Fermi National Accelerator Laboratory

b

FERMILAB-Pub~-80/38-THY
April 1980

Exact Integrability in Quantum Field Theory
and Statistical Systems

H.B. THACKER
Fermi National Accelerator Laboratory
P.0. Box 500, Batavia, Illinois 60510

JE

=, = Operated by Universities Research Association Inc. under contract with the United States Department of Enerqy



ABSTRACT

The properties of exactly integrable two-dimensional guantum systems
are reviewed and discussed. The nature of exact integrability as a
physical phenomenon and various aspects of the mathematical formalism are
explored by discussing several examples, including detailed treatments of
the nonlinear Schrddinger (delta~function gas) model, the massive
Thirring model, and the six-vertex (ice) model. The diagonalization of a
Hamiltonian by Bethe's ansatz is illustrated for the nonlinear
Schr8dinger model and the integral equation method of Lieb for obtaining
the spectrum of the many-body system from periodic boundary conditions is
reviewed. Similar methods are applied to the massive Thirring model,
where the fermion-antifermion and bound state spectrum are obtained
explicitly by the integral equation method. After a brief review of the
classical inverse scattering method, the quantum inverse method for the
nonlinear Schrodinger model is introduced and shown to be an
algebraization of the Bethe ansatz technique. In the gquantum inverse
method, an auxiliary linear problem is used to define nonlocal operators
which are functionals of the original local field on a fixed-time string
cf arbitrary length. The particular operators for which the string is
infinitely long (free boundary conditions) or forms a closed loop around
a cylinder (periodic boundary conditions) correspond to the quantized
scattering data and have a special significance. One of them creates the
Bethe eigenstates, while the other iz the generating function for an
infinite number of conservation laws. The analogous operators on a
lattice are constructed for the symmetric six-vertex model, where the

object which corresponds to a solution of the auxiliary linear problem is



a string of vertices contracted over horizontal links (arrows}. The
relationship between the quantum inverse method and the transfer matrix
formalism is exhibited. The inverse Gel'fand-Levitan transform which
expresses the local field operator as a functional of the gquantized
scattering data is formulated for the nonlinear Schrodinger equation, and
some interesting properties of this transformation are noted, including
its reduction to a Jordan-Wigner transformation in the limit of

infinitely repulsive coupling.



TABLE OF CONTENTS

I. INTRODUCTICON

II. BETHE'S ANSATZ
A, The Nonlinear Schrodinger Model
B. The Massive Thirring Model
C. Field Theories with Internal Symmetry

D. Vertex Models and Transfer Matrices

III. THE QUANTUM INVERSE METHOD
A. The Classical Inverse Method
B. Quantum Inverse Method for the Nonlinear Schrédinger
Model
C. Some Properties of the Quantum Gel'fand-Levitan
Transform

D. Inverse Method for Lattice Models

IV. DISCUSSION



I. INTRODUCTION

The state of an isolated system of particles or fields which is
evolving in time can usually be characterized by the values of certain
conserved quantities such as total energy and momentum, For most
interacting systems, a more detailed kinematical description of the state
will not be preserved in time. For example, the Fourier components of a
field or the momentum distribution of a many-body system will generally
have a complicated time dependence, often exhibiting a tendency toward
thermalization of the system. A familiar exception to such stochastic
behavior is the case of free fields or noninteracting particles. In this
case the full momentum distribution function is conserved, and one may
construct an infinite number of ordinary constants of motion (e.g., the
moments  of the momentum distribution). A theory which exhibits
nonstochastic behavior of this sort is said to be exactly integrable. A
remarkable fact which has emerged in recent years is that the phenomenon
of exact integrability is not restricted to free theories, but arises in
a variety of physically interesting models with nontrivial interactions.
The criteria for exact integrability are not understood well enough to
provide a complete 1list of integrable quantum field theories or a
deductive way of testing a particular theory for this property. However,
the 1list already includes some of the most interesting two-dimensional
field theories, and recent speculation that gauge theories in four
dimensions might be exactly integrable provides additional incentive for
studying these two-dimensional theories and trying to identify the
important concepts. It is possible to entertain great hopes for the
future role of exact integrability in quantum field theory, but much work

remains to be done. In this paper we review some of the developments



which have led to our present understanding of this phenomenon.

The history of the subject is a rich one which extends over fifty
years and includes some of the major achievements of mathematical
physics. The seminal work of Bethe (1931) on the isotropic Heisenberg
spin chain with nearest neighbor interaction provided the first
nontrivial example of an integrable quantum system. The method devised
by Bethe for constructing the eigenvectors of the spin chain Hamiltonian
has since been successfully applied to a number of models in statistical
mechanics and quantum field theory. A Bethe ansatz was applied to the
anisotropic XXZ spin chain by Orbach (1958) and Walker (1959) and more
generally by Yang and Yang (1966). A somewhat different application of
the method was discovered by Lieb (1967a,b,c) who used a Bethe ansatz to
diagonalize the transfer matrices of the ice, F, and EKDP models, which
are special cases of the symmetric six-vertex model. The general
six~vertex model was solved by Sutherland, Yang, and Yang (1967). A
separate thread of development began with Onsager's (1944) solution of
the two-dimensional 1Ising model. As described by Schultz, Mattis, and
Lieb (1964), this solution consists of a Jordan-Wigner transformation to
convert Pauli matrices into fermion operators followed by a Bogoliubov
rotation to diagonalize a quadratic form in the fermion operators. A
similar technique was applied to the XY spin chain Hamiltonian by the
same authors (Lieb, Schultz, and Mattis, 1961). These various
developments in soluble lattice models and spin chains were impressively
unified and extended in the very important work of Baxter, After
formulating a Bethe ansatz solution of the most general symmetric
gsix-vertex model, (Baxter, 1971), he went on to solve the symmetric

eight-vertex model (Baxter, 1972a; 1973a,b,c). This model includes as



special cases the previously solved ice models of Lieb as well as the
two-dimensional Ising model (more precisely, two decoupled Ising models).
In addition, Baxter showed that the general anisotropic XY%Z spin chain
Hamiltonian could be obtained as a logarithmic derivative of the
eight-vertex model transfer matrix (Baxter, 1%72b). As a result, these
operators are both diagonalized by the same set of eigenvectors, and
Baxter's solution of the eight-vertex model alsc solves the XYZ spin
chain.

Direct applications of the Bethe ansatz method to continuum quantum
field theory began with the work of Lieb and Liniger (1963) who solved a
many-body problem of bosons interacting by a two-body §-function
potential. As a field theory this is the quantum nonlinear Schrddinger
model. 1In addition to constructing the eigenvectors of the Hamiltonian,
Lieb and Liniger employed periodic boundary conditions to obtain an
integral equation for the conserved ground state density function (see
Sec. II-A), and Lieb (1963} extended this integral equation methed to
include excitations above the ground state. More recently these methods
have been used to treat certain relativistic field theories. Models
which have been solved by a Bethe ansatz now include the massive Thirring
model ({Bergknoff and Thacker, 1979a,b) and the equivalent quantum
sine-Gordon equation (Sklyanin, Takhtajan, and Faddeev, 1979) as well as
the Gross—-Neveu (Andrei and Lowenstein, 1979, 1980a) and SU(2)-Thirring
(Belavin, 1979) models. In these theories the physical vacuum is
constructed as a many-body state in a manner analogous to the ground
state of the finite density §-function gas. Particle and bound state

energies are computed by Lieb's integral eguation method.



There are two major lines of development which have led to our
present understanding of exact integrability in quantum systems. One was
the development of soluble quantum models as described above. The other
was the discovery of the inverse scattering transform method for solving
certain classical nonlinear wave equations. (For a review see Scott,
Chu, and McLaughlin, 1973.) The original work of Gardner, Greene,
Kruskal, and Miura (1967) showed that the initial value problem for the
nonlinear Korteweg—-deVries equation could be reduced to a sequence of
linear problems. The relationship between integrability, conservation
laws, and soliton behavior was clearly exhibited by this technique.
Subsequent work by Zakharov and Shabat (1971) and by Ablowitz et al.
{1973), revealed that the inverse scattering method is applicable to a
variety of nonlinear equations, including the classical versions of the
nonlinear Schrodinger and sine-Gordon equations. The fact that the
quantum nonlinear Schrodinger equation could also be exactly solved using
Bethe's ansatz suggested a deep connection between inverse scattering and
Bethe's ansatz. Such a connection was partially confirmed by studying a
higher conserved quantity as a gquantum mechanical operator (Thacker,
1978). The relationship between inverse scattering and Bethe's ansatz
for the nonlinear Schrodinger equation was fully realized by the
development of the gquantum inverse method (Sklyanin and Faddeev, 1978;
Sklyanin, 1979; Thacker and Wilkinson, 1979; Honerkamp, et al., 1979).
It was already known that the classical inverse method could be regarded
as a canonical transformation to action and angle variables. These
variables are constructed from the scattering data a(k) and bi(k) of a
linear eigenvalue problem and have a trivial time-dependence, The

analogy with Fourier transformation for linear systems has often been



noted. In the gquantum inverse method, the quantities a{k) and b(k)
become operator functionals of the 1local fields of the system, The
operator b(k) is found to create eigenstates of the Hamiltonian. The
states constructed in this way are identical with those of Bethe's
ansatz. The operator a{k) commutes with the Hamiltonian and is the
generator of an infinite number of conserved quantities. Thus, the
quantum inverse method may be viewed as an algebraization of the Bethe
ansatz method. This relationship will be discussed in detail in Section
III.

Like Fourier transformaticn, the classical inverse method consists
of both a direct transform and an inverse transform. The direct
transform expresses the scattering data as functiocnals of the local
fields, and the inverse transform expresses the local fields as
functionals of the scattering data. The latter transform is accomplished
via the Gel'fand-Levitan integral equation for the linear eigenvalue
problem {(Gel'fand and Levitan, 1953). In the quantum inverse method, the
construction of the operators af{k) and b(k) comprises the direct
transform. Recently the operator inverse transform for the nonlinear
Schrddinger equation has been constructed by a quantum generalization of
the Gel'fand-Levitan method (Creamer, et al., 1980a). The inverse
transform expresses the field ¢(x) as an expansion in powers of the
quantized reflection coefficient R(k} = b(k)aql(k) and its hermitian
conjugate. An expansion for the charge density ¢*(x)¢(x) is also
obtained. Term by term analysis of these expressions has revealed some
interesting properties, In the strong coupling limit c» {impenetrable
bosons), the operator ;(x), the Fourier transform of R(k), satisfies

canconical anticommutation relations. 1In this limit the Gel'fand-Levitan



10

expression for 4§ (x) exponentiates into a Jordan-Wigner transformation
relating the boson field ¢(x) to the fermion field E(x). This result
sheds some light on the nature of the gquantum inverse transform. The
Gel'fand-Levitan expression for the charge density operator also has an
interesting structure. It is closely related to the spectral integral
equation for the finite temperature §-function gas derived by Yang and
Yang {1969}. In the =zero temperature 1limit this reproduces the
excitation spectrum derived by Lieb. Thus, the integral equation
technique for calculating the spectrum also falls naturally within the
province of the quantum inverse method. These developments are discussed
in Section III-C.

The organization of this review is neither historical nor logical
but, it 1is hoped, pedagogical. It seems likely that explicit Bethe
ansatz methods will eventually be subsumed by the quantum inverse method,
Nevertheless, before presenting the full apparatus of the gquantum inverse
method we consider in Section II some explicit Bethe ansatz solutions.
This provides some insight into the structure of the eigenstates which
should be helpful in understanding the more elegant algebraic methods

which will be reviewed in Section III.
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II. BETHE'S ANSATZ

In this section we consider several soluble models which illustrate
the workings of Bethe's ansatz. Our first discussion in Section II-a
deals with the nonlinear Schrddinger (§-function gas) model. 1In addition
to being an instructive toy model, this system provides a paradigm for
other applications of Bethe's ansatz in field theory and has been a
central inspiration in the development of the quantum inverse method.
After some elementary considerations in the two-body system, we describe
the N-body ansatz, periodic boundary conditions, and the integral
equations for the ground state and for the excitation spectrum. In
Sec. II-B similar methods are applied to the massive Thirring model.
This model illustrates the application of Bethe's ansatz methods to
relativistic quantum field theory. The filling of the Dirac sea and the
calculation of the excitation spectrum are reviewed. Field theory models
with internal symmetry are briefly discussed in Section II-C. In
Section II-D we introduce the soluble lattice statistics models,
beginning with the six-vertex (ice or ferroelectric) model and then
including the full Baxter eight-vertex model. The discussion in
Section II-D is primarily intended to introduce the definitions and
formalism of two-dimensional lattice models. Only general features of
the Bethe ansatz solutions are mentioned since the details are much more
elegantly treated by the gquantum inverse method, which will be done in

Section III.
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A. Nonlinear Schrtdinger Model

The nonlinear Schr&dinger model in one space dimension is defined by

the Hamiltonian operator

H=| [ax¢*ax¢ + c¢*¢*¢¢]dx (2.A.1)

where §(x) is a nonrelativistic boson field with canonical equal time

commutation relations,
*
[6x)r0 (¥)] = S(x-y) (2.h.2)

Note that Eq.(2.A.1l) is in the standard form of a many-body problem with
the second term corresponding to a two-body delta-function potential.
The Hamiltonian (2.A.1) commutes with the particle number operator
N=f¢*¢ dx, and we may therefore consider each N-body sector of the
Hilbert space separately.

Before constructing the Bethe ansatz solution to the model, it is
amusing to study the two-body system by more conventional means. In
old-fashioned time-independent perturbation theory, we may construct "in"

eigenstates of H by expanding the Lippmann-Schwinger equation,

N
w(kl""'kN))in = EZO [Go(wk)v:l ]kl,...,kN> ; (2.A.3)

where G0 is the free particle Green's function operator
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I S ' (2.4.4)
Golw) = w-Hy+ic

and H0 and V are the first and second terms in (2.A.l) respectively. In
{2.A,.3) the state [kl,...,kN> is an eigenstate of H0 constructed by

repeated application of momentum space creation operators

i *
a: = Idx elkx¢ (x)

(2.A.5)
The energy of the state is
i 2
8= ki (2.A.6)
i=1

The terms in the expansion (2.A.3) may be represented graphically in the

usual way. For N=2 the graphical expansion is a simple sum of bubbles

shown in PFig. 1. The first term in ({2.A.3) is just the free state

|kl,k2> which we write as

ik, x, +k_x_)
1%17 2% *
S dx, dx,e ¢ (x)0 (xz)]o> . (2.8.7)

The second term gives
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dp, dp, 1

+
2T 27 ( 2 2 2 3
kytk,=P =P, *ie

) {4c) (2m) S (k 17K57P; - pz)a a_ |0> ,

P #

" 2ic 1(k X +k2x2}
k k2 fdxldxze(xz—xl)e ¢ (x )¢ (x )]0>

(2.A.8)

where we have taken kl<k2. The higher order terms have the same structure
as (2.A.8) with extra factors of ic/(kl-kz) from the locop integrations in

Fig. 1,

2c f dpl/Z’IT - _ic
2.2 2 2., k,~k
kl+k2-pl—p2+1€ 172

Writing 1=8(xl—x2)+6(x2-xl) in (2.A.7), the coefficient of G(xz-xl) in
the wave function sums up geometrically,
ic ic 2 k2-kl_lc _ lA(kz—kl)
1+2 + 2 + s =T I @
kl—kz) kl—kz k2—kl+1c
(2.A.9)

Thus, the full two-body in-state for k1<k2 is

IW(kl,k2)>in = fdxldx {G(xl )t Bxy=x))

1 2} »

iA(kz-kl) ik X1 +k ¥
xe e s (x1)¢ (x,) | 0>

{2.A.10)
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I+ 1is not hard to show that for k1>k2 {2.4,10) is an out eigenstate.

From this we find that the in state and out state are related by a phase

iA(kz-kl)

¥k k>, = e ¥ (k) K, : (2.A.11)

out

and hence eiA is the two-body S-matrix. The in- and out- states are the
properly normalized eigenstates of H, which follows from the fact that
the right hand side of (2,A.3) may be written as U(O,-m)|kl,...kN> where
U is the unitary time development operator in the interaction picture.
The orthonormality of these states may also be checked directly {Thacker,
1977} . Another normalization which is often convenient is obtained by
multiplying (2.A.10) by a factor [1+ic/(k2-kl)], giving the unnormalized

eigenstate

l®(x

_ ic
17K2) = [1 N }'w(kl'k2)>in

. i{k,x, +k.x. )
ic 171 272
fdxldxz[} - kl'kg €(xl—x2}]e

* *
¢ (x) (x,)[0>

(2.A.12)

The fact that {2.A.10) or {2.A.12) is an eigenstate of H may be verified
directly by applying the operator (2.A.,1). Using integration by parts to

bring the derivatives in H, onto the wave function, we find

0

2.2
H[@(kl,k2)> = (kl+k2)|¢(kl,k2)> . (2.A.13)



16

Note that terms involving G(Xl-xz) coming from kinetic energy derivatives
acting on the e(xl-xz) in (2.A.12) cancel against terms from the
interaction Hamiltonian V applied to the state.

In addition to the scattering states with kl and k2 real, we may
also construct a two-body bound state for the case of attractive coupling
c<0 by allowing the k's to be complex. To aveid a wave function which
blows up when Xy or x, becomes large we keep the total momentum K=kl+k2

real and choose (kl-kz) such that the quantity in the square brackets in

(2.A.12) vanishes for one ordering of the x's, viz. kl-k =ic, giving

2

ic(x -X.) liK(x +x

)
2C X TRy IRIXITEY w *
2fdxldx2 8 (x,~x,)e e d (x6 (x,) 0>

(2.A.14)

FPor c<Q this is a bound state with a normalizable internal wave function

1
Ze|x, x|
_ 2 1 72
Vg lx /%)) = e . (2.A.15)
. 2 21,2 2 . . .
The energy of the state (2.A.14) is E=k1+k2=E(K -c ), i.e. the binding

energy is - %ﬁz.

