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ABSTRACT

A number of calculations exist for radiative corrections
to the cross-section for exclusive reactions, but they are
generally applicable only for the specific experimental
arrangement for which they were derived. We show how to use
these existing calculations to derive the corréction for any
other experimental situation. The radiative corrgection to
high energy backward xp elastic scattering is calculated as an

example.



I. INTRODUCTION

The calculation of radiative corrections to experimental
data is a pcoblem often considered difficult by experimenters
because the complete calculation is complicated and because it
is very dependent on the details of the experimental arrange-
ment and analysis. The experimenter wusually finds that
published calculations are not adequate for the specific
experimental cuts used in the analysis of his experiment. The
alternative of calculating the correction from first
principles involves many difficulties including the proper
cancellation of dlvergent integrals.

In this paper we consider the problem of radiative
corrections to the cross-section for exclusive reactions; we
show how the experimenter can easily adapt a radiative
" correction {(RC} which has already been calculated for a givea
set of experimental cuts to the cuts used in his experiment.

This paper. specifically results from the calculation of
the RC to plon-proton backward elastic scatteringl. The
ccmplete calculation of the RC for this reaction wvas first
made by Sogard? who published results for many elastic hadron

scattering processes and showed that RC's can be significant



for hadronic reactions, especially at energies of 100 GeV or
‘greater. Additional work by E. Borie?® was based on Sogard's
formulae,. Sogard's results, however, were questioned by
Ginzburg, FRotkin and Serbo“ (GKS}). Using the results of
Gribov®, they showed that because the behavior of hadrons when
interacting with massive or high transverse momentum photons
is not point-like, the final correction should be consideratly
smaller than Sogard's correction. We have based our calcula-
tion of the RC for our own experiment on the GKS results.

in this article we do not use the “peaking
approximation®®, a simplification in which the angular gdistri-
bution of the radiated photon is ignored, because it is often
inadequate for muonic and hadronic scattering processas.

Section II is an introduction to radiative corrections
"explaining the basic concepts and definitions. while it
refers to " the radiative correction to a bhadronic c¢ross-
gection, the statements are guite general and can be made
about the cross-section due to any type of interaction.
Section III gives the formula feor the experimenter's calcula-
tion, and in the appendix the formula is applied to the

specific problem of backward pion-proton scattering.
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- Il, GENERAL STATEMENTS OH RADIATIVE CORRECTIONS

We are interested In measuring a hadronic cross-section

g, Wwhich corresponds te an integral involving the T-matrix

H
element of the diagram in Fig. 1.

The cross-section experimentally measured includes not
only the diagram of Fig. 1, the reaction to be studied, but
also radiative diagrams in which a real photon is emitted aﬁd
radiative diagrams in which a virtual photon is transferred.
The lowest order diagrams of these types are shown in Fig. 2
and Fig. 3 respectively. 1If we assume we knov the T-matrix
element of Fig. 1 then it 1is possible to calculate the
diagrams of Fig. 2 and Fig. 3 using -the rules of quantum
electrodynamics (QED), %!

If we neglect the changes in the kinematics of the
hadronic zeaction due to the radiation, the integrals
associated with the radiative diagrams will be proportional to
the integral for the diagram of Fig. 1. Therefore, it is
standard procedure*™ in this field to introduce the radia-

tive corzection, &, vhich {s defined by the equation

o) = {1+ &) oy (1)

vhere oy is the cross-section including radiative terms up to
first-order in the fine structure constant a, and o iz the
crogs-section for the reaction of Fig. 1 alone. (We use the
more common sign convention for & in which & is in practice

generally less than zero.)
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§ Is the sum of two terms

