
Topological sets of gluon emission diagrams which contribute
to N in Eq. (11) to order asz for the process "q +q * y* +1
soft gluon" [sets e, f, gl and for "g + g~ Y + 2 soft gluons"

[seth].
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