The two~-body eigenstates (2,A.10) or (2.4.12) were easily
constructed by conventional means, The penetrating insight of Bethe
(1931), adapted to the nonlinear Schrédinger model by Lieb and Liniger
{1963), was that exact eigenstates of H for the N-body system could be
written down by a rather natural generalization of the two-body casge.

The Bethe ansatz for this model iIs most easily written in the

unnormalized form which generalizes (2.A.12),
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i

N 1k .x
0tk ,eeiik> = | le F1ax,
1 N i=1 1J

I }i- 28 e =t %)) o0 0" (x) 0>
ki—kj (xi xj (xl e xN)

{2.A.16)

By applying (2,A.1) to (2.A.16}, it is again found that, by virtue of

cancellations between &-function terms from H, and 8-function terms from

0
V, the state (2.A.16) is an eigenstate of H,
N
-~ 2
IOk ,uuu k)> = i‘s:lki [0k venik)> (2.A.17)

Equation (2,A.17) may be verified directly by showing that the wave
function in (2.A.16) satisfies a many~body Schrodinger equation (Lieb and
Liniger, 1963). The wave functions have also been obtained by summing
Feynman graphs (Thacker, 1976). 1In Section III a particularly simple
derivation of the result (2.A.17) will be obtained by the quantum inverse
method.

As before, we may construct bound states for ¢<0 by letting the ki‘s
in (2.A.16) become complex. To obtain an N-body bound state we keep the
total momentum K= E ki real and arrange the ki's to be spaced by ic in

i=1
the imaginary direction, i.e.
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K 1 .
kl =X + 2(N-1)1c
=K 1o
k2 =N + 2(N Iic (2.4.18)
S Y
kN =X 2(N 1l)ic

SBuch a configuration of modes is called an "N-string" and is shown in
Fig. 2. By the choice (2.A.18) we cause one or more of the factors in
the curly brackets in (2.A.16) to vanish unless the xi's are arranged in
one particular order, xl<x2<...<xN. After symmetrization, the N-body

bound state wave function in the rest frame is

(c
Vo (X, yXo,eeeX, ) = expie [x -X l (2.2.19)
B 1% N 12 G s s

The energy of the bound state is

N 2
. 2 _ 1.2 NN-1) 2
E = izlki - - T (2.A.20)

For repulsive coupling ¢>0, the wave function ansatz {2.A.16) may be
used to study a system of particles at finite density. 1In the remainder
of this section we discuss the periodic boundary condition method for
studying the ground state and the excitation spectrum for a finite

density system. Similar methods will be used for spectral calculations
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in the massive Thirring model in the following Section II-B., In this
appreoach a finite density system is constructed as an N-body system in a
box of length L, with periodic boundary conditions (PBC's} imposed on the
N-body wave functions. In the limit Ise with the density N/L fixed, the
PBC's reduce to linear integral equations which determine the spectrum of
the theory. In Section III we return to the nonlinear Schrddinger model
and show how these spectral techniques fit naturally into the quantum
inverse formalism,

We consider the states (2,A.16) in a periodic box of 1length L,

identifying the points x=L/2 and x=-L/2. The many body wave function

VX rRyrarxy) = <0|¢(xl)¢(x2)...¢(xu)|®(kl,...,kN)>

(2.A.21)

must then satisfy periodic boundary conditions

(- %,xz,...,xn) =D Gk ax) (2.A.22)

Periodicity in the other arguments follows from Bose symmetry. The
condition (2.A.22) restricts the allowed values of the ki's in a state.

From (2.A.16) we find that (2.A.22) becomes

ik, L/2 , ik, L/2 .
e 1] [}+ klfk:]= e [1- — } (2.A.23)
J

oy k.=k.
i#L i3

or
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ikiL iA(k.—ki)

e N | B , i=1,2,...,8 , (2.A.24)
jAL

where A is the two-body phase shift. The most useful form of the PBC's

is found by taking the logarithm of (2.A.24), for which we must choose a

branch of the function

- s k-ic
Alk) = 1109{;:15} . {(2.A.25)
If the log of (2.A.24) is written

k.L =2, A(k.—k.) + 27n, , n, = integer , (2.A.26)
1 J#l 1 1 1 .

then a change in the branch of (2.A.25) is equivalent to a redefinition
of ni's. We adopt the convention that A(kK)*0 as k** and that A(k} has no
discontinuity along the real axis, as shown in Fig. (3a). Note that with
this choice of branch, A(k) is not precisely the phase shift due to the
interaction, For example, as c*0, A(k) goes not to zero but to a step
function —2|r(-k). The interaction phase shift is E(k), Fig. (3b} which
vanishes in the ¢*0 limit for all k but has a discontinuity of -27 at k=0
for any finite c. The physical effect of this definition of the phase
shift is to introduce a fermionic description of the spectrum in terms of
the ni's in BEq. (2.A.26). To see this consider the case of two particles
in a box. The two equations (2.A.26) may be added and subtracted to give

the condition that the total momentum kl+k2 must be 2T/L times an integer

while the relative value klszl—kz must satisfy
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kl )

ZL = A(-klz) - Atklz) + ZTT(nl-

Ny

-1
= —4tan (klZ/c) + 2n(nl-n2) ’ (2.A7.27)

where ~ﬂ/2<tan—l<ﬂ/2. Equation (2.A.27) has a sclution k for each

12
choice of (nl—n2). But for n,=n, the solution 1is k12=0 and the state
{(2.A.10) or (2.A.12) vanishes identically. Thus, the state n_=n_ is

172

excluded as it is in a free fermion system. In fact (2.A.27) shows that
in the limit c* {(impenetrable bosons) the spectrum is identical to that
of free fermions. A similar result holds for N-body states. The hard
core repulsive interaction has the same effect on the density of states
as the exclusion principle has in a fermion system.

The ground state k-distribution is obtained from (2.A.26) by

chooging the ni's to be as closely spaced as possible, i.e. ni+l=ni+l'
Subtracting the PBC's for adjacent ki's gives
1 27 (2.A.28)
— - — —_ — - $o —
i+1 i L% Blky=k g2 =blky=ky) T
As I~»>», the ki's become infinitesimally spaced, and the quantity
plk,) = Lk l_k ) {2.A.29)
: i+l i

approaches a continuous function. The sum in (2.A.28) can be replaced by

an integral
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kp

e > ak p(k)eeo {(2.A.30)

-kF

e

[
where kF is determined from the particle density N/L by f_i p (k) dk=N/L.
F

Equation {2.A.28) becomes an integral equation for the ground state

density p(k),

2|ptk) =1 + K(k-k")p{k')ak"' , (2.A.31)

_kF

where the kernel X is given by

K(k) = dﬁ;“’ - ;c s (2.A.32)
k +c

The ground state energy is obtained from the solution to (2.A.31},

B /L = k2o (k)ak . (2.A.33)

The excitations above the ground state consist of "particles" which
are filled modes above the Fermi surface and "holes" which are empty
modes below the Fermi surface. TFor simplicity let us consider a single
particle-~hole excitation formed by removing a mode from below the surface
at k=kh and placing it above the surface at k=kp as shown in Fig. 4. In
response to such an excitation, the Fermi sea will shift slightly in a
manner described by the PBC's, Each mode in the sea shifts only by an

amount of order L_l, but since the number of modes is of order L, the
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shift or "backflow" of the sea makes a finite contribution to the
excitation energy. Dencte the k values of the sea modes in the excited

state by ki. These will satisfy the PBC's.

kiL = ;;; A(ké-ki) + A(kp—ki) - A(kh—ki) +2ﬁni. {2.A.34)

Subtracting from this the corresponding ground state PBC gives
(

(ki—ki)L = %:[A{ké—ki)—ﬂ(kj-ki)] + A(kp_ki) - &(kh—ki) .
(2.A.35)

As L*°, the left hand side of (2.A.35) approaches a continuous function

which we denote by w(k},

(ki_ki)L + w(ki) . {(2.A.38)

Then (2.A.35) reduces to

5

wik) = K(k-k")[w(k*)-w(k)] p(k"')dk" + A(kp-k) = Ak =k) .

“kp (2.A.37)

Using {2.A.31) and defining w(k)p(k)ZF(k}, (2.A.37) simplifies to

Kp

2ME(k) = K(k-k")F(k')dk' + ﬁ\(kp-k) - A(kh“k) '

“Kp (2.A.38)

The excitation energy E—EOEE is found by subtracting eigenvalues,

1
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]
o

+ 2k F(k)dk . (2.A.39)

Thus, the excitation energy may be regarded as the sum of the bare energy
of the particle and hole and a backflow energy of the sea, the latter
being written as an integral over the function F(k). Equations (2.A.38)
and (2.A.39) are the essential results of the Lieb analysis. A further
simplification of these results may be obtained by adapting an argument
of Yang and Yang (1969)., We write Eg. (2.A.38) as
kF kp
g%l [2|w(k-k") = K(k-k")]F(k'} =] K(k-k") &,

o
kg Ky (2.A.40)

where (2.A.32} has been used. Equation (2.A.40) can be abbreviated as
3
p dkl
(1-K)F (k) = K(k'k')iﬁ_ (2.A.41)

Next consider a quantity L(k,q) given by

k

-1 F ke
Liga = [0 7]k = ke +] S Kieknkic-a) - ..
-

F (2.A.42)

Then applying (1+L} to both sides of (2.A.41) and using (l+L) {1-K)=1 and

(1+L)K=L, we obtain
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“o Ax

Pk =\ Likek'g— . (2.A.43)
K
n

The excitation energy (2.A.39) can now be written

k k
2 P ax'
h o7
Ky kg

F
2kdkL{k, k") . (2.A.44)

For reasons which will become clear we define a function €(k) which is

the solution to the integral equation

Fd kF dk'
= - =2 -k '
(k) =k u0+ o1 K(k-k')e{k") . {2.A.45)

_kF

Here u0=chemical potental is a constant which is fixed by the requirement

e(th)=O. {(Note that (k) 1is an even function of k.) Differentiating

both sides of {2.A.45) and integrating by parts we get an equation for

d
£ (k) =5 £ (k)

k
Foak
e'(k) = 2k + K- K(k-k')et (k') . (2.A.46)
"

F

Using the same sort of procedure that led to (2.A.43), Eg. (2.A.46) can

be solved, giving

dk'
1 = 1 r
e'(k)y = 2k + Lik,k')2k T

_kF

. {2.A.47)
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Fguation (2.A.44) becomes

+ [g'(k)—Zdek = g(kp) - e(kh) . (2.5.48)

Thus, the structure of the particle-hocle spectrum is completely
summarized by a function g€(k) which gives the physical energy (bare
energy plus backflow} of a single excited mode. The function e (k) is
determined by a simple integral equation Eg. (2.A.45) which may be
regarded as the fundamental spectral equation of the theory. The
generalization of (2.A.45) to finite temperature was obtained by Yang and
Yang {1969) using a variational method. In Section III we will show that
the structure of the finite temperature spectral integral equation for
€(k) 1is closely related to the structure of the Gel'fand-Levitan

transform for the charge density operator jO(x)=¢*(x)¢(x).
B. The Massive Thirring Model

Recently it has been found that certain relativistic fermion field
theories can be exactly solved by techniques which closely parallel those
used in the nonlinear Schrédinger model. Early work by Thirring (1958)
in the massless case and Berezin and Sushko (1965) in the massive case
considered a wave function ansatz built on an unphysical reference state
but did not carry cut the PBC integral equation analysis needed to reach
the physical Hilbert space. The massive Thirring model ansatz was
recently rediscovered (Bergknoff and Thacker, 1979), and the construction
of the physical states and eigenvalue spectrum was also carried out.

This recent work was stimulated by Coleman's (1975) demonstration of the
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equivalence between the massive Thirring and quantum sine-Gordon models
along with the emerging connection between Bethe's ansatz and inverse
scattering methods. This application of Bethe's ansatz was also
suggested by the work of Luther ({1976), who pointed out that the massive
Thirring model could be regarded as the continuum limit of the XYZ
Heisenberg spin chain. The method of solution we discuss in this section
is related to the treatment of the XYZ spin chain and eight-vertex model
by Baxter (1972a,b; 1973a,b,c¢) and Johnson, Krinsky and McCoy (1973).
The connection between the spectral calculations for the two models has
been discussed (Bergknoff and Thacker, 1979).

The massive Thirring model consists of a Dirac fermion field with a

local juju coupling, where ju=%Eb

diagonal, we may write the Hamiltonian in terms of chiral components wl

,Yuw]. Choosing a basis in which YS is

and ¥,
H = j ax[-i[qﬂ; sy <L)+ m Wty
+ 290@&'}1}2\111]. (2.B.1)

Here we have chosen a certain ordering for the field operators which will
facilitate the diagonalization of H. The interaction term in {(2.B.1)
differs from conventional ordering by a term proportional to the fermion
number operator N=I[$I¢l+¢;¢2]dx' which commutes with H. Thus, we will
get the correct physical spectrum by considering energy differences
between states with the same value of N, e.g. excitation energies of

neutral bound states or fermion—-antifermion pairs relative to the
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physical vacuum.

The form of the Bethe ansatz which diagonalizes (2.B.1) can be
motivated by first considering the diagonalization of the free
Hamiltonian HO' given by (2.B.l) with 90=0' This also serves to introduce
the idea of complex rapidity which is extremely useful in describing the
eigenstates of the full theory. To diagonalize H0 we first construct

momentum Space creation operators

! = Jax eﬂlkxwirz(x) (2.B.2)

and mix them by a Bogoliubov rotation,

t oo ¥ , T

Aj (k) = cosB(k)a, (k) + sind(kla,(k) , {2.B.3a)
oo . 0 T

A2(k) = -51n6(k)al(k) + cose(k)az(k) ’ (2.B.3a)

where cot26(k)=k/m0. In terms of these operators, the free Hamiltcnian is

diagonal,
fak 2, 2 172+ _F
+ + ) .
Thus, A, (k) and A, (k) create eigenmodes with energies {k2+m§)l/2 and
2, 21/2 i ] .
-(k +m0) respectively. Eigenstates of HO can be built upon a

reference state 0> which is annihilated by the field operators, i.e.
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wl(x)]0>=w2(x)]0>=0. This is an unphysical state which has all positive
and negative energy modes empty. The physical vacuum is obtained by
filling the negative energy sea. It is convenient to visualize a state
as a collection of points in complex rapidity space, each point

representing a filled mode. Define the rapidity £ by k=m_  sinhf and

0
consider a local rotation of the chiral components of the field operator

with cot2g(£}=sinhf,

A (E,x)

!}

cose{g)wi(x) + sine(g)wz(x)

it

(2c0sg) "1/ 272 wi(x)+e—5/2 w;(xi] ) (2.B.5)

It is clear that the positive energy modes (2.B.3a) are obtained by

taking £=0=real,

~ixm_ sinhg
Ai(k) = fax e 0 A (k) (2.B.6a)

Here and elsewhere we use £ to denote general complex values of rapidity
while o will always be real. Letting £=im-a with o real we also obtain

from (2.B.5) the negative energy modes (2.B.3b),

+ —ixmosinha
Ay (k) = fax e A (im-q,x) . (2.B.6b)



30

Thus, a positive energy mode is represented by a point along the real
E-axis, while a negative energy mode is a point along the line 1Im &=T,
The physical vacuum is the state with all modes on the iT line filled, as
shown in Fig. 5. The density of modes along this line is determined by
periodic boundary conditions in a box of length L. PFor the free theory
this gives a uniform density in k-space, kn=2ﬂn/L. Excited states
representing fermion-antifermion pairs may be constructed by removing
modes from the iT line and placing them on the real axis.

Now let's consider the full massive Thirring Hamiltonian. We
construct a Bethe ansatz using the rotated local operator A+(€,x) defined
in (Z.B:S). The ansatz is structurally similar to that of Eg. (2.A,16)

for the nonlinear Schrodinger equation,

N imoxisinh€i
i=1" i<j<N
+ +
XA (E %) .. A (Egrxy) 10> (2.B.7)

The function A(£} in (2.B.7) is given by

AE) = %gotanh(E/Z) ) (2.B.8)

This corresponds to a two-body phase shift

AEY = 2tan-lk(5) = Ztan-l(cotutanh%E) (2.B.9)
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where u=-cot(go/2). By applying the Hamiltonian (2.B.1) to the state

(2.B.7) it can be shown that (Bergknoff and Thacker, 1979)

N
B|9(E) .. B> = > mocoshE, |[0(E .. .E)> . (2.B.10)
i=1

As with (2.A.17), this result follows from a cancellation between
G(xi-xj) terms from the kinetic energy derivatives in (2.B.1) acting on
the € step function in (2.B.7) and similar terms from the interaction
Hamiltonian. Modes along the real axis give a positive contribution to
the energy while modes along the im line, ImE=m, carry negative energy.
Perjodicity in Imf allows us to restrict our considerations to the strip
-T<ImE<T. In this strip, values of Imf aside from O or T generally lead
to a wave function which grows exponentially as x+*®, However there are
special "n-string" configurations in the complex & plane for which the
wave function is exponentially damped as in the case of the nonlinear
Schrédinger bound states. In the present case, an n-string configuration
is determined from the zeroes of the curly bracket factors in (2.B.7).
This gives a vertical row of equally spaced points at £=as+i2(ﬂ-p), where
¢=(n-1), (n-3),...,~(n-1) and o is the position of the string along the
real axis, as shown in Fig. 6.