6-6R+6v (2’

vhere 8§ refers to the calculation of the diagrams of Fig. 2
and &, refers to the calculation of the interference term
between the diagrams of Fig. 1 and those of Fig. 3. (The term
from Fig. 3 alone is of second-order ina, and not included in
the calculation of 4.) The integral which determines GR is
positive ({its integrand is always positive) and diverges
logarithmically (the infrared divergence) as the photon
momentum approaches zero. This integral is a function of the
experinmental cuts (see section III). The integral which
determines G‘V is negative and similarly diverges. It is
independent of the experimental situation since the diagrams
of Pig. 3 lead to the same final state as that of Fig. 1. The
two divergences cancel when the sum § is calculated. In most
practical cases |&] is larger than |6 ]|, making $ negative.
We have discussed so far how § is determined by calcula-
ting the contribution of the radiative diagrams only up to the
first order in a. Using the results of Yennie, Prautschi and
Suura?®, ve can include the effect of higher order terms with-
out the need foz additional calculations. They have shown
that the infrared divergences cancel in the higher order terms
also and that if [8] is small compazed to one (as it usually
is), we can take into account the higher order radiative

diagrams by replacing Eq. 1 with the formula,
6

e %
vhere o m I8 the experimentally measured cross-section.

Therefcre, the hadronic cross-section of interest is

o “8o o
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I1I. CALCULATION OF RADIATIVE CORRECTIONS AS A FUNCTION

OF THE EXPERIMENTAL CUTS

The experimental cuts can be represented by a surface in
three-dimensional photon-momentum spéce enclosing zefo photon
monentumn, This is the syrface of the largest momentum a
single emitted photon can have such that the outgoing
particles are still accepted by the experimental cuts. The
integral which determines éa is over the region of all photon
momenta within this surface.

Given a calculation in which a radiative correction §, is
evaluated for a given set of experimental cuts, an experi-
menter can calculate the difference between 61, the correction
for his cuts, and 6; by evaluating the integral for § 5 ovar the
region, A, of photon momentum space between the two
corresponding surfaces.

This procedure allows the experimenter to bypass the
problems of cancelling the divergences and of calculating the
8y integral which, since it is not limited by the experimental
cuts, necessarily includes the large photon momentum region
vhere many simplifying approximations break down. Further~
more, if the region, A, is linmited to sufficiently small (see
next paragraph) photon momenta, the experimenter's integral

becomes quite simple.



Speciflcally, let us assume we have a scattering process
l + 2+ 3 + 4 with four-momenta 31 through Py and charges z;

through 24- We then have:

3'-!.
=8 -6 =) &% o
D =& -4, { % o x2 ()
&

vhere w 1s the magnitude of the photon momentum vector E. a is
the fine structure constant, and

P ? P p, 2
3, _ B s 2
(23 5% "Bk 5.k %2 Pk b5

x2
Equation (4) is derived from Tsai's ® approximations to QED and
twvo additional approximations. Tsai's approximations are made
by neglecting the spin term? and internal radiative diagrams?’,
~and by assuming that the photons are sufficiently soft
(2k.p; <<s for 1=1-4 wvhere sa(pl+p2)2).
In additioﬁ we assume that the changes in the kinematics
{the momenta pi) due to the radiation do not cause large
fractional changes in X2 or in the hadronic cross-section,
This approximation greatly reduces the complexity of the
lrelevant equations!® and is generally valid when the photon is
soft (as defined above) since the changes in the Py are
slighe b?
Pinally, we treat hadrons as point particles. This
approximation is considered valid by GES* when the photon
momentum transverse to the Interacting particles is less than

the mass of the pion,!'?



Equation (4 can be simplified by using spherical coordi~
nates for the photon momentum vector (w, # and ¢). Expressed
in these varlables, xz factors into:

x2 = (1/u2) R(6,¢) | (6)

where R(9,¢ ) is the dependence of )(2 on t'he angle variables
and can be physically interpreted as giving the angular
dependence of soft photons emitted in the interaction. After
evaluating the integral in eq. (4) over‘w, we are left with our

tinal result:

Wl e
a 1%
D = In — R(6.¢ ) di(cosg)ldy (7)
4 tzoj-{ @l & ¢)

vhere w, andw; are, for a given photon direction, the photon
momentum limits for the existing calculation of § and for the
experiment, respectively.

The use of equation (7), in conjunction with existing
calculations of the radiative correction parameter {such as
refs, 2-4) enables an experimenter to calculate the radiative
corrections for his own experiment.