To construct the physical vacuum we must £ill all the negative
energy modes along the im line just as in the free fermion theory. (The
fact that this state is the correct vacuum may be inferred from the
observation that all other states in the neutral sector have pesitive
excitation energy.) The filling of the Dirac sea is accomplished by the

same  PBC integral equation method used for the finite density
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delta-function gas. Imposing PBC's on the wave function for the state
(2.B.7) and following the same procedure which led to (2.A.24), we find

that the set of gi's in a state must satisfy

i

. \ . - _
exp[-Em0L$1nhEiJI]'[1+1A(Ei—gjﬂ =
JAL

i , .
exp( Em0L51nhEi) I] [1-1A(gi-gj)] {2.B.11)
il

Before addressing the problem of the Dirac sea, consider first the case
where Ei is a member of an n-string., If O<Im£i<ﬁ there is an adjacent
mode in the string with Ej=£i-2i(ﬂ—u) for which A(Ei—gj)=i. Thus, the
left hand side of (2.B.l11l) is zero while the right hand side vanishes as
I, Similarly, for -H<Im£i<0 with B in an n-string, there is a Ej which
causes the right hand side to be zero while the left hand side wvanishes
exponentially. This is just a restatement of the observation that an
n-string confiquration yields an asymptotically damped wave function and
thus satisfies the periodic boundary conditions as 0=0. ©Notice that this
argument also restricts the length of an n-string to lie within the strip
—ﬂ<Im£i<ﬂ, since otherwise the side of (2.B.1ll) which is not identically
zero will grow exponentially instead of vanishing., Let us denote regions

of the coupling U by an integer r, where

§r+1!ﬂ
(r+1) M < T

{(2.B.12)
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Then the length restriction on an n-string imposed by (2.B.11) is n<r+2.
For example, the free fermion case u=% lies on the boundary between

regions r=0 and r=l1. On both sides of this boundary, 1~ and 2-strings

I

are allowed, while 3-strings become allowed for u>2.

As p increases
toward 1, strings of increasing length enter the spectrum,

To calculate the energies of the physical states we must take into
account the behavior of the Dirac sea. (Note that the previous
discussion about the PBC's for n-string modes 1is unaffected by the
presence of sea modes.) To determine this behavior we consider (2.B.11}

when £, is a mode in the sea. In this case both sides of (2.B.1l1) will

generally be nonzero, so we take the log, giving

-m Lsinhg = EA(gi—gj) +2m, (2.B.12a)
3

where A is given in (2.B.9), which can be written

sinh %(E-Ziu)
A(E) = -1 1n e . (2.B.13)
sinh E(£+2iu)

For the vacuum state, all Ei's are on the im line. As L*», Eg. (2.B.l1l2a)
reduces %to an integral eguation for the ground state density p{f) of

modes along the im line,

A+in
2mp(§) = -mycoshg -f dE'R(E-E")p(E") . (2.B.14a)
-A+im
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Since L=0+iT with & real, this may be written

A
prl(a) = m0c0sha - J-Adu‘K(a—u')pl(a') {2.B.14b)

where pl(a)=p(a+iﬂ). {The change in relative sign of the terms in
{2.B.14) compared with (2.A.31} is related to the fact that £i=ai+in in

(2.B.12a), requiring the ni's toc be defined as shown to form an

ingreasing sequence.) The kernel is given by the phase shift
derivative,
= . —sinZy
K@ =L sin2 (2.B.15)

da = cosha-cos2y

In (2.B.14) we have introduced a rapidity cutoff A which is needed to
regularize ultraviolet divergent mode sums. These divergences will be
absorbed by mass renormalization. Equation (2.B.14) can be solved
explicitly for large A by Fourier transformation. When expressed in
terms of the renormalized fermion mass mF,pl(a) is found to be finite and
given by pl(a)=mF coshyy where y is defined below in Eg. (2.B.38). We
omit the details of the calculation, since they are identical to the
solution of Eq. (2.B.24) for the spectral function e(f£) which will be
discussed in detail.

The physical particle states in the neutral sector of the theory are
constructed by removing modes from the im line and placing them in

n-string configurations about the real axis. We will consider first a
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simple excitation obtained by removing a mode from the in line at gh and
placing it at a peint 59 as shown in Fig. 7. We study the response of
the vacuum to such an excitation by subtracting ground state from excited
state PBC's for a mede along the in line. Note that the PBC's for the
vacuum modes do not require the excited modes to form an n-string. (This
requirement comes from the PBC's for the excited modes themselves.)

This allows us to consider the vacuum response for a single excited mode
at arbitrary EP. The construction of multiple excitations and n-strings
will then be straightforward. Just as in the derivation of {2.A.38) for
the nonlinear Schrddinger model, we define a function w(f) which measures
the shift of a sea mode due to the excitation and subtract PBC's to

obtain an integral equation for the backflow function F(£)=w(f)p(&).

A+im
2TF(E) + j.

RE-EMIF(E')YAEY = A(E-E )-A(E-E. ) . {2.B.16)
. P h
~A+iT .

In terms of Fl(a)EF(a+iﬂ), the energy of the excitation relative to the

ground state is given by

A
E = mocosh€p - mocoshgh + moJ:A51nha Fl(a)da . (2.B.17)

Following the same 1line of argument that led to (2.A.48) we define a

function EO(E) as the solution to the integral equation

A+im

&l Rig-gne €Y (2.B.18)

Eo(g) = mocoshg ~ Uy - T

“A+iw
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where M, iz chosen to give EO(tA+iﬂ)=0. In terms of this function, the

enerqgy (2.B.17) assumes a simple form

It is convenient to eliminate the constant uo from (2.B.18), which can he

done in the limit A*® by defining

e(g) = EO(E) +a (2.B.20)

where a is a constant which will be chosen to simplify the integral

equation for €(£)}. Substituting (2.B.20) into (2.B.18), we use the fact

that

A+im ,
. il 1 2
=AFiT

where <y and c, are cutoff dependent constants independent of f. The form

of (2.B.21) follows from the asymptotic behavior of the kernel K(§-L').

Now choosing

a-= uo/(l+cl) ' (2.B.22)
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and defining

m, = my + ac, . (2.B.23)
we find that the function e(f) satisfies the integral equation
A+ig ae’
€{f) = m ,coshf - K{(E-E'"1e{E") . {2.B.24)
1 . 2m
-A+im
Note that the energy (2.B.19) retains its simple form,
E = E(Ep) - E(Eh) . (2.B.25)

The constant m1 in (2.B.23}) 1is a rescaled bare mass which can be

expressed in terms of m, and the finite coupling parameter | by

0

m, = mo/y (2.B.26)

where Y is defined below in (2.B,.38). The easiest way to see this is to
write an integral equation for €'(f)=de(£)/df. Differentiating (2.B.18)

and using EO(iA+iﬂ)éO, we get

A+im .
e'{g) = mosinhi -f K(E-E')e'(i')% . {2.B.27)

<A+im
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Equation (2.B.26) follows by comparing solutions to (2.B.24) and
(2.B.27), which will be discussed below.

We wish to construct the solution to (2.B.24) for any complex wvalue
of £ in the strip —r<ImEgﬂ. Our discussion will be restricted to the case
m/2<u<r, i.e. 9, positive. This is the range of coupling for which the
fermion-antifermion interaction is attractive and the spectrum contains
one or more bound states. In the sine-Gordon equivalence of (Coleman,
1975) this corresponds to the range 0<82<4ﬂ. {The case p<n/2 has also
been discussed (Bergknoff and Thacker, 1979), although some problems
remain for u<7/3.) To solve (2.B.24) for general £, we begin by
considering the case in which £ is along the im line. The continuation
to general £ will then be obtained by inserting this result back into the
integral equation. Writing I=0+im and defining

el(a) = g (a+im) . (2.B.28)

Eq. (2.B.24) may be written

A da'
el(a) = -mlcosha --[ K(ana')el(a'}i—— . (2.B.29)
-\ n
Now we apply
A .
[fa ey

to both sides of (2.B.24). The limits of the o integration in the last
term can be taken to infinity because the kernel K(a-a') falls off

exponentially as o+*tw, Defining



A
J- eleE (a)da )

M
—t
—
kg
—
[]

- 1Y 2
A
o o
C(y) = J- el Ycosha g; ‘
-A
A~ m N d
a o
K(y) = f e r@) =,

. . ]

Egq. (2.B.29) gives

The PFourier transform of the kernel may be evaluated

integration from (2.B.15) and (2.B.32), which gives

K(y) = sinh (mT-24)y

sinhmy

The function‘C(y) given by (2.B.31) may be written

Cly) =C_ (¥} + C_(y) ’

where, for A+w,

eA(ltiy)

) = T
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(2.B.30)

{2.B.31)

{2.B.32)

(2.B.33)

by contour

(2.B.34)

(2.B.35)

(2.B.386)
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The function el(a) is recovered from (2.B.33) by inverting (2.B.30)},

m 1]
el(a) = Jﬂ dy e-layéty)

-0

L [0y iy sty J[LGHD o)
T Ay ¥ 2sinh(z-u)y coshuy l+iy 1-iy

—CX)

{2.B.37)

In the limit A%, this integral is dominated by the y-plane poles nearest

the real axis. Since we are considering pu>m/2, these poles are at y=tiy,

where
u (2.B.38)

From (2.B.37) we find

el(a) = «choshYa ' {2.B.39)
where m, is the renormalized fermion mass
leeA(l‘Y)
(2.B.40}

mF = ——E?;ZET“ tanfry .
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To determine £€(E} for arbitrary complex &, we write Eg. (2.B.24)
using the solution (2.B.39), to determine the righ* hand side. Note also
that y<l for W>T/2, and hence with m, held finite, m >0 as Are_ Thus
Eq. (2.B.24} may be written

[se]
[ ]
e(f) = ij R(E~a'=iT) coshya %%—- ' (2.B.41)

where we have let A in the limits of integration because the integral
is convergent.

For E=g+im with & real, it is easy to verify that (2.B.4l1)
reproduces the result (2.B.39}. Using (2.B.41) to compute £(§) for
general values of £ requires care in the definition of the kernel K(E)
for complex £. It is not correct to simply replace the real variable & in
{(2.B.15%) by &£. RK(E) is defined as the derivative of the phase shift A(£)
given by (2.B.9) or (2.B.13). As in the nonlinear Schrodinger model, the
choice of branch for A(E) is correlated with the choice of integers ni in
the PBC equations (2.B.12). The appropriate branch structure for our
choice of ni's is shown in Fig. 8, Letting £=0+1i0 and regarding A(a+io)
as a function of o, it 1is seen from Fig. 8 that this function is
continuous for -2 (NM-l}<o<2(m-p} while it has a step discontinuity of
(=27) at o=0 for -m<g<-=2(T=-lU) and for 2(W-U)<0<m. (The behavior of A(L)
over the entire complex plane is specified by its behavior in the strip
-W<Imifﬂ along with periodicity in ImE.) Thus, the properly defined
kernel K(&) will acquire a delta-function term for [ImE]>2(ﬁ—u). Defining

the continuous function
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sin2

Kc(g) = coshf —-cos2);

’ {2.B.42)

we see that, in the strip -m<g<m, the kernel is given by

Kla+io) = K_(a+io), lo|<2mw) (2.B.43a)

K (a+io)-2n8(a), lol>2(-)y . {2.B.43b)

Values outside the strip -m<g<m are obtained by periodicity.
To provide a complete understanding of the spectrum, we must
describe the phenomenon of “"hole trapping™ which occurs when an excited

mode gp enters the region

mE | < 2u-m (2.B.44)
P

which 1is the shaded region shown in Fig. 9. The unshaded regions in
Fig. 9, ﬂ>Im£p>2u—ﬂ and ﬂ-2u>Im£p>—n may be regarded as a single region,
3N*2u>ImEp>2p—ﬁ, by pericdicity., When Ep is above the "threshold line"
Im5p=2u-ﬂ, its position relative to the hole at Eh is unrestricted, as
shown in Fig. 9a. If the mode is pulled down belcw the threshold line
into the shaded region (Fig. 9b), the associated hole is suddenly forced
to be directly above it, i.e. ReEh must equal ReEp. We will find that the
bound complex (mode + hole) thus formed is just the fundamental boson of
the quantum sine-Gordon model. To see the effect of creossing the

threshold line, consider the PBC's (2.B.1l2) for a mode in the sea. After
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separating off the excited mode Ep from the rest of the sum, we may write

the PBC's in continuum form as

A+in 1
-mosinhg =f A(E—Ej')pp(g')dg' + EA(E-EP) + 2mh(§)

-A+in
B.
where (2.B.45)

and pp(g) is the density of modes along the im line for the excited
state, In the ground state there are no holes on the ir line, meaning

that the ni‘s are closely packed, n, —ni=l. For an excited state

i+l
ni+l-ni=l+nh where nh is the number of holes between mode i and mode i+l.
Thus,
2mn
_2n h
hiE ) ~h(E) =+ (2.B.46)

which can be written in continuum notation as

dnh(&) _ -

where ph(g) is the hole density. An analogous function was considered by
Yang and Yang in their derivation of the thermodynamics of the
delta—function gas at finite temperature. For the case of a single hole

at Eh=ah+iﬂ which we consider here, the hole density may be written
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1
oh(EJ = E‘S(“'O‘h) ' (2.B.48)

where £=a+iT, Differentiating (2.B.45) and using (2.B.47) and {2.B.48),

we get an equation for pp(E),

A+im

2
"TPP(E) +_[

K(E-E")p (EN)d"* =
~A+im P

1 1
-mocoshE-EK(E-Ep)— Eé(a-ah) . (2.B.49)

By studying the singularities of this equation we will demonstrate the
phenomenon of hole-trapping. Consider first the case shown in Fig. %a
with Ep above the threshold line, Im£p>2u—ﬂ. Taking £=0+im in (2.B.49) we
see that, for this case, K(g-gp) has no delta function piece since
Im(£~€p)<2(ﬂ~p). The integral term on the left hand side alsc gives no

delta-function contribution. Thus, the density pp(E) must be of the form
(a+im) = £(a}y - l—é(a-a ) (2.8.50)
pp L h ! - -

. . . +
where £(a) 1is continuous in the sense that the integral Ez a f(a')an®
over a small but fixed range A is given by a continuous function of a

plus terms which fall off faster than 1/L. The result (2.3.50) may be

seen more directly by writing the formal solution of (2.B.49},
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- L -1 - _i o _l
pp(g) = ZTT(l+K) { mocoshg LK(E Ep) Eﬁ(a—ah}] . (2.B.51)

The first two terms give a continucus contribution to pP. For the last
term we write (1+K)--]'=1-K(1+K)_—l giving a delta function and a continuous
piece from 1 and K(].+K)“l respectively, as can be seen by doing the
Fourier transform implicit in (2.B.51). This shows that (2.B.50) is the
correct form when Ep is above the threshold line. 1In the language of
discrete modes, the second term in (2.B.50) simply means that there is an

unoccupied mode on the im line at £=¢ +in. Now consider what happens when

h
Ep moves below the threshold line (2.B.44), By (2.B.43), the kernel

K(g—gp) acquires a delta-function piece,

K(E-Ep) = KC(E-EP) - 2n6(a~ap) ' (2.B.52)

where a=Ref and ap=Re£p. From (2.B.51) we find that the mode density

along the iw line beccmes
{atim) = £({a) + L S{a-a ) 1 § (o) (2.B.53)
pp m o L Slo o T h R .B.

where f(a) is again continuous. Just as a subtracted delta-function
represents an unoccupied mode on the im line, the second term in (2.B.53)
represents the placement of an additional mode on an already filled line,
But this is not possible because of Fermi statistics. (Specifically, if
two modes in the Bethe's ansatz wave function (2.B,7} have the same I,

the wave function vanishes identically.) The only way to avoid this
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problem and construct a legitimate state is choose ap=a so that the last

h
two terms in (2.B3.53) cancel., The excited mode and its hole must bind
together when the mode moves below the threshold line, as depicted in
Fig. 9b.

After all these preliminaries, we are now ready to evaluate the
function €(f) from (2.B.41). In the unshaded region around the iv line,
3T=-2u>Im>2u-1 (Fig.%a), the kernel has no delta-function piece and is
given by {2.B.43a) and (2.B.42). The evaluation of the right~-hand side

of (2.B.41) by contour integration is essentially the same as for the

case £=a+im. This gives

e(f) = -choshyti—in) R (2.B.54)

for 3m-2u>ImE>2u-m. If we wish to remain in the strip ~T<IMELT,

periodicity of €(£) allows us to write (2.B.54) as

H

€(6) = -mpcoshy (E-im) ,  2u-T < ImE < T, (2.B.54a)

—choshy(g+iﬂ) . -T < Imé < T=2u , (2.B.54b)
Now let us consider the case where [Im€|<2u—ﬁ, as in Fig. 9b. In this
region, the kernel K(E—a'-im) in (2.B.41) acquires a delta-function piece
according to Eq. (2.B.43b). Letting £=0+il, & and X real, we write

RK(E-at=-inm) = Kctgqa'-iﬁ) - 218 (a-a') . {2.B.55)

Substituting this into (2.B.4l) gives



=+
, 4o
£(E) = mFJ:ch(E-a'_lﬂ)COShYG‘Eﬁ - choshYG ‘ {(2.B.56)

which, by (2.B,54a} may also be written as

da’

o
g(a+il) ~ g(o+im) = mF‘{ Kc(a-af—i(ﬁ—kjjcosh76= PRl
-

{(2.B.57)

for [A|<2u—ﬂ. But this is also the region in which hole trapping occurs,
i.e. a mode in this region at €p=d+il must have a hole attached to it at
Eh=a+in. The combination on the left hand side of (2.B.57) is the same
combination that appears in the expression for the excitaticn energy,

Eg. (2.B.25), and may be regarded as the energy of an elementary boson,

ea(a+il) = e(a+ik} - e{a+im) . {2.B.58)

Evaluation of the right hand side of (2.B.57) is straightforward. It is
interesting to compare it with the corresponding calculation in the
region |A|>2p-F which led to the result (2.B.54). 1In either case we must

evaluate the integral

mFJF Kc(a—a'—i(ﬁ—l)) coshya’ g%' = I+ + I, {2.B.59)

where

@ + '
- ty ,
_ 1 sin2u e do
I, = 2"‘FJ cosh[a-a'+1(T-X) ]-cos2d 21 {2.B.60)
-
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+
The integrand has two sequences of poles at a'a3; where
+ 3 » )
a; =g = 1{m-\} £ 2ip + 2inmm . {(2.B.61)

When ]A|>2u~n {the wunshaded region in Fig. 9), the poles in the upper

+
half-plane are at un for n=0,1,2,..., and at an for n=1,2,... The

integrals (2.B.60) are easily evaluated,

I+ = :% mFeYa e_iY(ﬂ_A){(l+e2rYn+...) - (ezlYn+e4iYn+...)}

21 JrE-im

=-2n E=o+ir) (2.B.62)

with a similar result for I , leading to (2.B.54). But when the excited

1
crosses from the upper to the lower half-plane, with the result that

mode moves into the shaded region |A|<2p~n, the pole at o, =o+il-i{2p-m)

= —chosrrY e =5 %e ’ (2.B.63)

where

mB = —2ch05ﬁY = ZmFsin[% (27-1)} ’ (2.B.64)
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which 1is the mass of the elementary sine-Gordon boscn. A similar result
holds for I . To summarize, the function €(§) in the strip -wImE<m is

given by

"

€5} -choshY(£~in) y 20T < ImE < W {2.B.65a)

4]

—choshy(£+in) , -7 < ImE < 1=2u {(2.B.65b)

€g(5) = €(§) = €(Ref+im = m coshyt, |ImE| < 2p-m
(2.B.65¢)

Knowing the function £(£), it is an easy matter to construct the
spectrum of physical states. The PBC's for the excited modes require

that thegse modes be placed in n-strings, i.e. in vertical arrangements

52 =, + il (m-p) ' (2.B.66)

where &=(n-1), (n-3),..., -(n-1), as shown in Fig. 6. If n<r where r is
determined from the coupling by (2.B.12}, than all of the modes 1in the
n-string lie within the region ]Im£|<2u—ﬁ. Each of the modes has a hole
Stuck to it at a$+iﬂ, and the energy of the full n-string + n-hole

complex is

mysin 9%(2y-1ﬂ
- : coshwas
sin[5[27~lﬂ

En = % choshYC 3 =

. _fnm
2mF51n[2 (27«1)]coshyas ’ (2.B.67)
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which is just the familiar Dashen-Hasclacher-Neveu (1975) formula first
obtained by semiclassical quantization of the "breather" mode of the
sine—Gordon model. (A similar formula was obtained for the XYZ spin
chain spectrum by Johnson, Krinsky and McCoy (1973). The connection
between the two results was pointed out by Luther (1976).)

For the two longest strings, n=r+l and n=r+2, the two end modes at
the top and bottom of the string at Imf=t(n-1) {1—yu) are within the region
| 1mg |[>2pu-1, as shown in Fig. 10b. Thus, two of the n holes may be

located anywhere on the ir lines. Let the positions be q.+imT and q_+irw.

1 2
The other {n-2) holes, those associated with the modes inside the shaded
region |Im§]<2u—ﬁ, must be directly above the string. The energy of the

state may be written as the sum of three contributions. The (n-2) modes

inside the shaded region, along with their holes, contribute

. [(n=2)7 _ ]
ZWLE,sm[ 5 {2y-1) ccn’sh\(mS ' (2.B.68}

just as in (2.B.67). The contribution from the two end modes is obtained

from (2.B.65a) and (2,B.65b), and is given by

_choshyﬂxs+i(n-l)(ﬁ-u)-iﬂ] - choshyﬂus—i(n-l)(ﬁ-u)+iﬁ}

= -2mFsin [iﬂ:%ll (27~l{]coshYas {2.B.69)

This exactly cancels the contribution (2.B.68). The net energy of the n

modes and (n-2} holes is zero, and the parameter g completely disappears
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from the expression for the energy of the state. The energy of the state

is given entirely by the contribution of the two unbound holes,

E = choshYal + choshYOL2 ' n=r+l, r+2 , (2.B.70)

From this result we infer that the two longest n-strings represent states
of an unbound fermion-antifermion pair with physical rapidities Yal and
YGZ. It is worth reemphasizing that the position of the n-string, us,
does not appear in the energy (2.B.70). This is somewhat surprising,
since as does appear in the corresponding eigenstate, This presumably
does not reflect a real degeneracy, but rather a subtle invariance
property of the eigenstate,

Following the same steps which led to (2.B.67) and (2.B.70), one may
calculate the physical values of other conserved quantities for a given
state., Calculating the physical momentum in this way leads to similar
expressions with coshYd replaced by sinhyd, giving a Lorentz covariant
energy-momentum relation. Finally we note that the spectrum also
includes compound excitations consisting of several n-strings plus holes.
The totality of such excitations is believed to provide a complete set of

states, although this has never been demonstrated explicitly.

C. Field Theories with Internal Symmetry

A major advance in the technology of Bethe's ansatz was made by Yang
(1967), whe developed a method for treating the many body problem with
delta-function interaction which imposed no limitation on the symmetry of

the wave function. This method provides a solution not only for the case
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of identical bosons discussed in Section II-B, but more generally for a
system consisting of several different particle species (which will be
referred to as "colors"). The only requirement is that all c¢olors have
identical mass and interact via a color invariant delta-function two—-body
potential. In field theory, this sytem is described by a multicomponent

nonlinear Schrodinger equation, with the Hamiltonian
* * %
H = fdx}a: 3,03 ¢ + c:;b¢a¢b¢a¢b , (2.C.1)
r

where the sums run from 1 to Nc, the number of colors. Recently, a Bethe
ansatz solution for the chiral invariant Gross-Neveu model has been
formulated by Andrei and Lowenstein (1979, 1980), using Yang's technique
to handle the internal symmetry. This model has a multicomponent fermion
field interacting by a color invariant four-fermion interaction of the
form g[}$¢)2—($ysw)2]. It is an important model in that it has nontrivial
renormalization group properties and exhibits asymptotic freedom and
dynamical mass generation. A similar model, the 3SU(2} Thirring model,
has been discussed by Belavin (1979). The study of exactly integrable
field theories with internal symmetry seems likely to provide additional
insights in the future. Kulish (1979) has shown that the Yang method for
the multiéomponent nonlinear Schrodinger model (2.C.l} finds a natural
place in the quantum inverse method, and a similar discussion of the
Gross-Neveu model has been presented by Kulish and Reshetikhin (1979).
An outstanding problem of major importance is the application of Bethe
ansatz or gquantum inverse methods to the nonlinear sigma models. Much

work has been done in the investigation of exact integrability for these
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models, but so far they have not been analyzed by the methods we are
discussing here.

In this subsection we will briefly review Yang's method in the
context of the multicomponent nonlinear Schrodinger model. Relativistic
fermion models are treated in a similar way, with the finite density
system of the nonlinear Schrodinger model again serving as the analog of
the physical wvacuum in the relativistic theories. We begin by
considering the two-body system for the Hamiltonian {2.C.1l}. Denoting

the colors of the two particles by a, and a,, we try to construct a

1 2
two-body eigenstate of the form

* *
k) k> = fdxldxzw(xl,x2)¢al(x1)¢a2(xz)|0> : (2..2)

The Bethe ansatz for this problem is a generalization of the identical

boson wave function (2.A.12)

]

Vix, ex,) z[Q.P:le(x <x . )exp i[k X, +ko x ]
12 81 Q9 P19 Py

1

i(klx1+k X.) ik x. +k.x )}

272 2277172
Gmfﬁﬁ{DlJ{h +[12,21]e

+

i(k.x +k.x.) (k. % +k.x.)
172 21+[2l,2]:|e 272 ll}

!

8(x2<xl}{[2l,l2]e
(2.C.3)

where 9(x<y)Z0(y-x}, © and P are permutations of (1,2), and the
coefficients [Q,P] are to be chosen so that (2.C.2) is an eigenstate of

H. Continuity of the wave function demands that
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[12,12] + [12,21] = [21,12] + [21,21] . (2.C.4)

The state (2.C.2) will be an eigenstate of (2.C.1) provided that
delta-funtion terms from the kinetic energy and interaction Hamiltonians
are made to cancel. (This is sometimes stated equivalently as the
condition that the first derivative of the wave function should have a
discontinuity of 2c at xl=x2.) This condition, combined with (2.C.4),
may be written in an elegant form by collecting the coefficients [Q,é] in

a 2x2 matrix and denoting the columns by Ep. This allows us to write the

stated conditions as

EZl = 212512 (2.C.5)
where
-A
12 1
Y., = + P . (2.C.6)
12 1+k12 l+)\12 12
Here,
ic
A = ’ {2.C. 7}
12 kl k2
and ¥ J is the permutation operator which interchanges the two

12

components of the column vector &.,_. Thus, (2.C.5) is written ex licitly
12 P

as
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(2.C.8)

([12,21]) -2, /lr2,12] L ([21,12])

= 4 —
A +A
21,21]/ 12\f21,121/ M12\[12,12]
It is easy to check that with the conditions (2.C.8) the continuity

equation (2.C.4) is satisfied, and that the state (2.C.2) satisfies

2,2
> = >
Hlkl,kz (kl+k2)|k1,k2 . (2.C.9)

Equation (2.C.8) can be interpreted physically in terms of the two
body scattering process in a way which leads naturally to the
generalization of this result to any number of particles and colors.
Imagine the particles arranged on a line in x-space. The permutations ¢
and P may be regarded as the arrangement from left to right of the color
labels and (pseudo} momentum (ki) labels respectively. A coefficient
[Q,P] can be interpreted as the amplitude for an arrangement of colors
and momenta, e.g. [21,12] is the amplitude for finding the first particle
with color a, and momentum k., and the second with color a and momentum

2 1 1

k For definiteness assume that kl>k2. As in the case of identical

5
bosons (Thacker, 1977), the time development of the system may be traced
from the incoming configuration of momenta P=(12) to the outgoing
configuration P=(21), with an elementary perturbative interaction
represented by a factor of —Alz, Egq. (2.C.7). When the ordering of the
momenta interchanges, i.e. when the fast particle kl passes the slow

particle k one of two things may happen to the color. Either the

2l
colors a; and a, are exchanged between the fast and the slow particle, in

which case the color ordering Q remains the same, or else the color a,
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remains on the fast particle and a, remains on the slow particle, The
former may happen only if the space particles interact at least once,
while the latter may happen whether or not they interact. The first and
second terms on the right-hand side of (2.C.8) describe these two
possibilities.

With this interpretation of (2.C.8), it is now easy to generalize
(2.C.5) to the N-body case. Let Q and P be elements of the permutation

group S,, and write the N-body wave function as

N

v = 2lorlex,

<uvu<X )exp{iZk x } i (2.C.10)
B, 0 1 O ;P19

1

Then the state

kyeooky = fdxl...deID(xl...xN)CP:l(xl)...cb;N(XN)|0>

{2.C.11)
is an eigenstate of H provided that
i, i+
£ = Y;'lpl £, (2.C.12)
i'T i+l

where EP is a column vector of the NI!xN! matrix [Q,P] and P' is the

permutation obtained from P by interchanging Pi and Pi+ The Y-operators

1°
are defined by

S '*ij 1
i35 T T T
i ij

(2.C.13)
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where 3%m1is the permutation operator on gp which interchanges QR and
Qm. The mutual consistency of the eguations contained in (2.C.12) may be

established using the identities

¥30y3 L (2.C.14)
ij73i

abec ab _ _bc_ab_bc

skTikTig T Yigtikt - (2.C.13)
i, i+l
We note the analogous roles played by the operators YP P and
i i+l
é?i,i+l when acting on Spr The first interchanges Pi and Pi+l (momen tum

labels) while the second interchanges Qi and Qi+l (color labels). The
periodic boundary conditions which emerge from the wave function (2.C.10)
can be easily understood from this point of view. The periodic houndary
conditions relate the amplitude for finding a particle with a particular
color and momentum label at one end of the box to the amplitude for
finding a particle with the same color and momentum at the other end of
the box. PFor an N-particle system, all N such conditions may be written
in terms of a standard vector 50 defined as gP with P=identity. It is

convenient to define an operator

id 1-;?}.11.
X,, = Pyl —2d2l | (2.C.16)
13 1] 13 l+)\ij

which has the effect of interchanging both momentum and color labels.

Thus, the PBC's can be written as
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0.E s (2.C.17)

X, X, S G S SRS & E. =0,
j+1,3 3+2,7 N,3 1,3 2,3 J-l,JgO ]

where

g, =¢e 3 ) (2.C.18)

Equation (2.C.17) for 3j=1,...,N provides N matrix eigenvalue equations
for the vector 50. It can be shown (Yang, 1967) that the N matrices on
the 1left-hand side all commute with each other., Before proceeding to
discuss (2.C.17) in general, we mention two special cases. For identical
bosons, Snj=l for all i and j (i.e. the wave function is symmetric). In
this case (2.C.17) reduces to the usual PBC's Egq. {2.A.24). If the
particles are identical fermions, Pij=-l, and (2.C.17) reduces to the
PBC's of a noninteracting theory, 0j=1. This was to be expected because
single component fermions cannot interact by a delta-function; their wave
function vanishes when any two coordinates coincide.

One of the most remarkable aspects of Yang's method is its treatment
of the matrix PBC's (2.C.17). As shown by Yang and extended by
Sutherland (1967), the PBC's can be solved by a second application of
Bethe's ansatz, or more generally by a nested series of Ansitze. The
operators SEj acting on the vector go form an NI!xN! representation of
the permutation group SN‘ This may be written as a sum of irreducible
representations by considering EO'S of various symmetry types. Choosing
one particular irreducible representation reduces the PBC's (2.C.17) to a
matrix eqguation with the dimension of that representation. The choice of
representation is reflected in the symmetry properties of the

corresponding wave function. For example, as we already mentioned, the



5%

one-dimensional symmetric and antisymmetric representations produce wave
functions for identical bosons and fermions respectively. Higher
dimensiconal representations correspond to systems with two o©r more
species {colors) of particles. We denote an irreducible representation R
by a Young tableau [nl,nz,...,nl] where i ni=N. Graphically this tableau
has ny boxes in the first row, n, boxes in the second row, etc. For each
R there 1is a conjugate representation ; obtained by interchanging rows
and columns, Figure 11 shows the conjugate representations 5,3 and

2,2,2,1,1 = 23,12 . If R represents a boson system with ny particles of

color 1, n, particles of color 2, etc., then ; describes a fermion system
with the same color content. The pericdie boundary conditions for
conjugate representations are related in a simple way. The eigenvalue Gj
on the right hand side of (2.C.17) may be regarded as a function of the

representation chosen for the SEj's and written oj(R). Now write another

eigenvalue equation

X! X! S A SRS S 4§, P = ) ' 2.C.19
J+1,J J+2,] N,3 1,3 23 i=1,] ]J] ( )
where
I #idis
! . (2.C.20)
ij l+)\ij

The eigenvalue “j is alsc a function of the representation. Then we see

that

AR) = 1, ; . 2.C.21
04 (R = (®) ( )
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This follows by noting that rows and columns in a Young tableau represent
symmetrization and antisymmetrization respectively, and thus the change
of sign in (2.C.20) compared with {(2.C.16) is equivalent to using the
conjugate representaion in (2.C.17).

As an example we consider a system with two species of fermions,
e.g. M red ones and N-M blue ones., The appreopriate symmetry for (2.C.17)
is R=[2™, 1" 2], By (2.C.21) we may instead consider (2.C.19) with &
having the symmetry R=[F—M,¥]. The key to Yang's method is to regard the
vector ¢ as a wave function describing M identical particles and N-M

vacancies on a lattice and to write a generalized Bethe ansatz for ¢:

@ =3 a(®ByF(. ,y)F(A. ,v.).--Flh_ ,v)
PESM Pl 1 P2 2 PM M

(2.C.22)

where the yi's are integers which denote the 1lattice site and satisfy
lgyl<y2<...<yM5N. It is €found that the ansatz (2.C.22) can be made to
simultaneously diagonalize the N operators in (2.C.19) (for j=1,...,N) if

we choose

Yﬂl k.-A+ic/2
-

F(A,y) R .
1 h-ic/2

m (2.C.23)
=13+

The periodic boundary conditions for the new ansatz (2.C.22) restrict the

A's to satisfy

k.- +1c/2 —A -ic

- [[ —A -1c/2 !; +1c : (2.C.24)
]
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The factors on the right hand side are just the two-body phase shifts
associated with the coefficients a(P) in the ansatz {2.C,22). Finally,

the eigenvalue ”j in (2.C,19) which is obtained from (2.C.22) is

. k.-h, +ic/2
- g8 -
uy(R) = l[;[ ALz (2.C.25)

Using (2.C.21}, the original matrix PBC's Eq. (2.C.17) reduce to
ik.L k.-A_ +ic/2
Y | e/

e = T {2.C.26)
kj AB ic/2

B

In the limit Irw with N/L and M/L fixed, these equations reduce to a set

of coupled integral equations for two density functions p({k) and g (A):

B Q
2 mold) —:[ K{A-A')o(ATYydh'" + 2.[ K{2A-2k)p (k) dk
-B _Q

(2.C.27)

B
1+ 2] K{2k=2A)o (M) dA . (2.C,28)
-B

2 mplk)

The functions p(k) and o(A) are respectively the total density and the

density of red particles,

J:zp(k)dk

N/L P (2.C.29)

M/L . (2.C.30)

k'_"I
t
Q
=
o
=
i
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Our discussion has followed Yang's original treatment of the case
E=[§—M,M]. Notice that for this case, the original ansatz (2.C.1l0)
described a system with two particle species (colors), 1leading to 2x2
matrix PBC's, The second ansatz (2.C.22) used to solve these PBC's
involved only a single color (i.e. identical particles} on a lattice.
Roughly speaking, the dimension of the problem was reduced by regarding
the N particles as lattice sites on which the c¢olor wave function is
defined, with red particles treated as occupied sites (i.e. the particles
of the second ansatz) and blue particles as vacancies. Sutherland (1968)
has extended this method to include the treatment of an arbitrary number
of colors, using a hierarchy of Ansdtze. With each successive ansatz, the
dimensicn of the problem 1is reduced by treating the particles of one

color as vacancies and writing a wave function for the remaining colors.