The application of equation (7) to the calculiation of the
radiative correction for backward pion-proton elastic scat-

tering is given In the appendix,
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APPENDIX
RADIATIVE CORRECTIONS FOR BACKWARD n:p ELASTIC SCATTERING

We studied nﬂ) backward (near 180° in the cms) elastic
scattering for iIncident energies of 30 to %0 Gevl. In our
experiment we measured the momenta of both outgoing tracks and
extracted an elastic signal in the sralysis using four cuts on
the data. For a given scattering angle of the outgoing back-
vard plon, we made cuts on the momentum of the pion, the
momentum of the proton and finally on the horizontal and
vertical projected angle of the proton, These cuts can be
defined by limits on 'the parameters a, b, 4 Py and Apy

respectively. - - -
a= (IP3| '|p3elll/i93ell

b= (|Byl- 1B4e1!)/1Pgerl
8Py ™ Py3 * Pyyq ¢ APy = Py3 * Pyq
vhere the x and y subscripts refer to the two components of
the momentun transverse to the incident beam direction.

We determined % (8, ¢ ), the maximum photon eﬁergr
correséonding to the above cuts, with a computer program which
calculated the kinematics of the radiative reaction. ﬁa
similarly calculated wh(® ¢) for the cuts defined both in
refs. 2 and 4 and using equations (5) and (6), we evaluated
R(G, ¢ ). The three functions were obtained only for =p .
scattering at exactly 180° because the variation in the
radiative correction with the scattering aﬁgle for our range
of angles is negligible. R and w, are both independent 01'0
because of the azimuthal symmetry of our reactfon. There!qre,
in order to make @ (8 ¢ ) azimuthally symmetric, we approxi-
mated our cuts on Apx and 4p_, which vere equal, using a cut on
4p,(vhere 4p, = (Apx2 + 6912}1/2) equal to l.1 times the cut

on Apx.
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After integrating eaquation (7) over ¢, we found:

+1
D =53 { 1n(w;/wg) R d(cos 6 (8)

This one dimensional inteqral was calculated numerically on
the Fermilab CDC 6600 computer. The function R,w; and wg vere
all'éalculated in the laboratory system reference frame but
the final result, D, is independent of the Lorentz frame
chosen. We show the functions R, ”i' and w, as calculated in
the lab frame for an incident pion beam energy of 50 GeV in
figures & and 5. We checked that the photon momenta in our

region, A,'(between w_ of Ginzberg and Wy in Fig. 5) all

o
gsatisfy the limits described in Section 1II.

The integral of eq. 8 must be evaluated with speclal care
vhen cos0 approaches 1 due to the large variations of R in that
region and because. R, evaluated using eq.(5), becomes the
difference of two very large but nearly equal numbers.

As we stated in the introduction, we used the GKS
calculation of 8§y for the correction in ¥ p backward scatter-
ing instead of the earlier results of Sogard.? GKS claimed a
correction approximately 25 percent less than that of Sogard.
They did not give an estimate of accuracy for their method for
all their results but stated that for 100 GeV w p backward
scattering, their value (-0.35) for & was within .05 of being
the correct value. H

Bowever, consistently applying their correction at
different energies should lead to considerably smaller erzors

in the cross~sections of one momentum relative to another. We
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estimate, therefore, that these reclative errors of the cross-~
sections in our energy range (30-90 GeV} are less than 1%
although the abseclute radiatively corrected cross-section may
have an error up to 5% due to the uncertainty in the radiative
correction, The corrections for our experimental cuts are
shown in Table I.

The radiative corrections for :+p backward scattering
using Sogard's calculation are quite small (2 to 3%). We ha#e

used this calculation for §; as it is sufficlently accurate

for our purpose.
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1'5qe Ref. 2 equations 2.2 to 2.4

11gsing our method with this approximation for the specific
case of backward np elastic scatterlng, ve obtalned good
agreement with Borie's ? parameter € which gives the
variation of the radiative correction with an experimental
cut. Borie's results, based on the equations of Sogard?, do
not make this approximation so the use of this approximation
in our case is justified.

'2The GKS® disagreement with Sogard arises in the evaluation
of &, where part of the integration necessarily deals with
massive or high transverse momentum photons and this

approximation can not be used.
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Fig. 4. R{cos 8) = uzx_ 2, as a function of coa 8 for backward elastic scattering
of a 50-GeV incident pion. @ is the polur angle of emission of the photon in

the laboratory frame.
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Fig. 5. The photon energy limits o o and w, as a function of the angle of the
photen in the Lib and for an incident pica cuergy of 50 GeV, ™ is & param-
eter used in Ref, 4.