D. Vertex Models, Transfer Matrices,
and Spin Chain Hamiltonians

All of the models we have discussed so far have been continuum field
theories involving operators defined on continuous space and time., One
of the most remarkable aspects of Bethe's ansatz is that it also provides
an exact treatment of certain lattice models for which operators are
defined on discrete lattice sites. 1In fact the original ansatz of Bethe
was applied to such a model, the isotropic Heisenberg spin chain.
Subsequent developments included solutions to the anisotropic XXZ spin
chain, ({Orbach, 1958; Yang and Yang, 1966) ice and ferroelectric
(six~-verte x) models, (Lieb, 1967a,b,c; Baxter, 1971} and finally the
full XY¥Z spin chain (Baxter, 1972b) and Baxter (eight-vertex) model
(Baxter, 1972a). Solutions to the two-dimensional Ising model (Onsager,

1944, Schultz, Mattis, and Lieb, 1964) and XY spin chain (Lieb, Schultz,
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and Mattis, 1961) should be included in this 1list, since they are
subsumed by the Baxter method. In the remainder of this section we will
survey the subject of exactly soluble lattice models. These models are
not only interesting in their own right but also as further examples of
the applications of Bethe's ansatz. It has recently been found that
certain operators which emerge in the formulation of the quantum inverse
method are directly related to operators which arise naturally in lattice
models, e.g. the transfer matrix., 1In fact, the most elegant derivation
of the algebra of scattering data operators, which is central to the
quantum inverse method, is patterned after Baxter's discussion of
commuting transfer matrices in the eight-vertex model. Thus, the study
of soluble lattice models provides important new insight into the nature
of exact integrability in quantum systems.

Our discussion in this section is intended to introduce and define
the soluble vertex models and spin chains, discuss the relationship
between them, and briefly indicate the nature of their solution. (A more
extensive review has been given by Kasteleyn {1975).) 1In Section III we
return to this subject armed with the techniques of the quantum inverse
method, which considerably simplify the original solutions based on
explicit Bethe Ansitze. All the models to be considered can be obtained
in one way or another from the Baxter eight-vertex model, and we begin by
defining that model. Consider a square lattice with horizontal and
vertical bonds connecting nearest neighbor lattice sites, An arrow is
placed on each bond in such a way that each lattice site (vertex) has an
even number of arrows entering and leaving it. Thus, only the eight
vertices shown in Fig. 12 are allowed. A typical configuration of arrows

for a 3x3 lattice with periodic (toroidal) boundary conditions is shown
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in Pig. 13. To each of the eight vertex types we assign an energy

ei,i=1,...,B, and an associated Boltzmann weight

w, = e . {(2.D.1)

There is no loss of generality in requiring that

E. = € ’ €., = € . (2.D.2)

To get the symmetric eight-vertex (Baxter) model, we alsc impose the

"zero-field"™ condition

€1 = % . €y = €, . (2.D.3)
The vertex weights are then written

W Sw,=a 4 wy=w, =b

Wy Twe = ¢ ' Wy = Wy = d . (2.D.4)

The partition function is defined as the sum over all allowed
configurations of arrows, with each configuration weighted by a product
of Boltzmann weights (2.D.1l) for each vertex, The calculation of the

partition function is reduced to an eigenvalue problem by introduction of
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the transfer matrix, which describes the operation of adding an extra row
of vertices to the lattice. It is convenient to introduce a matrix
notation for an elementary vertex. Denoting a right- (left-) pointing
arrow on a horizontal bond and an up (down) arrow on a vertical bond by
+(=), and with the indices defined as shown in Fig. 14, an elementary

vertex can be written as

4

La,B:h,1) = w.Gi 1

) P {2.D.5}
=t aB Al

where Gl,i=l,2,3, are Pauli matrices and U4=identity matrix. The

coefficients w, in (2.D.5) are given by
1 1
W= E{C+d) ' W, = E(C-d) ’
w. = %(a—b) y W, = %(a+b) . (2.D.6)

For our considerations, it is useful to regard the vertex (2.D.5) as a
2x2 matrix in the horizontal indices (A,u), the components of which are

spin operators in the space of vertical arrows., Thus, the vertex is

written
3 4 1 . 2
- + -—
Ln WBGn w4Un wlon 1w20n
1 . 2 3 4
wldn + 1w20 —w30n + w40n (2.D.7)
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where the subscript n indicates that the g-matrices act on the vertical
arrow at the nth site in a row. The transfer matrix for a lattice with N
sites in a row and periodic boundary conditions is given by

T=tr{L L...L .} (2.D.8)

where the trace is taken over the horizontal indices. The partition

function for a lattice with M rows is given by

z = et} (2.D.9)

where the trace is taken over the Hilbert space in which the transfer

matrix acts, i.e., the 2N-dimensional space spanned by vectors of the

form

>0 (> 8 ... 2|t N (2.D.10)

denoting the configuration of vertical arrows in a row. Because of

(2.D.9), the free energy

for a large lattice is determined by the largest eigenvalue of the
transfer matrix, The problem is thus reduced to that of diagonalizing

the transfer matrix, which is accomplished in these models by explicitly
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constructing its eigenstates.

At this point it is worth considering some specific examples of
eigenstates for a special case of the Baxter model, namely, the
six-vertex or generalized ice model obtained by setting the waight of

vertices 7 and 8 in Fig. 11 to zero, i.e., d=0 or w. =w_.. The basic

172
vertex becomes
3 4 - \
= +
Ln w3cn w4cn 2wlcn
+ 3 4
- + . - -
2wlUn W3On w40n {2.D.11)

The six-vertex model transfer matrix has an important property which
makes the construction of its eigenstates considerably simpler than in
the general Baxter model. Because vertices 7 and 8 are not allowed, the
number of down arrows (or up arrows) is conserved from row t© row under
application of the transfer matrix. This follows from the observation
that, with the definition (2.D.8} and using (2.D.11), T can be written as
a sum of terms each of which contains the same number of o+'s as g 's and
thus does not change the number of down arrows in a state. In

particular, the state with all up arrows,

o> = |+>l ) |+>2 Q... Py . {2.D.12)

{and also the state with all down arrows) is an eigenstate of the six
vertex model transfer matrix. The eigenvalue associated with (2.D.12) is

easily obtained by noting that
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e

' w3 2wlon

L |+ = | +> ; (2.D.13)
n n n
Q w4—w3
which means that
N N

> = + + - > . 2.D0.14
7|0 [(w4 W) (w,=w,) ][0 ( )

The gonstruction of the remaining eigenstates can be accomplished by a
Bethe ansatz , using (2.0.12) as a reference state and treating down
arrows as the "particles" of the ansatz. For example, eigenstates of T

with a single down arrow are given by

N ikgR _
k> = 2.e “oglo> _ (2.D.15)
2=1

where k, must satisfy the periodic boundary condition

e =1 . (2.D.16)

The fact that ({2.D.15) is an eigenstate of T may be verified directly,
using (2.D.8) and (2,D.1l1). It is convenient to introduce Baxter's

parametrization of the vertex weights (specialized to the six-vertex

case),
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_ _ 1 .
wl = w2 §p051n2n ' (2.D.17a)
w3 = posin n cos v ' (2.D.17b)
W, = pocos n sin v . (2.b.17¢c)

The parameter p0 enters the transfer matrix trivially as an overall

normalization factor pg. We choose it for convenience to be

po = [ sin(v+n) sin(v-n)] w2 (2.D.18)

For the following discussion, it is helpful to think of v as a variable
and n as a constant. It is sometimes wuseful to define a change of

variables vrk by

i i -+
elk . sin(v+n)

; . (2.D.19)
sin{v-n)

This relation between k and v is a lattice analog of the relation between

momentum and rapidity. The eigenfunctions of T with n down arrows are of

the Bethe form,

RKyreaosk > = z E(R,eeesl O, ..o, fO>
1 N < T< L <N b nAy TRy
-1 —

{2.D.20)

where
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n
f(El,...,Rn) = g%é a(P)exp[%zz kP,Rj] . {2.D.21)
n

In place of the variables ki’ we will often use Vir which is related to

ki as in (2.D.19),

iki sin(vi+n)
e = EEEY;;:HT . {(2.D,22)

The coefficients a(P) are defined up to an overall normalization as
follows. If P and P' are permutations which are identical except for the
interchange of two adjacent elements, i.e., P=({...i,3...) and

P'=(...3,i...), then

a(P) _ 31n(vi—vj+2n)

[ - =
a({pP") 51n(vi vj 2n)

. {2.D.23)

The quantity on the right-hand side is the two-body phase shift. For
{2.D.20) to be an eigenstate of T, the ki's or vi's must satisfy periodic

boundary conditions,

sin{v,+n) N n fsinf{v,-v.+2n)
——2t | = Hl . . (2.D.24)
51n(vi-n) g 51n(vi—vj—2n)

T3

Under conditions (2.D.23}) and {2.D.24), the states (2.D.20) satisfy the

eigenvalue equation
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T{v) |k > = || sintvm) 8/2 n [sin(v-v,-2n)
. 177 Ry sin(v-n) JLrl Sin(v-vi+2n)

: i -v .+
. sin(v-n) N/2 n |sin{(v v 2n} Ik s
sin(v+n) i=1 sin(v-vi*Zn) 1’ "“n

(2.D.25)

The explicit demonstration of the results (2.D.24} and (2.D.25) is quite
tedious, involving prodigious cancellations among "unwanted” terms (Lieb,
1967a; Baxter, 1971). Fortunately, the advent of the gquantum inverse
method has obviated much of this calculation. As we will see in the
Section III, the results (2.D.24) and (2.D.25) are direct consequences of
a simple operator algebra. Moreover, the quantum inverse method provides
an elegant treatment of the full Baxter model. We will return to this
subject in Section III.

We conclude this section by remarking that there is a direct
relationship between the Baxter model and the anisotropic (XYZ)
Heisenberg spin chain (Baxter, 1972b). The vertex weights W)Wy Way and
w4 in (2.D.5) can be expressed in terms of parameters p, n, v, and an
elliptic modulus k, using an elliptic function parametrization which
generalizes (2.D.1l7) (See Section III-D). Regarding the transfer matrix
T(v) as a function of v with p,n, and k fixed, it may be shown that the

Hamiltonian of the XYZ spin chain

N
N X X Y.y 2.7
H = 3 Egl}ﬁgjgj+l + chj0j+l + Jzoj0j+l] r (2.D.26)

can be written as a logarithmic derivative of the transfer matrix with
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respect to v evaluated at wv=n. Since transfer matrices T{(v} and T{(v')
commute for any v and v' (Baxter, 1972a), the operators H and T{v) have
the same v-independent set of eigenstates. The general equivalence
relation between the spin~spin couplings Jx' Jy' and Jz, and the vertex
weights Wy has been given by Baxter (1972b). Here we merely note two
special c¢ases of interest: (1) The six~ vertex model (d=0 or wl=w2) is
related to the XXZ spin chain (Jx=Jy). (2) If the vertex weights (2.D.6)
satisfy ab=cd, the Baxter model reduces to two decoupled Ising models,
and the corresponding spin chain Hamiltonian {(2.D.26) is the XY chain

(Jz=0) -
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III. THE QUANTUM INVERSE METHOD

The inverse scattering method was developed as a technique for
solving certain nonlinear evolution equations (c¢lassical field theories).
The methed devised for solving the Korteweg—de Vries equation (Gardner,
Greene, Kruskal, and Miura, 1967) was subsequently generalized to provide
solutions of other interesting eguations including the nonlinear
Schrddinger equation (Zakharov and Shabat, 1971} and the sine-Gordon
equation (Ablowitz, et al., 1973; Takhtajan and Faddev, 1974). The
Cauchy initial value problem for the nonlinear equation is reduced to a
sequence of linear problems. In special cases, the method yields
explicit solutions to the nonlinear equation, e.g., N-scliton formulas,
The essential idea of the c¢lassical inverse scattering method 1is to
construct a transformation from the local field variables to a new set of
variables which are defined in terms of the scattering data of a linear
eigenvalue problem, In this eigenvalue problem, the original field
serves as the scattering potential. Thus, for example, the nonlinear
Schrodinger field ¢{x) at a fixed time +t, 1is mapped into a set of
scattering data a(k) and b(k). It is found that, for a Jjudiciously
chosen linear eigenvalue problem, the nonlinear time evolution of the
field ¢(x,t) translates into a trivial time dependence for the scattering
data a(k) and b{(k). The final observation which completes the solution
of the Cauchy problem is that the scattering data at a given time
uniquely determine the scattering potential, i.e., the field ¢(x). From
the values of a(k) and b(k) at time t', one <can reconstruct the field
dp(x,t') and solve the initial value problem. 1In Section III-A we will
review the classical inverse method for the nonlinear Schrodinger

equation, concentrating on those features which are important in the
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treatment of the gquantized theory. More thorough reviews of the
classical methods are available (Scott, ¢hu, and McLaughlin, 1973:
Ablowitz, 1978).

Recent investigations have led to the realization that the inverse
scattering technique which had been develcoped in classical field theory
could be formulated as an exact operator method for solving quantum field
theory {Faddeev and Sklyanin, 1978; Sklyanin, 19%79; Thacker and
Wilkinson, 1979; Honerkamp et al., 1979). Moreover, the quantum inverse
method 1is <closely related to the Bethe ansatz technigque discussed in
Section II and provides an elegant algebraic formulation of those
results, Thus, we obtain a unified understanding of methods which arose
in guite different areas of physics. The remarkable connections which
emerge serve to emphasize the universal nature of exact integrability.

In this section we will review the gquantum inverse method and
discuss some of its applications. Our main focus will be on the
nenlinear Schrédinger model, which provided most of the impetus in the
development of the method and remains the most well-studied example. In
particular, it is at present the only model for which a Gel'fand-Levitan
transformation has been formulated for the guantized theory (Creamer, et
al. 1986). 1In the classical theory, this is the transformation which
reconstructs the local field from the scattering data, an essential step
in the solution of the initial wvalue problem, In the gquantum field
theory, it is relevant to the study of Green's functions. The
formulation of the Gel'fand-Levitan transformation for other models is

currently under investigation.
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The quantum inverse method for the nonlinear Schrddinger model is
introduced in Section III-B, where operator equations for both the direct
and inverse transforms are obtained, 1In Section ITI-C, some interesting
properties of the gquantum Gel'fand-Levitan egquation are noted and
discussed. The quantum inverse method for models of lattice statistics
is presented in Section III-D. The diagonalization of the transfer
matrix for the symmetric six-vertex model (Thacker, 1980) is discussed,
using a lattice version of the guantum inverse method., The solution of
the full Baxter model (Faddeev, 1979) is also briefly discussed. These
results illustrate the deep connection between the gquantum inverse method

and the transfer matrix formalism for lattice models.

A. The Classical Inverse Method

Before discussing the quantum inverse method, we will briefly review
the classical formalism. To introduce the idea of the inverse scattering

transform, we consider the example of the nonlinear Schrddinger equation,
19,6 = =32 + 2¢|6]% , (3.A.1)

where ¢ (x,t) is a complex classical field. In this theory, Poisson

brackets are defined for any two functionals o and B by

. Sa 6B Sa a8
= - 3.A,2
{a,B} i I dax 56 (1) 36% (0) So% ) 50 (%) ( )

The equation of motion (3.A.1) may be written in Hamiltonian form as
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30 ={Ha} (3.A.3)

where the Hamiltonian is

o 4
H=| ax [ox;p*ax¢+c|¢| ] . (3.R.4)

The inverse method for solving the initial wvalue problem for
Eq. (3.A.1) was introduced by Zakharov and Shabat (1971). The method is
based on a transformation at time t=0 from the field ¢ ({x,0} =¢{x) to a

set of scattering data associated with the linear eigenvalue problem,

- i %; ¥({x,L) = Q(x,5)¥(x,8) . (3.A.5)

Here Q(x,£) iz a 2x2 matrix which depends on the field wvariable at the

point x,

Yo (x)

%ku

Q(x,8) = - (3.A.6)

~ep*(x)  —E

For simplicity, we <consider only the repulsive case ¢>0. To completely
define a solution ¥ of (3.A.5), we must specify a boundary condition. If
we assume that |$(x)|+0 as x+#w®, then for E+k=real, ¥ may be specified by

the asymptotic behavior



77

Yi{x,k) mmapt V(x,k) , {3.A.7}
> —0
where

%ikx
e 0

Vi{x,k) = . {(3.A.8)

-%ikx

0 e

Then it is easy to show that ¥ can be written

L I!J
y= |t ! ' (3.A.9)

¥ ‘I’z

#

~ * ~ %
where wl(x,k) = wz(x,k) and wz(x,k) wl(x,k) {Here we will follow
essentially the notation of (Creamer, Thacker, and Wilkinson, 1980)}.)
The scattering data for (3.A.5) are defined by the asymptotic form of V¥

for x*+o, Writing
Y(x,k) = V(x,k) G(x,k), (3.A.10)
G has a finite limit as x>+,

a(k) b*(k)
G /oy’ . (3.A.11)
X+ +o
b(k) a*(k)

Mote that from (3.A.5) and (3.A.10), G satisfies the equation
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~2- 6K = 0(x,K) GOk (3.2.12)

Denoting the asymptotic form of Q@ by QO' the matrix Q0 in (3,A.12) is

given by

~ -1 0 /c¢e-ikx
Q=V [Q_QO:[ v = . (3.A.13)
—/c¢*eikx 0

Eq. (3.A.12) may be written as an integral equation,
G(x,k} = I +ifdy 0(y<x) Q(y,k) Gly,k) (3.A.14)

where 8 (y<x) = B(x-y) is a step function. By iterating (3.A.14), one may
generate series expansions for the components of G, and in particular,

for the scattering data a(f) and b{f}. These have the form

ik {(x,~y,)
a(k) = l+0fdxldy16(xl<yl) e *(x )d*(y ) + ...
(3.A.15)
, ikx
Y bk} = Idx e l¢*(x }+cfdx dx.,dy, 0 (x. <y <x.)
/e 1 1 Rt A S AL IS R
ik(xl+x2-y1) " *
Xe ® (xl)¢ (x,)d(y)) + ... {3.A.16)

By constructing action and angle variables from the scattering data, it

may be shown that a(f) and b(f) have simple Poisson brackets with the
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Hamiltonian (Zakharov and Manakov, 1974)

{H,a(k)}

il
j=

{3.A.17)

{1,b(0} = ik%b(x) . (3.A.18)

Thus, if ¢(x,t) evolves in time according to Eg. (3.A.1), the scattering

data of the linear problem (3.A.5)-(3.A.6) has a simple time dependence,

a(k,t) = a(k,0) (3.A.19)

b(k,0)e Kt (2.A.20)

[/

bik,t)

The Poisson brackets among a, b, a* and b* may also be obtained, using

properties of the Wronskian for Eq, (3.A.5) (Zakharov and Manakov, 1974).

{a(k),b(k')} = T atkbk (3.A.21)

{ (k) ,b{k" )} = - EiE%IEE a*(k)b(k") , (3.A.22)
{g(k),a(k' } = {a(k),a*(k'}} =0 , (3.A.23)
{b(k),b(k')} =0 , (3.A.24)
{b(k),b*(k')} = 271 a*(k)a(k)S (k-k') . (3.4.25)

All these Poisson brackets may be checked order by order, using (3.4.4),

(3.A.15), and (3.A.16).
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Having mapped the field 1 (x) into a set of scattering data whose
time dependence is given by (3.A.19}-(3.A.20), the final step in the
solution of the initial value problem is the reconstruction of the field
from the time-evolved scattering data. The essential method for
accomplishing this was devised by Gel'fand and Levitan (1953) and adapted
to this problem by Zakharov and Shabat (1971). In addition to ¥, defined
by (3.A.7), we define another solution X({x,k) of (3.3.5) with asymptotic

behavior

X(x,k}) —0 Vi(x,k) , {3.A.26)
X+

with components given by

X-= p {3.A.27)

where the column vectors ¥ and ¥ are related in the same way as | and T,
i.e., il(x,k) = x;(x,k) and Ez(x,k) = x;(x,k). The Gelfand-Levitan
integral equation is a dispersion relation for an analytic function
®(x,E) which is constructed from the Jost solutions of the linear
eigenvalue problem. Denoting the columns of (3.A.9) by ¥ and § and those
of (3.A.27) by X and X, we see that the asymptotic conditions (3.A.7) and
(3.A.26) allow continuation of Y(x,£) and ¥(x,E) into the lower half
¢£-plane and of & and ¥ into the upper half L-plane. (Note that for
complex £, the conjugate solutions are related by $l(x,£) = w;(x,g*),
&2(x,€) = w;(x,é*), etc.) We will construct a function ¢ which is equal
%e—iix/Z

to in the upper half-plane. To motivate the choice of & in the
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lower half-plane, we observe that, for real k, the Jost solution { may be

written as a lineaar combination of X and ¥,
Pix,k) = a(k)X(x,k) + b(R}X(x,k) . (3.A.28)
Defining the reflection coefficient

R¥* (k) = %E bka T(k) (3.A.29)

we can write (3.A.28) as

val =y - i/E R*Y . (3.A.30)

This suggests the following definition:

;e-iﬁx/Z ImE>0
$(x,L) = . {3.A.31)
\l!a_]'ewle:x/2 ImE<0

The discontinuity of & across the real axis is then i¥c R*{. For
simplicity, we are considering only the case c>0, for which a(f) is
analytic and non-vanishing in the lower half-plane. For c¢c<0, a(f) will
generally have a number of zeroes which represent bound states of the
linear problem and correspond to solitons of the nonlinear eqguation. The
use of the Gel'fand-Levitan equation to construct N-soliton formulas is
an interesting part of the classical treatment, but we will not discuss

it further here.
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Thus, for c>0, ®(x,f) is analytic in the cut E-plane. Since ®(x,f}+1l

as |£|+M, which follows from its definition (3.A.31) and the properties
of the Jost solutions, the function & may be reconstructed from its

discontinuity across the real axis,

1 - e ‘i (o —ik'x/2
o(x,8) = + %ﬁ f axr B i{‘f’g:?e)e .
0 -0

(3.A,32)

Letting £ approach the real axis from above, &Erk+ie, we obtain an

equation relating the Jost solutions x and ¥,

R
~( k) -1kx/2 ) 1 . E fm e R*Lk'))((xfk')e ik x/2 .
Kixeie 2m k'-k-i€

] -0

(3.A.33)

The first component of (3.A.33) and the complex conjugate of the second

*
component provide a pair of coupled integral equations for Xy and Xy

, —ik'x/2
* ~-ikx/2 /e b R*({k )Xl(xlk')e tk'x/
—_ —_— L}
Xz (xskie T B k'~k-ie '
(3.A.34a)
* ik 'x/2
ikx/2 o % X, (x/kIR(K e’ */
= L= '
Xy (x.k)e 2 f_m dk K'-k+ie :
(3.A.34b)

*
Equations (3.A.34) determine X1 and X in terms of the reflection

*
coefficient R (k). The field $(x) is then easily recovered from the

asymptotic form of Xy as k+o,
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ikx/2 . %E by (3.A.35)

Xy (x,k)e
k+oo

which follows from eigenvalue equation (3.A.5) for the Jost solution X

The direct transform and the inverse transform, defined respectively
by the integral equations (3.A.14) and (3.A.34), are the central concepts
in the classical inverse method. For the direct transform a Jost
solution is constructed from the field $(x) by solving Eg. (3.A.1l4}, and
the scattering data a(k) and b(k) are obtained from the asymptotic form
of that solution as x*®, Eq. (3.A.11). For the inverse transform a Jost
solution is constructed from a{k) and b(k) by solving Eq. (3.A.34), and
the field is obtained from the asymptotic form of the solution as k+o,
Eq. (3.A.35).

B. Quantum Inverse Method
for the Nonlinear Schrodinger Model

We now formulate the quantum version of the classical methods
discussed in the preceeding section and discuss their relationship with
the Bethe ansatz technique of Section II-A. The starting peint is a
normal ordered operator version of the Zakharov-Shabat eigenvalue

equation (3.A.5),
W, oy
e =t oY : , (3.B.1)

*
where normal ordering for this theory means moving $ 's to the left and

¢'s to the right. In components, (3.B.l) reads
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- — == gwl +vc wz o {3.B.1la)

3, 1
TR Sl A (3.B.1b)

~

and similarly for . The Jost solutions which satisfy Eq. (3.B.1) are
operator functionals of the fields ¢ and ¢*. As in the classical case, a
particular solution to (3.B.1) must be specified by a boundary condition.
Before discussing the finite density gas, we will first consider the case
of an unbounded system with a finite number of particles. This
corresponds to the classical case ¢ (x)*0 as x*i», However, in the quantum
theory, one must be careful to interpret ¢(x)*0 in the sensze of weak
convergence, i.e., as a condition on the physical matrix elements. In
dealing with operators, this means that only normal ordered products may
be set to zero, e.g., $*(x+a)¢(x)+0 as x+i®, but ¢(x+a)¢*(x) must be
written ¢*(x)¢(x+a) + §(a} » §(a). In particular, the specification of an
operator Jost scolution by an asymptotic condition like (3.A.7) must be
done with care.

Let us define a solution G(x,k) for £=k real, which satisfies

(3.B.1) and the boundary condition
G(-L/2,k) =1 ' {(3.B.2)

where the limit I#»® will be taken at an appropriate time. Note that in

the I~ limit, the solution
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Yix,k) = G(x,k)V(-L/2,k} , {3.B.3)

is analogous to the eclassical solution ¥(x,k) defined by (3.A.7). Thus

the scattering data operators a(k) and b(k) are defined by introducing
- -1
Gx, k) = V " (x,k)G(x,k)V(-L/2,K) ' (3.B.4)
from which the a and b operators are obtained by letting L*® and x*%,

~ a(k) b* (k)
G{x,k) ~—
L+ \b(k) a* (k)
X0

F(k) . (3.B.5)

The operator function G{x,k) satisfies a normal ordered integral equation

of the form (3.A.14},

Gi{x,k}) =TI + i f dy 6 (— % <y<x) : Q(y,K}G(y,Kk}:
(3.B.6)

with 5 defined in {(3.A.13}). Eg. {3.B.6) may be iterated to produce
series expansions for é and for a and b. These are identical to the
classical results (3.A.15) - (3.A.l6) with the terms on the right-hand
side interpreted as normal ordered operators.

The central property of the scattering data operators a(k) and bi(k)
is that they satisfy simple commutation relations among themselves, their
complex conjugates, and the Hamiltonian. These were obtained by two

different methods, one which generalized the classical Wronskian

derivation of Poisson brackets (3.A.23) - (3.3.27) (Thacker and
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Wilkinson, 1979), and cone which adapted a technique used by Baxter in the
eight vertex model {Sklyanin, 1979). Here we will follow the approach of
Sklyanin, which gives a deeper insight into the structure ¢f the method
and its relationship to transfer matrix techniques. To obtain the
commutator algebra of the a and b operators, we consider a 4x4 matrix of
operators which is the direct product of Jost solutions to (3.B.1) with

two different real eigenvalues E=k., and kz,

1

Hy, (%) = Glx,k;) ® G(x,k,) = 6, (x) ® G,(x) , (3.B.7)

where G(x,k} is defined by the boundary condition (3.B.2). Here and in
the following, <eigenvalues kl and k2 will be indicated by subscripts,

The elements of le are operator products of the elements of Gl with the
elements of G2. The desired commutation relations are obtained by
comparing (3.B.7) with the direct product of the same two solutions in

reverse order,

HZl(x) = Gz(x) Q)Gl(x) . {(3.B.8B)}

Differentiating (3.B.7) and using the fact that G satisfies the

Zakharov-ghabat eguation (3.B.l), we obtain

-i % le(x) = :Q1G1:<g G2 + G1 8?:Q2G2: ’ (3.B.9)

with a similar equation for H21 obtained by interchanging eigenvalues
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k1 +k2. Normal ordering of Eq. (3.B.9) may be achieved by moving the ¢ in

*
Q1 past G, in the first term and the ¢ in Q2 past G, in the second term.

2 1

*
To do this we must know the commutators of ¢ and ¢ with a Jost solution
G(x,k). This is easily obtainted from the integqral equation (3.B.6}.

Writing

oty) = ve e Y gy of v MY gry) o7, (3.B.10)
we see that

[¢(x):5(¥{l = -/E'eiky 8 (-y) g . (3.B.11)

Now commuting &(x) with Egq. {3.B.6}), we obtain

l:¢>(x) .G(x,k)] = “;‘G KX T Gk, (3.B.12)

where we have used the symmetric prescription € (x)S§(x) = %G(x). Finally,

the commutator of ¢ with G is obtained from (3.B.12} and (3.B.4),

[Q(x).G(x,k)] = —zifE o G(X,k) . (3.B.13)

Similarly, we find

[¢*(x)lG(xfk)} = -;‘/E O'+ G{x,k) . (3.B.14)
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These two results can be used to normal order (3.B.9), which becomes

-y 9 = . .
i 3% le(x) : Flz(x) le{x} T (3.B.15})

where

. +
T12 = Ql x I +#1Ix Q2 -ic0o x¢

%(kli- K,) VS0 (%) /S (%) 0

~/E* (x) %“‘1‘ k) -ic VS {x)
/3% (x) 0 2 (ky=ky ) VS0 (x)

0 —~/TO* (%) Jeo*(x) %(kl+k2)

{3.B.16)

By interchanging kl and k2 we also obtain an equation for the direct

product in reverse order (3.B.8),

:I' . H

15 = a1Hsy 0 {3.B.17)

The most important property of the matrix (3.B.16) is that an

interchange of the eigenvalues kl and k2 may be accomplished by a

c-number similarity transformation,
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-1
Iop () —S?Plztx)ge R (3.B.18)

where S is a matrix depending only on the eigenvalues kl and k2,

1 0 0 0
0 B o 0
R = . (3.B.19)
0 o B 0
0 0 0 1
with
. - kl~k2 ’ {3.B.20)
kl-kz-xc
~ic
B= v———7 . (3.B.21)
kl k2 ic
Equation (3.B.18) is fundamental. It constitutes a local

characterization of the exact integrability of the system.

From (3.8.15), (3.B.17), and (3.B.18) it is seen that &RH,,()R "
satisfies the same equation as H21(x}. These two quantities are also
equal at x = -L by virtue of the boundary condition (3.B.2) and the

definitions (3.B.7) and (3.B.8). Thus, they are equal everywhere,

Q?le(x) = HZl(x)Q? . (3.B.22)
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We now want to take the limits [ and x* in (3.B.22) and obtain the
commutator algebra of +the a and b operateors defined in (3.B.5). But
first this equation must be written in a form which is finite in these

limits. This is done by introducing a function le(x) which has a finite

asymptotic behavior,

~

-1
letx) = le(XJ le(x) le(-L/2) ’ {3.B.23)

Where le(x) is a solution to (3.B.15) with the fields in le set equal

to zero,
W (x) = expdir{®x (3.B.24)
12 12 d A
where
Lk +) o 0 0
2012
1 .
0 2(kl—kz) ic 0
(0) _
Plz - "
0 0 Lk -k 0
22 1
1
] 0 0 2(k1+k2)

(3.B.25)
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The construction of %12 in (3.B.23) is similar to that of E in ({3.B.4).
Because of the normal ordering term -ic in ({3.B.25), le is not given
simply by Viﬂvz, i.e., the asymptotic behavior of a product of Jost
solutions (in the sense of weak convergence) is not the same as the

product of their asymptotic behaviors. By calculating the exponential in

(3.B.24), we find

i
—(k,+k. Ix
e2 12 0 0 0
i
—(k,~k.)x
21 2 2¢ L L
0 e -k 51n§(kl kz)x 0
1 2
le(x) =
i
—(k.-k. )x
0 0 e2 21 0
i
(k. +k_ )x
0 0 0 e 212
(3.B.26)

Now noting that,é'i’wl2 = Wéléf, we can multiply (3.B.22) by W;i(x) on the

left and le(x) on the right to give

5?& (x) = ﬁ (x) o, {3.B.27)
12 21

for which the 1limits x, Is® can be taken. The algebra of a and b

-

operators is obtained by writing (3.B.27) in terms of the functions &

and Gz, using (3.B.4), (3.B.7), and (3.B.23),



92

-1 - -~ _ ~ - _
5?[312(x)LGl(x)sz{x)]Ulz(—-L/Z) = UZI(X)[GZ(x)xGl(x)]Uzl( L/2YR

(3.B.28)

where

U

i

-1 -1
12(K) [Vl (x) x V2 (X)] Wn(X)

. —i(k, -k, )x )
I+ (k - )[l-e 12 }[c* x g ] . (3.B.29)
1

where I is the four-dimensional unit matrix. For x*i® and kl # kz, this

becomes
1 0 0 0
0 1 _Tic
kl-k2 0
Ulz(w) = . {3.B.30)
0 0 1 0
\ 0 0 0 1

-

l;'(00) = Uzl(-w), we see that the asymptotic form of (3.B.28)

Noting that U

is

R [T @ Tiky) ] = [ k) ® Tk ] &, (3.B.31)

where (k) is defined in (3.B.5), and
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1 0 0 0
0 0 v 0
= » =
R, U, IR, ) 02 0 0 ’ {3.B.32)
0 0 0 1
with
K, -k -k, +i
L S W M . (3.B.33)
— —I ’ -—
kl k2 i¢ kl k
From (3.B.31) - (3.B.33) we obtain all the desired commutation

relations for the scattering data operators (for k#¥k')

a(k)b(k') = (1 - kf:.) b(k')a(k) , (3.B.34)
a*(k)b(k') = (1 + ki‘;‘:,)b(k']a*(k) , (3.B.35)
2. 2
b* (k)b (k") -(—k——ﬁ%—- b(k')b*(k) , (3.B.36)
{k-k")

[a(k),a(k')] = Za(k),a*(k')] = [b(k),b(k')] =0 .

(3.B.37)

The commutators of a and b with the Hamiltonian
[H,a(k}] =0, {3.B.38)
[H,b(k)] = kzb(k) r (3.B.39)
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may be obtained by an operator generalization of the c¢lassical argument
which led to (3.A.17) and (3.A.18) (Sklyanin, 1979). Alternatively, we

may expand the operator 1ln a(k) for ks,

C
_n

1 k™

1In a(k) =

s

. {3.B.40)

n

By studying the integral equation (3.B.6) or equivalently the expansion
(3.A.15), it may be shown that the Hamiltonian may be written in terms of

the coefficients Cn in (3.B.40} (Faddeev, 1979), specifically
H=~+<-C_+C -=>X=¢C . (3.B.41}

The commutators (3.B.38}-(3.B.39) follow directly from this result along

with (3.B.34} and (3.B.37).
" From the relations (3.B.34) - (3.B.3%), we conclude that b(k) is a
creation operator for eigenstates of H, and that a(k) is the generator of

an infinite number of conservation laws. The multiparticle states

created by application of b operators to the vacuum,

100k v Kyrannrk)> = bk )b(ky) ... (k) ]|0> , (3.B.42)

are eigenstates of H because of (3.B.39),

N
_ 2
HO (K rene k) ‘(%*‘i)l‘p‘“l"”'kn” : (3.B.43)
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By explicit calculation from the seriez (3.A.16), it has been shown for
N<3 that the states (3.B.42) are identical to the Bethe ansatz states
(2.A.16) (up to a trivial overall constant). Recently, the same result
has been obtained for all N using the Gel'fand-Levitan equation {Creamer
et al., 1980a). Thus, the quantum inverse method provides an algebraic
formulation of Bethe's ansatz. The operator a(k) is diagonal on the

states (3.B.42), as seen from (3.B.34),

_ _ _ic
a(k)]@(kl,...,kN)> = llﬂl k_ki)[O(kl,_,_,kN)> .

(3.B.44)

The commutation relations (3.B.34) - (3.B.36) have been obtained for
k#k'. A more careful analysis of the limits taken on (3.B.28) shows that
the (k-k") denominators in (3.B.34) and (3.B.35) should have
infinitesimal negative imaginary parts as shown, and that the relation
(3.B.36) shall have an extra delta-function term (Faddeev, 1979), as
already indicated by the classical result (3.A.27). It is convenient to

define the operator reflection coefficient

RE(K) = 7= bk) a (k) (3.B.45)

which satisfies the commutation relations

R*(K)R*(k} '

S(k',K)R*(k')R*(k) , (3.B.46)

R(k)R*(k") 5{(k,k")R*(k')R(k) + 2n&(k-k") , {3.B.47)
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where 3(k,k') is the two-body S-matrix,

_ k-k'-ic¢

Sthokh) = T ic

. (3.B.48)

The operator R* (k) creates the same set of eigenstates as b(k) but with a
different normalization. The particular significance of the operator

R* (k) is that

|¢(kl,...,kN)> = R*(kl)...R*(kN)[0> , (2.B.49)

is a normalized in—-state if kl<k2<...<kn and a normalized out-state if

kl>k2>...kN. The fact that R and R* satisfy the simple relations (3.B.46)
- {3.B.47) will be of central importance in discussing the guantum
Gel'fand~Levitan transformation (see Sec. III-C).

So far only a system of particles in infinite space has been
discussed, i.e., we have not introduced periodic boundary conditions in a
finite box. In the conventional Bethe ansatz analysis of Sec. II, the
PBC's were essential to understanding the ground state and excitations of
a finite density system. It might be suspected that by taking the
infinite volume limit to get the algebra (3.B.34) - (3.B.37) one has lost
essential information which would prevent any discussion of the £inite
density case, This turns out not to be the case, as we will see in
Section III-C, where the fundamental spectral eguation (2.A.45) is
obtained directly from the infinite volume algebra without using periodic

boundary conditions in a box. In the remainder of this section, we will

describe an approach to the finite density problem which is closer in



W
~1

spirit to the usual Bethe's ansatz methods. It relies on the algebra of
operators A(k) and B(k) defined in a finite box of length L, These
cperators are defined in terms of the Jost solution G{x,k} which obeys

the boundary condition (3.B.2). We write

/A(k) C(k) \

L @ , .
G5k = }:UL(K) ' {3.B.50}

\B(k) D (k)

where, for the case under consideration, C(k)=B*(k) and D(k)=A*(k). The

relation (3.B.22), along with the definition (3.B.7) gives

R[F 00 & T | = [T @ TR (3.8.51)

where #is the matrix (3.B.19) with

(3.B.52)
v oo koK'
alksk™) =3 TG
1y ow ——ic
Blkck™ k-k'~ic °

From (3.B.51) we obtain commutation relations among the elements of

StL(k)‘ Of particular interest are the relations
[A(k),A(k')] = lp(k),B(k')] =0, (3.B.54)

o= —21 - Blkkl) '
A(KIB(k') = s B(kIA(K) - St BIOAK')

{3.B.55)
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Bk,
D(K)B(K') = ETE%-ET B(k")D(k) + E%%Tfﬁ§ B(k)D(k')
(3.B.56)
[ak) + Dk, Ak + D] =0 (3.B.57)

The structure of the algebra (3.B.51) or (3.B.54)-(3.B.57) is typical of
the quantum inverse method in a finite volume. Similar results (with
different functions o and B} are also found for the sine-Gordon model
{Faddeev, et al., 1979) and the six-vertex lattice (Thacker, 1980}.
Instead of discussing the Hamiltonian, we will construct eigenstates

of the operator
T(k) = A(k) + D(k) , (3.B.58)

which is in a sense more fundamental. This operator is precisely
analogous to the transfer matrix in lattice models (see Sec. III-D). We

will show that the states

|¢(k1,...,kN)> = B(kl)...B(kN)|0> , (3.B.59)

are exact eigenstates of T(k}, provided that the ki'

s satisfy periodic
boundary conditions. First we note that the zero-particle state |0> is

an eigenstate of A(k} and D(k) separately,

RUTLIPN

A(k) 0> = ; (3.B.60)
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D(ky|o> = & /2 g5, (3.B.61)

which is easily seen be writing A(k) and D(k) as normal ordered series
expansions in ¢ and ¢*. Now we apply T(k) to the state (3.B.59) and use
the commutation relations (3.B.55) and (3.B.56) to commute A(k) and D(k)
through the string of B operators. By this calculation, it is found that

(3.B.59) is an eigenstate,

TOR) [ @k seeerky)> = ALk Pkyoees ik MOk ik)>

{3.B.62}

with eigenvalue

N
- Ty e ~1KL/2 ﬁ _ic_
Ak 7kyoenn k) = e i[=]l(l e )+ e (1 =) ) ,

1 i=1
(3.B.63)
provided that the ki's satisfy the conditions
ik.L/2 . -ik,L/2 .
e 1 {1-de—)- 4 1+ =< ) (3.B.64)
iy k.-k, AR k.=-k.
J#L i3 j#1 i3

for i=1,2,...,N. Notice that Egq. (3.B.64) are precisely the periodic
boundary conditions Eq. (2.A.23) obtained from the explicit Bethe wave
functions., To understand how the result (3.B.62) follows from the
relations (3.B.54)-(3.B.56), consider the action of A{k) on the state

{3.B.59). Commuting A(k) through the string of B's and then using



100

(3.B.60) we obtain ZN terms, which may be grouped according to the
arquments of the N B-operators. Note that the second term on the
right-hand side of (3.B.55) results in an exchange of the arguments k and
k' between the A and B operators. Of the 2N terms obtained from A(k)
acting on the state, one of them contains no exchanges (or equivalently,

no factors of B). It is given by

; N .
ikL/2 ie
e Jli(l— E:EI)|¢(kl,k2,...,kN)> . (3.B.65)

Combining this with the corresponding term from D{k} gives the right-hand
side of (3.B.62}) with the eigenvalue (3.B.63). Thus, we must show that
all of the remaining terms cancel. Consider first the terms in which k

is exchanged with kl in the state. The terms of this form are given by

k,k . k,=-k. .
Ct( r 1.) j J=

B(k,kl) ik,L/2 W ic -ik,L/2 N ic
- —{e 1 - -e 1+
j=2 1 2 j

x| @Ckokyrenky)> (3.B.66)

which vanishes provided that the periodic¢ boundary condition (3.B.64) is
satisfied for i=1. The remaining terms in which ki is replaced by k in
the state with i=2,3,...,N, may be calculated explicitly, but such a
calculation is unnecessary. Because of the second commutator in
{(3.B.54), the state (3.B.59) is symmetric in the ki's. Thus the sum of
the terms in which k replaces ki for i>1 are obtained from (3.8.66) by
interchanging kl and ki. All of these terms vanish by virtue of the PBC's

(3.B.64). This completes the demonstration of Eg. (3.B.62).
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The essential differences between the infinite volume relations
(3.B.34)-(3,B.37) and the finite volume relations (3.B.54)~(3.B.57) are
the presence of the second (exchange) term on the right-hand side of
(3.B.55) and (3.B.56) and the fact that a and a* commute separately while
only the combination A+D commutes in the finite volume case. One result
of this is that the reflection coefficient operator R*(k), Eg. (3.B.45),
which had simple commutation relations in the infinite volume case is not
a useful operator for the finite volume system, No operator with
properties like (3.B.46)~(3.B.47) has been constructed in a finite box.
As we saw in Sec, III-A, the reflection coefficient plays a central role
in the classical inverse transform as the kernel of the Gel'fand-Levitan
integral equation. The same is true in the guantum inverse method, where
the simple properties of the operators R{k) and R*(k) are basic to the
structure of the quantum Gel'fand-Levitan transform (see Section III-C).
Thus the formulation of the inverse transform in the quantum theory (as
it is presently understood) requires that the infinite volume limit be
taken ab initio. This turns out to be less of a restriction than it
night seem, since the finite density spectral results usually associated
with periodic boundary conditions in a box can be obtained directly in an
infinite volume using the Gel'fand-Levitan formalism, In this
calculation the finite box is avoided by introducing a temperature
parameter, and the finite density results are constructed via a fugacity
expansion, each term involving matrix elements with a finite number of

particles in an infinite volume.
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C. Some Properties of the Quantum Gel'fand-Levitan Transform

In Section III-A we found that the classical Jost solution ¥ (x,k).
defined by (3.A.26) and (3.A.27) satisfies a Gel'fand-Levitan integral
equation (3.A.34). This provided the basic tool for reconstructing the
field configuration $(x) from a set of scattering data. Recently it has
been shown (Creamer et al., 1980a, Grosse, 1979) that a corresponding

integral equation for operators in the quantum theory is also valid,

, L —ik'x/2
. ~ikx/2 /g o=, Rk ke
v (%K) e =1+ 22 a
2 an J_ k'-k-ie
(3.C.1a)
* ik'x/2
. w Jk"R(k") e
ikx/2 _ V< , Ko lx
X, (x:K)e - EF.£mdk TR . (3.C.1b)

where now the ordering of the operators on the right-hand side is
important. The derivation of ({3.C.1) parallels the classical derivation
in most respects, though some subtleties arise due to operator ordering
(e.g., the analytic function ¢(x,£) is not given by (3.A.33) in the lower
half-plane). For details we refer to the original paper. Here we
confine our discussion to two interesting properties of the quantum
Gel'fand-Levitan transform.

By iterating Eq. (3.C.1) we obtain series expansions for X, and x;
in terms of R and R*., Each term in the series is normal ordered in the
R-operators, i.e., all R*'s are to the left and all R's to the right.

The field operator 4(x) is then obtained just as in the classical theory,
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ikx/2 ye 1
Xy (xek1e T - k) +0(%) . (3.C.2)

k-+co

~

By taking the asymptotic behavior of the other component of the Jost
solution Xgr We also obtain an expression for the charge density operator

jO(X) = o*(x)d (x),

xz(x.k)e”"‘/z — 1 - I—EJ' Joix"rax' + O[%J . (3.C.3)
ke X k

The series expansion for the field operator obtained by iterating

(3.C.1) and taking the limit (3.C.2) may be written

1(k1+k2—pl)x

bx) = dk R(k e i ) CJ‘dpldkldk R*(pl)R(kl)R(kz)e N
2ﬂ (2m (pl-kl—IE)(pl—kz'lE)
= zz ¢(“’(x) ) (3.C.4)
n=0
where the general term is given by
<D(n) (x) =
1{Zk=-Zp)x
n dp + dki) R*(pn)...R*(pl)R(kl)...R(kn+l)e
o i= w =1 2T/ (p_~k_-ig) (p_-k__.-ic)
i m=1 pn m pm m+l
(3.C.5)

Equation (3.C.4) describes an operator transformation from R(k}) to Pix).
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This transformation turns out to have a remarkably simple and familiar
form in the limit of infinitely repulsive coupling, c*®. In this limit

(3.C.4} is just a Jordan-Wigner transformation (Creamer, et al., 1980),

Qo

¢(x) = NR{exp -2 [ R*(y)R(y)dy Rtx)} . (3.C.6)
X

~

where R(x} is the Fourier transform

R(x) = -S—T‘: R(k) e ¥ . (3.C.7)

Note that in the limit ¢*®, the two-body S-matrix (3.B.48) becomes -1,
and the relations (3.B.46)-(3.B.47) become canonical anticommutation
relations for fermion creation and annihilation operators. The Fourier

-~

transform R(x) is a local fermion field with anticommutation relations

{R(XJ.R*(y)} = §(x~y) . {3.C.8)

Thus, for the special case of the ¢=® nonlinear Schrddinger model, the
quantum inverse transformation becomes a Jordan-Wigner fermion-to-boson
transformation. We note that (3.C.6) may be written in another form
using the general formula for canonical fermion or boson fields P(x),

wf(x) {Grosse, 1979},

exp{fdy G(y,¢*(y,¢(y)} - =exp{fdy(eG‘Y’-1)wT<y)w(y)}=

(3.C.9)
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From {(3.C.6), we get

oL, — -
O {x) =m¢E#J RHNRWMQRQ), (3.C.10)
h. 4

The demonstration that (3.C.18) is the o¢=¢ limit of the
Gel'fand-Levitan transformation involves an analysis of the general term
P of the series (3.C.4) (Creamer, et al., 1980b) which will not be
repeated here. The essential idea can be seen by studying the second
term of (3.C.4),

. e -
1(kl k2 pl}x

¢(l)(x) - .f dpldkldk2 R*(pl}R(kl)R(kz)e
(21) 3 (pl—kl-le) (Pl-kz‘-lE)

{3.C.11)

{That the first term ¢(0) agrees with (3.C.10) is obvious.} In spite of
the explicit power of ¢ in front of (3.C.11), ¢(1)(x) has a finite limit
as ¢*® due to the implicit c-dependence of the R operators. Symmetrizing
over the integration variables k and k and using the commutation

1 2
relation (3.B.46) we get

¢(l)(x) - o Jﬁ dpldkldk2 R*(pl)R(kl)R(kz)

(2n)2 (pl-kl—ie)(pl—kz-is)

><{l+S(kl,k2)} e1(k1+k2—pl)x

2 . (3.C.12)

By partial fractioning, changing variables, and combining terms we obtain



dp, dk.dk R*(p.)R(k,)R(k,) i{k,+k,~p,}x
1771772 1 1 2 1 "2 *1

(2ﬁ)3 (kl-k2+ic)(pl—kl-ie)

m{l}(x) = —Z?E

The oo limit of ¢(1)(x) can now be taken,

(1) . dpldkldk2 R*(pl)R(kl)R(kz} i(kl+k2—p1)x
$ (x) — 2i 3 - e
Cro (2m) {py -k, -ie)
= A(X)R(x) P
where

A(x)

Zijdpldkl R*(p)R(k;} i(k;-p;)x

—ZSQR*(Y)R(Y)GY

X

Analysis of the higher order terms in (3.C.4) shows that
o™ = NR{[A(xl]n R(X)/n!} '

leading to the result (3.C.6}.
The transformation (3.C.10) may be inverted by

E*(x) E(x)= d*{x)d(x), which leads to
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{3.C.13)

(3.C.14)

(3.C.15)

noting

that
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X

~

R{x) = exp|-ir| o*(y)d (y)dyld(x} . (3.C.16)
X

This is a simplified form of the direct Zakharov-Shabat transform c=».
The same result should also follow directly by taking the c+= limit of
the reflection coefficient expressed in terms of & and ¢*, but a
procedure for doing this to all orders has not been developed.

We now return to the general case of finite ¢ and discuss the
structure of the Gel'fand-Levitan transform for the charge density
operator which is obtained by solving (3.C.1) and taking the 1limit

{3.C.3). This gives

. _ . (n)
JO(K) = z Jo {x) ’ (3.C.17)
n=0
where
(n) o7 dkikey (Zp-tk) e (ERTIKIX
jo (x) = (-c)

2
. (2m s s I }
=1 111 {Pi ki=1€) (PR 47180 (Ppyy=Kpyp~i€)

X R*(pn+l)...R*(pljR(kl)...R{kn+l) . (3.C.18)

The Gel'fand-Levitan expression {3.C.17) is related in an interesting way
toc the spectral integral eguation for the finite temperature
delta-function gas. The finite temperature results for this model were
first obtained (Yang and Yang, 1969) by a variational method using

Bethe's ansatz with periodic boundary conditions. More recently these
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results were rederived (Thacker, 1977) using a graphical formalism which
had emerged from an analysis of N-particle Feynman graphs (Thacker, 1975,
1976). 1In the graphical derivation, it was found that the statistical
mechanics of the system could be obtained by calculating certain
almost-forward matrix elements of the charge density operator. The

object of interest is the partition function

Q(B,u) = Tr eB{pN-H)

’ (3.C.19)
where the trace is taken over a complete set of states. The logarithm of
(3.C.19) 1is an extensive quantity which may be regarded as the connected
part of the partition function. It can be shown (Thacker, 1977) that

this quantity is given by

1n O = lim Tr{Y(q)eB(uN—H)} , (3.C.20)
q*0
where
Y{q) = o 1dK N-lu- jo(x)eiqudx] ) (3.C.21)

In this expression K = fx¢*(x)¢(x}dx is the Galilean boost operator which

has the property

'R (k) = R¥(ktq e | (3.C.22)
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Note that formally Y(g)+1 as g+0, and the right-hand side of (3.C.20)
would naively give Q. The effect of bringing the limit outside the trace
is to pick out the connected part of Q. This occurs because a diagonal
matrix element of Y{q) will vanish unless the state cbtained by acting to
the right with the operator in square brackets in (3.C.21) is the same as
the state obtained by acting to the left with e-qu. Thus an equal amount
of momentum g must be transferred to each particle in the state, which,
in a graphical expansion, can only occur if a graph is fully connected.
Matrix elements of Y(q}, Eq. (3.C.21), can be computed by using the
Gel'fand-Levitan series for the charge density operator, Egq. (3.C.17).
The pressure F# is obtained from ln Q by simply dividing out a factor
Bx278{0) where 27§ (0) is the infinite volume analog of the size of a box.
Inserting the expansion (3.C.17) into (3.C.20) and (3.C.21), we get a

corresponding expansion for the pressure

P = Eigp(") . (3.C.23)

n=0

The trace in (3.€.20) is taken by summing over a complete set of Bethe

ansatz states

R¥(k JR*(k ) ... .R¥(k)|0> (3.C.24)

using the expressions (3.C.18) and the commutation rules
{3.B.46)={3.B.47) to compute the matrix elements. The first term SP(O)

turns ocut to be the pressure of an ideal fermi gas,
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2
(0) _ 1ldk B (M-k™)
P = BS_zﬁ 1n(1+e ). (3.C.25)

The calculation of the general term y(n) involves a symmetrization over
the ki's and pi's in (3.C.18) which leads to extra c~dependent factors in
the integrand, as in the example {3.C.11})-(3.C.13) for ¢(x). The first
four terms in (3.C.23) have been obtained by direct calculation from
(3.C.18). From these expressions the form of the general term 9'“1) has
been surmised, but a proof to all orders has not been constructed. From
the presumed form of ép(n), the series (3.C.23) can be summed up
explicitly in terms of the solution to a nonlinear integral equation.

Defining €(k) as the solution to the equation

] " - []
(k) = k% - p - %‘[g—i K(k—k'}lnLHe Be (k )] ) (3.C.26)
where K(k) = 2c/(k2+c2), we find that the pressure is given by
P= %J% ln[1+e—8€(k)] . (3.C.27)

These are the same results originally obtained by Yang and Yang. By this
derivation it is found that the integral equation (3.C.26}) and the
pressure (3.C.27) can be obtained from the Gel'fand-Levitan expression
for the charge density (3.C.17). The expansion of (3.C.27) in powers of
the kernel K correponds term by term to the expansion (3.C.17) for jo(x).

Note that if we define a Fermi momentum kF by the zeroes of ¢(k),
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e(th) ={ ' (3.C.28)

then g(k)éo for jk sz. The zero temperature (B+«) limit of (3.C.26) is

thus

2 kF dk!'
e(k) = k"-u + o K(k-k"}e (k") ' {(3.C.29)
-k m ’

F
which is just the spectral equation (2.A.45) for excitations above the
ground state. In Section II the integral egquation for (k) was derived
by studying periodic boundary conditions in a box. Here it was obtained
directly from the Gel'fand-Levitan formalism using the infinite volume
commutation relations for R and R*. This emphasizes the important point
that the infinite volume algebra (3.B.34)-(3.B.37) does contain the
information necessary to treat the finite density system, even though it
is simpler than the finite volume algebra (3.B.54)-(3.B.57). 1In this
regard it is also worth noting that the exchange factor (R/a) in (3.B.66)
is simply an overall factor which drops out of the periodic boundary

conditions.

D. Inverse Method for Lattice Models

One of the most intriguing aspects of the quantum inverse method is
its close relationship to the transfer matrix techniques developed in
soluble lattice models. This connection was first suggested by the work

of Sklyanin (1979) whose derivation of the commutation relations for the
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nonlinear Schrodinger model was inspired by Baxter's (1972a) analysis of
the eight-vertex model transfer matrix. The quantum inverse method for
lattice models has been studied for the XXZ spin chain (Kulish and
Sklyanin, 1979} and the symmetric six-vertex model (Thacker, 1980).
Recently, Faddeev (1979) has constructed the gquantum inverse formalism
for the full Baxter model. In each of these examples the inverse method
provides an elegant algebraic derivation of results which had previously
been obtained by a Bethe ansatz for many-spin-wave states.

To illustrate the essential points in a fairly simple context, we
will consider the quantum inverse method for the gix-vertex model. The
solution for the full Baxter model is briefly reviewed in the latter part
of this section. In Section II-D we saw that the transfer matrix and
partition function were constructed from an elementary vertex Ln' given
by (2.D.7) for the eight-vertex model and (2.D.1l) for the six-vertex
model. The transfer matrix {(2.D.8) may be regarded as a string of
vertices tied together at the ends. To motivate the formulation of the
quantum inverse method on a lattice, we note that the solution to a
linear eigenvalue problem of the form (3.B.l) with specified behavior at

X, may be written as a path ordered exponential,

¥Y{x) = :P exp{ijx Q(y)dé}y(xo) : (3.D.1)
X
0

where the path-ordering refers to the matrix structure, specifically

x0+A x0+2A X
X ifx Qdy ifx Qdy ifx_ﬁQdy
0 0+A
P exp ij ody = lim e e ce.e . (3.D.2)
X A+0 .
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In the six-vertex model, an elementary vertex is precisely analogous to
one of the exponential factors in (3.D.2). The lattice construct which
corresponds to the path-ordered exponential solution (3.D.1} of the
linear problem (3.B.l) is a string of vertices contracted over horizontal
arrows. Thus the analog of the Jost solution G(x) with boundary

condition (3.B.2) is given by a product of elementary vertices,

G{n} = L.L,...L . (3.D.3)

In particular, the matrix analogous to eVL(k) in {3.B.50) is obtained by

stringing vertices all the way across the lattice,

A(v) B(wv)
Fiv) =L L.,...L -—-( ) , (3.D,4)
C(v) D(v)

where N is the number of sites in a row. Using a method which parallels
the derivation in Section III-B, we will obtain commutation relations for
the cperators A, B, C, and D which are depicted in Fig. 15.

The algebra of the operators defined in (3.D.4) iz based on a
fundamental property of the elementary vertex. We parametrize the vertex
weights by p, v, and n as defined in (2.D.17), and consider the vertex Ln
as a function of v for fixed p and n. Then the direct product of two
vertices with different values of v is related to a direct product of the

same two vertices in reverse order by a similarity transformation,

Q[Ln(v) by Ln(v')] = [Ln(v') R Ln(v)_ 0 (3.D.5)



b=t
}=
-3

where

ot

) ? (3.D.6)

oR o

R=Rl{v,v') « (
\

o oo -
o o
o oo

with
o Gy = sin{v'=-v) (3.D.7
w2 alv,vh) = sin(v'-v+2n) ' -D-7)
B = Blvv') = > . (3.D.8)

sin(v'-v+2n)

The relation (3.D.5) is analogous to the nonlinear Schrddinger result
(3.B.18) and may be verified by direct calculation. The direct products
in (3.D.5) may be visualized as the contraction of two vertices over a
vertical bond (i.e., a spin-operator product) as shown in Fig. 16. It is
interesting that the similarity transformation matrix has essentially
the same structure as an elementary vertex if the latter is regarded as a

four-by-four matrix,

/p sin(v+n) 0 0 0 \
0 p sin{v-n) p sin2n 0
L{v) = ’
0 p sin2n o sin{v-n} 0
0 0 0 p sin{v+n)

{3.D.9)
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By an appropriate choice of an overall factor in the definition (3.D.6)

we find that
RKR(v,v") = L{v'~-v+) . (3.D.,10)

The fundamental relation (3.D.5) has the structure shown in Fig. 17.
Using (3.D.5) we find a similar relation for the matrix of

scattering data operators (3.D.4)

Rlgw o 7v) | = [Fon) drm|a (3.D.11)

which gives the commutation relations for A, B, C, and D defined in
(3.D.4). These relations are identical in form to the finite volume
algebra (3.B.54)-{3.B.57} for the nonlinear Schrddinger model, but now
with o and 8 given by (3.D.7)-(3.D.8). (To agree with previous
conventions, we have also interchanged the roles of B and C compared with
the nonlinear Schrdédinger model.) From here the analysis of the
six-vertex model simply repeats the steps which led from the nonlinear
Schrodinger algebra (3.B.54)-(3.B.57) to the eigenvalue (3.B.63) and
pericdic boundary conditions {3.B.64). The operators B(vi) can be used

to construct the Bethe ansatz eigenstates (2.D.20)},

Kyreerrk > = B(vi)...B(v)[0> (3.D.12)

where vy and ki are related by (2.D.22)., It is easgily seen from (2.D.13)
that the state 0> with all spins up is an eigenstate of A(v) and D(v)

separately,
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. N/2
A(v)|0> = Ml o>, (3.D.13)
sin{v-n) |
_ Isin(v-n)
D(v)[0> = Lsm(v+n)_] |o> . (3.D.14)

By applying the transfer matrix

T(v) = tr Sv) = A(v) + D(v) ' {3.D.15)

to the states {3.D.12) and using the commutation relatiens (3.D.1ll), the
eigenvalues (2.D.25) and periodic boundary conditions (2.D.24) are
cobtained by a straightforward procedure.

The quantum inverse method for the full Baxter eight-vertex model
(Faddeev, 1979) introduces some essentially new features which have not
been encountered in the previously considered models. The relative
simplicity of the six-vertex model resulted from the special form of the
vertex matrix (2.D.11) or {3.D.9) and the commutation matrix &,
Eg. {(3.D.6€) or (3.D.10). By virtue of the ice rule (two arrows in and
two arrows out), these matrices, written in four-by-four form, have a
1-2-1 block diagonal structure. In addition to simplifying the
commutation relations, this alsc allows one to choose a local spin state
|+>n (spin up) which 1is annihilated by the lower left corner of the
vertex matrix (2.D.11), viz. (2.D.,13). For the Baxter model, the vertex

is given by (2.D.7) which can be written in four-by-four form as
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a 0 o0 d

_|0 b ¢ 0
Lvy =l g e b o , (3.D.16)

d 0 0 a

where {Baxter, 1972a)

a = p Q(2n)O(v-n)H(v+n) ' (3.D.17a)
b = p O(2n)H{v-n)@(v+n) . (3.D.17b)
c = p H{(2m O(v-n) O(v+m) ' (3.D.17¢)
d = p B(2MH(v-MH(v+n) , (3.D.17d)

Here H and © are Jacobi eta and theta functions with elliptic modulus k.
The parametrization (3.D.17) expresses the vertex weights a,b,c,d in
terms of P, N, v, and k. It reduces to the ice model form (2.D.17) by
taking kl/zp=po and letting the modulus k go to zero. By considering the
vertex (3.D.16) to be a function of v with p, n, and k fixed, it is found
that a relation of the form (3.D.5) can be constructed for the full
eight-vertex model (Baxter, 1972a) with & again being given by (3.D.10).

The fact that d#0 (i.e., wl#wz) means that it is not possible to
choose a local "vacuum" spin state which is annihilated by the lower left
corner of (2.D.7). However, there is a certain gauge freedom in the
choice of the vertex Ll which allows us to introduce a gauge equivalent

ver tex

Ly = MglLRMg+l , (3.D.18)

where the Mg's are a set of two-by-two c-number matrices. a3 J-matrix
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constructed from the vwvertex (3.D.18) has elements which are linear

combinations of the operators in (3.D.4),

_ -1
LI IR AL | - .D.
F L1L2...LN Ml 3’MN+1 . (3.D.19)

By an appropriate choice of the transformation Mn, it is possible to find
a local spin state which is annihilated by the lower left corner of the
gauge transformed vertex matrix LA. In fact Baxter has shown that the
eight-vertex model is equivalent to a generalized ice model where only
the six ice vertices are allowed, but where the vertex weights depend on
both the arrow configuration and on an integer %. This equivalence may be
stated as a local property of the vertex (3.D.16) (Baxter, 1973b). it
was used to construct a Bethe ansatz for the transfer matrix eigenstates
(Baxter, 1973c¢). The quantum inverse method for the Baxter model
{Faddeev, 197%) 1is also closely related to this ice-model equivalence.
The relation (3.D.10) between the vertex matrix and the # matrix allows
the commutation relations (3.D.ll1l} to be expressed in a form which
resembles the familiar case (3.B.54})-({3.B.57) in terms of operators

Ak,l(v)' Bk'g(v), Ck,l(v)’ and Dk,g(V) which are the elements of the

matrix

F o= M;J’éﬁ*ml . {3.D.20)

From the commutation relations of these operators, the algebraic

construction of eigenstates can be carried through. For a detailed
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discussion we refer to the work of Faddeev (1979) and to the original

treatment of Baxter (1972a,b; 1973 a,b,c).
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IV, DISCUSSION

The study of exactly integrable quantum field theories has developed
rapidly over the past several years, and this development seems likely to
continue apace for some time to come. In this concluding section we
collect a few remarks about the present state of understanding and
possible future directicns.

An important approach to the treatment of exactly integrable gquantum
theories which was not discussed in this review is the study of
factorizable S-matrices (Zamolodchikov and Zamolodchikov, 1979). In this
approach one exploits the fact that the presence of an infinite number of
conservation laws in a two-dimensional theory generally will preclude the
possibility of inelastic scattering. (Elastic scattering with exchange
of internal quantum numbers is allowed.) This leads to a factorized
S-matrix which can be obtained explicitly by symmetry considerations
along with analyticity and elastic unitarity. The S-matrix of the
sine-Gordon/massive Thirring model, which was originally obtained by this
method, has recently been obtained directly from the Bethe ansatz
eigenstates (Korepin, 1979}. Similar results for the chiral invariant
Gross-Neveu model have also been obtained (Andrei and Lowenstein, 1980b).
The connection between the S-matrix and the eigenstates is of great
interest, particularly in view of the fact that the S-matrix for the O(N)
nonlinear sigma model is known (Zamolodchikov and Zamolodchikow, 1979,
while the construction of eigenstates has not yet been accomplished,

Because of the apparently general «connection between exact
solubility and the existence of an infinite number of conservation laws,

much effort has been devoted to the construction and study of higher
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conservation laws for various theories. Models for which higher guantum
conservation laws have been constructed include the sine~Gordon/massive
Thirring model (Flume, 1976; Kulish and Nissimov, 1976a,b; Berg et al.,
1976; Flume et al., 1976; Nissimov, 1977; Lowenstein and Spear, 1978),
the nonlinear Schrédinger model {Thacker, 1978; Oxford, 197%), the (ﬁw)z
Gross—-Neveu model (Witten, 1978; Neveu and Papanicolao, 1979), the O(N)
nonlinear o-model (Pohlmeyer, 1%76; Polyakov, 1977; Araf'eva et al.,
1978; Luscher and Pohlmeyer, 1378; Luscher, 1978; Lowenstein and Spear,
1979) and the chiral O(N) x O(N) and SU(N) x SU(N) o-models (Witten,
1980). It is reasonable to suspect that the g-models should be amenable
to exact solution methods of the type we have discussed in this paper.
Although a classical inverse formalism has been developed (Pohlmever,
1976; <Zakharov and Mikhailov, 1978), a quantum inverse method for the g
models has not yet been constructed. This is a very important unsolved
problem, especially in view of the interesting analogies which can be
drawn between o models and realistic four-dimensional gauge theories.
Even within the scope of models which can presently be studied by
the quantum inverse method, there are some important questions which have
not yet been answered. A general method for obtaining Green's functions
for integrable theories has not been devised, though progress has been
made in some special cases (Wu, et al, 1976, Vaidya and Tracy, 1979;
Jimbo, et al, 1979%a,b; 1980) The inverse Gel'fand Levitan transformation
has so far been formulated only for the nonlinear Schrddinger model. For
other models, only the direct transformation is known. Formulation of
the quantum Gel'fand-Levitan method for thesa other models wotuld be of
great interest, As we discussed in Section III-C, the Gel'fand-Levitan

transformation for the nonlinear Schrddinger eguation, in the limit ¢,
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becomes a Jordan-Wigner transformation which expresses the interacting
boson field in terms of a free fermion field, the latter being the
Pourier transform of the quantized reflection coefficient. Recently, a
similar connection has been found for the isotropic XY ({i.e., the XX)
spin chain by studying the direct transform (Fowler, 1980). The
relationship between the quantum inverse method and the Jordan-Wigner
fermion-boson transformation is of particular interest 1in the
two-dimensional Ising model (which may be treated by the quantum inverse
method as a special case of the Baxter model). 1In this model, the
Jordan-Wigner transformation describes the relaticonship between order
(spin) and disorder (kink) wvariables and is closely related to the
self-duality between the high and low temperature phases of the system
{Kramers and Wannier, 1941; Kadanoff and Ceva, 1971). The possibility of
relating inverse scattering transformations to duality transformations is
intriguing, particularly since it has recently been suggested that
four-dimensional SU(N) gauge theory has a self-duality property somewhat
like the Kramers-Wannier duality of the two-dimensional Ising model
{t'Hooft, 1978, 1979; Mandelstam, 1979). The fermion-boson equivalence
between the massive Thirring model and the guantum sine-~Gordon equation
(Coleman, 1975) may provide some additional insight into the question of
inverse scattering vis—a-vis Jordan-Wigner transformations. In comparing
the solution of the massive Thirring model (Bergknoff and Thacker, 1979)
with that of the sine-Gordon model (Faddeev et al, 1979), the equivalence
is apparent at the level of PBC's and spectral integral equations, which
are essentially identical for the two theories, However, the
equivalences between the operators of the two models (Coleman, 1975;
Mandelstam, 1975) have not been discussed in the context of the inverse

method.
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The discovery of exact integrability in two-dimensional quantum
field theories raises one question of central importance to the future
direction of the subject: 1Is exact integrability an inherently
two~dimensiocnal phenomenon, or does some analogous behavior occur in
realistic four-dimensional theories? The answer to this question is far
from clear at present, but promising developments have been discussed by
Polyakov (1979). This work draws on an analogy between four-dimensional
gauge filelds and two-dimensional chiral fields. (For the definition of a
chiral field, see for example Zakharov and Mikhailov, 1978.) In gauge
theory, the analog of the chiral field is a nonlocal Wilson loop operator
P exp ﬁ Audxu where C is a closed contour. The role of x-space in the
chiralc theory 1is fulfilled by the space of all closed contours {"loop
space™) in gauge theory. The hope is that exact integrability in gauge
theory will manifest itself by an infinite number of functionally
conserved currents in loop space. The ideas of Polyakov fit rather well
with the duality considerations of 't Hooft (1978; 1979), especially in
view of the suggested connection between self-duality and exact
integrability in two-dimensional models. 't Hooft proposed that the
appropriate order variable in gauge theory is the Wilson loop operator,
which may be interpreted as the creation operator for a loop of electric
flux, and that the dual disorder variable creates a loop of magnetic
flux, Whether the formulation of four-dimensional gauge theory in terms
of loop variables will eventually lead to an exact solution procedure
remains a matter of speculation, but the parallels with the

two-dimensional formalism are amusing and encouraging.
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FIGURE CAPTIONS

Sum of graphs for the two-body wave function.

An n-string in the complex k-plane, representing a nonlinear
Schrdodinger model bound state.

{(a) Phase shift used in pericdic boundary conditions (2.A.26).
{b) Interaction ‘phase shift which vanishes for co+0.

A particle-hole excitation above a finite density ground state
in the nonlinear Schrédinger model.

The physical vacuum for the massive Thirring model.

An n-string in the complex rapidity plane for the massive
Thirring model.

Particle-hole excitation in the massive Thirring model.
Analytic structure of the two-body phase shift A(f) for the
massive Thirring model,

(a) Excitation of an unbound particle-hole pair.

(b} Excitation of a bound particle-hole pair.

(a) A bound 3-string + 3-hole state, representing the n=3 state
in Eq. (2.B.&67).

{b) -3 S5~-string state, representing an unbound
fermion-antifermion pair. Here and in (a), the value of the
coupling is taken in the range r=3,

(a) Representation[S,B].

{b) Representation[2,2,2,1,1].

The eight allowed vertices of the Baxter model.

A possible confiquration of a 3 x 3 lattice with toroidal
boundary conditions.

Arrangement of indices for the vertex defined in Eq. (2.D.5).
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Fig. 15 The operators A,B,C, and D defined in Eg. (3.D.4].
Fig. 16 The direct product of vertices L(v} x L(v').

Fig. 17 The commutation relation Eg. (3.D.5).
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